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 2 

one-dimensional shallow-water equations is developed to simulate the instantaneous dam-break 26 

flows propagating down a triangular wet bed channel in this study. The internal relationships 27 

between the hydraulic properties associated with the dam-break flow are investigated through the 28 

comparisons with the well-known analytical solutions for rectangular channels. Meanwhile, 29 

laboratory experiments are conducted in a prismatic, horizontal and smooth flume with a triangular 30 

cross-section. The non-intrusive digital image processing is applied for obtaining water surface 31 

profiles and stage hydrographs. Results show that the dam-break flow propagation depends on the 32 

dimensionless parameter 
*

dh
 
defined as the ratio of initial tailwater depth over reservoir head. 

*

dh  33 

has significant effect on the dam-break wave in the downstream flooded area. For 
* 0.4dh  , the 34 

water surface profiles in the reservoir for different 
*

dh  at a given time remains similar. For 
*

dh  ≥ 35 

0.5, extra negative waves occur in the reservoir, leading to the water surface undulations. Undular 36 

bores are generated at the dam site and propagate downstream. Time evolution of dam-break flows 37 

under three different reservoir heads is similar for the same 
*

dh . The inception of water surface 38 

profile change is earlier when the reservoir head is larger. The analytical model shows satisfactory 39 

agreement with the experimental results though some errors exist between the analytical solution and 40 

measurements due to the formation of extra negative waves, jet and undular bores. The similarities 41 

and discrepancies between the hydraulics in the triangular and rectangular channels are identified 42 

analytically in terms of the profiles of water depth, velocity, discharge, bore height and wave-front 43 

celerity with 
*

dh . The presented solution could be applied to predict the effect of wet bed condition 44 

on the dam-break wave in triangular channels, while laboratory measurement data could be used for 45 

validating analytical and numerical models. 46 
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Keywords: Dam-break wave; Triangular channel; Wet bed; Analytical solution;  Digital image 47 

processing. 48 

 49 

Introduction 50 

The losses of both properties and human lives caused by dam-break flood wave are considerable, 51 

which continuously drives the study of dam-break wave in order to better understand its propagation 52 

characteristics for issuing timely flood warning. The investigation on dam-break waves is extremely 53 

vital in providing the information for flood risk assessment and for both hazard classification and 54 

emergency planning, particularly when the dam is located upstream of heavily populated and 55 

industrialized areas. The propagation of dam-break flood waves strongly depends on the 56 

cross-sectional shape of river (Su and Barnes 1970; Sakkas and Strelkoff 1973, 1976; Katopodes and 57 

Strelkoff 1978; Katopodes and Schamber 1983; Schamber and Katopodes 1984; Wu et al. 1993, 58 

1999; Zanuttigh and Lamberti 2011; Wang et al. 2017). For the sake of convenience, the wide and 59 

shallow cross section of rivers is often conceptualized as a rectangle; while the narrow and deep 60 

cross section usually is simplified as a triangle. 61 

Due to its practical importance and theoretical interests, extensive studies have been conducted 62 

to investigate the dam-break flows in rectangular channels using both the theoretical analysis and 63 

laboratory experiments. Ritter (1892) could be considered as the pioneer in dam-break flow study 64 

who derived an analytical solution for the hydrodynamic problem of instantaneous dam-break flow 65 

in a frictionless and horizontal rectangular channel. Since then, many well-known analytical studies 66 

of the dam break have been conducted (Dressler 1952; Whitham 1955; Stoker 1957; Hunt 1982, 67 

1983, 1984; Mangeney et al. 2000; Fernandez-Feria 2006; Hogg 2006; Ancey et al. 2008; Chanson 68 
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2009; and Wang et al. 2020a). In addition to analytical study, laboratory experiment is also a popular 69 

method for investigating the dam-break flows propagating along the rectangular channel (Dressler 70 

1954; Miller and Chaudhry 1989; Bellos et al. 1992; Fraccarollo and Toro 1995; Lauber and Hager 71 

1998a, b; Stansby et al. 1998; Bukreev and Gusev 2005; Soares-Frazão and Zech 2007; 72 

Ozmen-Cagatay and Kocaman 2010; Ozmen-Cagatay and Kocaman 2012; Oertel and Bung 2012; 73 

Chen et al. 2013; LaRocque et al. 2013; Ozmen-Cagatay et al. 2014; Kocaman and Ozmen-Cagatay 74 

2015; Liu et al. 2018; Liu et al. 2019; Wang et al. 2019; and Wang et al. 2020b). 75 

Comparing with the extensive studies of dam break flow propagating along rectangular 76 

channel, few studies are carried out to investigate the dam-break waves in triangular channels with a 77 

wet bed. Sakkas and Strelkoff (1973) analyzed the hydraulics of dam-break floods in a triangular 78 

channel with a dry bed. Zanuttigh and Lamberti (2011) highlighted the effect of cross-sectional shape 79 

on dam-break wave propagation along channels and presented the celerity, velocity, and bore speed 80 

for triangular channels as functions of the relative flow depth difference. An analytical solution for 81 

the water surface profiles of dam-break flows in a triangular channel can be obtained through the 82 

simplification of the theoretical approach proposed by Wu et al. (1999) for the channel of a 83 

trapezoidal cross section. Using the method of Blasius similarity, Chen et al. (2011) obtained 84 

analytical solutions which were the same as those of Wu et al. (1999). These analytical solutions are 85 

verified by laboratory measurements in a triangular channel with a dry bed conducted by Chen et al. 86 

(2011). On the one hand, although the aforementioned analytical models (i.e., Sakkas and Strelkoff 87 

1973; Wu et al. 1999; Zanuttigh and Lamberti 2011; Chen et al. 2011) for dam-break flows in 88 

triangular channels were developed by researchers using different approaches, the internal 89 

relationships among the hydraulic parameters associated with this phenomenon have not been 90 
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appropriately discussed. Moreover, the applicability of analytical solutions remains unknown due to 91 

the lack of laboratory data for verification. On the other hand, the effect of wet-bed conditions on the 92 

dam-break wave propagation along a triangular channel is poorly understood. Laboratory experiment 93 

on the dam-break flow on wet bed with a triangular cross section is required to provide flow features 94 

as well as validate analytical solutions. To the authors’ best knowledge, few experimental studies 95 

have been carried out to investigate the dam-break flows in a triangular channel with a wet bed. 96 

The main objectives of the present study are: (1) to develop analytical solutions of the 97 

one-dimensional shallow-water equations for dam-break flows in a triangular channel using the 98 

method of characteristics; (2) to collect data on the spatial-temporal evolution of water surface at 99 

upstream and downstream of the dam using digital image processing; (3) to evaluate the effect of wet 100 

bed condition on the dam-break wave propagation along the channel using both the analytical and 101 

physical models; and (4) to validate analytical solutions with the accompanying experiments. 102 

 103 

Analytical Model 104 

For an infinitely long horizontal channel of a uniform cross-section, the rarefaction wave and shock 105 

wave (or bore) generated by an instantaneous dam break over wet bed is shown in Fig. 1. The 106 

structure of the dam-break flow, which is used widely in the development of analytical solutions 107 

(Stoker 1957; Wu et al. 1999; Zanuttigh and Lamberti 2011; Wang et al. 2020a), can be divided into 108 

four zones down a channel. Zone 1 is the undisturbed water far upstream with reservoir head being 109 

equal to hu and velocity uu = 0. In Zone 2, the rarefaction wave propagates upstream connecting Zone 110 

1 with Section M-M (i.e., rarefaction wave front, or called negative wave front) and downstream 111 

connecting Zone 3 with Section N-N (i.e., rarefaction wave tail). Zone 3 has a constant velocity and 112 
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depth (i.e., uc and hc) that connects the shock wave (Section R-R). Zone 4 is the downstream region 113 

with a tailwater depth of hd and velocity ud = 0, limited upstream by the shock wave that travels with 114 

a constant speed ξ. 115 

 116 

One-dimensional Equations for Arbitrary Channel Section 117 

The propagation of a dam-break flood resulting from a sudden release of a mass fluid in a channel is 118 

governed by the equations of gradually varied unsteady flow in an open channel, the 119 

one-dimensional (1D) shallow-water equations (Chow 1959). For an infinitely long prismatic and 120 

horizontal channel, if the effect of friction is neglected, the equations can be written as: 121 

0
h h A u

u
t x B x

  
  

  
                                                        (1) 122 

0
u u h

u g
t x x

  
  

  
                                                        (2) 123 

where h = flow depth, x = distance, t = time, g = gravity acceleration, u = mean flow velocity, B = 124 

water surface width, A = cross-sectional area. 125 

The initial conditions of the dam-break problem considered in this study can be described by 126 

0 0

0
0,

0

u

t t

d

h x
u h

h x
 


  


                                                  (3) 127 

where subscripts "u" and "d" = undisturbed far upstream reach and quiet zone downstream, 128 

respectively. 129 

The method of characteristics is usually used to solve the system of partial differential 130 

equations composed of Eqs. (1–2) which yields a characteristic system of equations: 131 

0

d
d 0

d

h B
u g

t A


 
  

 
    along 

d

d

x A
u g

t B
                                   (4) 132 
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0

d
d 0

d

h B
u g

t A


 
  

 
   along 

d

d

x A
u g

t B
                                    (5) 133 

where 
0

d
h B

g
A

  = Escoffier stage variable (Escoffier 1962; Henderson 1966; Schamber and 134 

Katopodes 1984; Wu et al. 1999; Aureli et al. 2014). 135 

Along the forward characteristics, there is 136 

0 0
d d 0

uh h

u

B B
u g u g

A A
 

   
      

   
                                        (6) 137 

Applying the condition uu = 0 in Eq. (6) yields 138 

   
0 0

d d
uh hB B

u g g
A A

                                                  (7) 139 

Since each of the backward characteristics is a straight line, dx/dt can be replaced by x/t for an 140 

infinitely long prismatic channel. Eq. (5) can be transformed as 141 

 
x A

u g
t B
                                                             (8) 142 

Substituting Eq. (7) into Eq. (8) yields 143 

 
0 0

d d
uh hB A B x

A B A t g
                                                (9) 144 

The motion of the shock wave is described by the Rankine-Hugoniot equations for mass and 145 

momentum: 146 

c c d d

c d

A u A u

A A






                                                           (10) 147 

  
1/2

c dc d c d

c d

c d

A h A h A A
u u g

A A

  
  
 
 

                                        (11) 148 

where subscript "c" = back reach of the shock; h = centroid depth for the cross section; ξ = 149 

propagation velocity of the shock, so-called shock wave-front celerity, and defined by 150 
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d

d

Rx

t
                                                                   (12) 151 

in which xR = shock location shown in Fig. 1, as a function of time t. 152 

Eq. (10–11) can be simplified by applying the condition ud = 0 as: 153 

c c

c d

A u

A A
 


                                                              (13) 154 

  
1/2

c dc d c d

c

c d

A h A h A A
u g

A A

  
 
 
 

                                            (14) 155 

The hydraulic characteristics, i.e., flow depth and velocity, are unique in the cross section N–N 156 

connecting the Zones 2 and 3. Applying Eq. (4) in this boundary condition yields the flow velocity in 157 

the Zone 3: 158 

0 0
d d

u ch h

c

B B
u g g

A A
                                                    (1159 

5) 160 

Substituting Eq. (14) into Eq. (15) yields the flow velocity: 161 

  
1/2

0 0
d d

u c
c dh h c d c d

c d

A h A h A AB B

A A A A
 

  
  
 
 

                                (16) 162 

Eqs. (9) and (16) are applicable for a prismatic channel with arbitrary cross-sections. 163 

 164 

Analytical Solutions for Triangular Channels 165 

For a triangular channel, the cross-sectional area is half of the product of the flow depth and the 166 

water surface width. Applying this condition for the rarefaction wave, Eq. (9) can be simplified as: 167 

0 0

2 2
d d

2

uh hh x

h h t g
                                                  (17) 168 

Integrating Eq. (17) yields the dimensionless flow depth 169 



 9 

2

* 4
2

25 2u u

h x
h

h t gh

 
    

 

                                                 (18) 170 

Let 171 

u

x X

Tt gh
                                                               (19) 172 

where X = dimensionless distance from the dam site, X = x/hu; and T = dimensionless time, T = 173 

t(g/hu)
1/2

.  A simplified form of Eq. (18) can be obtained as: 174 

2

* 2
2 2

25

X
h

T

 
  

 
                                                       (20) 175 

Let h
*
 = 1, the dimensionless location and celerity of the negative wave front are obtained as: 176 

*

1MX C T                                                               (21) 177 

*

1

2

2
C                                                                  (22) 178 

Applying Eq. (20) in Eq. (8) yields the dimensionless velocity: 179 

* 2
2 2

5
u

u X
u

Tgh

 
   

 
                                                  (23) 180 

The dimensionless discharge is expressed as: 181 

*

u u u u

Q Au
Q

A gh A gh
                                                      (24) 182 

For a triangular channel, the cross sections of the Zones (1) and (2) are similar triangles. The 183 

area ratio of the cross sections is equal to the square of the ratio of the corresponding flow depth: 184 

2

u u

A h

A h

 
  
 

                                                               (25) 185 

The dimensionless discharge and the Froude Number are obtained from Eqs. (20, 23–25) as: 186 

2 4

* 4
2 2 2 2 4

3125u u

h u X X
Q

h T Tgh

     
         

    
                              (26) 187 
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2 1 2

2 2
r

X

T
F

X

T

 
 

 



                                                         (27) 188 

For a triangular channel, the centroid depth for the cross section is one third of the flow depth. 189 

Applying this condition for the shock wave, Eq. (16) can be simplified as: 190 

1/2

0 0

2 2 1
d d

3

u ch h
c d

c c d d

d c

A A
h h h h

h h A A
 

  
      

  
                              (28) 191 

Applying the condition that the cross-sectional area of triangular channels is proportional to 192 

the square of the depth in the Zones (3) and (4), Eq. (28) is transformed as: 193 

1/2
3 3

2 20 0

2 2 1
d d

3

u ch h
c d

c d

d c

h h
h h

h h h h
 

  
      

  
                                   (29) 194 

Integrating Eq. (29) yields: 195 

                
5

5 2 3 2 2 2 5
* * * * * * * * *225 48 24 0c d c d c d d c dh h h h h h h h h                      (30) 196 

where 
* /c c uh h h =dimensionless water depth in the reach upstream of the shock and 

* /d d uh h h  =  197 

dimensionless tailwater depth. 198 

The hydraulic characteristic of the Zone 2 is the same as that of the Zone 3 at the junction N–N 199 

(i.e., rarefaction wave tail). Appling Eqs. (19) and (20) in the junction cross section yields the 200 

dimensionless depth and velocity, respectively: 201 

2

* 2
2 2

25

N
c

X
h

T

 
  

 
                                                      (31) 202 

* 2
2 2

5

c N
c

u

u X
u

Tgh

 
   

 
                                                 (32) 203 

where the subscript "N" refers to the junction N–N, and XN is defined by: 204 

N
N

u

x
X

h
                                                                  (3205 
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3) 206 

Applying Eq. (31) in Eq. (32) yields: 207 

 * *2 2 1c cu h                                                           (34) 208 

Applying Eq. (34) in Eq. (32) yields the dimensionless location and celerity of the junction 209 

N–N: 210 

*

2NX C T                                                                 (35) 211 

 * *

2 2 2 2.5 cC h                                                         (36) 212 

The dimensionless discharge and the Froude Number are expressed as: 213 

   
2

* * *2 2 1c c cQ h h                                                      (37) 214 

*

1
2 2 1rc

c

F
h

 
  
 
 

                                                        (3215 

8) 216 

Applying Eq. (34) in Eq. (13) yields the dimensionless wave-front celerity: 217 

   
   

2
* *

*

2 2
* *

1
2 2

c c

c d

h h

h h






                                                    (39) 218 

The dimensionless shock location is expressed as: 219 

*

RX T                                                                 (40) 220 

where XR = = xR/hu. 221 

 222 

Experimental Setup and Flow Measurement Technique 223 

The experiments are performed in a triangular flume of 18 m in length, 1 m width and 1.09 m in 224 

height with a horizontal bottom, as shown in Fig. 2. One side wall is vertical for recording the flow 225 

with cameras and the slope of the other side wall is 45°. The flume is made of stalinite supported by 226 
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a steel frame and is separated by a 15-mm-thick fiberglass plate into two sections with the upstream 227 

and the downstream length being 8.37 m and 9.63 m, respectively. The instantaneous dam break is 228 

simulated by lifting the plate instantly with an electromagnetic brake asynchronous motor. A new 229 

criterion for the maximum plate removal time in non-rectangular channels proposed by Wang et al. 230 

(2019) is used: 231 

max 02 /t h g                                                     (41) 232 

where h0 = average water depth upstream of the plate, i.e., h0 = Au/Bu, (Au and Bu = initially upstream 233 

cross-sectional area and water surface width, respectively). Eq. (41) has the same form of the one 234 

suggested by Lauber and Hager (1998a) in which h0 is defined as the upstream water depth. The 235 

plate removal time is around 0.1024 s, 0.1250 s and 0.1875 s for the upstream water depth of 0.2 m, 236 

0.4 m and 0.6 m, respectively, satisfying the transient failure condition. A steel gate is located at the 237 

downstream end of the channel for providing different wet bed conditions. 238 

To obtain the free surface profiles along the channel and the time evolution of water levels, 239 

digital image processing that is based on the camera video of the water flow is used. The digital 240 

imaging system contains three parts: a computer, eight high-speed CCD cameras and the MATLAB 241 

software (MATLAB 2016) in which camera calibration, frame grab, synchronous images 242 

combination and binarization are conducted. The CCD cameras are arranged along the flume and in 243 

parallel at the same side of the flume with equal interval of 1.4 m to capture the evolution of the 244 

water flow. Cameras are turned on wirelessly by a remote control in order to make cameras work 245 

synchronously. Some auxiliary facilities are adopted for ensuring the quality of the video and 246 

conveniently applying the image processing technology, such as covering the slopping wall of 247 

channel with a smooth white car sticker, dyeing the water with methyl violet, and sheltering the 248 

cameras and the channel from the light. The flow measurement includes calibration process and 249 

water depth acquisition. Details about the flow measurement adopted in the present experiment can 250 

be found in Wang et al. (2019, 2020b). The parameters of total 30 runs are listed in Table 1, which 251 
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includes three different initial impoundment depths and ten dimensionless water depths.  252 

 253 

Results 254 

Discussion of Analytical Solutions 255 

The dimensionless depth, velocity, discharge and the Froude number against the dimensionless 256 

variable X/T are shown in Fig. 3, in which the analytical solution by Ritter (1892) for rectangular 257 

channels is included for comparison. The value of X/T in the triangular channels ranges from 258 

2 2  to 2 2 , corresponding to 
* 1h   and 

* 0h   respectively, while it varies from −1 to 2 in 259 

rectangular channels. The depth decreases with the increase of X/T; and the water depth in the 260 

triangular channels is overall larger than that in the rectangular channels. The value of water depth is 261 

16/25 and 4/9 at the dam site (i.e., X/T = 0, x = 0) for the triangular and rectangular channels, 262 

respectively. The velocity increases with the increase of X/T. The velocity curves in the two channels 263 

intersect with each other at 5 3 2X T    with  * 2 2 2u   . The velocity in the rectangular 264 

channels is larger than that in the triangular channels for 5 3 2X T   ; and the contrary is the case 265 

for 5 3 2X T   . The discharge increases first and respectively reaches the peak of 0.232 and 266 

0.296 at the dam site for the triangular and rectangular channels, and then decreases with the increase 267 

of X/T. The depth, velocity and discharge in both channels remain constant at the dam site as the time 268 

goes by. 269 

It is seen that Fr increases with the increase of X/T. The Froude number in the triangular and 270 

rectangular channels respectively equals to zero at 2 2X T    and −1 (corresponding to the 271 

location for the leading edge of the rarefaction surge) and respectively equals to one at 272 

   2 2 1 2 2 1X T     and X/T = 0. It is indicated that the transition of flow regime from 273 
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subcritical to supercritical in triangular channels takes place downstream of the dam, while it occurs 274 

just at the dam site in rectangular channels. Fr approaches infinity at 2 2X T   and 2 for the 275 

triangular and rectangular channel, respectively, corresponding to the front of the leading edge of the 276 

positive surge. This won’t be true in practice due to the effect of friction. 277 

Fig. 4 presents the profiles of *

ch , * *

c dh h , *

cu  and
 

*

cQ  against *

dh , containing the 278 

analytical solution by Stoker (1957) for rectangular channels. It is shown from both Eq. (30) and the 279 

Stoker's solution that the water depth in Zone 3 (i.e., hc) is determined only by 
*

dh . When the 280 

downstream channel bed is initially dry, i.e., hd = 0, it is well known that there is no bore and the 281 

water depth in Zone 3 is equal to zero, i.e., hc = 0. Fig. 4 shows that 
*

ch  increases with the increase 282 

of 
*

dh  and reaches the maximum value of 1 (i.e., 
* 1ch  ) when the initial water depth downstream 283 

is equal to that upstream of a dam, i.e., 
* 1dh  . 

*

ch  in the triangular channels is smaller than that in 284 

the rectangular channels; and the difference becomes smaller with increasing 
*

dh . 285 

If hd is larger than zero (i.e. the initial downstream bed is wet), a bore will be formed. The bore 286 

height, i.e., the quantity of hc−hd, is a feature of interest under investigation. When hd = 0, there is no 287 

bore and the value of hc−hd is equal to zero. The bore height must again approach zero when hd = hu, 288 

i.e., the reservoir head is the same as the tailwater depth. It is seen from Fig. 4 that the dimensionless 289 

bore height increases sharply with the increase of 
*

dh  and respectively reaches the maximum of 290 

0.286 and 0.309 at 
* 0.230dh   and 0.176 in the triangular and rectangular channels; and then 291 

gradually decreases to zero at 
* 1dh   (i.e., hd = hu). 292 

As shown in Fig. 4, the dimensionless velocity in Zone 3, which presents an inverse relation of 293 

the dimensionless tailwater depth, decreases sharply for the range of 
*0 0.1dh   and then gradually 294 

decreases to zero when 
* 1dh  . 

*

cu  with a maximum of 2 2  at 
* 0dh   in the triangular channels 295 
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is larger than that with a maximum of 2 in the rectangular channels. 296 

When * 0dh  , there is no bore and the discharge *

cQ  in Zone 3  must be zero. On the other 297 

hand, when *

ch  approaches the other extreme value, i.e., * 1ch  , it is indicated from Eq. (37) that 298 

cQ  is again equal to zero. Fig. 4 shows that * 1ch   when * 1dh  . Therefore, 
cQ  must reach a 299 

maximum for a certain value of *

dh . It is seen that *

cQ  increases sharply with the increase of *

dh  300 

and respectively reaches the maximum of 0.232 and 0.296 at 
* 0.377dh   and 0.138 in the triangular 301 

and rectangular channels (corresponding to 
* 16 / 25ch   and 4/9, respectively) and then decreases to 302 

zero when 
* 1dh 

 
(corresponding to

* 1ch  ). 303 

Table 2 compares the analytical values for special parameters of dam-break flow to visually 304 

identify the differences between the hydraulic properties for the triangular and the rectangular 305 

channels, including the wave celerities, i.e., 
*

1C , 
*

2C  and * , which will be further discussed 306 

through the comparison with experimental results in the Section “Location and Celerity of 307 

Dam-break Wave Front”.  308 

Dam-break Wave Evolution 309 

Fig. 5 presents the video images of flow evolution for four tailwater depths with hu = 0.4 m. On each 310 

frame shown in Fig. 5 from top to bottom, the images represent the flow patterns with 
*

dh  = 0.2, 0.4, 311 

0.6 and 0.8, respectively. The water surface in the reservoir declines when the rarefaction wave front 312 

arrives after the dam breaks. It can be seen that the fall of water surface is larger for smaller value of 313 

*

dh . When the tailwater depth is not large (i.e., 
*

dh  ≤ 0.4), the water surface profile is characterized 314 

by a drop-down curve. For large tailwater depth (i.e., 
*

dh  ≥ 0.5), extra negative waves are formed in 315 

the reservoir which are originated from the dam site and propagate towards the upstream end due to 316 

the tailwater induced resistance force, leading to the undulation of water surface. Comparing with the 317 
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experiments of Wang et al. (2019), the inception value of *

dh  for the formation of extra negative 318 

waves is smaller in the rectangular channels than that in the triangular channels, i.e., extra negative 319 

waves are formed for *

dh  ≥ 0.4 in the rectangular channels. 320 

Once the gate is removed, the tailwater is pushed by the initial reservoir water flow due to the 321 

gravity effect; and the tailwater resists to the drag force. The position of the dam-break wave front 322 

falls behind for a given time as the dimensionless tailwater depth *

dh  increases. When the value of 323 

*

dh  is very small, the effect of the downstream initial water on the propagation of the dam-break 324 

wave is insignificant. For middle value of 
*

dh  (e.g., 
*

dh  = 0.2−0.4), a significant interaction 325 

between the initial reservoir water and the tailwater is observed. The dam-break wave front is broken, 326 

and a jet is formed downstream during the initial stage, which forces the flow to move upward, as 327 

seen in the upper two frames in Fig. 5. The jet falls back down the tailwater and produces air 328 

entrainment, causing substantial foaming in the free surface of the wave front. This jet-like 329 

phenomenon is also observed in the study of Wang et al. (2019), which is quite similar to the 330 

behavior of the dam-break flow at the initial stages in the rectangular channels (Stansby et al. 1998; 331 

Ozmen-Cagatay and Kocaman 2010; and Kocaman and Ozmen-Cagatay 2015). When 
*

dh  is large 332 

(e.g., 
*

dh  = 0.6 and 0.8), the jet and the resultant air entrainment are not observed, instead the 333 

undular bores are formed, which are similar to the Favre Waves (Favre 1935; Benet and Cunge 1971; 334 

Treske 1994; Prüser and Zielke 1994; Soares-Frazão and Zech 2002). The wavelength of the waves 335 

increases with the increase of the downstream initial water depth. Accordingly, the frequency of the 336 

waves (i.e., the number of waves passing a given cross-section per unit time) decreases as the 337 

propagation speed decreases. The time evolutions of dam-break flow with hu = 0.6 m are  similar to 338 

those with hu = 0.4 m.  339 

 340 

Water Surface Profiles 341 
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Fig. 6 shows the comparison of the measured analytically solved water surface profiles along the 342 

channel at t = 0.5 s, 1.0 s, 1.5 s, 2.0 s, 2.5 s, 3.0 s and 3.5 s for different *

dh . For the sake of 343 

clarification, only the water surface profiles in the range of h
*
 between 0.5 and 1.0 are presented 344 

when *

dh  ≥ 0.5. For *

dh  ≤ 0.4, both the analytical and experimental results show that the 345 

dimensionless water surface profiles in the reservoir at a specific time overlap each other for 346 

different tailwater depths; and the effect of 
*

dh  on the propagation of the rarefaction wave front is 347 

insignificant. This may be explained using the analytical model as following. When 
*

dh  ≤ 0.377, the 348 

junction of Zone 2 and Zone 3 is located at the downstream side of the dam, the shock wave has no 349 

influence on the flow upstream of the junction. The prediction of water surface upstream of dam by 350 

analytical model reasonably agrees with the measurements except for the rarefaction wave front. It 351 

can been seen from the enlarged views that the rarefaction wave front in the experiments moves 352 

faster than that predicted by the analytical model. The analytical model shows that the dimensionless 353 

water depth at the dam section for 
*

dh  ≤ 0.377 is 16/25, which agrees well with the measurements of 354 

0.6–0.7. 355 

Fig. 6 shows the strong dependence of the dam-break flow movement in the reach downstream 356 

of the dam on 
*

dh . The shock wave front propagates slower when 
*

dh  is larger. The displacement 357 

difference of the shock wave fronts for different values of 
*

dh  becomes larger with the lapse of time. 358 

It is found that the analytical model can well predict the water surface profile after the water rise 359 

formed downstream of the dam disappears which cannot be provided by the analytical solution. The 360 

wave front predicted by the analytical model is located in front of the measured one, partly due to the 361 

omission of bed friction in the analytical model. Such difference between prediction and 362 

measurement becomes smaller with the decrease of 
*

dh . 363 

Fig. 6 (b) shows that both the measured water surfaces upstream and downstream of the dam 364 
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fluctuate around the analytically predicted water surface profiles for *

dh  ≥ 0.5. It is seen that the 365 

measured rarefaction wave front travels faster than that predicted by the analytical model. The 366 

position of the shock wave front predicted by the analytical model has better agreement with the 367 

measurement for *

dh  ≥ 0.5 than that for *

dh  ≤ 0.4. The measured and analytically predicted water 368 

surface profiles at t = 0.5–3.5 s for different values of *

dh  with hu = 0.6 m are similar to those with 369 

hu = 0.4 m. 370 

 371 

Time Evolution of Water Level 372 

The stage hydrographs at seven locations (i.e., x = −7, −4, −2, −0.16, 2, 4 and 6 m) are acquired 373 

directly from the synchronous recorded images. Fig. 7 shows the comparison of the measured and 374 

predicted temporal evolution of water depth at all chosen positions with hu = 0.4 m. In the reservoir, 375 

the rarefaction wave leads to a decline of water level at all locations. When 
*

dh  ≤ 0.4, the stage 376 

hydrographs for different values of 
*

dh  at a chosen position are close to each other, which is well 377 

captured by analytical model. It is seen that the inception of water level fall predicted by the 378 

analytical model is later than that measured, and the lag becomes small towards the dam site. It is 379 

shown that the rarefaction wave front provided by the analytical model propagates slower than the 380 

measured one. Analytical solution shows that the predicted stage hydrographs collapse in the 381 

reservoir region. At the farthest upstream section (x = −7 m), the stage hydrographs predicted by the 382 

analytical model deviate from the measurements. The reason is that when the rarefaction wave 383 

arrives at the upstream end of channel, sufficient water volume cannot be provided due to the limited 384 

reservoir length, resulting in a quick drop of water surface. The inception of deviation takes place 385 

earlier at the section that is closer to the upstream end of channel. 386 

The water level downstream of the dam rises quickly as the shock wave arrives and reaches to 387 
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a stable state finally. The inception of water level rise is later for larger value of *

dh , indicating that 388 

the shock wave front travels slower with the increase of *

dh . Both the change of water level over the 389 

time and the stable depth are predicted very well by the analytical model, except that the predicted 390 

water level has very sharper increase than the measurement at early stage. 391 

When *

dh  ≥ 0.5, extra negative waves occur in the reservoir, causing the water level 392 

undulating over time. The undulation begins earlier for large value of 
*

dh . In addition, the undulation 393 

amplitude becomes larger towards the dam. The analytical solution shows that the undulation 394 

attenuates with the time for a given location and the water level tends to be stable. The undulation of 395 

water level is also found in the reach downstream of the dam. For a given location, the inception of 396 

undulation takes place later when the value of 
*

dh  is larger, because the shock wave front propagates 397 

slower. Similar to the situation in the reservoir, the attenuation of the undulation with the time is 398 

found for a given location and the predicted water level agrees well with the measurements, 399 

indicating that the analytical model is able to predict the stable water level in the reaches both the 400 

upstream and downstream of the dam. 401 

The measured and analytically predicted temporal evolutions of water depth at all chosen 402 

positions with hu = 0.6 m are similar to those with hu = 0.4 m.  403 

 404 

Location and Celerity of Dam-break Wave Front 405 

Fig. 8 shows the comparison between the measured and analytically predicted locations of shock 406 

wave fronts XR with the time T under different values of 
*

dh  for three reservoir heads. The time 407 

interval of experimental results is 0.5 s. It is shown that the analytical prediction satisfactorily agrees 408 

with the measurement for 
*

dh  ≥ 0.3, indicating that the shock wave front propagates with an 409 

approximately constant speed along the flume. When 
*

dh  ≤ 0.1, the variation of XR with T may be 410 
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characterized by a parabolic curve, showing that the wave-front celerity decreases along the flume. A 411 

linear relationship is also found between the shock wave-front locations XR and the time T, as shown 412 

in Fig. 8. The wave front moves slower with the increase of the tailwater depth. It is seen that the 413 

analytically predicted shock wave front for * 0.0dh   moves much faster than the measured shock 414 

wave front does. This large difference could be ascribed to the fact that the analytical model ignores 415 

bed friction, which plays an important role for small 
*

dh . Fig. 8 also shows that the effect of 
*

dh  on 416 

the shock wave front weakens with the increase of
*

dh . 417 

Fig. 9 shows the comparison of the predicted and measured locations of the rarefaction wave 418 

tail (i.e., XN) with the time T for different 
*

dh  and three reservoir heads. It is seen that the analytical 419 

model can provide good results when 
*

dh  ≥ 0.3. It is obtained from Eq. (36) that when 
* 16 / 25ch  , 420 

corresponding to 
* 0.377dh  , the rarefaction wave tail is located at the dam site (i.e., XN = 0), 421 

indicating that the rarefaction wave tail is observed in the downstream reach of the dam for 
*

dh  < 422 

0.377 and occurs in the reservoir for 
*

dh  > 0.377. The analytical model is well validated with the 423 

measurements. For the rectangular channel, the location of the rarefaction wave tail at the dam site 424 

requires a smaller tailwater depth, i.e., 
* 0.138dh  , corresponding to 

* 4 / 9ch  . 425 

Fig. 10 shows the comparison between the measured and analytically predicted locations of 426 

rarefaction wave fronts XM with the time T for different 
*

dh  and three reservoir heads. The analytical 427 

model provides rarefaction wave front propagation with a constant speed, which is independent of 428 

the tailwater level. Fig. 10 shows that the analytical model slightly underestimates the location of 429 

rarefaction wave front when 
*

dh  < 0.4 and provides good prediction for 
*

dh  ≥ 0.4. 430 

Fig. 11 presents the dimensionless celerity of rarefaction wave front, rarefaction wave tail and 431 

shock wave front against the dimensionless tailwater depth 
*

dh , in which the analytical solution by 432 
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Stoker (1957) for the rectangular channel is included for comparison. For a given *

dh , the 433 

experimental celerities will be approximated by the steady values which are equal to the celerities at 434 

x = –7.5 m and 7.5 m for the rarefaction wave front and the shock wave front, respectively. The 435 

dimensionless distances from the dam site are X = ±37.5, ±18.75, ±12.5 for hu = 0.2 m, 0.4 m, 0.6 m, 436 

respectively. It is seen that the predicted rarefaction wave front propagates with a constant speed of 437 

*

1 2 2C   , which is slightly slower than the measured celerity of the rarefaction wave front when 438 

*

dh  < 0.4, while the predicted 
*

1C  agrees well with the measurements for 
*

dh  ≥ 0.4. It is also shown 439 

that the tailwater depth has insignificant effects on the movement of the rarefaction wave front. The 440 

curve of 
*

1 1C    for the rectangular channel is under the one in the triangular channel, indicating 441 

that the rarefaction wave front travels faster in the former channel.  442 

Both the analytical prediction and measurement show that 
*

2C  decreases rapidly as 
*

dh  443 

ranges from 0 to 0.2, and then gradually decreases with the increase of 
*

dh . It is seen that the 444 

analytical model accurately predicts the propagation speed of the rarefaction wave tail (i.e., 
*

2C ) 445 

when 
*

dh  ≥ 0.3 and slightly over-predicts the speed for 
*

dh  < 0.2. When 
*

dh  = 0, the measured 
*

2C  446 

(approximate 1.6) has the identical value as the shock wave front celerity * , and is smaller than the 447 

analytical prediction of 2 2 . It can be seen that the analytical prediction for the shock wave front 448 

celerity agrees well with the measurement when the value of 
*

dh  is larger than 0.2. The curve for the 449 

analytical solution of 
*

2C  in the rectangular channel drops from 2 to –1 throughout the entire range 450 

of 
*

dh , intersecting with the x axis at 
* 0.138dh   for which the rarefaction wave tail is located in the 451 

dam site. The shock wave front celerity *  decreases monotonically from 2 2  to 2 2  in the 452 

entire range of 
*

dh  in the triangular channel, while it drops from 2 to the minimum of 0.936 at 453 

* 0.349dh 
 
and then grows slowly to 1 in the rectangular channel. The curves of *  intersect with 454 
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each other at * 0.281dh   with * 0.938  . The value of *  in the triangular channel is larger than 455 

that in the rectangular channel for * 0.281dh  , and the contrary is true for * 0.281dh  . The 456 

dimensionless celerities for three different initial reservoir depths are close at the same value of *

dh  457 

for both *

2C
 
and * . However, the measured *

1C  at hu = 0.6 m slightly deviates from those under 458 

hu = 0.2 m and 0.4 m. The reason is that *

1C  decreases with the distance and tends to reach a steady 459 

value, while the steady state for 
*

1C
 
under hu = 0.6 m is not reached due to the limited reservoir 460 

length. 461 

 462 

Conclusions 463 

In the present study, an analytical model that is based on the method of characteristics, has been 464 

developed for the instantaneous dam-break floods down a horizontal and frictionless channel with a 465 

triangular cross-section. The variation of the dimensionless water depth h
*
, velocity u

* 
and discharge 466 

Q
*
, and the Froude number with the dimensionless variable X/T has been discussed. The variation of 467 

dimensionless depth 
*

ch , bore height 
* *

c dh h , velocity 
*

cu , discharge 
*

cQ , and the Froude number 468 

in Zone 3, and wave-front celerities (i.e., 
*

1C , 
*

2C , * ) against 
*

dh  is investigated. Laboratory 469 

experiments of dam-break flows have been conducted in a prismatic, horizontal, triangular and 470 

smooth flume, covering a wide range of initial reservoir heads and tailwater levels. Digital image 471 

processing, which is a non-intrusive flow measurement technique, is adopted in the experiments to 472 

provide the temporal evolution of the free surface profiles along the whole channel. The analytical 473 

model is well validated using the laboratory measurements. The comparisons between the analytical 474 

results and the well-known solutions by Ritter (1892) and Stoker (1957) for rectangular channels are 475 

also presented. The following conclusions can be drawn: 476 
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(1) When the tailwater depth is not large (i.e., *

dh  ≤ 0.4), the dimensionless water surface 477 

profiles in the reservoir for different *

dh  are characterized by drop-down curves, which overlap each 478 

other at some specific time. The tailwater depth has insignificant influence on the rarefaction wave 479 

propagation. The analytical model shows satisfactory agreement with the measured water surface 480 

profile upstream of the dam, though the predicted rarefaction wave front is slightly slower than the 481 

measured one. The analytical solution for the dimensionless water depth at the dam section is 16/25, 482 

which is within the range of around 0.6–0.7 measured in the tests. It is found that the dependence of 483 

the movement of dam-break flows downstream of the dam on the tailwater depth is strong. The 484 

shock wave front propagates slower for larger value of 
*

dh  and the displacement difference of shock 485 

wave fronts for different 
*

dh  becomes larger with time. 486 

(2) When the tailwater depth is sufficiently large (i.e., 
*

dh  ≥ 0.5), there are extra negative 487 

waves generated in the reservoir, leading to the undulations of water surface whose profile is related 488 

to the value of 
*

dh . In the downstream reach, a rise of water surface is found close to the dam and 489 

becomes weaker for larger value of 
*

dh . Such water rise will evolve into undulations in the end. The 490 

analytical model can provide a stable value for the undulations and is not able to predict the varying 491 

undulations. For the same value of 
*

dh , the dam-break flow evolutions and the water surface profiles 492 

under different reservoir heads remain similar. The significant discrepancy is that the fronts of 493 

dam-break waves (i.e., rarefaction waves, extra negative waves and shock waves) propagate faster 494 

for a larger reservoir head, resulting in an earlier inception for the changes of water surfaces both in 495 

the reservoir and the downstream reach. 496 

(3) The profiles of h
*
, u

* 
, Q

*
 and Fr along X/T as well as the variations of 

*

ch , 
* *

c dh h , 
*

cu  497 

and
 

*

cQ  against 
*

dh  in the triangular channel are found similar to those in the rectangular channel. 498 
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h
*
 decreases monotonically, while u

* 
and Fr increases in the whole range of X/T. Q

*
 increases first to 499 

the peak at the dam site and then declines to zero. The depth, velocity and discharge at the dam site 500 

keep invariant with time. *

ch  increases from zero to one with increasing *

dh , while *

cu  drops from 501 

the maximum to zero. Both * *

c dh h  and
 

*

cQ  increase sharply to the peak and then fall down to 502 

zero at * 0dh  . The rarefaction wave front propagates upstream with a constant speed, while the 503 

celerity of the rarefaction wave tail drops downstream of the dam and increases in the reservoir with 504 

*

dh . 505 

(4) The differences between the hydraulic properties in the two channels are also identified 506 

analytically, which should be related to the discrepancy in the hydraulic ratio of channels. The range 507 

of X/T is between 2 2  and 2 2  in the triangular channels, while it varies from −1 to 2 in the 508 

rectangular channels. h
* 

in the triangular channels are overall larger than those in the rectangular 509 

channels and the contrary is true for Fr. The value of u
*
 in the rectangular channels is larger than that 510 

in the triangular channels for 5 3 2X T   ; and the contrary is the case for 5 3 2X T   . The 511 

peaks of Q
*
 are 0.232 and 0.296 for the triangular and rectangular channels, respectively.  512 

(5) 
*

ch  in the triangular channels is smaller than that in the rectangular channels, while the 513 

contrary is the case for 
*

cu . The peak of 
* *

c dh h  are 0.286 and 0.309 and the maximum of
 

*

cQ  514 

equals 0.232 and 0.296
 
in the triangular and rectangular channels, respectively. The rarefaction wave 515 

front with 
*

1 2 2C    in the triangular channels travels slightly slower than that with 
*

1 1C  
 

516 

for the rectangular channels. The rarefaction wave tail with 
*

2C
 
for the triangular channels moves 517 

faster than that for the rectangular channels in the reach downstream of the dam, and the contrary is 518 

true in the reservoir. 
*

dh  respectively equals 0.377 and 0.138 in the triangular and rectangular 519 

channels for 
*

2 0C  , which serves as a criterion for determining if the tailwater affects the 520 
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hydraulics upstream of the dam. *  presents a monotonic decrease from 2 2  to 2 2  in the 521 

triangular channels, while it shows a sharp drop from 2 to the minimum of 0.936 followed by a slow 522 

growth to 1 in the rectangular channels. The shock wave front in the triangular channels propagates 523 

faster than that in the rectangular channels for * 0.281dh  , and the contrary is true for * 0.281dh  . 524 

(6) The analytical model accurately predicts the effect of the initial downstream water depth on 525 

the propagation of flood waves generated by the dam break in the triangular channels. The laboratory 526 

data generated in this study with a wide range of tailwater depth could be useful for researchers to 527 

validate their analytical and numerical models of dam-break flows. 528 
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Notation 537 

The following symbols are used in this paper: 538 

A = cross-sectional area; 539 

B = water surface width; 540 

C1 = rarefaction wave front celerity; 541 

C2 = rarefaction wave tail celerity; 542 

Fr = Froude Number; 543 

g = gravity acceleration; 544 
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h = flow depth; 545 

h0 = average water depth upstream of the plate, h0 = Au/Bu; 546 

h = centroid water depth; 547 

Q = flow discharge; 548 

T = dimensionless time, T = t(g/hu)
1/2

; 549 

t = time; 550 

tmax = maximum plate removal time for simulating instantaneous dam break; 551 

u = flow mean velocity; 552 

X = dimensionless distance along flow direction originated from the dam site, X = x/hu; 553 

x = distance along flow direction originated from dam site; 554 

η = variable of integration; and 555 

ξ = shock wave-front celerity. 556 

Superscripts 557 

* = dimensionless quantity. 558 

Subscripts 559 

c = reach upstream of the shock; 560 

d = reach downstream of the shock; 561 

M = position of rarefaction wave front; 562 

N = position of rarefaction wave tail; 563 

R = location of shock wave-front; and 564 

u = undisturbed upstream reach. 565 
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Figure captions list 695 

Fig. 1. Definition sketch for dam-break waves. 696 

Fig. 2. Experimental set up. 697 

Fig. 3. Profiles of dimensionless depth, velocity, discharge and Froude number against X/T. 698 

Fig. 4. Profiles of *

ch , * *

c dh h , *

cu  and *

cQ  against *

dh . 699 

Fig. 5. Experimental images of the flow for 
*

dh  = 0.2, 0.4, 0.6 and 0.8 with hu = 0.4 m (a) in the 700 

reservoir; (b) in the downstream flume. 701 

Fig. 6. Comparison of the measured and predicted dimensionless water depth with hu = 0.4 m for (a) 702 

*

dh  = 0.1, 0.2, 0.3 and 0.4; (b) 
*

dh  = 0.5, 0.6, 0.7, 0.8 and 0.9. 703 

Fig. 7. Comparison of the measured and analytically predicted stage hydrographs at different 704 

positions with hu = 0.4 m for (a) 
*

dh  = 0.1, 0.2, 0.3 and 0.4; (b) 
*

dh  = 0.5, 0.6, 0.7, 0.8 and 0.9. 705 

Fig. 8. Comparison of the measured and predicted locations of shock wave fronts. 706 

Fig. 9. Comparison of the measured and predicted locations of rarefaction wave tails. 707 

Fig. 10. Comparison of the measured and predicted locations of rarefaction wave fronts. 708 

Fig. 11. Comparison of the measured and predicted 
*

1C , 
*

2C
 
and * . 709 

 710 

Table captions list 711 

Table 1. Test conditions. 712 

Table 2. Special parameter values of dam-break flow for triangular and rectangular channels. 713 
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