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Abstract

Lorenz values and the Gini index are popular
quantities in Mathematical Economics, and are
used here in the context of quantum systems with
finite-dimensional Hilbert space. They quantify
the uncertainty in the probability distribution re-
lated to an orthonormal basis. It is shown that
Lorenz values are superadditive functions and the
Gini indices are subadditive functions. The supre-
mum over all density matrices of the sum of the
two Gini indices with respect to position and mo-
mentum states, is used to define an uncertainty
coefficient which quantifies the uncertainty in the
quantum system. It is shown that the uncertainty
coefficient is positive, and an upper bound for it is
given. Various examples demonstrate these ideas.
PACS: 03.65.Aa

1 Introduction

Uncertainty relations for quantum systems with
finite-dimensional Hilbert space have been stud-
ied in [1, 2, 3, 4, 5, 6]. Other uncertainty re-
lations in various contexts have been studied in
[7, 8,9, 10, 11]. In this paper we present an al-
ternative approach which is based on the Lorenz
values and the Gini index, which are quantities
used extensively in Mathematical Economics for
the study of wealth distributions[12, 13]. Here we

use these quantities for the study of probability
distributions that are the outcomes of quantum
measurements related to an orthonormal basis.

In a recent paper [14] we have used the Lorenz
values and the Gini index for the study of Q-
functions. In this paper we use these quantities
for the study of probability distributions related
to position and momentum states. Several prop-
erties of the Lorenz values and the Gini index in
a quantum context, are proven.

A qualitative uncertainty principle, is that the
probability distributions related to positions and
momenta cannot be both ‘narrow’. This is quan-
tified with an uncertainty coefficient that is de-
fined in terms of the supremum over all density
matrices, of the sum of the two Gini indices for
the position and momentum states. We prove in
proposition 4.2 that the uncertainty coefficient is
a positive number, and we give an upper bound
for it.

In section 2 we present briefly some basic con-
cepts for finite quantum systems, in order to
define the notation. In section 3 we introduce
Lorenz values in a quantum context and dis-
cuss their properties. We also introduce the con-
cept of comonotonicity which has been used in
the context of Choquet integrals with applica-
tions in Mathematical Economics and Artificial
Intelligence[15, 16, 17, 18]. Here we use comono-
tonicity in connection with Lorenz values in a



quantum context.

In section 4 we introduce the Gini index in a
quantum context and discuss its properties. We
then introduce an uncertainty coefficient 7(d) that
quantifies the uncertainty principle. We show that
n(d) is greater than zero, and give an upper limit
for it (Eq.(50)). In section 5 we discuss an exam-
ple. We conclude in section 6 with a discussion of
our results.

2 Quantum systems with vari-
ables in Z,; and measurements

We consider a quantum system with variables in
Zgq, the ring of integers modulo d where d is an odd
integer (e.g.,[19]). Hy is the d-dimensional Hilbert
space describing these systems. |X;r) where r €
Zg4, is an orthonormal basis which we call position
basis (the X in this notation is not a variable,
but it simply indicates position basis). Through
a Fourier transform we get another orthonormal
basis that we call momentum basis:

1
P;ry=F|X;r); F=— WX X s
|P;r) | X5 7) \/3;5 | X5 ) (X 8]

2
W = exp <z;> ;1,8 € Zyg. (1)

The displacement operators Z%, X? in the phase
space Zq X Zq, are given by

Z% = Zwo‘m|X;m><X;m]

XP=3"|Xim+B)(Xim|.  (2)

where «, 3 € Z,. General displacement operators
are the unitary operators

D(a, B) = 2 X P2 'ob
[D(a, B)] = D(~a, —B); a,B € Zq (3)

The 27! = % exists in Z,4 because d is an odd
integer. Coherent states in this context are defined
as

’O‘aﬁ>coh:D(a¢B)|f> (4)

where |f) is a fiducial vector, different from po-
sition or momentum states so that we get a non-
trivial set of d? states. They obey the resolution
of the identity

éz |O[)6>C0h coh<aa B| =1 (5)
a,B

If p is a density matrix, the probability distribu-
tions related to the position and momentum basis,
are

d—1

Px(rlp) = (XsrlplX:r); Y Px(rlp) =1
it

Pr(rlp) = (Pirlp|P;r); Y Pp(rlp) = 1(6)
r=0

Below we use the following notation for the pro-
jectors

x(r) = |X;r)(Xsr[; Hp(r) = |P;r)(P;r|

Y Tx(r)=> Tp(r)=1 (7)

3 Lorenz values

Lorenz values are used extensively in Mathemat-
ical Economics for the study of inequality in the
distribution of wealth. We propose similar quan-
tities for the study of inequality in the probability
distributions of a quantum state, with respect to
an orthonormal basis. Lorenz values require order-
ing of the d values of the probability distribution,
and this leads to the ordering permutation of a
density matrix.

Let wx be the permutation for which the
Px(r|p) are ordered in ascending order:

Px(mx(0)[p) < ... < Px(nx(d—1)|p). (8)
We refer to it as the ordering permutation of the
density matrix p with respect to the X-basis. We
can also define the ordering permutation mp with
respect to the P-basis:

Pr(rp(0)]p) < ... < Po(rp(d— D). (9)



The Lorenz values Lx (¢; p) and Lp(¢; p) are:

Lx(;p) =Px(nx(0)|p)+ ...+ Px(mx(£)|p)
Lp(l;p) =Pp(rp(0)|p) + ...+ Pp(rp(f)|p)
(10)

where ¢ = 0,...,d — 1. They are increasing func-
tions of £ and

Lx(d—1;p)=Lp(d—1;p) = 1. (11)

Also
Lx(t;p)
Lp[t; D(ev, B)T pD(a, B)] = Lp(¥; p)
Lx[t; FTpF] = Lp(¢;

(0

Lplt; F1pF| = Lx (12)

We next prove that
{41
0< Lx;p) < %
We consider two cases:
(i) If Px(mx(€)]p) < % we get

+1
—

Lx(fp) < L+ DPx(mx(0)lp) < (14)

This proves Eq.(13) for this case.

We start from Eq.(6) which we rewrite as

Px(rx(0)|p) + ... + Px(mx(d —1)|p) = 1.(15)

For £k > (¢ we have Px(mx(k)|p)
Px(mx(0)|p), and we replace
Px (mx(k)|p) with Px(mx(€)[p). We get

>
the

Lx(l;p)+(d—L-1)P(X;mx(f)|p) <1.(16)

If Px(mx(£)|p) > & we get

1> Lx(bp)+ (d—L—=1)Px(nx(£)]p)

d—0-1
2 Lx(bp) + = (17)

From this follows Eq.(13) for this case.

As an example we consider the case p = él. In
this case

1 1 1
1 1 £+1

We also prove that the d density matrices cor-
responding to position states

p=1X;a)(X;al; a=0,..,d-1, (19)
are the only ones for which
Lx(W;p)=0if £<d-—2
Lx(d—1;p) = 1. (20)

Analogous result holds for the momentum states.
In order to get Eq.(20) we need

Px(rlp) = 6(r, a), (21)

and this occurs only for position states.

3.1 Comonotonicity

Comonotonicity is a concept which has been used
in the context of Choquet integrals with applica-
tions in Mathematical Economics and Artificial
Intelligence[15, 16, 17, 18], Quantum theory[20,
21, 22|, etc. Here we use comonotonicity in con-
nection with Lorenz values in a quantum context.

Comonotonic density matrices have the same
ordering permutation. We show that the Lorenz
values are in general superadditive functions and
that they become additive functions for comono-
tonic density matrices. If p and o are comonotonic
density matrices and wx is their ordering permu-
tation then 7x is also the ordering permutation of
A1p + doo where Aq, Ay are probabilities.

We next show that the Lorenz values are super-
additive functions. If \i, Ay are probabilities

Lx(l;\p+ A20) > MLx (4 p) + NLx(l;0)
MA+X=1;, 0< A, <1, (22)



In the special case that p and o are comonotonic
density matrices then the inequality of Eq.(22) be-
comes equality:

,Cx(f; A1p+ )\20) = )\15){(& p) + )\Q,CX(E; 0’)
AMF+A=1; 0< A, <1, (23)

Similar results hold for Lp(4;p).
In order to prove this we note that

Lx (6 p+ Aeo) = Px(mx(
=+ Px(mx (O)|A1p + A20)

= M[Px(mx(0)|p) + ... + Px (mx (£)|p)]
+X2[Px(mx(0)|o) + ... + Px(mx()|0)]

0)|[A1p + A2o) +

(24)

mx is the ordering permutation for A\;p+ A2o, and
in general it will not be the ordering permutation
for p and o. Therefore

p) + ...+ PX(%X

(mx(0)
T 0')+...+77x(7~rx

Px |
Px(7x(0)]

Combining Eqs(24), (25) we prove Eq.(22).
In the special case of comonotonic p, o, the p,
0, AM1p+ A20 have the same ordering permutation

and the inequalities in Eq.(25) become equalities.
From this follows Eq.(23).

4 The Gini index and the uncer-
tainty principle

The Gini index with respect to the position basis
is defined

1 ! 1
Ox(p) = — Lx |6;=1)—Lx(p)
N d
=0
d—1
1 (41
z d—wp}
=0
—1
1 vl d+1
N=3 Lx (g1 > =
=0 £=0
(26)

Another equivalent definition is

gx(p) = 1_mZ£XEP
-2
d—1 2
= a1 arn )
2
= 1—m[d7jx(ﬂx(0)|ﬂ)

+ (d—=1)Px(rx(1)]p) +
+ Px(rx(d—1)lp)].

In a similar way to Gx (p) we define the Gini index

(27)

with respect to the momentum basis Gp(p). We
also define the sum
Gxp(p) =Gx(p) +Gp(p). (28)

The Gini index Gx(p) quantifies how close is
the P(X;r|p) to a uniform distribution (which de-
scribes maximum uncertainty). Small (large) val-
ues Gx (p) indicate large (small) uncertainty in the
probability distribution P(X;r|p).

Proposition 4.1.

(1)
0<Gx(p) < Gt 0<Gp(p) < 51 .(20)
WI=ger TIPS g
The Gx(p) indicates the wuncertainty in

the outcome with the measurements Ilx(r).
Gx(p) = Z—ﬁ indicates a certain outcome,
while Gx (p) = 0 indicates the most uncertain
outcome. Similar comment can be made for

Gp(p) for the measurements I p(r).

(2) Gx(p) = % only for the d density matri-
ces p = |X;a)(X;al. Similarly, Gp(p) =
% only for the d density matrices p =
|P;a)(P;al.

(3) It is impossible to have Gx(p) = Gp(p) =
%. Therefore

d—1
0< 2——. 30
< Gxp(p) < I+l (30)

In fact Gxp(p) cannot take values which are

arbitrarily close to 2dJrl



Proof. But then

(1)

From Eqgs.(13),(26) follows that 0 <

1
- P =(1—ex)=+exr
Gx(p). Then Eq.(27) and the fact that plrle) = 6X)d+€X

the Lx (¢; p) are non-negative numbers, prove exr = (P;r|T|P;r). (36)
that Gx (p) < 9=1. B
The ex, are non-negative infinitesimals, be-
Eq.(27) shows that we get Gx(p) = % only cause the ey, are non-negative infinitesimals.
if Therefore
) — () s _ +1
Lx(Gp) =0 if £<d=2 Lo(t.p)=(1—ex)——+er  (37)
Lx(d—1;p)=1. (31)

where €,p are mnon-negative infinitesimals.
But in this case Gp(p) will have an infinites-
imal value rather than the value given in

We have just proved that Gy (p) = %=L only Eq.(32). This proves that Gx p(p) cannot take

= d¥1 . . . d—1
for the d density matrices p = | X;a)(X;al, in values which are arbitrarily close to 27.
which case Gp(p) = 0. Similarly Gp(p) =
% only for the d density matrices p =

|P; a)(P;al, in which case Gx(p) = 0. There-
fore it is impossible to have Gx (p) = Gp(p) =

% and from this follows Eq.(30).

We next assume that a density matrix p has

We have seen earlier that this occurs only for
the d density matrices p = | X;a)(X;al.

O]

The above proposition shows that it is impos-
sible to have certain outcome with the measure-
ments IIx(r) on an ensemble described by the
density matrix p, and also certain outcome with

d—1 d—1 the measurements I1p(r) on another ensemble de-
Gx(p) = T ex; Gp(p) = R €p(32)scribed by the same density matrix p. This is an
uncertainty principle in terms of the Gini index,
where ex and ep are non-negative infinites- which is quantified below.
imals, so that Gxp(p) is arbitrarily close to We next show that

2%. In this case L(¢,p) = e;x where ¢x
are non-negative infinitesimals and Gxp[D(a, B)'pD(a, B)] = Gxp(p)
4o Gxp[F'pF] = Gxp(p) (38)
2 Ze =€ (33)
s — ey,
d+ 1= ~ Using Eq.(12) we prove that
In this case one of the Px(r|p) is equal to Gx[D(e, B) pD(a, B)] = Gx(p)
1 — ex, and the others are non-negative in- Gp[D(« 6)TpD(a 8)] = Gp(p)
finitesimals ex, (with > ex, = ex). It fol- G [FT Fl = Gp(p)
lows that p can be written as XL PEI= IR
Gp[FTpF] = Gx(p) (39)

p=(1—-ex)|X;a)(X;al+71; Tr(r) =ex.(34)
From this follows Eq.(38).
where 7 is not a density matrix in general. Using this Eq.(38) with p = |f)(f| we find that
Indeed in this case all d? coherent states of Eq.(4) have the same
Gxp(p) (which depends on the fiducial vector):
Px(rlp) = (1 — ex)d(r,a) + exy

exr = (X;7[7|X;r). (35)  Gxp(la, B)eon conle; Bl) = Gxp(If)(f]).  (40)



As an example we consider the density matrix
p= él we get Gx (%1) =Ggp (él) = 0 and there-

fore
1
gxp (dl) =0.

In this sense this is the density matrix with max-
imum uncertainty.
We also consider the density matrix p

(41)

d—1

|X;a)(X;a| and we get Gx(|X;a)(X5a]) = G5
and Gp (| X;a)(X;al) = 0. Therefore
Gxp(|X;a) (Xsal) = S (42)
P Y d+ 1
Similarly
Gxp(|P;a)(Pral) = 92 (43)
XP ;a yal) = d+1

We next show that the Gini index is a subad-
ditive function. If A1, Ao are probabilities, the fol-
lowing inequality holds:

Gx(A1p+ X20) < MGx(p) + X2Gx (o)

AMt+A=1; 0< A, <1 (44)

In the special case of p and o are comonotonic
density matrices with respect to the X-basis, this
becomes equality:

Gx(Mp+ o) = MiGx(p) + \aGx (o)  (45)

Analogous result holds for Gp(p).

To prove this we note that Eq.(44) follows from
Eq.(22). For comonotonic density matrices we use
Eq.(23) to prove Eq.(45).

From Eq.(44) follows immediately that Gxp(p)
is a subadditive function. If i, Ao are probabili-
ties, the following inequality holds:

Gxp(Aip+ A20) < MiGxp(p) + X2Gxp(o)

AMt+A=1; 0< A, <1 (46)
Therefore
d—1
. . <
gXP (Z)‘G‘X7a><X7a‘) ~d+1
Y da=1; A >0 (47)

The uncertainty coefficient is

) =251 ~ (), (49)

where &(d) is the supremum of Gxp(p) over the
set R of all density matrices:

&(d) = supGxp(p). (49)
PER
Proposition 4.2.
d—1 d
0 <n(d) < =1 _Vd (50)

d+11++d

Proof. Taking into account the value of Gx p(p) for
an example in Eq.(56) below, and also proposition
4.1, we conclude that

d—1 1 d—1
— (1 <B(d) <2——.
d+1<+1+\/&>_ (@) d+1

It is crucial that Gxp(p) cannot take values which

(51)

are arbitrarily close to 22—:1 (proposition 4.1), and
therefore ®(d) cannot be equal to 2%. From
Eq.(51) follows Eq.(50). O

Proposition 4.2 quantifies the uncertainty prin-
ciple in the context of quantum systems with
finite-dimensional Hilbert space. n(d) = 0 would
mean that there exists some density matrix that
gives outcome with no uncertainty with the mea-
surements IIx(r), and also outcome with no un-
certainty with the measurements IIp(r). We have
shown that 7n(d) is a positive number, and there-
fore there is non-zero uncertainty in the outcome
of at least one of these two measurements.

Eq. (50) gives an upper bound for n(d). It is
not easy to find the precise value of 7(d), and this
requires further work.

5 Example

We consider the density matrix
d1/4

8) =
\V2d1/?2 +2

[[X;0) +[P;0)](52)



In this case

1
P = — =0,..,d—2
x(mx(r)|p) YW
d+1+2Vd
P d—1 = 53
w(nx(d = 1)) = (53)
Then
/+1
Lx(lip)=—"" if 6<d—2
xbp) = oo !
Lx(d—13p) =1 (54)
Therefore
d—12++Vd
g = 55
x(p) 1125270 (55)

Due to symmetry Gp(p) = Gx(p) and therefore

d—1 1
- 1+ .
Ixelp) d+1< 1+vﬂ>
This has already been used in Eq.(51).

Taking into account Eq.(38) we conclude that
the density matrices p(a, 8) = |s)(s| where

(56)

L D@ B)X;0) + [P:0)]

_ (57)
2+ %

|s) =
also have the Gxp(p) given in Eq.(56).

6 Discussion

We studied uncertainty relations for systems with
finite-dimensional Hilbert space, using the Lorenz
values and the Gini index.

Lorenz values require an ordering of the d values
of the probability distribution of a density ma-
trix with respect to an orthonormal basis. This
leads to the ranking permutation of a density ma-
trix, and to comonotonic density matrices (which
have the same ranking permutation). Lorenz val-
ues are defined in Eq.(10). It is shown that the
Lorenz values are superadditive functions in gen-
eral, and that for comonotonic density matrices
they become additive functions.

The Gini index is defined in Eqs.(26),(27) and
its properties are discussed. It is shown that the

Gini index is an subadditive functions in general,
and that for comonotonic density matrices it be-
comes an additive function.

The uncertainty coefficient is defined in Eq.(48).
It is proven that it is positive number, and an up-
per bound has been given in Eq. (50). The uncer-
tainty coefficient quantifies the uncertainty prin-
ciple for quantum systems with finite-dimensional
Hilbert space.

The work brings the Lorenz values and the Gini
index, in the context of Quantum Physics.
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