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Abstract: In this paper, a new fractional order chaotic system without equilibrium is proposed, an-
alytically and numerically investigated, and numerically and experimentally tested. The analytical
and numerical investigation were used to describe the system dynamical behaviors including, the
system equilibria, the chaotic attractors, the bifurcation diagrams and the Lyapunov exponents.
Based on the obtained dynamical behaviors, the system can excite hidden chaotic attractors since it
has no equilibrium. Then, a synchronization mechanism based on the adaptive control theory has
been developed between two identical new systems (master and slave). The adaptive control laws
are derived based on synchronization error dynamics of the state variables for the master and slave.
Consequently, the update laws of the slave parameters are obtained, where the slave parameters
are assumed to be uncertain and estimate corresponding to the master parameters by the synchro-
nization process. Furthermore, Arduino Due boards were used to implement the proposed system
in order to demonstrate its practicality in real-world applications. The simulation experimental re-
sults are obtained by MATLAB and the Arduino Due boards respectively, where a good consistent
between the simulation results and the experimental results. indicating that the new fractional order
chaotic system is capable of being employed in real-world applications.

Keywords: Fractional order, Dynamics, chaotic, system, synchronization, Arduino Due.

1. Introduction

Research on chaotic systems has had a significant practical effect since Lorenz estab-
lished chaos theory in 1963 [1]. Over the last few decades, nonlinear phenomena in chaos
have been widely employed in engineering, science, and applied mathematics [2][3][4].
Chaos systems with hidden attractors have been the focus of recent research. Self-excited
attractors and hidden attractors have been classed as chaotic attractors in dynamical sys-
tems since the seminal article by Leonov et al is investigated [5]. The unstable equilibrium
points (system equilibria) are responsible for exciting the basin of attraction in the self-
excited chaotic [6]. An attractor, on the other hand, is said to be hidden if its basin of
attraction does not intersect with any of the small neighborhoods of the unstable equilib-
rium [7]. Hidden chaotic attractors are chaotic attractors in dynamical systems with stable
equilibria, no equilibrium, and surfaces or lines of equilibria [8].
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Chaotic complex systems with hidden attractors are vital in a wide range of scientific
and engineering fields, such as bridge wings design [9], induction motors for drilling [10],
chemical reactors systems [11], aircraft control systems [12], memristive circuits [13], en-
cryption [14], PLL systems [15], weather prediction systems [16], and secure communica-
tion schemes [17].

Hidden attractors research in the past has primarily concentrated on integer-order
dynamical systems. There have been several studies on complicated chaotic systems with
hidden chaotic attractors, such as in [18][19][20]]21][22][23]. The fractional order deriva-
tive and fraction order integration calculus have recently received a lot of attention, owing
to the fractional calculus providing more accurate models than the integer order [24].

Fractional calculus can be thought of as an expansion of traditional calculus as a
branch of mathematical analysis. Due to its possible applications in a variety of domains,
the study of fractional calculus has recently gotten a lot of attention [25]. Fractional calcu-
lus can describe many systems in transdisciplinary domains. Furthermore, the fractional-
order model can provide an explicit description of the physical process and provide ad-
ditional insight into it [26]. Fractional calculus can be used in control, bio-engineering,
oscillators, analog filters, circuit theory, image processing encryption systems, and chem-
istry [27]. Fractional order chaotic models have a more complex dynamical behavior than
integer models (since they include the fractional order parameter as well as the original
system characteristics); as a result, they are important in secure communications systems
[28][29].

The synchronization technique of chaos is based on the principle that two chaotic
systems may develop on different attractors, but when synchronized, they begin on dif-
ferent attractors and later follow a single trajectory. When the trajectories of two systems
are matched, this synchronization is achieved between these two systems [30]. The control
and synchronization techniques of the fractional order chaotic systems can be considered
the fundamental challenge of using these systems in many applications as robotics, cryp-
tography, mechanical, and secure communication applications [31][32]. To control and
synchronize the fractional-order chaotic systems, a variety of control and synchronization
techniques have been developed such as, as active control [33], sliding mode control [34],
adaptive control [35], passive control [36], and impulsive control [37].

We suggested a new 3D fractional order chaotic system with no equilibrium in this
paper, so it can excite hidden chaotic attractors. The system dynamical behaviors includ-
ing, the system equilibria, the chaotic attractors, the bifurcation diagrams and the Lya-
punov exponents has been analytically and numerically investigated. Then, two identical
new systems, one working as the master (drive) and the other as the slave (response), have
been used to develop a synchronization mechanism based on adaptive control theory.

Based on Lyapunov stability theory, the adaptive control laws have been derived,
that is responsible for the slave state variables (slave trajectories) track and aligned the
equivalent trajectories in the slave side. Consequently, the update laws for updating the
uncertain slave parameter have been obtained. By this scenario, the slave well synchro-
nous the master. The MATLAB was used to verify our work, testing, and results. Addi-
tionally, Arduino Due boards have been used to implement a workable hardware elec-
tronic circuit for that new system.

The paper rest is organized as following; The basic mathematical background of the
fractional order systems is introduced in section 2. Section 3 introduces a new fractional
order chaotic system and determines its chaotic attractors classes, as well as the system
equilibria. In section 4, the suggested system's dynamical behavior properties are investi-
gated using Lyapunov exponents and bifurcation diagrams. In Section 5, we establish a
synchronization approach between two identical new systems, using Lyapunov stability
to drive the adaptive control laws and the update laws for achieving the synchronization
mechanism and estimating the uncertain slave parameters respectively. In Section 6, we
use the Arduino Due boards to implement the real electronic circuit for the suggested
system. In section 7, we conclude this paper.
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2. Fundamentals of Fractional Order Systems 99

Integer-order calculus is mathematically extended to fractional calculus. While it of- 100
fers the advantages of integer order calculus, it also has its own logic and laws. In the 101
definitions of fractional calculus, the Caputo, Riemann-Liouville (RL), and Grunwald—- 102

Letnikov (GL) concepts are commonly used [38]. 103
The Gamma function noted by I'(.), which is defined as in Equation (1), is the basic 104
function used in fractional order calculus [39]. 105
106
+00
r(n) = f e tt"ldt n>0 (1)
0
Where, I'(1)=1, I'(0) =+oo 107
The fractional order calculus introduced by Caputo is stated as follows in Equation 108
(2) [40]. 109
toD{ f ()
t
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Where k is the first integer number that is greater than or equal to fractional gq-order. 110
The following Equation (3), gives the fractional integral operator (J9) established by 111

Riemann-Liouville for order (420) of function (f(t)) [41]. 112
JefF@®)
1 t
— |t - f(t)dr ; <0 3
_ o f ¢ —DTfE) q ()
f@® q=0
As shown in Equation (4), Grunwald-Letnikov approaches the fractional derivative 113
[42]. 114
t/h
D) = £, 0) = limh™ (-1) Y (1) (1) xe = j) @
j=0 /
Where, h is the step size. 115
3. A New Fractional Order Chaotic Model 116

Fractional order chaotic systems are a category of nonlinear systems that, in addition 117
to the fundamental characteristics of integer order chaotic systems, have extra features 118
like as extreme complexity and severe sadness behavior [43]. The following state Equation 119
(5) can be used to describe the mathematical model of the new three-dimensional frac- 120

tional order chaotic system proposed in this paper. 121
dlx _ N S Tl S
- aztxy; o= b —x*; prr i (5)

Where, the state variables are X, y, and z, the positive constant system parameters are 122
a, b, and ¢, and q present the fractional order (0<q<1). 123
The system (5) exhibits chaotic behavior throughout a wide range of a, b, and c pa- 124
rameter values, as well as fractional order (q). The system parameters for the numerical 125
simulation are a=0.5, b=1.8, c=8, and q = 0.99, with initial conditions (x(0), y(0), z(0))=(1,1 126
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,1). In 2017 Roberto Garrappa [44], introduced a method for solving the nonlinear frac-
tional order systems, where the simulation results of systems (5) are obtained based on
Roberto Garrappa method with step size (h=0.005). As illustrated in Figure 1 and Figure
2, the relevant time series of the system states and phase portraits as projections on various
planes are obtained respectively.
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Figure 1. States time series of proposed system; (a) x(t); (b) y(t); (c) z(t)
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145
Figure 2. System (5) phase portraits; (a) x-y chaotic attractor; (b) y-z chaotic attrac- 146
tor; (c) x-z chaotic attractor; (d) three-dimensional chaotic attractor. 147
For determining the equilibrium points (equilibria) of the proposed fractional order 148
chaotic system the state equations (5) are equaled by zero as following in Equation (6): 149
150

%=a2+xy = 0 Z%zb—xz = 0; Z—:Z:—cx =0 (6)

As can be noted in Equation (6), there are an inconsistent in the solving of the Equa- 151
tion (6), where the state variable x=0 can be obtained from the third term in the Equation 152
(6), in the same time that is impossible in solving the second term in the same Equation 153
(6), because it’s impossible that the constant b equal zero in the solving process of Equa- 154
tion (6). Therefore, the Equation (6) has no solution, that lead the proposed fractional order 155
chaotic system (5) without equilibrium points, i.e., the new fractional order chaotic system 156
can excite hidden chaotic attractors. 157

4. The System Dynamical Analyses 158

Generally, the bifurcation diagrams and Lyapunov exponents are the main two dy- 159
namical tools that can be investigate the dynamical behaviors of the nonlinear chaotic sys- 160
tems [45]. In this section, the bifurcation diagrams and the Lyapunov exponents are nu- 161
merically investigated by using MATLAB. 162

4.1. Bifurcation Diagrams 163

The bifurcation diagrams are important means in the nonlinear dynamics and chaos 164
theory. In In this work, for exploring the system dynamical behavior by the bifurcation 165
diagrams, the state variable y(t) of the suggested system is plotted in contradiction of the 166
system parameter b, and with respect to the system fractional order (q). 167

The influence of the system parameter a on the system dynamical behavior are ob- 168
tained by the bifurcation diagrams as illustrated in Figure 3. Where Roberto Garrappa 169
method with step size (h=0.005) and another original program programmed by us have 170
been used for plotting the bifurcation diagrams. The other system parameters are chosen 171
as a=0.5 and, ¢=8, with initial conditions with initial conditions (x(0), y(0), z(0)) = (1, 1, 1) 172
and fractional order (g=0.98). As can be seen in Figure 3, the new system exhibits chaotic =~ 173
behavior when the parameter b>0. 174

8

“ max
t

b

175
Figure 3. The Bifurcation diagram verse system parameter (b) 176

177

Then choose the fractional order (q) to be the bifurcation parameter and fixed the 178
parameters a = 0.5, b = 1.8 and ¢ = 8 with the initial conditions (1, 1, 1), the dynamical 179
behavior of system (5) is obtained by the bifurcation diagrams as shown in Figure 4. As 180
can be noted from the bifurcation diagram in Figure 4, the chaotic behavior is excited 181
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when the system fractional order q > 0.965. It can be seen from Figure 3 and Figure 4, that
the system (5) displays various bifurcation topological patterns.

This result shows that the selected system fractional order determines the generation
of the hidden chaotic attractor.

10

ym ax

-5 L L L L
0.95 0.96 0.97 0.98 0.99 !

Fractional order (q)

Figure 4. The bifurcation diagram verses the system fractional order (q)

4.2. Lyapunov Exponents

The Lyapunov exponents are calculated to strongly indicate the new system exhibits
the chaoticity phenomenon, at least one positive Lyapunov exponents in the nonlinear
dynamics systems that ensure as these system exhibit chaos [46].

Figure 5, demonstrates the Lyapunov exponents with respect to the time (1000 sec-
onds), where the system parameters are chosen as a=0.5 b=1.8 and, c=8, with initial condi-
tions with initial conditions (x(0), y(0), z(0)) = (1, 1, 1) and fractional order (qg=0.98). The
consistent Lyapunov exponents are obtained as Lel= 0.2384, Le2= -0.2859, and Le3= -
0.3681. The existence of positive Lyapunov exponent (Le3) is enough to prove the system
(5) can exhibit the chaos. Do not forget, because Lel + Le2 + Le3 = -0.3256, system (5) is
dissipativei.e., the new system state trajectories converge into a weird attractor in the end.

Lyapunov exponents
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Figure 5. Lyapunov exponents corresponding to time
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In addition, Lyapunov exponents are calculated whit respect to changing the frac- 204
tional order as q € [0.95,1] as shown in Figure 6. The used system parameters are as men- 205
tioned in the first Lyapunov exponents calculations. As can be seen in Figure 6, the Lya- 206
punov exponents are found as Lel= 0.0287, Le2= 0.0019, and Le3= -0.0017. That clearly 207

indicates chaotic attractors in the proposed system. 208
209
0.6 - , . :
Lel
Le2
2 047 1
=
S
S 0.2r 1
S
g
2 9 WMW
3
5
A\
R M‘\/\(—‘M”JJ\
-0.4 : ‘ : :
0.95 0.96 0.97 0.98 0.99 1
Fractional order (q)
210
211
Figure 6. Lyapunov exponents corresponding to system (5) fractional order (q) 212
213
5. Adaptive Synchronization of Two New Fractional Order Chaotic Systems 214

Particularly, because the fractional order chaotic complex systems have an extra com- 215
plexity in its dynamical behavior and cannot be described by the classical mathematical 216
methods (its deterministic systems), as these systems are wide capable to be used in secure 217
communication, image processing, cryptography systems [47]. Therefore, the fractional 218
order chaotic system synchronization mechanisms have much attentions that is because 219
excessive importance in applications extending in many fields as physics, engineering, 220
computer science, biology, economics and brain science. The drive-response (master- 221
slave) form is considered the basic configuration of the chaos synchronization mechanism, 222
where the trajectories of the slave chaotic system must track the trajectories of the master =~ 223
chaotic system. Several methods have been developed to attain the chaos synchronization 224
in fractional-order chaotic systems as these mentioned in the introduction term. 225

In this work, we developed an adaptive synchronization technique in order achieve 226
the synchronization between two identical new systems, where the first acts the master 227
(drive) system and the second acts the slave (response) system. Based on Lyapunov theory 228
the synchronization controllers, and the slave parameter estimation laws has been derived =~ 229
based. The adaptive control laws will drive the slave so its trajectories track the analogues 230
master trajectories and the slave parameter estimation laws are used for updating the un- 231
certain slave parameters corresponding to the analogous known master parameters. 232

The adaptive synchronization technique has many gorgeous benefits, as good tran- 233
sient performance, rapid dynamics responses, and robust for system parameter variations 234
and initial conditions. 235

5.1. Adaptive Controller Design Process 236

In this subsection, we well design the adaptive controller for achieving the synchro- 237
nization between two identical new fractional order chaotic systems, the master and slave = 238
state equations are presented by Equations (7) and (8), respectively: 239
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dix dy, diz

dt‘;n = A Zim + X Voms dt‘;n = b, — X% 204 = ~Cm¥m (7)
dxg dy, 5 diz
W = as(t)zs + x5ys + uy; W = bs(t) — x5° + Uy; m = —cs(t)xs + uz )

Where, are ui, uz, and us are the adaptive synchronization controllers that want to be
de-signed, am,bm, and cm are the known master parameters, and as(t), bs(t), and cs(t) present
the uncertain slave parameters that must be estimated. The master- slave synchronization
errors can be determined by Equation (9).

ex =Xs —Xm; €y =Ys —Vm;, €z =Zs — Iy 9)

That results, the dynamic errors are determined as in Equation (10).

q
2 2 da ez
ep — X~ + X"+ Uy; =
b S m 2 datd (10)

d9ey
atd

dey _
dtd
Crey + Xm€c + uz

= aze; + Xs¥Vs — Xm¥Ym T Zm€q T Uy,

Where e, ev and e. are the errors of master-slave parameters and can be determined
as in Equations (11).
ea= a(t) — am &= b(t) — bn; e = &) - cn (11)
That results the dynamics of the parameter errors can be calculated by Equation (12).
o =a5(t) ; 6y =bs(t); €= &s(t) 12)

We used the Lyapunov strategy for designing the adaptive controllers to verify the
adaptive master-slave synchronization mechanism, consequently the update laws for es-
timating the uncertain parameters are obtained. Therefore, the quadratic positive Lya-
punov function are used as in Equation (13).

1
V(ex,ey,ez,ea,eb,ec)=E(e,§ + el + e +eitel +ed) (13)

That results the Lyapunov function dynamics are obtained as in Equation (14).
dle, dle, die,
ate T e T %

Equations (10-12) are substituted in Equation (14) to get the following Equation (15).

V = (e, +eq.eq, + epép + ecé) (14)

V = (ex(azez + XsVs — XmYm + Zm€q + ul) + ey(eb - xsz + xmz + uz)
+ ez(cgex + Xm€c + u3) + (as(t) - am)ds(t) + (bs (t) (15)
- bm)bs(t) + (Cs(t) - Cm)és(t)

Thus, Equation (15) has been used to design the synchronization controllers as in the
following Equation (16).
Uy = —kyey —5e, = YsZs + YmZm 5 Uz = —kye, +x7-x,° ; uz = —k,e, —

(16)

Cs€x

In Equation (16), kx, ky, and k- present positive constants, and the uncertain slave
system parameters included (as, bs, and cs) are estimated by updated laws as in the follow-
ing Equation (17).

as(t) = —zZpey; bs(t) = =€y, Cs(8) = —xme, 17)

Finally, the following Equation (18) is obtained by substituting Equation (16) and
Equation (17) in Equation (15).

240
241
242
243

244

245
246
247

248

249
250
251
252

253

254
255

256
257
258

259
260
261
262

263
264



Inventions 2021, 6, x FOR PEER REVIEW 9 of 15

V = _kxex2 - kyey2 - kzy2 (17)

As can be seen from Equation (17), its negative definite function [48]. As a result, 265
given any initial conditions, the synchronization state errors and the master-slave param- 266

eter estimation error converge to zero exponentially with respect to time. 267
268
5.2. Simulation results 269

Numerical studies using the MATLAB platform are used to confirm the efficiency of 270
the suggested synchronization strategy. Table 1, shows the values of the master and slave 271
parameters, fractional orders and initial conditions utilized to simulate the aforemen- 272

tioned synchronization technique. 273
Table 1. Master and slave parameters values 274
Master System Slave System
Parameter Value Parameter Value
am 0.5 as(t) Estimated
bm 1.8 bs(t) Estimated
Cm 8 cm(t) Estimated
fractional order (q) 0.98 fractional order (q) 0.98
Xm(0) 1 Xs(0) 2
ym(0) 1 y+(0) 0
zm(0) 1 z5(0) -1
275

The slave trajectories (state variables) effectively follow the master trajectories based 276
on the derived adaptive control laws in Equation (16) as shown in Figure 7. Although 277
initial conditions have different signs and values, the simulation results demonstrate that 278
the master and slave state variables have been synchronized in a short time, indicating 279
that the developed controller is efficient. In Figure 8, the synchronization errors (ex, ey, and 280
e-) are illustrated. It can be seen; the synchronization errors rapidly (in less than 1.5 sec- 281
onds) decrease to zero values exponentially. As illustrated in Figure 9, these uncertain 282
slave parameters have been appropriately estimated to the corresponding master param- 283
eters using the update laws in Equation (17). 284

0 / 3 3 4Lt 5 0 ! 2 3 4 5
Time (sec) Time (sec) 285
(@) (b) 286
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(c) 288
Figure 7. Tracking the slave trajectories corresponding to master trajectories 289
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Figure 8. The state variables synchronization errors 291
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Figure 9. Estimation of uncertain slave parameters corresponding to master trajectories 294
295

As can be seen from Figure 9, that the uncertain slave parameters as and bs are rapidly 296
estimated corresponding to the master parameter am and bm respectively (in less than 1.5 297
sec), that is exactly match to time duration of the synchronization errors to be zero. On the = 298
other hand, the time duration was about 3.5 seconds for estimating the third uncertain 299
slave parameter cs corresponding to the master parameter cm, where that does not affect 300
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the synchronization process. That is because the dynamical behavior of the nonlinear systems is 301
not affected by the same degree of sensitivity for all its parameters as mentioned in [49]. 302

6. Digital Implementation of New Fractional Order Chaotic System 303

The major goal of the hardware is to test the possibility of implementing fractional 304
order chaotic systems so that they can be employed in real-world applications. Fractional 305
order chaotic systems can be implemented in hardware utilizing a variety of embedded 306
devices, such as microcontrollers, Raspberry Pi, FPGAs, and DSPs as well as its imple- 307
mentation by analog electronic circuit as in [29]. In this work we implemented the new 308
three-dimensional system (5) by using a microcontroller (Arduino DUE) Based on the dis- 309
crete method as in [50]. 310

Arduino Due is a digital board with Atmel SAM3X8E, ARM Cortex-M3 CPU. Itis 311
having wonderful structure for performing the complex arithmetic operation, in briefly it 312
has the following characteristics; 32-bit ARM core microcontroller, 84 MHz clock, 54 dig- 313
ital input/output pins, 12 analog inputs, USB OTG capable connection, 4 UARTs, 2 DAC 314
(digital to analog), power jack 2 TWI, SPI header, JTAG header. The major reasons of using 315
like that microcontroller are; 12 bits resolution for its two peripherals DACO and DAC1 316
and its attractive cost advantage when compared with the FPGAs or DSPs boards. Where 317
the Arduino specified programing language that is similar to C++ language are used for 318
programing ARM microcontroller by the Arduino IDE through the native USB port (serial 319
port) [51]. The hardware implementation of the new fractional order chaotic system is 320
shown in Figure 10. 321

322

SRR

O

323
324

Figure 10. Hardware implementation of the system (5) based om Arduino Due board 325

326

The system parameters for the experimental test are a=0.5, b=1.8, c=8, and q = 0.99, 327
with initial conditions (x(0), y(0), z(0)) = (1, 1 ,1). The ADCO and DACI are used to give 328
the system (5) phase portraits of chaotic attractors by analog oscilloscope as displayed in 329
Figure 11. In the fact, because the microcontroller's digital to analog converters (DACO 330
and DACI1) operate between 0.5V and 2.7 V, the amplitudes of the simulation results by 331
MATLAB and the experimental results by the Arduino Due will different for the systems 332
(5) state variables (system trajectories). It would be necessary to install an external opera- 333
tional amplification stage in order to achieve the same amplitude values as the computed 334
numerical simulations. Based on the approach that has been used for implementing the 335
system (5) by the Arduino DUE board, there are a level of error about +1.56% when com- 336
pared with the simulation results obtained by MATLAB. 337
338
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339
340

341

342
343

344

345
(©) 346

Figure 11. The experimental results of the proposed system phase portraits; (a) x-y =~ 347
chaotic attractors, (b) y-z chaotic attractors, (c) x-z chaotic attractors 348

7. Conclusions 349

A new three-dimensional nonlinear autonomous system with fractional order and 350
exhibits chaos was suggested. The nonlinear dynamical behaviors of this system were an- 351
alytically and numerically investigated, where these dynamics are the equilibrium points, 352
chaotic attractors, bifurcation diagrams, and Lyapunov exponents. Because the system has 353
no equilibrium, the observed dynamics show that the system can excite hidden chaotic 354
attractors and displays extremely complex dynamics. After that, an adaptive synchroni- 355
zation strategy was formulated. This synchronization approach is set up between two 356
identical new fractional order chaotic systems, one serving as the master and the other as 357
the slave. The adaptive control principles responsible for synchronization verification 358
have been derived. Also, in order to estimate the unknown slave parameters, the update 359
laws were determined. Finally, in order to show the feasibility of using that proposed 360
system in real world applications, that system has been implemented by Arduino Due 361
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boards. The obtained numerical results by MATLAB simulation consistent the experi-
mental results of the hardware implementation, that show the feasibility of the system to
be used in the real application fields. The hardware implementation of the system by Ar-
duino Due verify the low-costs implementation compared with implementation by other
devices as FPGAs and DSPs which are need high costs. The main advantage of system
implementation based on Arduino Due boards are the low costs implementation when
compared to alternative devices such as FPGAs and DSPs, which require large costs.
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