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Abstract
The current study proposes a novel 2-Dimensional Fuzzy Monte-Carlo Frontier Analysis 
to estimate and compare the level of efficiency for a sample of 49 Islamic Banks across 
25 countries worldwide over the period 2013–2021. Additionally, in the second stage, we 
propose a bootstrapped robust regression approach to comprehensively examine the deter-
minants of efficiency. Our results show that there is heterogeneity in the level of efficiency 
within the Islamic banking sector. Furthermore, we find that the Islamic banks in the sam-
ple experienced an improvement in efficiency over the examined period. Finally, we find 
that bank size, bank liquidity (measured by the ratio between net loans and gross loans), 
and bank risk (proxied by the ratio between loan loss reserves and gross loans) have a sig-
nificant and positive impact on Islamic bank efficiency. Policy implications based on our 
findings are provided.
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1  Introduction

Islamic banking plays a crucial role in promoting financial inclusion and social justice in 
Muslim-majority countries and beyond. In many cases, Islamic banks provide an alterna-
tive to conventional banking for individuals who are uncomfortable with interest-based 
transactions (riba) prevalent in conventional banking. Islamic banking emphasizes ethical 
and socially responsible practices that align with the principles of Islamic finance, seeking 
to promote the welfare of society as a whole. Furthermore, Islamic banking has the poten-
tial to attract investors seeking ethical and sustainable investment options.

However, like any other banking system, Islamic banking faces various challenges and 
problems. Some of the significant problems faced by Islamic banking include: 1) Limited 
Product Diversity: Islamic banks offer a narrower range of products compared to conven-
tional banks. This limitation arises from the Shariah principles governing Islamic finance, 
which prohibit certain financial practices like charging interest (riba) and engaging in 
speculative transactions (Maysir). Consequently, Islamic banks have constraints on their 
product offerings, making it challenging to compete with conventional banks; 2) Lack 
of Standardization: Another significant challenge faced by Islamic banking is the lack of 
standardization in Shariah interpretations. Multiple interpretations of Shariah principles 
exist, leading to confusion and inconsistency in Islamic finance products and services. 
This lack of standardization can also hinder the expansion of Islamic banks on an interna-
tional scale; 3) High Cost of Funds: Islamic banks often experience higher costs of funds 
compared to conventional banks. This situation arises because Islamic finance products 
are typically asset-based, requiring the bank to purchase and own the underlying assets. 
Consequently, the bank bears the associated risks and costs of asset ownership, leading to 
higher costs; 4) Limited Liquidity Management Tools: Islamic banks have a restricted set 
of liquidity management tools compared to conventional banks. The prohibition on inter-
est-bearing instruments, such as government bonds and interbank deposits commonly used 
by conventional banks, limits the options available to Islamic banks for managing liquidity; 
5) Lack of Skilled Personnel: There is a shortage of skilled personnel in Islamic bank-
ing. This shortage stems from the relative novelty of Islamic finance, as there are insuf-
ficient qualified professionals with expertise in Shariah principles and Islamic finance to 
meet the demand; 6) Regulatory Challenges: Islamic banks face regulatory challenges in 
many countries where Islamic finance is not fully recognized. These challenges can impede 
the growth of Islamic banking and create difficulties for Islamic banks to operate in cer-
tain markets. Additionally, some regulatory frameworks may not be well-suited to Islamic 
finance, further complicating compliance for Islamic banks with local regulations.

Investigating efficiency in Islamic banking holds great significance for several reasons. 
Firstly, efficiency is a critical factor that determines a bank’s profitability and long-term 
sustainability. Inefficient banks may struggle to compete with their more efficient counter-
parts, resulting in lower profits and an increased likelihood of failure. Understanding the 
factors that contribute to efficiency in Islamic banking can assist policymakers and industry 
practitioners in identifying areas for improvement and making informed decisions regard-
ing resource allocation.

Secondly, efficiency is closely tied to the social and economic impact of Islamic bank-
ing institutions. More efficient banks are better equipped to provide financing and other 
services to individuals and businesses, thereby contributing to economic growth and devel-
opment. Additionally, efficient banks are more capable of fulfilling their social respon-
sibilities, such as promoting financial inclusion and supporting small and medium-sized 
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enterprises (SMEs). Overall, investigating efficiency in Islamic banking is crucial for 
comprehending the industry’s potential for growth and development. By identifying the 
factors that contribute to efficiency, policymakers and practitioners can take steps to pro-
mote a more sustainable and inclusive financial system that aligns with the principles of 
Islamic finance. Furthermore, a better understanding of efficiency can aid investors in mak-
ing informed decisions regarding resource allocation and contribute to the development of 
ethical and sustainable investment options.

Islamic banking is increasingly gaining attention from scholars, policymakers, and 
investors due to its unique features and growing significance in the global financial land-
scape. The principles of Islamic finance, which emphasize ethical and socially responsi-
ble practices, resonate with a broader audience seeking sustainable and ethical investment 
options beyond Muslim-majority countries. Islamic banks play a crucial role in promot-
ing financial inclusion and social justice by offering alternatives to conventional banking 
systems that may not align with the values and beliefs of certain individuals. Moreover, 
Islamic banking has demonstrated resilience and stability, particularly during times of 
financial crises, which underscores its potential for contributing to a more sustainable and 
resilient financial system on a global scale. Additionally, as Islamic banking continues to 
expand its presence internationally, understanding its operations, challenges, and impact is 
essential for policymakers, regulators, and industry practitioners worldwide.

Islamic banking serves as a representative of the Islamic market, embodying the prin-
ciples and values of Islamic finance within the broader financial ecosystem. The Islamic 
market encompasses not only Muslim-majority countries but also diverse communities and 
regions where individuals seek financial services aligned with Islamic principles. Islamic 
banking institutions cater to this market by offering products and services that adhere to 
Shariah principles, such as the prohibition of interest (riba) and adherence to ethical invest-
ment practices. By providing a viable alternative to conventional banking, Islamic banks 
act as key players in shaping and defining the Islamic market, serving the needs of indi-
viduals and businesses seeking financial solutions that align with their religious and ethical 
beliefs. As such, understanding Islamic banking efficiency offers insights into the dynam-
ics and characteristics of the Islamic market and its potential implications for financial sys-
tems worldwide.

Investigating Islamic banking efficiency offers valuable insights not only for enhanc-
ing the performance and resilience of Islamic banks but also for advancing the broader 
understanding of efficiency in the banking industry and its implications for financial stabil-
ity and inclusion across diverse markets. Therefore, while Islamic banking may have its 
unique characteristics and challenges, the lessons learned and insights gained from study-
ing Islamic banking efficiency can indeed be generalized and applied to inform policies 
and practices in other countries and financial systems.

We significantly contribute to the literature on efficiency analysis in the banking indus-
try, particularly in the estimation of efficiency in Islamic banking, by proposing a novel 
2-Dimensional Fuzzy Monte-Carlo Frontier Analysis (2DMCFA). Our proposed method 
offers the following advantages: 1) 2DMCFA incorporates the uncertainty and fuzziness 
associated with real-world data by utilizing fuzzy sets and Monte Carlo simulations. This 
renders it a more realistic and robust method for analyzing efficiency and frontiers in real-
world situations; 2) Traditional efficiency analysis methods typically focus on a single 
dimension, analyzing only one input or output at a time. In contrast, 2DMCFA enables 
the analysis of two-dimensional efficiency, making it a more comprehensive and accu-
rate approach for assessing efficiency; 3) 2DMCFA allows for the examination of nonlin-
ear relationships between inputs and outputs, which often occur in real-world scenarios. 
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Traditional methods assume linear relationships, which can lead to inaccurate results; 4) 
2DMCFA permits the analysis of multiple inputs and outputs, making it more applicable 
to complex systems with multiple factors influencing efficiency; 5) 2DMCFA is a flexible 
method that can be applied to a wide range of industries and sectors, making it a versa-
tile tool for efficiency and frontier analysis; 6) In addition to the pioneering proposal of 
2DMCFA in the first stage, we also contribute to the literature in the second-stage analy-
sis by utilizing a bootstrapped robust regression approach to examine the determinants of 
efficiency.

The structure of the current paper is as follows: Sect. 2 provides a literature review on 
bank efficiency estimation and Islamic bank efficiency analysis. Section  3 presents and 
explains our innovative methodology, followed by Sect.  4, which offers an analysis and 
discussion of our results. Finally, concluding remarks are provided in Sect. 5.

2 � Literature review

Efficiency analysis in the banking industry, both in general and specifically in Islamic bank-
ing, has undergone continuous development in terms of empirical investigation and meth-
odological innovations. In the broader banking sector, the initial analysis of bank efficiency 
was facilitated by traditional non-parametric data envelopment analysis and parametric 
stochastic frontier analysis (Tan and Floros 2013; Fukuyama and Tan 2021; Tan et  al. 
2017; Nasim et al. 2024; Tan and Walheer 2024), along with the use of relevant account-
ing indicators (Tan and Floros 2012). Building upon these methods, various methodologi-
cal contributions have emerged in the estimation of bank efficiency. These include Bayes-
ian stochastic frontier analysis (Galan and Tan 2024), network data envelopment analysis 
(Fukuyama et al. 2023; Tan et al. 2021; Fukuyama and Tan 2022a, b; Fukuyama and Tan 
2024a), multi-criteria decision-making analysis (Maredza et al. 2022; Wanke et al. 2023a), 
and output distance function (Tan and Tsionas 2022). Few studies also combine the non-
parametric data envelopment analysis and multi-criteria decision-making method in esti-
mating bank performance (Antunes et al. 2024a, 2024b). The literature has also witnessed 
the proposal and utilization of advanced techniques in second-stage analysis to investigate 
the determinants of bank efficiency. These innovative methodologies include the stochas-
tic structural relationship programming model based on neural networks (Antunes et  al. 
2024c), robust endogenous neural network analysis (Antunes et al. 2022), and multi-layer 
perceptron–hidden Markov model (Tan et al. 2021), among others.

In the past decade, numerous studies have examined efficiency in Islamic banking from 
various perspectives. Initially, accounting indicators such as the ratio between total non-
interest expenses and total operating revenue, and the ratio between total overheads and 
gross income, were used as proxies for inefficiency (Abedifar et al. 2016; Alqahtani et al. 
2017a; Khan et al. 2017). With the introduction of operational research in finance, tradi-
tional non-parametric data envelopment analysis (DEA) was applied by Ismail et al. (2013) 
to investigate and compare efficiency levels between Islamic and conventional banks in 
Malaysia from 2006 to 2009. This was followed by a second-stage Tobit regression analy-
sis examining the determinants of efficiency, focusing on factors such as capital adequacy, 
bank size, loan quality, expense management, and bank profitability. Similar estimation 
techniques were employed by Rosman et al. (2014) in the context of Islamic banking in 
Middle Eastern and Asian countries.
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Moving beyond technical, pure technical, and scale efficiencies, Kamarudin et al. (2014) 
used non-parametric DEA to estimate and compare profit, revenue, and cost efficiencies 
of Islamic and conventional banks in Gulf Cooperation Council countries. Revenue effi-
ciency of a sample of domestic and foreign Islamic banks was also estimated by Sufian and 
Kamarudin (2015) using non-parametric DEA, followed by a second-stage analysis inves-
tigating the determinants of revenue efficiency through ordinary least squares and general-
ized least squares methods. Non-parametric DEA techniques were also applied by Belanès 
et al. (2015), Daly and Frikha (2017), and Bitar et al. (2020).

Johnes et  al. (2014) made a significant contribution to the literature on the estima-
tion of Islamic and conventional banking by proposing non-parametric data envelopment 
analysis (DEA) and meta-frontier analysis. This approach offers the advantage of decom-
posing overall efficiency into net efficiency and type efficiency. In the second stage, they 
employed a random effects model to examine the determinants of efficiency. In addition to 
non-parametric DEA, parametric stochastic frontier analysis has also been proposed and 
used to estimate efficiency levels in Islamic banking. For example, Gheeraert and Weill 
(2015) employed the one-stage procedure developed by Battese and Coelli (1995) to esti-
mate efficiency levels and determinants of efficiency for Islamic banks worldwide between 
2000 and 2005. Mohanty et al. (2016) extended this approach by proposing a one-step het-
eroskedastic stochastic cost frontier model and heteroskedastic stochastic profit frontier 
model. These models allow for the random noise to be heteroskedastic, meaning that it var-
ies across observations and may depend on the values of the explanatory variables. They 
provide a more flexible modeling of the stochastic frontier by assuming that the variance of 
the error term is a function of the explanatory variables. Saeed et al. (2020) also conducted 
a one-stage stochastic frontier analysis.

Safiullah and Shamsuddin (2019) proposed and applied the stochastic profit meta-fron-
tier model to investigate and compare the efficiency levels between Islamic and conven-
tional banks across 28 countries from 2003 to 2014. This method allows for the accounting 
of heterogeneity across different groups and accounts for the dynamic nature of the produc-
tion process, providing an advantage over traditional parametric stochastic frontier analy-
sis by allowing for the inclusion of different types of inputs, outputs, and environmental 
factors. In contrast to the one-stage approaches for estimating efficiency and determinants 
of efficiency, Hardianto and Wulandari (2016) proposed a two-stage parametric stochastic 
frontier approach. They investigated and compared efficiency levels between Islamic and 
conventional banks in Indonesia from 2011 to 2013. In the second stage, they used gen-
eralized least squares with fixed effect model, generalized least squares with pooled least 
squares, and random effect models to investigate the determinants of efficiency. Mobarek 
and Kalonov (2014) examined efficiency using both non-parametric DEA and parametric 
stochastic frontier analysis, followed by a second-stage analysis investigating the impact 
of efficiency on bank stability. They employed OLS cross-sectional and pooled regres-
sion, adjusting for robustness by checking heteroscedasticity. Alqahtani et al. (2017a) also 
applied non-parametric DEA and parametric stochastic frontier analysis, followed by Tobit 
regression and bootstrapped truncated regression. They examined and compared efficiency 
levels between Islamic and conventional banks in six Gulf Cooperation Council (GCC) 
countries from 1999 to 2012.

Wanke et  al. (2016a) distinguished themselves from other studies by proposing a 
multicriteria decision-making technique called Technique for Order Preference by Simi-
larity to the Ideal Solution. They used this technique to assess the level of efficiency 
of 114 Islamic banks from 24 countries worldwide. In the second-stage analysis, the 
study utilized neural networks to predict the influencing factors of bank performance. 
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The findings suggest that the level of efficiency is influenced by the country of origin 
and cost structure, and Islamic banks would benefit from increased competition in the 
overall banking market. Wanke et  al. (2016b) conducted a similar study focusing on 
Islamic banks in Malaysia.

Saeed and Izzeldin (2016) made a significant contribution to the literature by being 
pioneers in investigating the efficiency-risk paradigm in the context of both Islamic and 
conventional banks. They estimated profit efficiency using parametric stochastic frontier 
analysis and evaluated default risk using the distance-to-default measure proposed by Mer-
ton (1974). The causality between efficiency and default risk was examined using a panel 
vector autoregression framework. The results suggest that the trade-off between efficiency 
and default risk is evident for conventional banks but not for Islamic banks. Asmild et al. 
(2019) proposed and applied the multi-directional efficiency analysis using a sample of 
Islamic banks from Bangladesh between 2001 and 2015. This method differs from tradi-
tional non-parametric DEA as it allows for the investigation of improvement potentials in 
each input dimension and the identification of a benchmark proportionate to those potential 
improvements. The findings indicate that Islamic banks outperformed conventional banks 
during the period of the global financial crisis.

Alqahtani et al. (2017b) investigated and compared the efficiency of Islamic banks and 
conventional banks in the GCC region during and after the global financial crisis using 
both a single-stage stochastic frontier analysis and a two-stage data envelopment analysis. 
This was followed by a second-stage analysis controlling for the impact of bank charac-
teristics and the macroeconomic environment through a bootstrapped truncated regression 
analysis. Saâdaoui and Khalfi (2024) measured the efficiency of Islamic banks in devel-
oped and developing countries between 2007 and 2015 using two proxies: the ratio of 
non-performing loans to total loans and the ratio of operating expenses to total assets. The 
innovation of the study lies in the proposal of a Multivariate Adaptive Regression Splines 
(MARS) method for estimating the relationship between bank efficiency and bank govern-
ance. This method offers a higher level of flexibility in modeling high-dimensional data. 
Considering credit risk, measured by the volume of impaired loans, as one of the inputs, 
Mirzaei et al. (2024) evaluated and compared the risk-adjusted efficiency of Islamic banks 
and conventional banks through a risk-adjusted data envelopment analysis. The study fur-
ther applied multivariate regression analysis to examine the impact of bank efficiency on 
stock returns.

In addition to estimating and comparing the level of efficiency between Islamic and 
conventional banks, the literature has also focused on evaluating productivity levels. For 
example, Bahrini (2015) employed a bootstrapped Malmquist index approach to analyze 
the productivity change of 33 Islamic banks from 10 MENA countries between 2006 and 
2011. In the second stage, a fixed-effects regression analysis was conducted to investigate 
the determinants of productivity.

While extensive research has been conducted on Islamic banking efficiency using a 
variety of models, our approach introduces a novel 2-Dimensional Fuzzy Monte-Carlo 
Frontier Analysis (2DMCFA) that significantly deviates from traditional single dimension 
efficiency analyses (Nieswand and Seifert 2018; Ahn et al. 2023). This method not only 
accommodates the inherent uncertainty and fuzziness of real-world data but also enables 
a more nuanced exploration of the efficiency landscape by considering multiple inputs and 
outputs simultaneously. Most existing methods, including the widely employed DEA and 
stochastic frontier approaches, typically do not incorporate fuzziness directly into their effi-
ciency estimation, which can result in overlooking some of the complexities inherent in 
financial data (Wanke et al. 2016c).
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Furthermore, our application of a bootstrapped robust regression in the second-stage 
analysis to explore the determinants of Islamic banking efficiency distinguishes our study 
from previous research that predominantly relies on more traditional regression techniques 
(Mobarek and Kalonov 2014; Hardianto and Wulandari 2016). This approach allows for 
a more robust inference by mitigating the influence of outliers and leveraging the data’s 
inherent variability. This methodology not only contributes a novel perspective to the 
empirical literature on Islamic banking but also provides actionable insights that could help 
enhance the operational strategies of these institutions. By addressing both methodological 
innovation and practical application, our research offers a comprehensive enhancement to 
the existing body of knowledge on banking efficiency.

3 � Methodology

3.1 � 2DFMCA and extensions in efficient frontier and envelopment problems

2-Dimensional Fuzzy Monte-Carlo Analysis (2DFMCA) is a computational approach used 
for solving multi-objective decision-making problems under uncertainty (Wanke et  al. 
2023b). It combines the Monte Carlo simulation method with fuzzy set theory to model 
the uncertain input parameters and produce a fuzzy Pareto front, which represents the set 
of optimal solutions for the problem (Nasr et al. 2021). 2DFMCA has been used in several 
applications (Arunraj et al. 2013).

Departing and differently from previous studies, the general mathematical model 
for 2-Dimensional Fuzzy Monte-Carlo Analysis (2DFMCA) developed in this research 
involves the following steps:

•	 Define the input matrix X and output matrix Y, where each row represents a single 
observation and each column represents a different input or output variable.

•	 Apply fuzzy logic to the output matrix Y to model the vagueness and uncertainty in the 
maximal achievable outputs. This involves defining fuzzy sets for each output variable 
that represent the possible range of values it can take on.

•	 Apply Monte Carlo simulation to the input matrix X to model the uncertainty in the 
characteristic distribution of the inputs. This involves generating random samples from 
the input distribution for each input variable.

•	 Use the fuzzy output matrix and the Monte Carlo simulated input matrix to calculate 
the output values for each observation using a mathematical model or function. This 
generates a set of output values for each input sample.

3.2 � Background in COLS

Corrected Ordinary Least Squares (COLS) is a linear regression-based approach used in 
frontier analysis to estimate the production frontier, which represents the maximum output 
that can be produced with a given set of inputs (Kumbhakar and Lovell 2000). The COLS 
approach corrects for the bias in the ordinary least squares (OLS) estimator due to the pres-
ence of inefficiencies in the data.

One advantage of the COLS approach over other frontier models such as Data Envel-
opment Analysis (DEA) and Stochastic Frontier Analysis (SFA) is that it is computa-
tionally simple and requires less assumptions about the distribution of the inefficiency 
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term (Kumbhakar and Lovell 2000). However, one limitation of the COLS approach is 
that it assumes a constant returns to scale (CRS) technology, which may not be valid in 
some cases where there are increasing or decreasing returns to scale (Kumbhakar and 
Tsionas 2011). Also, it does not allow for the estimation of technical efficiency scores, 
which are important for benchmarking and performance evaluation. The standard COLS 
model assumes that the output vector Y is a linear function of the input matrix X, plus a 
random error term e:

3.3 � Handling multiple outputs in COLS

One possible approach to dealing with the single output limitation in COLS modelling 
is to use a multiple-input single-output model, where the output is a composite of mul-
tiple measures of performance. The weights assigned to each performance measure can 
be based on the relative importance of each measure, which can be determined using 
either a fuzzy preference relation (Tripathi et al. 2021) or maximal entropy economet-
rics (Golan et al. 1996a).

Differently in this research, we propose Minimum Entropy Regression onto the Mean 
(MEROM), which is a regression-based method that seeks to estimate the mean of a 
response variable (the mean single output vector) given a set of predictor variables (the 
output matrix). The method is based on the principle of information theory, which seeks 
to find the probability distribution that is consistent with the available information and 
has the lowest noise level.

The concepts of information theory has been applied to regression problems in vari-
ous forms. One of the earliest papers on this topic is by Fisher, who proposed the use 
of entropy methods for the estimation of parameters in linear models (Fisher 1921). 
Later, entropy regularization has been used as a method for dealing with ill-posed linear 
inverse problems (Tikhonov 1963). In the context of linear regression, entropy regu-
larization has been studied by various authors (Jaynes 1957; Denzau et al. 1989; Golan 
et  al. 1996a, 1996b; Tan et  al. 2021). Given a matrix of predictors Y (output matrix) 
and a response vector y (mean output vector), the objective is to find the coefficients β 
that minimize the entropy of the mean deviation of the residuals e = y–Yβ. This can be 
expressed mathematically as:

where ei are the residuals, n is the number of observations, and β ≠ 0 indicates that the 
coefficients are non-zero. Considering that log of negative values cannot be computed, the 
vector of the residuals have been scaled-up (translation) by the modulus of min(ei). Nelder-
Mead algorithm is used to solve the programming problem in Eq. (2).

While, to the best of our knowledge, there is no literature specifically discussing the 
incorporation of fuzzy logic elements into COLS modelling, there are some studies that 
have applied fuzzy regression models to efficiency analysis. These models extend the 
standard regression model to handle fuzzy inputs and outputs and incorporate the uncer-
tainty and imprecision associated with these data (Gong et al. 2018; Khayum et al. 2020).

(1)Y = Xβ + e

(2)
minimize ∶

(

∑

ei log
(

ei
)

)

∕n

subject to ∶ e = y−Yβ; β ≠ 0
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3.4 � Representing the maximal achievable output by HT2FS

To incorporate fuzzy logic into the model, we can represent the output matrix Y as a 
Hesitant Type 2 Fuzzy Set. A Hesitant Type 2 Fuzzy Set (HT2FS) is a fuzzy set that 
allows for uncertainty not only in the membership degree of an element, but also in the 
degree of uncertainty associated with the membership degree. The use of hesitant fuzzy 
sets in decision-making has been gaining attention in recent years (insert citations). Yet, 
we can represent the Hesitant Type 2 Fuzzy Set as a nested set of Type 1 Fuzzy Sets 
(Herrera et al. 2014):

where μL, μM, and μU are the membership functions for the lower, middle, and upper 
bounds of the fuzzy set, respectively, and μL′, μM′, and μU′ are the membership functions 
for the degrees of uncertainty associated with the membership functions.

In this research, we use the concept of vector parallelism to make the application of 
HT2FS operational with respect to the maximal output achievable. Vector parallelism 
is a concept used in fuzzy set theory to compare two fuzzy vectors and determine their 
degree of similarity (Manacero et  al. 2022). It measures the degree to which the two 
vectors have similar shapes, directions, and magnitudes. A vector parallelism measure 
can be used to compare the fuzzy sets used in HT2FS (Ali and Al-kenani 2023).

Precisely, the following HT2FS model is proposed to capture the vagueness wrt to 
the maximal achievable output as regards the output matrix Y, which is populated by 
crisp values, and alpha, which is a scalar parameter that determines the degree of hesita-
tion or indeterminacy in the resulting fuzzy sets. Besides Y, which is an n-by-m matrix 
with n observations and m outputs, there are two additional matrices of equal dimen-
sions, U and L, which represents the upper and lower bounds of the HT2FS, respec-
tively. The mathematical description of the HT2FS function for the maximal achievable 
outputs is given as follows:

Let Y = [y_{ij}] be an n-by-m matrix of crisp values, where y_{ij} is the j-th variable 
for the i-th observation. The Hesitant Type 2 Fuzzy Set of Y is defined as:

where U = [u_{ij}] and L = [l_{ij}] are n-by-m matrices representing the upper and lower 
bounds of the HT2FS for each variable, respectively. The elements of U and L are given 
by:

for all i = 1, …, n and j = 1, …, m, where alpha is a scalar parameter that determines the 
degree of hesitation or indeterminacy in the resulting fuzzy sets.

(3)Y =
{{

μL(y), μL�(y)
}

,
{

μM(y), μM�(y)
}

,
{

μU(y), μU�(y)
}}

(4)Y_HT2FS = {U, L}

(5)u_{ij} = max (y_{ij} + alpha × y_{ij}, y_{ij})

(6)l_{ij} = min (y_{ij} − alpha × y_{ij}, y_{ij})
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3.5 � Representing the maximal achievable output by HT2FS

The COLS model can then be estimated using the least squares method to minimize the 
sum of squared errors between the observed output vector Y – obtained by MEROM—
and the predicted output Xβ:

To account for the fuzzy output, we can use a fuzzy regression approach, which involves 
minimizing a fuzzy objective function that captures the uncertainty and imprecision asso-
ciated with the fuzzy output. One possible fuzzy objective function is the Fuzzy Mean 
Squared Error (FMSE):

where 
(

Y − Xβ̃
)

 is the Hesitant Type 2 Fuzzy Set representing the difference between the 
observed output Y and the predicted output Xβ. The FMSE can be minimized using the 
least squares method, which involves solving a system of linear equations:

where β̂ is the estimated parameter vector, X′ is the transpose of the input matrix X, and Ỹ 
is the Hesitant Type 2 Fuzzy Set representing the observed output vector Y. The estimated 
production frontier can then be obtained by solving for the maximum achievable output 
vector Y, given a set of input vectors X and the estimated parameter vector β̂.

3.6 � Bootstrapping X and Ỹ and computation of inefficiency scores

Bootstrapping is a resampling technique used to estimate the sampling distribution of a 
statistic (Efron 1979), such as the coefficients in a COLS regression model. In bootstrap-
ping, multiple random samples are drawn with replacement from the original dataset – X 
and Y matrices—to create a simulated dataset. By repeating this process many times, we 
can generate a distribution of statistics that can be used to estimate confidence intervals, 
p values, and other inferential statistics (Davison and Hinkley 1997), such as the residu-
als, which is of the utmost interest of this research, cornerstones for the computation of 
inefficiency scores. In the context of frontier analysis using the corrected ordinary least 
squares (COLS) method, the inefficiency term represents the unobserved heterogeneity or 
inefficiency in the production process. As previously mentioned, the COLS method is a 
modification of the OLS method that accounts for the presence of inefficiency by adding 
an additional error term to the model. This error term captures the unobserved heterogene-
ity and is assumed to be a non-negative random variable that affects the output but not the 
inputs. In our case, this is the error vector e computed obtained from MEROM. Once the 
residuals are estimated from COLS they can be used to compute the inefficient frontier by 
applying exp(− u), where u is the vector of COLS residuals.

The proposed methodology combines advanced statistical and computational techniques 
to address the complexity and uncertainty inherent in banking data. For example, tradi-
tional efficiency analysis methods often assume precise and deterministic data. However, 
in reality, banking data, particularly regarding Islamic banking, are subject to uncertainty 
and fuzziness due to factors like varying interpretations of Shariah law, diverse banking 

(7)argmin βΣ(Y − Xβ)2

(8)FMSE =
∑

(

Y − Xβ̃
)2

(9)X�Xβ̂ = X�Ỹ
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practices across countries, and the unpredictable nature of financial markets. The 2DMCFA 
method acknowledges and integrates this uncertainty directly into the efficiency analysis, 
providing a more accurate and realistic assessment of bank performance.

Unlike conventional methods that might analyze inputs and outputs in isolation or 
assume a simple, linear relationship between them, 2DMCFA allows for a comprehensive 
examination of how multiple inputs and outputs interact in complex ways. This holistic 
approach is crucial for understanding the multifaceted operations of Islamic banks, which 
may not adhere strictly to the financial models designed for conventional banking systems. 
The banking environment, especially within the Islamic banking sector, involves nonlinear 
relationships between various factors affecting efficiency. For example, the impact of loan 
loss reserves on bank efficiency might not be linear, with different levels having varying 
effects on performance. Similarly, the relationships between bank size, liquidity, and effi-
ciency are multifaceted and may not be adequately captured by linear models. 2DMCFA 
accommodates these complexities, providing a tool for analyzing nonlinear relationships 
and multifactor interactions.

In the second stage of the analysis, where the determinants of efficiency are examined, 
the paper employs a bootstrapped robust regression approach. This method is chosen to 
ensure that the findings are not overly sensitive to specific model assumptions. Bootstrap-
ping, a resampling technique, allows for the estimation of the sampling distribution of a 
statistic and is useful for assessing the stability and reliability of regression results. This 
is important because Islamic banking data can exhibit peculiarities such as outliers, het-
eroskedasticity, or non-normality that might violate the assumptions of conventional 
regression models. A robust regression technique mitigates these issues, ensuring that the 
analysis of efficiency determinants remains valid even in the presence of data anomalies. 
By utilizing a robust regression approach, the research method allows for a more nuanced 
examination of the factors influencing Islamic bank efficiency. It enables the identification 
of significant determinants across different conditions and scenarios, providing insights 
that are critical for policymakers and practitioners in the Islamic banking sector.

4 � Analysis and discussion of results

The dataset used in this research was obtained from FitchConnect and contains information 
for 49 different banks from 2013 to 2021, spanning across 25 countries. Table 1 presents 
the descriptive statistics for the inputs, outputs, and contextual variables commonly used to 
assess efficiency in Islamic Banks. Similar to conventional banking, Islamic banking aims 
to optimize its efficiency to maximize profits and meet stakeholders’ expectations. Build-
ing on the work of Johnes et al. (2014) and Mirzaei et al. (2024), we consider the following 
inputs and outputs for our analysis, following Fukuyama and Tan (2024b):

•	 Total Deposits (Input): Banks utilize deposits to finance their operations. In Islamic 
banking, deposits are managed through Shari’ah-compliant accounts like Mudarabah 
and Musharakah.

•	 Fixed Assets (Input): Fixed assets, including buildings, equipment, and tangible assets, 
can influence the efficiency of Islamic banks. These assets are used to provide services 
to customers and generate revenue.

•	 Total Equity (Input): Total equity represents the capital invested by the bank’s owners, 
playing a crucial role in generating profits and maintaining solvency.
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•	 Expenses (Input): Expenses encompass the costs associated with operating the bank, 
such as salaries, rent, utilities, and other overhead expenses.

•	 Gross Loans (Output): Gross loans denote the amount of money lent out by the bank 
to its customers.

•	 Total Securities (Output): Total securities refer to the bank’s investment portfolio, 
which includes bonds, Sukuk, and other types of securities.

On the other hand, the contextual variables presented in Table 1 serve as endogenous 
drivers for Islamic banking efficiency, and their rationale is elaborated below:

The year variable in our analysis represents the timeframe during which the bank’s 
performance is evaluated, and it serves as an endogenous driver for efficiency. Changes 
in economic conditions and regulatory environments over time can influence the bank’s 
operations and performance. For example, fluctuations in interest rates, inflation rates, 
and government policies can impact profitability and efficiency. Additionally, the year 
variable may capture the impact of a learning curve on efficiency (Tan 2016). LLRGL, 
or the loan loss reserves to gross loans ratio, reflects a bank’s ability to absorb poten-
tial credit losses. In the context of Islamic banks operating under Shariah law princi-
ples, this ratio significantly affects efficiency. A higher LLRGL ratio indicates greater 
resource allocation towards risk management and compliance, enhancing efficiency by 
reducing the likelihood of losses and regulatory fines. However, an excessively high 
ratio may signal an overly conservative approach, potentially limiting profit generation 
and market competitiveness (Sun and Chang 2011). Another endogenous driver for effi-
ciency is the Net Loans/Total Assets ratio, representing the proportion of loans to total 
assets. Changes in lending policies and portfolio composition can affect profitability and 
efficiency. For instance, increasing lending to high-risk borrowers may boost revenue 
but heighten credit risk, potentially reducing efficiency (Tan and Anchor 2017). Finally, 
Total Assets signify the scale of the bank’s operations. Larger banks may benefit from 
economies of scale, leading to improved efficiency and profitability. However, expansion 
may introduce additional regulatory and operational challenges, impacting efficiency. 
Taking the logarithm of total assets accounts for non-linear relationships between size 
and efficiency (Tan and Floros 2018).

Results from the bootstrapped MEROM regression, aimed at reducing the number of 
outputs to their aggregate mean, are presented in Fig.  1. Significant results were found 
for both gross loans and total securities, based on the lower and upper output crisp val-
ues inferred using HT2FS. However, the intercept did not show significant results. The 
MEROM regression effectively captured the isotonicity between the two outputs, as they 
both had positive signs in predicting their overall aggregated mean. Subsequently, after 
reducing the two outputs to a common aggregate mean value (Y), COLS regressions were 
conducted considering the upper and lower crisp values for the inputs and outputs gen-
erated through HT2FS inference. The resulting densities for the corresponding efficiency 
score vectors are illustrated in Fig.  2. The efficiency scores demonstrated a good dis-
criminatory power, with the lower and upper estimates being respectively distant from the 
boundaries of 0 and 1, as expected from the HT2FS modeling. However, there was some 
overlap between the distribution estimates due to the inherent characteristics of the HT2FS 
approach. The scalar parameter alpha, which determines the degree of hesitation or inde-
terminacy in the resulting upper and lower fuzzy sets, was set to the compromise value of 
0.5. Lower values of alpha imply higher juxtaposing of densities, while higher values of 
alpha result in lower juxtaposing.
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A comparison of the final COLS scores (upper and lower averaging) with the results 
obtained from classic DEA (VRS output orientation specification) and SFA models is 
presented in Fig.  3 and Table  2. The COLS method demonstrates better discriminatory 
power compared to the classic frontier models. While the DEA results appear to be biased 
towards 1, the SFA model tends to exhibit a flat density across a broader range of scores 
compared to COLS estimates. Considering the principle of maximal information entropy, 
which suggests that the most appropriate efficiency model is the one with higher entropy 
to mitigate epistemic uncertainty in model selection, COLS appears to be the most suitable 
choice as its efficiency score vector has maximal information entropy (refer to Table 2). 
Lastly, results for a robust regression approach of COLS aggregate scores onto contextual 
variables were obtained using a bootstrapped robust regression approach. Assumptions for 
Tobit, Simplex, and Beta distributed scores were simultaneously tested through differen-
tial optimization and minimization of the covariance matrix of their residuals. For a com-
prehensive discussion on this approach, readers are encouraged to refer to the following 
papers: Wanke et al. (2017), Wanke et al. (2019), Wanke et al. (2022), among others.

While Fig.  4 indicates that the Tobit assumption received a median of 87.5% of the 
weights, Beta received 12.5%, and Simplex received 0% across all bootstrapped replica-
tions, Fig. 5 reveals that efficiency in Islamic banks exhibits geographic heterogeneity and 
is dependent on risk parsimony and reporting standards. The results demonstrate that cer-
tain countries, such as Jordan, UAE, Oman, Iraq, West Bank and Gaza, as well as the Syr-
ian Arab Republic, have significantly higher levels of efficiency in their Islamic banking 
systems. On the other hand, countries like Pakistan, Maldives, Tunisia, Malaysia, Thai-
land, and Kuwait exhibit significantly lower levels of efficiency. Multiple factors contrib-
ute to this variation. One possible factor is the regulatory environment in each country. 

Fig. 1   MEROM regression results
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Effective regulatory frameworks can promote greater efficiency in Islamic banking systems 
by establishing standards, fostering competition, and ensuring compliance with best prac-
tices. Another factor is the level of competition in the market. Increased competition can 
drive banks to become more innovative and efficient, resulting in higher efficiency lev-
els. Additionally, disparities in the development of the financial sector, legal systems, and 
overall economic environment may influence the efficiency of Islamic banking systems. 
Countries with more developed financial sectors, supportive legal systems, and stable mac-
roeconomic environments tend to promote efficiency in their Islamic banking systems. It is 
essential to note that lower efficiency levels in Islamic banking systems do not necessarily 
indicate poor overall performance in those countries. Instead, these findings highlight areas 
for improvement and suggest opportunities to enhance efficiency in Islamic banking. Poli-
cymakers and managers can utilize these insights to develop strategies and policies aimed 
at improving efficiency, which can lead to better financial performance, increased com-
petitiveness, and sustainable economic growth. Moreover, the observed geographic hetero-
geneity in Islamic bank efficiency underscores the importance of context-specific factors 
in shaping performance outcomes. For instance, socio-cultural factors, such as consumer 
preferences and attitudes towards Islamic finance, may influence the demand for Islamic 
banking products and services, thereby impacting the efficiency of Islamic banks in differ-
ent countries. Furthermore, differences in regulatory enforcement, political stability, and 
the quality of governance can further contribute to the variation in efficiency levels across 

Fig. 2   Efficiency density plots for COLS regressions using HT2FS upper and lower estimates
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jurisdictions. Therefore, a nuanced understanding of the local context is essential for devis-
ing targeted interventions and policies to improve efficiency in Islamic banking systems, 
ultimately fostering sustainable economic development and financial stability.

We also find that the ratio between net loans and total assets, as well as the ratio between 
loan loss reserves and gross loans, have a significant and positive impact on Islamic bank 
efficiency. The net loans to total assets ratio represents the percentage of a bank’s assets 
that are allocated to loans, which is a crucial source of income for Islamic banks. A higher 
ratio indicates that the bank is investing more in loans, potentially leading to higher profits. 
The positive impact of this ratio on Islamic bank efficiency suggests that banks maintain-
ing a higher proportion of net loans to total assets operate more efficiently. On the other 
hand, the loan loss reserves to gross loans ratio reflects the bank’s ability to absorb poten-
tial credit losses. It represents the percentage of gross loans set aside as reserves to cover 
potential losses. A higher ratio indicates a more conservative approach to risk management, 

Fig. 3   Density comparison between classic frontier models (DEA and SFA) and COLS averaged upper and 
lower scores

Table 2   Information entropy and 
KL divergence results

KL divergence

Entropy Final DEA SFA

Final 6.294 0 1.122 0.211
DEA 6.153 0.150 0 0.068
SFA 6.160 0.146 0.423 0
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enabling the bank to absorb losses without compromising its financial position. The posi-
tive impact of this ratio on Islamic bank efficiency suggests that banks maintaining higher 
levels of loan loss reserves operate more efficiently and effectively manage risks. These 
findings underscore the critical role of loan management and risk mitigation strategies in 
driving efficiency within Islamic banking systems. The positive relationship between the 
net loans to total assets ratio and Islamic bank efficiency highlights the importance of pru-
dent lending practices and effective allocation of resources. Banks that prioritize lending 
activities and maintain a higher proportion of net loans relative to their total assets dem-
onstrate a greater capacity to generate income and optimize their operations. Similarly, the 
positive impact of the loan loss reserves to gross loans ratio on Islamic bank efficiency 
underscores the significance of robust risk management frameworks. By setting aside ade-
quate reserves to cover potential credit losses, banks can enhance their resilience and safe-
guard their financial stability. These results emphasize the need for Islamic banks to strike 
a balance between profit maximization and risk mitigation, thereby ensuring sustainable 
growth and long-term viability.

Lastly, although not highly significant, we find that total assets have a positive and 
significant impact on Islamic bank efficiency, indicating that larger banks tend to be 
more efficient. This can be attributed to factors such as economies of scale, greater 
access to funding, and risk diversification. Larger banks can spread their fixed costs 
over a larger asset base, reducing their average cost per unit and improving efficiency. 
Moreover, they may have better access to funding, providing them with a competitive 
advantage over smaller banks. Additionally, the significant and positive impact of the 
Trend variable suggests that the Islamic banks in our sample experienced an improve-
ment in efficiency between 2013 and 2021. This improvement could be attributed to 

Fig. 4   Distributional assumption weights for COLS scores in the robust regression
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various factors, including technological advancements, changes in management prac-
tices, and increased market competition. In an increasingly competitive banking indus-
try, banks are compelled to enhance their efficiency to remain competitive. Furthermore, 
technological advancements have allowed banks to streamline operations and reduce 
costs, contributing to improved efficiency. In addition to the factors discussed, it’s worth 
noting the role of technological advancements in driving efficiency improvements in 
Islamic banking. The positive impact of the Trend variable underscores the ongoing 
efforts within the industry to adopt and leverage technology for operational enhance-
ments. Specifically, advancements in digital banking, blockchain technology, and arti-
ficial intelligence have revolutionized traditional banking processes, leading to stream-
lined operations, reduced costs, and improved customer experiences. By embracing 
these technological innovations, Islamic banks can not only enhance their efficiency but 
also stay competitive in an ever-evolving financial landscape. Furthermore, the increas-
ing digitization of banking services has opened up new avenues for reaching custom-
ers, expanding market reach, and diversifying revenue streams. Therefore, technological 

Fig. 5   Significance results for the contextual variables



The proposal and application of a 2‑Dimensional Fuzzy Monte…

innovation remains a critical factor in shaping the future trajectory of Islamic banking 
efficiency and competitiveness.

5 � Conclusion

The current study makes a significant contribution to the efficiency analysis in the banking 
industry by proposing a 2-Dimensional Fuzzy Monte-Carlo Frontier Analysis to estimate 
and compare the efficiency levels of a sample of 49 Islamic banks from 25 countries world-
wide between 2013 and 2021. The existing literature has limited development in terms of 
the methods adopted for estimating Islamic bank efficiency. As reviewed in the literature, 
the methods are confined to just a few, including stochastic frontier analysis, data envel-
opment analysis, multi-criteria decision analysis, meta-frontier analysis, multi-directional 
efficiency analysis, among others.

In this study, a novel 2-Dimensional Fuzzy Monte-Carlo Frontier Analysis is proposed 
for the first time. This approach offers the advantages of incorporating uncertainty and 
fuzziness associated with real-world data. Furthermore, the consideration of two-dimen-
sional analysis, compared to one dimension, makes it a more comprehensive and accurate 
method for assessing efficiency. Additionally, the proposed method addresses the issue of 
nonlinearity between inputs and outputs, which has not yet been adequately addressed in 
previous literature studies. In the second stage, a bootstrapped robust regression approach 
is proposed to comprehensively investigate the determinants of efficiency.

The results of the study reveal several key findings: 1) At the country level, Jordan, 
UAE, Oman, Iraq, West Bank and Gaza, as well as the Syrian Arab Republic, have signifi-
cantly higher levels of efficiency in their Islamic banking systems. In comparison, the effi-
ciency levels of Islamic banking in Pakistan, Maldives, Tunisia, Malaysia, Thailand, and 
Kuwait are significantly lower; 2) The ratio between net loans and total assets, as well as 
the ratio between loan loss reserves and gross loans, have a significant and positive impact 
on Islamic bank efficiency; 3) Total assets have a positive and significant impact on Islamic 
bank efficiency; 4) The Islamic banks included in our sample experienced an improvement 
in the level of efficiency over the examined period between 2013 and 2021.

Based on these results, the study offers the following policy implications: 1) Countries 
with low efficiency levels in their Islamic banking systems should examine the factors con-
tributing to this, such as regulatory constraints, inadequate infrastructure, or insufficient 
technology adoption. Policy makers in these countries could learn from more efficient 
countries in the sample to identify best practices and strategies for improving efficiency; 
2) Islamic banks should focus on maintaining an optimal level of net loans to total assets 
and loan loss reserves to gross loans ratios to enhance their efficiency. Strategies such as 
improving credit risk management practices, diversifying loan portfolios, and adopting 
more effective loan recovery strategies could be considered; 3) Encouraging growth in the 
Islamic banking sector may lead to increased efficiency. Policy makers could explore ways 
to promote the growth of Islamic banks, such as through incentives for market entry or 
increased access to financing; 4) The finding that Islamic banks experienced an improve-
ment in efficiency over the examined period suggests that policy makers should continue to 
monitor and support the growth of the Islamic banking sector. Regular assessments of effi-
ciency and other performance metrics can help identify areas for improvement and ensure 
that the sector continues to evolve and meet the needs of its customers.
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Appendix

Country Frequency

United Kingdom 143
Pakistan 92
Indonesia 43
Nigeria 34
Iraq 30
Philippines 30
Sudan 30
Maldives 18
Tunisia 18
Oman 17
Singapore 12
Yemen 11
Bangladesh 9
Thailand 9
Turkiye 9
Kuwait 8
West Bank and Gaza 8
Mauritania 6
Malaysia 5
United Arab Emirates 4
Gambia 2
Germany 2
Jordan 2
Syrian Arab Republic 2

Accounting standards Frequency

NonCon/IFRS 245
NonCon/LOCAL GAAP 219
Con/IFRS 60
Con/LOCAL GAAP 21
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