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Abstract: A potential flow model of the semi-inverse type is proposed to simulate flow over round
crested weirs. This technique involves the construction of only streamlines over the weir instead of
constructing the entire flow net. A Serre-Green-Naghdi (SGN) equation is employed to determine
the initial free-surface profile, which is solved using a combined finite volume-finite difference
scheme. The potential flow equations were numerically solved using a five-point central finite
difference scheme. The model was applied to define the pressure and velocity fields in channel
controls involving transcritical flow, such as the Gaussian weir, parabolic weir, and semicircular weir.
The impact of streamline curvature on pressure and velocity distributions was investigated in the
study. The curvature of the streamline strongly influenced the rise and drop of the bed pressures
along the test section. A semicircular weir experiment was also conducted to validate the pressure
and velocity profiles obtained using the proposed 2-D fluid flow model. The computed pressure
and flow profiles from the solution of the potential flow equation agree perfectly with the present
experiment and similar experiments available in the literature. In conclusion, the SGN equation
provides an excellent initial profile to solve a 2-D ideal fluid flow numerically.

Keywords: semi-inverse mapping; transcritical flow; potential flow; Laplace equation; round
crested weir

1. Introduction

Weirs are the best hydraulic structures widely used for water discharge measurements
due to their ability to measure a wide range of flow. The shape of the crest in the flow
direction classifies weirs, which are then further subdivided based on the cross-sections of
the crest. Among these, short-crested weirs differ significantly from the broad-crested weirs
and the sharp-crested weirs characterized by sharply bent streamlines and non-hydrostatic
pressure conditions across stream nappe over the crest surface [1]. The centrifugal force
induced by the stream curvature in transcritical flow over the weir forms a non-hydrostatic
pressure and non-uniform velocity [2,3]. Transcritical flow is an undular flow motion
observed when the flow depth is close to the critical depth in an open channel; a small
change in specific energy can induce a large change in flow depth. Incompressible, non-
viscous, and irrotational flow equations are used to describe the transition of flow from
subcritical to supercritical throughout a critical point [4]. The potential flow theory, a simple
mathematical model to obtain the detailed flow features, assumes the flow is inviscid and
irrotational, as compared with the advanced turbulence model [5]. The potential flow
model involves determining the potential and stream functions at every location in the flow
domain, thereby generating pressure and velocity fields [2,6,7]. Furthermore, Rouse [6]
and, more recently, Pu et al. [8], Pu [9], and Zheng et al. [10] used various incompressible,
non-viscous, irrotational flow and turbulence equations to describe the 2D flow behaviour
of open channel flow.
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The availability of experimental data in transcritical flow to describe the flow profile,
velocity, and pressure distributions is limited. Messe [11] demonstrated that transition
from subcritical to supercritical regimes is possible with a continuous surface profile and
finite surface slope while maintaining the hydrostatic-pressure distribution. Andersen [12]
investigated the flow curvature’s influence on the non-hydrostatic pressure profile at the
location where a change in slope occurs. The relaxation approach was utilized by Southwell
and Vaisey [13] to solve the partial differential equation for the stream function ¢ on the
physical plane (x,y). But solving the Laplace equation on physical plane (x,y) is very
difficult. Markland [14] solved the Laplace equation for dependent variables x and y in
this complex potential plane (¢, ) using a finite difference technique and a relaxation
procedure for spillways and free overfall problems. However, discretizing the equation over
curved beds and selecting an effective relaxation pattern are time-consuming processes [15].
Chan et al. [16] utilized the finite element approach to model flow under gates. Cheng
et al. [17] used the boundary integral approach to model flow across spillways. A different
approach was suggested by Thom and Apelt [15], transforming the relationship between
dependent and independent variables where a rectangular strip on the complex potential
plane was used to map the real plane. Chow and Han [18] used an approach where
the hodograph of free overfall was plotted on a rectangular strip, solving the Laplace
equation for stream function with hodograph variables as an independent variables using
relaxation techniques.

The Laplace equation for ¢ on the physical plane (x, y) was modified by Boadway [19]
into a relation that expresses y as a function of ¢ and x. Montes [20] used this semi-
inverse transformation of the Laplace equation derived by Boadway to simulate flow
over curved beds. A review of existing potential flow solutions focused on flow profile
and bottom-pressure simulations, and they were not employed to examine other inter-
nal flow properties [21,22]. Castro-Orgaz [22] used the Boadway model for analyzing
transcritical flow over a weir where specific energy is the minimum at the crest. Due
to the existence of an uneven free surface, the potential flow solution for open-channel
flow is complicated [22,23]. Castro-Orgaz [22] also considered the Boussinesq-type energy
equation to estimate the initial flow profile.

The flow curvature formed over a round-crested control structure results in non-
uniform velocity and non-hydrostatic pressure [2]. The divergence of pressure from hy-
drostatic conditions is not applicable to the Saint-Venant equation in these structures [24].
For shallow flows with a horizontal channel bottom or with minimum inclination 6, Saint-
Venant equations provide reasonable approximations of solutions [25]. The Saint-Venant
equations, as modified by Boussinesq [26], included the curvature effect on particle veloci-
ties. Dressler [25] derived the generalized nonlinear shallow-flow equations in a bottom-
fitted curvilinear coordinate system. Dressler-derived equations simplified the Saint-Venant
approach for channel reaches by having a constant bottom slope [27]. On the other hand,
Naghdi and Vongsarnpigoon [28] numerically solved the Boussinesg-type energy equation,
where the model was applied to a rigid hump case. Matthew [29] derived a higher-order
equation for potential flow in open channels in Cartesian coordinates using Picard’s itera-
tive procedure. It was found that in the Bernoulli solver, the presumed upstream flow depth
of the hydrostatic condition is insensible, causing the downstream flow depth and total
head calculations to be error-prone [30]. The advantage of the Serre-Green-Naghdi solver
over the Bernoulli solver is that the computed flow profile has less impact through incorrect
estimation of upstream flow depth [24]. The Serre-Green—Naghdi (SGN) equations are a set
of nonlinear partial differential equations used to model shallow water flow, mostly used
in marine hydraulics. There were very few previous applications of a steady or unsteady
version of the SGN equation found for modelling flow over round-crested weirs. The SGN
equation was first solved for flow over curved beds using a finite volume-finite difference
scheme using the MUSCL-Hancock scheme by Castro-Orgaz and Cantero-Chinchilla [31].
The objective of the present study is to utilize the initial profile solved using a similar
approach to complete Boadway’s potential flow model. The present study differs from the
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previous potential flow model by Montes [20,32] and Castro-Orgaz [22] by preferring the
Serre-Green—-Naghdi equation over the Bernoulli-type Boussinesq equation to determine
the initial free surface profile. An experiment is conducted to determine velocity and pres-
sure profiles at selected sections of the semicircular weir in detail. Also, a 2-D ideal fluid
flow solution is used to validate velocity and pressure profiles by the present experimental
work to show the curvature of the streamline effect on pressure profiles at selected sections
of the semicircular weir in detail.

2. Governing Equation
2.1. The x-y Transformation

Southwell and Vaisey [13] considered the Laplace equation for ¢ on the x-y plane:

0’y P
2 _
Vi = 0x2 9y 0 M

where V? is a second-order differential operator commonly known as the Laplacian op-
erator. As mentioned earlier, an irregular computational mesh was required to solve the
equation; therefore, the process of solution in the physical plane near curved boundary
streamlines was laborious [15,22]. Boadway [19] transformed Equation (1) into a relation-
ship expressing y as a function of ¢ and x. The advantage of this kind of transformation is
that the initial free surface profile may be specified considerably more easily as a function of
x than that of ¢. BC in Figure 1 represents the free surface, and AB and CD are two vertical
sections where the potential flow is assumed to be parallel to the boundary with uniform
velocity and hydrostatic-pressure distributions. This geometry is represented by the x-¢
plane rectangular strip ABCD. The semi-inverse transformation of the Laplace equation
y = y(x, ) is expressed as [19]:

ay\? Py dy oy
1+ (ax> ] 25 ey =0 @)

w=q c
[aw
Ax
X
W=0 >

Figure 1. Potential flow definition sketch in the x-y plane for (a) Gaussian weir; (b) parabolic weir;
(c) semicircular weir. (d) Potential flow in x-¢ plane subdivided in finite difference grid.

Boadway’s mapping allows modellers to simplify the complete flow net to only
determine the streamline pattern; as a result, the potential function can be ignored [22].
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The potential flow’s velocity and pressure distributions are generated once the equation for
each streamline has been solved. The vertical and horizontal velocity components in terms
of x, y and ¢ are

v = ug—z 3)
_ 9%
U= @ 4)

2.2. Boundary Conditions
2.2.1. Upstream and Downstream Boundaries

The boundary conditions are taken at where streamlines are aligned with the channel
bottom. They are given as follows: (1) The vertical ordinate y(x,0) at all points in the lower
boundary, where ¢ =0 is prescribed by y,; (2) the vertical ordinates y(xg, ) and y(x,, )
at upstream and downstream sections of the free surface, respectively. Let j represent the
mesh’s node index in the ¢-direction, as shown in Figure 2. The variation of y at point j in
the upstream and downstream sections is given by Equation (5)

_ i
Yi = Yb +Ay<¢) (5)
n
Yi-2j+2 Yi-1j+2 Yij+2 Yi+1,j+2 Yi+2j+2
Yi-2,+1 Yi-1j+1 Yij+1 Yit1j+1 Yitzj+1
Vi-2,j Yi-1;j Yij Yi+1j Yiizj
Yi-2j-1 Yi-1j-1 Yij-1 Yi+1j-1 Yi+zj-1
AY
Yi-2j-2 Yi-1j-2 Yij—2 Yi+1j-2 Yi+2j-2
Ax

Figure 2. Notations for indicating the position of streamlines of adjacent nodes in the array.

2.2.2. Free Surface Boundary

The first step in a potential flow model is determining the initial flow profile which is
a crucial part of the model. Previous potential flow solvers utilized experimental data or
initial profiles obtained from other models to estimate the initial flow profile [22]. It is an
essential step because it determines the solution’s accuracy. The selection of a poor initial
flow profile could lead to the failure of the solution. Montes [32] used the energy equation
to find the vertical ordinate y of the free surface.

ul dyy \?
V—H_yb_2g<1+<dx) (6)

where y;, = bed elevation; ¢, = q; H = total head; y = water depth; ¢ = acceleration due to
gravity; and us = horizontal surface velocity. Castro-Orgaz [22] recommended an initial
free-surface ys and energy head H for the selected discharge per unit width g to start the
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potential flow solution. He used a second-order equation for potential flow developed by
Matthew [29], similar to that of the Boussinesg-type Bernoulli equation, to obtain the initial
free-surface profile.

2 2 2 2
_ P 2y(d*y/dx*) — (dy/dx)
H_yh+y+2gy2<1+ 3

+y(dPyp/dx?) + (dys/ dx)2> 7)

where x is the longitudinal space coordinate; d/dx indicates ordinary differentiation with

2
respect to x. The above equation considers the hydrostatic condition H = y; + 227 as
1

one of the boundary conditions, which assumes % = ZZTZ = 0 at x = x7. However, if
the upstream water depth v is inaccurate, then dy/dx? # 0, and nonlinear and periodic
waves will occur upstream, causing the calculation of H to be incorrect, too [24]. As proven,
the error involved with the incorrect estimation of upstream flow depth is lesser in the
SGN solver [24]. This paper adopts a steady SGN solver to estimate the initial flow profile
over curved beds to start the solution of Boadway’s semi-inverse transformation of the
Laplace equation.

The SGN equations are widely employed to calculate shallow and moderate ocean
waves [24,33,34]. The free surface analysis in the undular jumps is one of the applications
of the steady SGN equations in open-channel hydraulics by Hosoda and Tada [35] and
in depth-averaged flow models to estimate dune form and flow resistance by Onda and
Hosoda [36]. Castro-Orgaz and Cantero-Chinchilla [31] were the first to apply the steady
and unsteady versions of the SGN equation to compute the flow characteristics over curved
beds. The steady SGN for 1D water waves travelling across any topography [31,36]:

&%

M) () (e .
<”’; >— <‘“>2< >)] = — [y + 5L 2y (@Pyy/dx2) + y(dy/dx2) — -

(dy/dx)* — 2(dyy /dx) (dy/dx) ) | 4.

Equation (7) is the first integral of Equation (8), where total head H is the constant
of integration of Equation (8). This relation is verified by differentiating Equation (8)
once with respect to x(the derivation is given in Appendix A). Both differential equation
features are different during numerical simulations; however, they produce the same final
converged solutions after the correct estimation of upstream flow depth [24]. Equation (9) is
obtained after neglecting the second-order products in derivatives of y and vy, as is shown
in Appendix B.

2

2
‘;(; (Py/dx®) + ;(dzyb/dxz)) + ( - gqf) (dy/dx) = —y(dy,/dx).  (9)

Equation (9) is a third-order ordinary differential equation which requires three bound-
ary conditions. Komai [37] set the experimental values of flow depth as boundary con-
ditions in upstream and downstream sections and dy/dx = 0 at the upstream section
and solved the system of implicit non-linear equations by the Newton—-Raphson iteration
technique. A similar procedure is adopted in this work to solve the non-linear implicit
equation to obtain an initial flow profile over a curved weir.

3. Solution Techniques
3.1. Solution of x-y Transformation of Laplace Equation

The solution for the semi-inverse transformation of the Laplace equation for the y-
coordinate in terms of ¢ and x is obtained once all the values of y are prescribed along
the contour A-B-C-D-A [Figure 1d] in the computational domain of the x-i plane. Let
i represent the node index of the mesh in the longitudinal direction with grid size Ax,
and j represent the node index of the mesh in the vertical direction with grid size Ay as
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shown in Figure 2. The five-point finite difference approach [38] was used to estimate
the terms for the computational node in the region of the internal boundary section. The
partial derivative terms of Equation (2) are replaced with fourth-order accurate central
finite difference approximations in order to reduce truncation error (i.e., derivation of
Equation (12) is given in Appendix C). They produce higher accuracy by including more
considered points when compared to the three-point central finite difference scheme.

oy Y+ H8Yis; — 8Yic1 i,

dx 12Ax (10)
Wy _ ~Yijr2 +8Yij1 — 8Yij1 tYijo an
oy 12Ay
—Yi-2,j+2 +8Vi—2j+1 — 8Yi-2j-1+Vi—zj-2+
P’y _ 1 8Yi—1,j+2 — 64Yi—1,j+1 +64yi_1;-1 —8Yi-12 (12)
oxoyp  144AxAy +yi+2,]~+2 = 8Yit2,j+1 +8Yit2j-1 — Yit2,j-2—
—8Yit1,j+2 + 64Yiy1j+1 — 64Yiy1,-1 + 8Yiv1j2
0%y VYipp; 1 16Yi1,j — B0y, +16yi1 — Yia, 13
0x? 12(Ax)?
Py VYijio H106Vij41 — 30y +16y; 4 —yij2 )
oy? 12(Ag)?
A1 = —Yit2,j +8Yiy1; — 8Yi-1j + Vi, (15)
Bi = —¥iip,; +16yis1,j + 16yi-1,; — Yiaj (16)
C1=—Vij2 +8Yijr1 —8Yij-1+Vij2 (17)
Dy = =y 0 +16yij11 +16y; i 1 — Yij2 (18)
E1 = —Yiip 0 +8Yiv2jt1 — 8Yit2j-1 T Vit2j—2 (19)
Fy = —8yit1,j+2 + 64yit1,j11 — 64Yit1,j-1 — 8Yit1,j—2 (20)
G1 = +Vi-2j+2 = 8Yi-2j41 T 8Yi2j-1 —VYi—2j-2 (21)
Hy = 8yi-1,j+2 — 64yi-1,j+1 + 64yi-1,j-1 — 8Yi-1,-2 (22)

Substituting Equations (10)—(22) into Equation (2), the system of linear equations
results for y; ; at the finite difference mesh’s nodes are written as

6B1(C2) + 6D, (144(Ax)2 + A%) — (Ey + Fy + Gy + Hy) (A1) (C1)
180(C3 + A2 + 144(Ax)%)

Yij = (23)

The convergent solution of Equation (23) is obtained by an iterative method, as the
y;j value is dependent on the four points surrounding the mesh. To avoid fictitious nodes
beyond the computational domain, the terms for the computational node in the area of the
extreme boundary section were estimated using the three-point finite difference method.
Replacing the partial derivatives of Equation (2) by three-point central finite difference
approximations such as [20,22,32]:

oy _ Yiv1j —Yi-1,

ox 2Ax (24)

L

oy 20y (25)
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%y Yirrj—2Yi;tYi,

ox2 (Ax)>2 (26)
i‘é _ Yy~ % i,]'2+ Yij-1 (27)
o (Ap)
%y Yirljr1 —Yi-1j+1 — Yit1j-1 HYi-1,-1 28)
0xoyp 4AXAY
Al =vyii1j—Yi) (29)
B' = yis1j+Yi-1; (30)
C' = Yijy1— Vij (31)
D' =yijy1+Vij1 (32)
E' = Yigrj1 — Yie1j41 — Yirrj-1 T Yio1j-1 (33)

Substitution of Equations (24)—(33) into Equation (2), the system of linear equations
results for y; ; at the nodes of the FD mesh.

2B'((C')?) +2D' (4(Ax) + (4)%) — E'(A")(C)
4@+ (a1 +4(ax)?)

Yij = (34)

3.2. Velocity and Pressure Distributions

The hydraulic characteristics of flow at transitions with moderate to fast accelerating
flow inhibiting the formation of the boundary layer are accurately predicted using potential-
flow techniques [32]. After obtaining the values of y; ; at all grid points, the horizontal and
vertical velocity fields of the interior nodes are computed from the fourth-order central
discretization of Cartesian velocity components:

T —Yijr2 T 8Yijr1 — 8Yij1 T Yij2
_ o Vi2, T 8Yit1, — 8Yi1,j T Vi,
Gij = Hij 12Ax (36)

Let N represent the highest value of j at the free surface. The horizontal velocity at
the free surface and bottom are computed from the fourth-order discretization with the
five-point one-sided stencil scheme:

o 1209 -
’ 25y; Ny —48Y; n_1 T 36yiN-—2 — 16yiN—3 + 3YiN-4
" 1249 -

~ —25y;0+ 48y, — 36y, , +16y;3 — 3yi4

Let M represent the highest value of i at the upstream boundary. The vertical velocity
at the upstream and downstream boundary sections is computed from the fourth-order
discretization with a five-point one-sided stencil scheme:

25y p,; — 48Yp1,j 36y 0 p; — 16YM-3,j +3YM-4
vd = UMy 12Ax

(39)

—25y0,]- + 48y1’j — 36}/2,]' + 16y3,j — 3y4,j
12Ax

Oy = U (40)
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Once the surface profile and velocity fields are computed, the pressure p is given by
using the condition of energy conservation:

Pij
Y

2 2
Ui + vl

=H—yij— 23

(41)

Due to the nonlinearity in the equations for boundary conditions, correcting the
free surface location is likely an essential aspect of implementing this sort of numerical
method [20]. When the local energy value H(x) differs from the upstream energy level H,
i.e., when ps/ at the surface is not equal to zero, the flow profile must be recalculated.
Hence, it must be modified iteratively until p;/vy ~ 0 at the free surface with some
tolerance [22].

The location of each free surface node was calculated using the Newton—Raphson
algorithm [17]. However, this method becomes unstable at certain channel sections, making
corrections time-consuming [32]. To address this issue, a perturbation procedure [22]
is adopted to estimate the free-surface correction Ay,. The details of the perturbation
procedure are found in the work of Castro-Orgaz [22].

4. Results and Discussion
4.1. Flow over Gaussian Weir

The experimental measurements of the flow profile and bottom pressure distribu-
tions in flow over a symmetrical hump y;, = 0.2 exp [—0.5(x/ 0.24)*] (m) by Sivakumaran
et al. [27] are shown in Figure 3, where the potential flow model results are validated with
the experimental observations. The results accord well with the experimental measure-
ments. The discharge per unit width is 0.112 m?/s. The positions of the upstream and
the downstream boundary sections are x(m) = £1. In this paper, flow is modelled using
30 streamlines. The calculated pattern of streamlines is illustrated in Figure 3a, which is
the solution of the semi-inverse transformation of the Laplace equation. The computed
flow profile from the steady SGN equation, computed free surface velocity distribution
and computed bottom pressure distributions from potential flow solutions are displayed
in Figure 3b and validated with the experimental results of Sivakumaran et al. [27]. In
Figure 3b, z denotes the vertical coordinate, and y. denotes the critical depth. The estimated
bottom pressure distribution coincides with the free surface profile close to the upstream
and downstream sections, which indicates the hydrostatic pressure distribution in these
regions. At the region just upstream of the weir, the streamlines have convex curvature as
the flow accelerates towards the crest, leading to a decrease in bed pressure. At the crest
of the weir, the radius of curvature is small, causing more pressure drop in the region. At
the downstream region from x/y. = 3 to x/y. = 6, the streamline follows a concave path,
and the radius of curvature is larger, causing the pressure rise in the region, as shown in
Figure 3b. The flow surface is converging marginally at the upstream of the weir; hence,
flow velocity remains constant till the crest of the weir.

The computed horizontal velocity distributions plotted at eight representative sections
of the Gaussian weir are shown in Figure 4a. In the figure, 77 denotes the vertical coordinate
above the bed, and U, is the critical velocity. The calculated values of u velocity agree well
with the velocity profiles obtained from the Boussinesq approximation of Castro-Orgaz and
Hager [39]. In the sections x = —0.4 m to x = —0.1 m, the velocity profiles are non-uniform.
The u velocity profile changes rapidly within the transcritical flow over the weir crest. The
u velocity is minimum at the surface and increases towards the bed at the crest of the
weir. The shape of the velocity profile remains unchanged till x = 0.2 m. At the section
x = 0.3 m, the velocity distribution is almost uniform in the y-direction. The computed
vertical velocity distributions plotted at eight representative sections of the Gaussian weir
are shown in Figure 4b. The calculated v velocities are in good agreement with the velocity
components originating from the Picard iteration [39]. The velocity profile is non-uniform
with a value close to zero at the surface and increases to a positive value at the bed in the
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section x = —0.4 m to x = —0.1 m. The v velocity is non-uniform at the weir crest with
a value close to zero in the bed and decreases to a negative value on the surface. In the
section x = 0.1 m to x = 0.3 m, the v velocity profile is nearly uniform with a negative
value. The computed pressure distributions plotted at nine representative sections of the
Gaussian weir are shown in Figure 4c. The effect of streamline curvature on pressure
distribution using the Gaussian weir is observed in this study. At sections x = —0.4 m
to x = —0.2 m, the pressure distribution is hydrostatic where the water surface coincides
with the bottom pressure distributions. However, at section x = —0.1 m, the pressure
profile is below hydrostatic. At the crest section, the pressure profile is below hydrostatic
because centrifugal acceleration induced by convex streamline curvature acts upward,
opposite to gravity. In the sections x = 0.1 m and x = 0.2 m, the pressure profile is still
below hydrostatic because of the presence of convex streamline curvature. At the section
x = 0.3 m, the pressure profile is just above hydrostatic. At section x = 0.5 m, the pressure
profile is above hydrostatic because centrifugal effects induced by concave streamline
curvature act downward, in the direction of gravity.

(a)

- Bed profile

= == Streamlines

0.32

Flow profile

0.28

0.24

-1 -0.8-0.6-0.4-0.2 0 0.2 0.4 0.6 0.8 1
x (m)

(b)

® & ¢ Measured flow profile (Sivakumaran et al. 1983)

+ + + Measured bottom pressure (Sivakumaran et al. 1983)

Initial Flow profile (Castro-Orgaz et al. 2022)
- Bed profile
= e = Computed bottom pressure distribution

--------- computed free surface velocity distribution

3.6
3.2
2.8

2.4

jensocccccccced

/¥
N

1.6

1.2

0.8

0.4

Jeccecccssscascecenes

x/y.

Figure 3. Flow over Gaussian weir of Sivakumaran et al. [27]. (a) Computed streamlines. (b) Com-
puted flow profile [24], surface velocity and bottom-pressure distributions, validated with experi-
mental measurements.
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Figure 4. Flow features along the Gaussian weir domain computed with 2D fluid flow solution
and validated with the results of Castro-Orgaz and Hager [39]: (a) horizontal velocity distributions;
(b) vertical velocity distributions; (c) pressure distributions.

4.2. Flow over Parabolic Weir

The experimental measurements of the flow profile and bottom pressure distributions
in flow over a parabolic weir y;, = 0.3216 — 0.54525x2 (m) by Blau [40] are shown in Figure 5;
also, the findings of the potential flow model are validated with the measured observations,
as shown in the figure. The results accord well with the experimental measurements. The
discharge per unit width is 0.51 m?/s. The position of the upstream and the downstream
boundary sections are x (m) = £1.5. The calculated pattern of streamlines is presented
in Figure 5a, which is the solution of the semi-inverse transformation of the Laplace
equation. The estimated flow profile from the SGN equation, computed free surface
velocity distribution and computed bottom pressure distributions from the potential flow
model are displayed in Figure 5b and validated with the experimental results of Blau [40].
The bottom pressure distribution matches the free surface profile near the sections both
upstream and downstream. This indicates that the hydrostatic pressure distribution is
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present in these areas. At the section just upstream of the weir, the streamlines exhibit a
convex curvature as the flow accelerates towards the crest, leading to a decrease in the bed
pressure. At the weir’s crest, where the radius of curvature is small, the pressure drop is
more significant. At the downstream section, the streamline follows a concave path, and the
radius of curvature is larger, causing the pressure rise in that region as shown in Figure 5b.

0.7

- Bed profile

= == Streamlines

Flow profile

(b)

e e ¢ Measured free surface profile (Blau. 1963)

+ » » « Measured bottom pressure (Blau.1963)

Initial flow profile (Castro-Orgaz et al. 2022)

- Bed profile
= = = Computed bottom pressure distribution

esecaccecs computed free surface velocity distribution

o
deccccccenae®

0.4

X/Y.

Figure 5. Flow over parabolic weir of Blau [40]. (a) Computed streamlines; (b) computed flow profile [24],
surface velocity and bottom-pressure distributions, validated with experimental measurements.

The computed horizontal velocity distributions plotted at eight representative sections
of the parabolic weir are shown in Figure 6a. In the sections x = —0.75 m and x = —0.45 m,
the velocity distribution is non-uniform, as shown in the figure. At the section x = —0.3 m,
the u velocity profile tends to be constant. The streamwise velocity distribution changes
rapidly within the transcritical flow over the weir’s crest. At the weir crest, the u velocity
is minimal at the surface and increases towards the bed. The shape of the velocity profile
remains unchanged for x = 0.15 m and x = 0.45 m. At the section x = 0.6 m, the velocity
profile attains a maximum value at some distance above the bed. At the section x = 0.75 m,
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the velocity profile varies with the maximum value at the surface and decreases towards the
bed. The calculated vertical velocity distributions plotted at eight representative sections
of the parabolic weir are shown in Figure 6b. At section x = —0.75 m to x = —0.3 m, the
velocity profile is non-uniform with a value close to zero at the surface and increases to a
positive value at the bed, as shown in the figure. The v velocity is non-uniform from the
weir crest to x = 0.15 m with a value close to zero at the bed and decreases to a negative
value on the surface. From the sections x = 0.45 m to x = 0.75 m, the v velocity profile
is nearly uniform with a negative value. The computed pressure distributions plotted at
eight representative sections of the parabolic weir are shown in Figure 6¢. The curvature
of the streamlines’ influence on the vertical pressure profile is demonstrated. In the reach
between x = —0.75 m and x = —0.45 m, the pressure profile is hydrostatic, where the
water surface coincides with the bottom pressure distributions. At section x = —0.3 m, the
pressure distribution is just below hydrostatic. At the crest, the pressure profile is below
hydrostatic because centrifugal acceleration induced by convex streamline curvature acts
upward, in the opposite direction of gravity. In the sections x = 0.15 m and x = 0.6 m, the
pressure profile is still below hydrostatic because of convex streamline curvature. At section
x = 0.75 m, the pressure profile is above hydrostatic because centrifugal effects induced by
concave streamline curvature act downward, in the direction of gravity.
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Figure 6. Flow features along the parabolic weir domain computed with 2D fluid flow solution:
(a) horizontal velocity distributions; (b) vertical velocity distributions; (c) pressure distributions.

4.3. Flow over Semi-Circular Weir

The experimental measurements of the flow profiles and velocity distributions over a
semicircular weir were taken in a tilting flume, set at an angle of 0.115 degrees as shown in
Figure 7. The flume was 4.87 m long, 0.08 m wide, and 0.25 m high with bed and walls made
of transparent Perspex. The base of the weir was attached to the flume, and the position
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was marked. Finally, water flow was given over the semicircular weir. The discharge per
unit width is 0.022875 m?/s. The positions of the upstream and the downstream boundary
sections are x (m) = +0.1. The weir is located at a distance of 1.63 m from the downstream
end of the flume. During the experiment, the water surface depths at respective sections are
taken with the help of a point gauge. Velocity measurements are taken with the help of pitot
tube arrangements. Flow is modelled using 30 streamlines. The calculated streamline flow
pattern is presented in Figure 8a, which is the solution of the semi-inverse transformation of
the Laplace equation. The estimated surface velocity, measured flow profile, and computed
bottom pressure profiles from potential flow solutions are presented in Figure 8b. As
shown in Figure 8b the pressure distribution coincides with the free surface flow, indicating
the hydrostatic condition in the upstream section. The pressure drop at the weir crest
is significantly greater because of strong streamline curvature. A large pressure rise is
observed in the downstream section where the flow follows the concave streamline.

(a) (b)

Point gauge

pitot tube arrangements water level

exit —>

lar weir ||

supply hose
ater tank
pump inlet tank

support pedestals ————»|

flow meter

(c)

Figure 7. (a) Schematic layout of the experimental setup. (b) Hydraulic flume with point gauge and
pitot tube arrangements. (c) The semicircular weir in the experiment. (d) Pitot tube arrangements for
velocity readings.

The computed horizontal velocity distributions plotted at four representative sections
of the semicircular weir and compared with the experiments are depicted in Figure 9a. The
calculated values agree well with the experimental measurements. At section x = —0.1 m,
the velocity distribution is non-uniform, as shown in Figure 9a. The streamwise velocity
profile changes rapidly within the transcritical flow over the weir crest. At the weir crest, the
u velocity is minimum at the surface and increases towards the bed. At section x = 0.02 m,
the velocity profile changes rapidly, attaining the maximum value around mid-depth. At
section x = 0.06 m, the estimated velocity profile tends to be uniform; however, the velocity
decreases towards the bed in the experimental measurement due to frictional resistance
offered to flow by the channel boundary. The computed vertical velocity distributions
plotted at four representative sections of the semicircular weir are shown in Figure 9b. At
section x = —0.1 m, the vertical velocity profile is uniform with a value close to zero, as
shown in Figure 9b. The v velocity is non-uniform at the crest of the weir with a value
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close to zero in the bed and decreases to a negative value on the surface. At the section
x =0.02m, the v velocity profile is non-uniform with a negative value throughout the
depth. At section x = 0.06 m, the v velocity is non-uniform with a value close to zero at the
bed and decreases to a negative value on the surface. The computed pressure distributions
plotted at six representative sections of the parabolic weir are shown in Figure 9c. The
influence of streamline curvature on pressure distribution is demonstrated in Figure 9c.
At section x = —0.1 m to x = —0.02 m, the pressure profile is hydrostatic, where the free
surface coincides with the bottom pressure distributions as illustrated in Figure 9c. The
pressure profile is below hydrostatic at section x = —0.01 m. At the crest, the pressure
profile is below hydrostatic because centrifugal acceleration induced by convex streamline
curvature acts upward, in the direction of gravity. At section x = 0.02 m, the pressure profile
is above hydrostatic because centrifugal effects caused by concave streamline curvature act
downwards, in the direction of gravity.

(a)

z[y,

-2 -1 o] 1 2

(b)

e o « « Measured free surface profile

- Bed profile

= == = Computed bottom pressure distribution

---------- computed free surface velocity distribution

Computed free surface profile

zfy,

cso
ccsscocss™’
essassncenssace

Figure 8. Flow over semi-circular weir: (a) Computed streamlines; (b) Computed flow surface
velocity and bottom-pressure distributions, validated with experimental measurements.
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Figure 9. Flow features along the semi-circular weir domain computed with 2D fluid flow solution

and compared with experimental measurements: (a) horizontal velocity distributions; (b) vertical
velocity distributions; (c) pressure distributions.

5. Summary and Conclusions

The present study differs from the previous potential flow model by Montes [20,32]
and Castro-Orgaz [22] in the following ways: (1) The present study used the Serre-Green—
Naghdi equation to determine the initial water surface profile. (2) The five-point central
finite difference scheme was used to discretize the partial derivative terms of the Laplace
equation proposed by Boadway [19] in the interior nodes to reduce truncation errors. (3) A
semicircular weir experiment was conducted to validate the pressure and velocity profiles
obtained using the proposed 2-D fluid flow model.

A potential flow model of x-ip transformation was applied to calculate the patterns of
streamlines, velocity, and pressure distributions for the selected test cases, such as Gaussian
weir, parabolic weir, and semicircular weir. A steady version of the Serre-Green-Naghdi
equation was used to determine the initial free-surface profile. The partial derivative terms
of Laplace equations and Cartesian velocity coordinates were replaced with fourth-order
accurate finite difference approximations to precisely estimate the streamline positions,

thereby calculating the pressure and velocity distributions accurately. The computed flow
profiles and bottom pressure distributions of Gaussian and Parabolic weirs match well
with the previous experimental observations. The 2-D ideal fluid flow solution was also
used to represent velocity and pressure distributions along the cross section at selected
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sections of all three weirs in detail. The effect of the streamline curvature on pressure
distributions was observed for all three weirs discussed in the study. The rise or drop in the
bed pressure depends on the nature of free surface curvature. An experiment on flow over
a semicircular weir accurately predicted the shift in the velocity within the transcritical
flow over the weir and the influence of the streamline curvature on pressure distributions.
The computed velocity value for the semi-circular weir close to the bed slightly differed
from the experimental velocity profile. Hence, the decrease in velocity near the bed was
due to the boundary resistance offered to flow at the bottom.
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Appendix A
The steady SGN for 1D water waves travelling across any topography [31,36]:

d {yz + q% (1 N y(dzy/dng—(dy/dx)z n y(dzyg/d;@) B (dy/dx)édyb/dx)>:|

= — [y+ 5L (20(dyp/dx?) +y(@y/dx?) — (dy/dx)? - 2(dy, /dx) (dy/dx) ) | 4

Applying the derivative to the left side terms,

() - B () + 5 (P52) - (ot + ()] 5[(50)] - :
i (R5)] = (%) - () - () }f—;yzmzb) ()]
Simplifying the equation to
() +5(2) - 5(2)+ 508 - ott) « ] BLE) - 220]
LT dy \ dyp | dyp
e[ (va) - (&) )% =0

The Bernoulli-type Boussinesq equation [28] to estimate initial free surface flow is
given as

szb+y—|—2

e <1 N 2y(d2y/dx?) — (dy/dx)?
2 3

+y(d2yb/ dxz) + (dyb/dX)2> (A2)

Equation (A2) is the first integral of Equation (A1), where H is the constant of in-
tegration of Equation (A1l). This is verified by differentiating Equation (A2) once with
respect to x
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() () () » o o) -8 ()] - [(22)
-5[(52)] + 5 [(50) - (2) 2]

It is written as

(8) o) - 5(8)+ S [(°5) - (k) (0] S0 - (85))
7 [(, % dy\ dyy ] dyy _
el (vir) - (&) #] & =0
Hence Equation (A3) is similar to Equation (Al). Hence, Equation (A2) is the first
integral of Equation (A1).

Appendix B
The steady SGNE for 1D water waves travelling across any topography [31,36]:

d [y; n % (1 n y(dzy/dngf(dy/dx)z n y(dzyb/dxz) _ (dy/dx)édyb/dx))]

= —[y+ 5Ls (29 (Pyp/d?) +y (Py/dx?) — (dy/dx)? — 2(dy, /dx) (dy/ dx) )| 4

To simplify the equation, neglecting the second-order products of derivatives of y and y;,

2 2 dZ dZ d2 d2
dlyz+q<1+y( y/d) | y(@y/ X)N:_(y)d?/b

dx gy 3 2 dx

Differentiating the left side term with respect to x,
g T (B + T2y, dr?
y(dy/dx) — @(dy/dx) + §(d y/dx ) + @(d Yp/dx ) = y(dyy/dx)

Then, one obtains the relation
ﬁ 1(17[3 /dx3) + 1(dzy /dx2> +y— i (dy/dx) = —y(dy,/dx)

Appendix C

2
We aim to approximate the mixed second derivative aax—ayy at the point (x;, ¢;) using
central differences with five points in each direction.

Appendix C.1. Central Difference Approximation for First Derivative

For the first derivative in the x direction, centred at (x;, 1p]-), using central differences
with five points, we have

dy Vit 8Yi1 — 8Yi-1,j T Yi-2;
ox 12Ax

Similarly, for the first derivative in the i direction, centered at (x;, l[)j), we have

Y Yijr2 t8Yij1 —8Yiji1 T Yij2
o 12A¢




Fluids 2024, 9, 182 18 of 19

Appendix C.2. Mixed Partial Derivative Approximation
We now apply these central difference formulas to compute the mixed partial deriva-

2
tive. To approximate aax—ayy, we differentiate the central difference formula for g—z with respect

to ¢
- (_yi+2,j+2 + 811,42 — 8Yi-1,j42 + yi72,1’+2) +
8(—yi+z,j+1 T 8Yit1, 401 — 8Yi-1j41 yi—2,1'+1) -
-8 (—yi+2/j,1 + 8yl~+1,j,1 —8Yi-1,j-1+ ]/ifz,jfl) +
ENC AN —Yir2,j-2T8Yipy o —8Yi-1j-2 T VYi-2j-2
op\ox /) 12¢ 12Ax
Simplifying, we obtain

—Yi-2j+2 T 8Yi2j41 = 8Yizj-1+Yi2j2t

Py 1 8Yi 12— 64yi 1,41+ 64y 1; 1 —8Yyi 1 2

0xoY  T44AXAY | +Yiipj40 = 8Yiv2jt1 + 8Yit2j-1 — Yis2j-2—
—8Yit1,j+2 + 64Yit1,j+1 — 64Yit1j-1 + 8Vit1,—2
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