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  Abstract— In this paper, a set of singular integral 

formulations are derived to calculate the surface impedance 
matrix on the antenna array elements. The proposed 
mathematical model enables electrodynamic analysis of antenna 
arrays designed using metamaterial-inspired structures. The 
formulations allow the determination of the array’s impedance, 
spatial and polarization characteristics at significantly low 
computational cost compared to conventional electromagnetic 
solvers based on method-of-moments (MoM) numerical 
technique. The accuracy of the surface impedance results 
obtained from the theoretical formulations are verified using the 
full wave EM software. It is shown that there is excellent 
agreement between the proposed formulations and EM software. 
The accuracy of the theoretical model presented is valid for single 
layer structures. 

Keywords— Singular integral formulation, metamaterial, 
antenna array, electrodynamic analysis, EM simulation. 

I. INTRODUCTION 
The use of metamaterial-inspired structures in the design of 

antennas and antenna arrays is becoming common now [1]. It 
is evident in literature that the utilization of metamaterial 
(MTM) can simultaneously improve the antenna’s radiation 
characteristics and reduce its physical footprint [2-5]. Arrays 
are composed of an arrangement of multiple antennas however 
the proximity of antennas can degrade the performance of 
arrays due to interactions of surface waves and near-field 
radiation. It has been shown in [6-7] that antenna arrays that 
are based on MTM structures exhibit higher isolation between 
the radiating elements and therefore improved electromagnetic  
compatibility. The consequence of this is improvement in the 
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array’s overall radiation performance. Such arrays have been 
shown to increase the throughput in MIMO systems [8-10].  

Electrodynamic analysis of antennas and antenna arrays is 
typically carried out using commercial electromagnetic solvers 
such as CST Studio Suite® that employ finite integration 
technique (FIT), which is a discretization scheme for 
Maxwell’s formulations in their integral form [11]. The use of 
this approach is associated with challenges associated with 
[12], namely, (i) inaccuracy of the constructed model, (ii) 
choice for optimum sampling rate used, and (iii) intensive 
demand on computational sources. The alternative method 
involves the use of method-of-moments (MoM) approach that 
involves solving Fredholm  integral  equations  of  the  first  
kind to enable the determination of the impedance, spatial and 
polarization characteristics of the array with a high degree of 
accuracy using less computational effort.  

Proposed in this paper is a set of singular integral 
formulations of electrodynamic analysis to calculate the 
matrix of surface impedance over an antenna array based on 
metamaterial-inspired structures. The proposed technique is 
shown to be highly accurate and requires significantly less 
computational effort than a commercial electromagnetic solver 
based on FIT or MoM. 

II. PROPOSED MTM ANTENNA ARRAYS 

    The proposed antenna array, shown in Fig.1, consists of a 
regular arrangement of multiple MTM-inspired radiating 
elements consisting of circular patches. Etched on each 
radiating patch is a narrow rectangular slot, and the patch is 
connected to the substrate’s ground-plan with a metallic via.  
The periodic array of subwavelength elements act like 
resonators or scatters that exhibits metamaterial left-handed 
properties (negative refractive index) when interacting with 
EM-fields [13]. This antenna structure was chosen as it 
operates over a wider bandwidth as will be evident in the 
results presented later. The array is constructed on a dielectric 
substrate with thickness h and having electrical parameters 𝜀!, 
𝜇!, and tan𝛿. The empty space above the substrate is defined 
by 𝜀! and 𝜇!. Dielectric and permittivity rations 𝜀!/𝜀! & 𝜇!/𝜇! 
represent the relative electric permittivities and magnetic 
permeabilities of two media.  

In the analysis it is assumed that the single layer dielectric 
substrate, shown in Fig.1, on which the antenna array is 
constructed consists of two columns of regularly arranged 
circular patches of finite thickness and perfect conductivity. 
The substrate's length is represented by symbol 𝑙, the diameter 
of the circular patches is 𝐷, inter-space gap between 
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successive patches is 𝑠, and  the gap between the two columns 
of antennas is represented by 𝑔. 

When the antenna array is stimulated by exposing it to RF 
energy the resulting currents are distributed over the array 
such that the resulting electromagnetic (EM) field from the 
array satisfies the boundary conditions of Maxwell's 
formulations. 

 
Fig.1. Antenna array realized with metamaterial-inspired circular patch 
radiators.  

III. IMPEDANCE MATRIX OF THE SURFACE 

    To determine surface impedance matrix elements in the 
antenna array the approach used in [12] first establishes the 
surface admittance matrix elements 𝑌  and then converts the 
matrix to its corresponding 𝑍  matrix, which takes a longer 
processing time. Unlike in [12] the proposed methodology 
used here avoids the complexity of this conversion step and 
therefore the additional computation processing. This is 
achieved by directly calculating the surface impedances matrix 
elements, the consequence of which is reduction in the 
computational time. Because the computational time in [12] 
was not reported it was necessary to benchmark the proposed 
technique against a commercial 3D full wave electromagnetic 
solver based on MoM. Moreover, the radiating elements in the 
proposed antenna array is metamaterial-inspired for realizing a 
wider operational bandwidth. The antenna is simply a disk-
shaped radiator with a rectangular slot and is connected to the 
ground-plane with a metallic via. The antenna is of 
subwavelength scale and there is subwavelength separation 
between the radiating elements. In this configuration the 
radiating elements behave like resonators or scatters that 
exhibit metamaterial left-handed properties when excited by 
electromagnetic fields. The surface impedance matrix 
elements were obtained as described below. 

The boundary conditions here are defined by the current and 
electric field distributions around the antenna array. In the 
proposed theoretical modelling, the transverse components of 
the current distribution have been ignored as we have assumed 
the size of the radiating patches are less than operating 
wavelength (𝐷 ≪ 𝜆). Also, the electric field in the ground-
plane is set to zero.  

The surface impedance matrix elements in the xy-plane at 
𝑧 = ℎ are specified by the surface impedances matrix of zone I 
𝑧 > ℎ  (dielectric space) 𝑍(!)  and the matrix of zone II 
𝑧 < ℎ  (MTM substrate layer) 𝑍(!) , and is defined by: 

𝑍!"
(!") = 𝑍!"

(!) − 𝑍!"
(!)           (m, n =1, 2)  (1) 

The surface impedance matrix is: 

𝐺!
(!,!)

𝐺!
(!,!) =

𝑍!!
(!,!) 𝑍!"

(!,!)

𝑍!"
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where 𝐺!
(!,!), 𝐺!

(!,!) and 𝑄!
(!,!), 𝑄!

(!,!) are the Fourier 
transforms of the tangential components of the electric and 
magnetic-fields, respectively, on the radiating elements 
components in the xy-plane at 𝑧 = ℎ of zone II 𝑧 < ℎ  and 
𝐺!
(!), 𝐺!

(!), 𝑄!
(!) and 𝑄!

(!) are the Fourier transforms of the 
electric and magnetic-fields tangential components in the 
plane 𝑧 = ℎ of zone II  𝑧 > ℎ .  

It is necessary to first define the surface impedance 
elements of the metamaterial layer in zone I 𝑧 < ℎ . The 
formulations for the complex amplitudes are given by: 
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where 𝑘 = 𝜀!𝜇!𝜔 is the wave number for a plane wave in 
vacuum, with angular frequency defined by 𝜔. Expressions 
(3)-(8) are specific to the metamaterial domain in Fig.1 that 
comprises dielectric substrate with an arrangement of slotted 
circular patches implemented on the substrate surface. The 
patches are grounded through metallic via to the backside of 
the substrate layer. The EM field in the metamaterial substrate 
are defined by these two equations: 

∓𝑚𝜔𝜀!𝜀!𝛿𝐸 + 𝛿𝑘! −𝛿! + 𝜇!𝜀! 𝐻 − ∇!𝐻 = 0    (9) 

±𝑚𝜔𝜇!𝜇!𝛿𝐻 + 𝛿𝑘! −𝛿! + 𝜇!𝜀! 𝐸 − ∇!𝐸 = 0    (10) 

It can be shown that by applying the electric and magnetic 
field derived in [12] into (9) and (10), we can determine the 
matrix elements of the surface impedance at the plane 𝑧 = ℎ 
resulting from zone II 𝑧 < ℎ  (MTM substrate layer). 
Elements of the matrix of surface impedance are given by: 

𝑍!!
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! !,! !! !,! !!"!!!!!! !,! !(!)
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𝜚! 𝛼, 𝜉 =
± Ϛ! sin Ϛ!𝑧 − Ϛ! sin Ϛ!𝑧 − !!!!

!!!!!!!!!!!!!! + 1 −

𝑐𝑜𝑠 Ϛ!𝑧 + 𝑐𝑜𝑠 Ϛ!𝑧 − !!"
!!!!!!!!!!!!!! 𝛼𝜉         (16) 

𝜚! 𝛼, 𝜉 =
− Ϛ! sin Ϛ!𝑧 + Ϛ! sin Ϛ!𝑧 − !!!!

!!!!!!!!!!!!!! + 1 ±

𝑐𝑜𝑠 Ϛ!𝑧 − 𝑐𝑜𝑠 Ϛ!𝑧 − !!"
!!!!!!!!!!!!!! 𝛼𝜉         (17) 

𝜕! 𝛼, 𝜉 = ± 𝑐𝑜𝑠 Ϛ!𝑧 − 𝑐𝑜𝑠 Ϛ!𝑧 𝛼𝜉 ± Ϛ!𝑠𝑖𝑛 Ϛ!𝑧 +

Ϛ! 𝑠𝑖𝑛 Ϛ!𝑧 !!!!!!!!
!!!!!!!!!!!!!! + 𝑘𝛿            (18) 

𝜕! 𝛼, 𝜉 = 𝑐𝑜𝑠 Ϛ!𝑧 + cos Ϛ!𝑧 𝛼𝜉 ± Ϛ!𝑠𝑖𝑛 Ϛ!𝑧 −
Ϛ! 𝑠𝑖𝑛 Ϛ!𝑧 !!!!!!!!

!!!!!!!!!!!!!! + 𝑘𝛿              
(19) 

In a similar way we can determine the expressions for the 
elements of the matrix of surface impedances at 𝑧 = ℎ 
resulting from zone I (𝑧 > ℎ) (dielectric space) by applying 
the electric and magnetic field expressions derived in [12] into 
(9) and (10). Elements of the matrix of surface impedance are 
given by: 

𝑍!!
! = 𝛼! + 𝜉! − 𝜇!𝜀!𝑘! !!!!!

!!!!!!!!!       (20) 

𝑍!"
! = 𝛼! + 𝜉! − 𝜇!𝜀!𝑘! !!!!!

!!
        (21) 

𝑍!"
! = − 𝛼! + 𝜉! − 𝜇!𝜀!𝑘! !!!!!

!"
          (22) 

𝑍!!
! = − 𝛼! + 𝜉! − 𝜇!𝜀!𝑘! !!!!!

!!!!!!!!!         (23) 

    Elements of the matrix for surface impedances in the xy-
plane 𝑧 = ℎ can also be determined in a similar way as 
described above. Then by performing inverse Fourier 
transform on equation (1) and applying appropriate boundary 
conditions we can obtain formulations relating the electric and 
magnetic fields with a current distribution at the substrate 
surface 𝑧 = ℎ. The above formulations are valid for the 
metamaterial domain and they have no restriction on the 
dimensions, conductor or dielectric layer thickness, values of 
permittivity or permeability. 

The above theoretical model applies specifically to the 
single layer metamaterial-inspired antenna array structure 
shown in Fig.1. The model was validated by comparing it with 
CST Studio Suite® which is a commercial 3D full-wave EM 
analysis software. For the purpose of the validation the 
dimensions of the array are thus: dielectric substrate = 
40×40×5 mm3, radius of circular patches = 3 mm, length of 
slot = 4 mm, width of the slot = 0.5 mm, radius of via-holes = 
0.4 mm, inter-space gap (s) = 4 mm, and gap between arrays 
(g) = 10 mm. When the antenna array is exposed to EM fields 
surface currents are induced. The surface current distribution 
over the antenna array at various frequencies can be visualized 
using the EM software, as shown in Fig.2. It shows the current 
is distributed over the patch antennas and a close examination 
reveals that the current is more strongly distributed around the 
slots and over the metallic vias that connect the disk to the 
ground-plane.  

The surface impedances in zones I and II predicted by the 
theoretical model and EM software are given in Figs. 3 and 4 
over frequency range from 3-5 GHz. It is evident from these 
results there is total agreement between the proposed 
theoretical model and EM software. This shows effectiveness 
of the proposed formulations. The theoretical model was 
benchmarked against EM software by CST Studio Suite® 
using the same central processing unit. Computational time of 
theoretical model was 125 seconds and using the EM software 
was 205 seconds. The theoretical model is significantly less 
computationally intensive by 61%. 

 
(a) 

 
(b) 

 
(c) 

Fig.2. The current distribution in the patch array at various spot frequencies, 
(a) 3 GHz, (b) 4 GHz, and (c) 5 GHz. 
 

 
(a) Real part of 𝑍!! 

 
(b) Imaginary part of 𝑍!! 
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(c) Real part of 𝑍!" 

 
(d) Imaginary part of 𝑍!" 

 
(e) Real part of 𝑍!" 

 
(f) Imaginary part of 𝑍!" 

 
(g) Real part of 𝑍!! 

 
(h) Imaginary part of 𝑍!! 

Fig.3. Surface impedance at the plane 𝑧 = ℎ of zone I 𝑧 > ℎ  (dielectric 
space) using the EM software and proposed theoretical formulations.   

 
(a) Real part of 𝑍!! 

 
(b) Imaginary part of 𝑍!! 

 
(c) Real part of 𝑍!" 

 
(d) Imaginary part of 𝑍!" 

 
(e) Real part of 𝑍!" 

 
(f) Imaginary part of 𝑍!" 

 
(g) Real part of 𝑍!! 

 
(h) Imaginary part of 𝑍!! 

Fig.4. Surface impedances at the plane 𝑧 = ℎ of zone II 𝑧 < ℎ  (MTM layer) 
using the EM software and proposed theoretical formulations.   

IV. CONCLUSION 

    A highly accurate theoretical model is presented for 
electrodynamic analyses of an antenna array implemented on a 
dielectric substrate. The theoretical model is applied to an 
array consisting of an arrangement of slotted circular patch 
radiators each of which are grounded with metallic vias. The 
theoretical model was benchmarked against a commercial 3D 
full wave electromagnetic solver based on MoM and using the 
same central processing unit. The proposed methodology is 
shown to be accurate and uses significantly less computational 
time. There is excellent agreement of the surface impedance 
results from both methodologies over a specified frequency 
range. The accuracy of the theoretical model presented is valid 
for single layer structures. The model needs to be extended for 
multilayer structures. 
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