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Abstract

In signal processing field, there are various measures that can be employed
to analyse and represent the signal in order to obtain meaningful outcome.
Sparse representation (SR) has continued to receive great attention as one
of the well-known tools in statistical theory which among others, is used
to extract specific latent temporal features that can reveal salient primi-
tive and sparsely represented features of complex data signals, including
temporal data analysis. Under reasonable conditions, many signals are
assumed to be sparse within a domain, such as spatial, time, or time-
frequency domain, and this sparse characteristics of such signals can be
obtained through the SR. The ECG signal, for instance, is typically a tem-
poral sparse signal, comprises of various periodic activities such as time
delay and frequency amplitudes, plus additive noise and possible interfer-
ence. Particularly challenging in signal processing, especially time series
signals is how to reconstruct and extract the various features that character-
ized the signal. Many problems (e.g., signal components analysis, feature
extraction/selection in signals, signal reconstruction, and classification)
can be formulated as linear models and solved using the SR technique.
The reconstruction of signals through SR can offer a rich representation
of the sparsified temporal structure of the original signal. Due to its nu-
merous advantages, such as noise tolerance and widespread use in various
signal processing tasks, this has motivated many researchers to adopt the
use of this technique for various signal representation analysis for a bet-
ter and richer representation of the original input signal. In line with this,

therefore, the goal of this study is to propose a SR-based mathematical



framework and a coherence function for reconstruction and feature extrac-
tion from signals for subsequent analysis. The time embedding principle
was first applied to restructure the signal into tine delay vectors and then
the proposed approach, referred to as temporal subsequence SR approach
was used to reconstruct the noisy signals and provides a sparsified time
dependent input signal representation, and then the coherence function is
further used to compute and extract the correlational coefficient quantities
between the temporal subsequence signals to form the final feature vec-
tors representing the discriminative features for each of the signal. These
final feature vectors representing the signal are further used as inputs to
machine learning classifiers. Experiments are carried out to illustrate the
usefulness of the proposed methods and to assess their impact on the clas-
sification performance of the SVM and MLP classifiers using the popular
and widely used ECG time series benchmark dataset. This research study
supports the general hypothesis that, signal reconstruction methods (data-
driven approach) can be valuable in learning compact features from the

original signals for classifications.
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Chapter

Introduction

1.1 Introduction

In signal processing field, there has been various measures for analysing and repre-
senting signals in order to obtain meaningful outcomes, that can be used for any fur-
ther analysis. In recent years, there has been a great deal of attention and wide range
of applications of the sparse representation (SR) and dictionary learning in various
fields, especially in signal processing, image processing and machine learning. Many
research activities have supported the use of sparse representation/coding, and have
demonstrated promising results in several signal processing applications, such as com-
pression or segmentation, computer vision for face recognition, denoising, classifica-
tion, activity recognition, and medical data analysis [60, 77, 118, 129]. In sparse rep-
resentation, it is assumed that sparsity exists in many natural signals, such as, localized
spatial structures of neural response in the neurons and in fMRI data [52], sparsity in
fluid flow dynamics [9, 10], sparsity in ECG signal [47, 58], and many others. There-
fore, the sparsity characteristics that exist within these various signals provide a basis
for sparse representation-based data analysis. The sparse representation model assume
that any natural signal can be effectively represented as a linear combination of a few of
its atom prototype signals stored in an overcomplete dictionary. Thus, many problems

in signal processing can be formulated by the SR models as either a

s =Dz (noiseless SR model) (1.1)
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or

s=Dz+v (noisy SR model) (1.2)

where s € RT is the vector representing the given natural signal, the parameter
D € RT*K is a basis matrix representing the overcomplete dictionary, which contains
K prototype atoms. The vector z € RT is the sparse representation coefficient vector
of the signal s, and v € R represents the possible additional noise respectively. The
basis dictionary matrix D that better fit such a sparsity model, can either be chosen
from a prespecified set of mathematical linear transforms (e.g., Fourier, Cosine, and
Wavelet), or can be trained (generated) from a set of training signals. Hence, both Eq.
1.1 and 1.2 can be represented in a matrix format such that s, z, and v can be replaced
with a signal matrix, a sparse coefficient matrix, and a noise matrix respectively. For
instance, it is often assumed that signals observed in many cases are the linear com-
bination of the characteristics of the signal itself, where both the basis matrix (i.e.,
the dictionary D), and the signal characteristics are to be estimated. According to
sparse representation and compressed sensing theory, signals can be sparse in many
domains such as spatial, time, or time-frequency domains, and through SR approach,
such sparsity characteristics of a signal can be identified or estimated. This hypothesis
has been demonstrated in several signal processing problems using various different
signals (e.g., image, sound, or medical signals [52, 54, 55]).

In sparse representation, the Sparse coding (SC) of an input sample is basically rep-
resenting the sample using a predefined set of sparse basis (atom) on the assumption
that these basis holds sufficiently enough information to reconstruct the original input
[31, 67]. Sparse coding and dictionary learning principles are effective and have also
shown promising results in various signal processing applications, including temporal
data analysis [44]. SR has numerous advantages, for example it is used to extract spe-
cific latent temporal features that can reveal salient primitives and sparsely represent
temporal features of complex data for any further data analysis [56]. In addition, sparse
representation using learned dictionaries are not only limited to capture inherent local
information of the signal but also capable of mitigating noise in signals [22, 79]. This
is hence, where the SR can have upper hand compared to other methods, especially the
distance based methods which may fail as a result of noise and missing values usually

present in most signals.
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The introduction of machine learning has enable computers to tackle problems in-
volving knowledge of the real world and make decisions that appear subjective. For
classification tasks, a number of classification algorithm have been proposed such as
Decision Trees (DTs), K-Nearest Neighbor (KNN), Naive Bayes (NB), Support Vec-
tor Machine (SVM), or Neural Networks (NN) [84, 124], etc. However, the charac-
teristics of time series data, especially multivariate time series (MVTS) often makes
them difficult for machine learning classifiers because the number of useful temporal
features describing the time series data are usually enormous and are often interre-
lated. Thus, understanding of these interrelated temporal patterns can be difficult by
the traditional machine learning algorithm. Furthermore, in general, the performance
of machine learning algorithms inherently depends heavily on the representation of the
data they are given, which implies that the development of prepossessing techniques
and data transformations for generating data representations are an inherent part of
machine learning, as this can facilitate the improvement in both the operation and the
performance of the machine learning algorithms even in complicated tasks such as
classification of time series data signals. For instance, in an application that involves
disease prediction, the system only uses the several piece of information in order to
make the prediction. Each piece of information included in the representation of the
disease prediction is known as a feature. Many of such simpler machine learning algo-
rithms can learns how each of these features of the patient correlates with the various
outcomes. However, it cannot influence the way that the features are defined in any
way.

In the dynamic world today, modern computers are increasingly being equipped
with many improved sensors that can monitor the activities of both human (e.g., ges-
ture recognition or medical diagnosis) and events (e.g., weather readings, stock prices,
and industrial process) happening in and outside our natural surroundings. These sen-
sors generate sequential time series signals at some time interval, over some certain
period and as a result of these technological advancement, it has led to the generation,
collection and storage of various complex time series data [25, 75]. A time series data
is a sequence of observations obtained through repeated measurements at successive
spaced uniform time intervals. For example, an electrocardiogram, is a well known
and widely used technique to observe and measure the state of heartbeats of a patient

over time, results into numerical values presented in form of line graph, with x- axis
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showing the time interval (steps) and the y-axis indicating the of average measured
voltage. Time series data have been studied and used in various applications, such as
data mining, clustering, and classification as well as others. In almost all the various
task that can be performed using time series, time series classification (TSC) is one of
the most common [1, 32, 34, 113]. Time series classification (TSC) is an important
and challenging task that has continue to receive more attention from researchers in
machine learning and data mining communities. TSC involves the problem of cate-
gorizing or grouping time series data into different predefined class labels. This form
of classification problem (TSC) in contrast to the traditional classification problems,
where the order of the features of the input signal is irrelevant, and this adds a layer
of complexity of having to deal with the temporal interconnection nature of the fea-
tures, and important characteristics of the data can be missed by traditional algorithms
[63], thereby leading to poor performance. There are two types of time series data
signal. One type is the univariate time series (UVTS) which is the simplest type of
time series data involving the observation and recording of one individual variable. In
UVTSC, each instance is a pair (z,,,y,,) of input signal with their associated class
label. When the observation involves multiple variables, this is referred to as multi-
variate time series (MVTS) data. In MVTSC therefore, each input instance is a pair
(< x1,...,2q >,,, Yn) of multidimensional data with it’s associated class label [113].
Multivariate time series classification (MVTSC) is an important problem in machine
learning (ML) which has been gaining more attention and application in different fields
of research such as (medical health, finance, economy, energy) among others [37, 114].
Multivariate time series data possesses additional characteristics which makes it more
complex than the univariate time series. Particularly challenging is such that, MTS
data are characterised by multiple feature variables which are usually interrelated. An-
other characteristic is having long dimensional series with redundant features in some
cases there by making it challenging when compared to traditional data [33, 78, 122].
Due to the growing amount of recorded signals and the complex natures of these real-
word data, the interest in research applications in such kind of data has also increased.
Thus, this has given rise to the ever-growing demand for exploration of new and more
practicable mathematical methods capable of handling data representing, denoising,
indexing, and classifying time series signals (data) among others. Mathematical meth-

ods such as sparse representation (SR), has continue to attract great attention and have
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been widely used to achieve remarkable and successive results in various signal pro-
cessing task. For example, it can find the characteristics of data in a low-dimensional
space and forming a sparsified input which significantly save computing resources.

In this thesis therefore, we introduced two mathematical strategies for data signal
reconstruction analysis that can lead to improvement on the performance of the classi-
fication algorithm when applied to various classification task. The first strategy com-
bined the principles of SR based with the time delay embedding principles to form a
new and more compact reconstruction framework for restructuring and reconstruction
of signals. In the principles of time-delay embedding, especially dealing with dynamic
data with patterns, such as time series data with varying time step, the principle is used
to prepare and restructure the data by embedding the time series into sub-sequence de-
lay vectors. This is followed by applying the SR strategy to reconstruct the signals in
the form of delay vectors data points. In addition, we also introduce a second approach
based on coherence function, in other to extract the inherent cross correlational char-
acteristic features between time series signal data, all with the aim of presenting a new
representation of the original time series data such that it can results in improving the
performance of the classification accuracy of supervised learning machine, especially

on multivariate time series.
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1.1.1 Motivation

Due to the continues technological advancement, the world is being surrounded by
wide range of data available from different sources. These real-world data comes with
many diverse and complexity, and in most cases, becomes difficult to completely re-
veals the natural structure of the data signal, thereby leading to the growing need for
the exploration and development of more complex and practicable mathematical ap-
proaches for processing and compact representation these data, to obtain meaningful
information that can aid in decision making processes across different application do-
mains.

Sparse representation is one of the well known and successive signal representation
technique which is fast gaining application in many domains as it can significantly
serve as a means for finding the basic characteristics of data signal in a low dimensional
space, which can lead to saving computational resources. Several research have shown
successful application of the approach in many signal processing problems, such as
signal reconstruction, signal feature extraction, and classification.

Inspired by the numerous advantages of sparse representation (SR) techniques such
as, its robustness, insensitivity to noise, and its successive use in various signal process-
ing applications shows that information contained in an object (e.g., sound, image, and
audio) can be represented using linear combination of few of the elementary signals
called atoms. That is, signals can be approximated using a combination of discriminat-
ing temporal features. This study proposed two method i.e the temporal subsequence
SR which can be used to reconstruct signals which can then lead to improvement in the
quality of data or signals and in turn improve the classification performance of learning
models. Furthermore, a coherence based feature extraction function is used to extract
important correlation features between signals, which results into final feature vectors

to be used as inputs for the classification algorithms.

1.1.2 Aim and Objectives

The main aim of this thesis is to study the sparse representation (SR) signal processing
techniques in other to develop a general framework for reconstruction of data signals
to form a new compact representation that can lead to better improved performance of

the classification algorithm. Hence, the following objectives are performed:
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1.

11.

iii.

To conduct study on sparse representation and propose a sparse representation
framework by leveraging the time delay embedding to form temporal subse-

quence SR.

To study the coherence function and propose a coherence feature extraction

method that can extract coherence quantities between pair of time series signals.

To conduct experiments to evaluate the effectiveness of the proposed methods
in i and ii above with application in TSC using the ECG dataset, due to their

temporal complex nature, and wide usage in various research literature.

1.1.3 Thesis Contribution

This section presents the key contributions of this thesis as follows:

i.

il.

Having a good representation of input signals or data is one of the key factor
that drives the performance of the learning algorithms in many machine learn-
ing task, including classification but, this s not usually the case because time
series data for example are usually prone to different kind of anomalies such as
noise, missing values, high dimension etc, and these can result into poor perfor-
mance. In this thesis therefore, we study the concept of sparse representation (a
well-known techniques in signal processing), modified the method then, com-
bined it with the time delay embedding principles to propose the temporal sub-
sequence sparse representation (temporal subsequence SR) framework for the
reconstruction of data signals (especially data with noise) and demonstrates its
effectiveness with application in multivariate time series classification. Hence,

this becomes the key contribution of this thesis. This is discussed in chapter 3.

We went further to also explore the concept of coherence function and then pro-
posed the coherence feature extraction framework which measures and computes
the relationship between two or more time series signals or data so as to obtain
the coherence quantities between the signals or data which will in turn serve as a
new input that can help improve the performance of classification. This therefore

also serves as another contribution of this thesis. This is discussed in chapter 4.
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Both key contributions hence serve as the yardstick towards achieving the aim and
objectives of this study. Further details are discussed in chapter 3 and 4 respectively as

well as chapter 5.

1.1.4 Significance of the Study

As real word data is fast becoming more diverse and complex, it is becoming hard
to reveal the natural or essential structure of the data signal in many cases using the
commonly used signal analysis approaches. This has resulted in to the quest for the
exploration of representation approaches that can provide a more practicable and com-
pact representations of data signals. Sparse representation-based technologies are gain-
ing more attention in various signal processing problems as they can be used to find
the characteristics of data in low dimensional spaces and can also significantly saves
computational resources. Thus, it can be applied in many fields such as signal recon-
struction, image analysis, feature extraction, and classification. This has motivated
researchers to utilize the several SR based developed approaches and tools for dealing
with various data representation and machine learning problems.

For example, machine learning algorithms are constantly being sought and used
for various classification tasks in other to obtain better prediction accuracy. However,
the performance of these learning algorithms are usually hindered due to noise in the
dataset. Generally, noisy signals (e.g., time series data) can have great effect on the
performance ability of machine learning algorithms when used in various application
domains, and several past studies have also stressed out the effect of noise on perfor-
mance accuracy [39, 86]. Notable individuals or group of individuals have carried out
research and hence presented paper work which proposed different approaches and the
demonstration of such methods using the time series data, especially on ECG dataset
due to its wide availability and has also been characterised as a highly imbalanced time
series benchmark dataset. Examples of some research works which have used ECG in-
cludes ; ”Automatic diagnosis of the 12_lead ECG using a deep neutral network” by
[76], and ”Short and noisy electrocardiogram classification based on deep learning” by
[88], etc.

This work therefore, serves as a trend into the path of the past works carried out

and also geared to serve as a general means of representing data in a more compact
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way which can facilitate easy and accurate classification of information in any of the
various field applied to. For instance, in a medical setting, technology can offer great
help in providing alternative approach and mechanism that can facilitate fast analysis
of data, which in turn can lead to achieving a better classification accuracy. Finally,
with the ever evolvement and improvement in knowledge and technology, this study

serves as a benchmark for subsequent research work.

1.2 Structure of the Thesis

The rest of the chapters in this thesis are organised as follows: Chapter 2 presents the
background and preliminaries of the main concepts in relation to the thesis. Chapter 3
provides a brief foundation of the sparse representation and a detailed explanation of
the proposed temporal subsequence SR. In chapter 4, the description of the coherence
feature extraction method proposed for extracting coherence quantities from pair of
signals was outlined. Chapter 5 presents the experimental analysis and results for
evaluation of the proposed methods defined in chapter 3 and 4 respectively. Finally,
chapter 6 concludes the thesis report and point out the next line of action for future

research.

1.3 Summary

This chapter provides the general introduction to the study, the structure as well as an
overview on the contributions of the thesis. It equally provides list of abbreviations

used.

1.4 List of Abbreviations

Some basic notations and abbreviations used throughout this report are presented in
table 1.1



1.4 List of Abbreviations

Table (1.1) Summary of Abbreviation

Abbreviation | Meaning

ANN Artificial Neural Network

BP Basis Pursuit

CNN Convolutional Neural Network
CS Compressing Sensing / Compressive Sensing
DTs Decision Trees

ECG Electrocardiogram

FCN Fully Convolutional Network
FT Fourier Transform

KNN K- Nearest Neighbour

LSTM Long Short Term Memory

ML Machine Learning

MP Matching Pursuit

MOD Method of Directions

MLP Multi Layer Perceptron

MVTS Multivariate Time Series
MVTSC Multivariate Time Series Classification
NB Naive Bayes

NN Neural Network

OLS Orthogonal Least Squares
OMP Orthogonal Matching Pursuit
PCA Principal Component Analysis
RF Random Forest

RNN Recurrent Neural Network

SC Sparse Coding

SR Sparse Representation

SNR Signal to Noise Ratio

SVD Singular Value Decomposition
SVM Support Vector Machine

TS Time Series

TSC Time Series Classification
UVTS Univariate Time Series
UVTSC Univariate Time Series Classification

10



Chapter 2

Background and Preliminaries

2.1 Introduction

This chapter introduces the necessary concepts used in this study for ease of under-
standing. These include; An overview of machine learning classification algorithms,
with specific reference to the Support Vector Machine (SVM) and Multi-layer percep-
tron (MLP), due to their relevance to this study presented in section 2.2. In section 2.3,
a brief description of Sparse representation (SR) as well as its principle were also high-
lighted. Subsequently, in section 2.4, a literature review of some of the related work
involving SR were reviewed and also followed by introduction of the Time Series Clas-
sification ( TSC), its two forms i.e, Univariate Time Series Classification (UVTSC) and
Multivariate Time Series Classification (MVTSC). Particularly, with specific reference
to the MVTSC; based on its relevance to this study as the application. Finally, the

summary of the chapter is presented in section 2.5.

2.2 Machine Learning

In this thesis, we are dealing with a general learning problem and by solving it, we aim
to find a desired outcome using a limited number of observations. There are several
example of classical machine learning classification algorithms in literature, including
Naive Bayes (NB), Decision Trees (DT), K-nearest Neighbour (KNN), Support vector
machine (SVM) and Neural network (NN) as well as others. The SVM and Neural net-

11
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works classifiers are considered here because of their underlying connection with the

sparse representation through the Reproducing Kernel formalism which is explained

in the subsequent subsections.

2.2.1 Mathematical Setting

We start by setting up the basic statistical learning framework as follows:

Feature space: a set of feature vectors x = [z1,z9, - ,x,] € R™

Labels: set of output values for each vector x. For example, an output value y
can be either be binary-value output (usually {—1,1} or {0, 1}) for each vector
x assigned by an expert (or supervisor), or an output value y can also be multi-

value output (i.e more than 2 value output) depending on the task.

Training data {(x;, y;)}!_,: a sequence of labeled feature vectors.

Learning Machine: a prediction rule f(x) that best approximates the label of the

corresponding feature vector x

Loss function V' (f(x) — y): measures loss between the label and approximation

predicted by the Learning Machine.

Any classification problem under this setting can be consider as identifying the

prediction rule f(x) by minimizing the training error (or empirical error) defined as:

!
% Z V(f(xi) = yi) 2.1)

In addition, a regularization term R(f(x)) is introduced to ensure that the prediction

rule, f(x) is not extremely complex. This means that the regularization coefficient

term,

R is used to reduce the error by fitting a function appropriately on the given

training set and to also avoid overfitting. Thus, 12 controls the relative importance of

data dependent error in order to minimize the loss function V. Hence, the prediction

12
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rule f(x) needs to minimize both the empirical error and regularization term.
|1
argmin | 3 V(f(x:) = y:) + (/) (2.2)

2.2.2 Support Vector Machine

The Support Vector Machine (SVM) introduced by Vapnik [108], is a supervised ma-
chine learning algorithm that can be used for both classification or regression problems
[7, 66, 92]. The SVM has been used in wide range of classification problems, includ-
ing time series [48, 97]. For a given data set {(x;, ;) }\_;, it will first be transformed
onto a higher dimensional feature space in order to find and categorize the discriminate
patterns. g(x) = 0 is the hyperplane function that separates the different classes with
maximum margin and f(x) = sign(g(x)) here is the prediction rule that will classify

input data.

g(x) =w'"x+b= Z w;T; + b (2.3)

i=1

where w = [wy, wy, - -+ ,w,] and b will determine the position of the hyperplane and

can be calculated by solving

!
I?Vll? <”WH2 + CZQ) ,osbe yig(x) > 1—¢ 2.4)

¢; here is a positive slack variable indicating how far the given data is violating the
maximum margin. The C' parameter is used to impose penalty in other to control
the cost of misclassification of any data point on the training sample. Figure 2.1 is a
graphical example of the SVM hyperplane structure which is a decision boundary that
separates data into their respective classes in SVM classification.

The SVM can also use kernel functions to transform the original input data to
a higher dimensional feature space. Kernel functions are a class of pattern-analysis
algorithms mostly used by many classification algorithms in order to help simplifies

the process of determining the mapping function. If we assume functions p(x) form to

13
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Class 1

O
O

Figure (2.1) SVM hyperplane

a reproducing kernel Hilbert space (RKHS), then
p(x) = Bi¢;(x) 2.5)
J

where 3; are the coefficients that can be estimated in association with the input data in

the space and ¢;(x) are the basis functions in the space. The kernel can be defined as
K (%0, %) = Y 6(%a)0(xs) (2.6)
J

The kernel is important in the way that it returns the dot product of the higher dimen-

sion transformation of the original data. For a given training data {(x;,y;)}._, the

=1

prediction rule f(x) is given as [15, 17, 107].

l

f(x) = sign [Z iy K(x,%;) + b (2.7)

where the coefficients «; can be estimated by minimizing the following quadratic op-

14
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timization problem:

l l l
1
max Zai ~ 5 Z a5y K (xi,%5) |, st Zaiyi =0, >0 (2.8
i i5=1 i=1
Note here that only a few coefficients «; will be non-zero, and the x; associated with
them are the support vectors. Also, f(x) is calculated here with respect to K (x, x;) by

approximating the kernel as follows
!
F(x) =sign Y ¢i(x)i(x:) (2.9)

where ¢ is the implicit mapping embedded in the RBF kernel model.
One common kernel function commonly used in support vector machine for clas-

sification is the Gaussian radial basis function (RBF)

K(x,y) = exp(—v|lx — y||*) (2.10)

where v > 0 is a parameter which influences the degree of curvature of the decision
boundary, and ||x — y||? can be viewed as the squared euclidean distance between the
two feature vector. Technically, the v parameter can be seen as the inverse of the
standard deviation of the Gaussian RBF function, used as a similarity function between
two sample points. The parameter is required to be defined before training the SVM
model especially when the RBF kernel is used [26]. Thus, SVM model can produce
excellent prediction result when the hyper parameters especially when the (v and the

penalty (') parameters are optimized.

2.2.3 Multi Layer Perceptron

The multilayer perceptron (MLP) belong to a class of traditional feedforward artificial
neural network (ANN) and deep learning architecture [15, 42]. Neural networks are
one of the more basic models in machine learning, but are still powerful tools and often
different variations of neural networks are being used today in various application do-
mains. A network consists of input layer, hidden layers and output layer. The network

are adjusted or trained so that a particular given input leads to specific target output.
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Input Hidden Qutput
Layer Layer Layer

Figure (2.2) A simple neural network (MLP) structure with the vertical symbols
showing the nodes (neurons) within each of its components (Input, Hidden, and Out-
put) layers

Thus the Hidden layers are important to extract useful information from inputs and
then use them to predict the output. A simple basic structure is shown in Figure 2.2.
The three layers of MLP are:

Input Layer The vertical circles on the left, is the input layer. Input layers take data
as input, then pass it on to the hidden layer. Each circle represents a different data.
For training data {(x;,y;)}\_; and x = [1, 29, - - ,x,] € R", the input layer contains
n+ 1 nodes. The last node is the bias constant b;. The output of each node in this layer

is simply the elements of x.
Hidden Layer The vertical circles in between the input and output layers is the hid-

den layer. The job of the hidden layer is to process, or transform, the input into a

format that can be used by the next layer. Here, the next layer is simply the output

16
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layer. The hidden layer has m + 1 nodes. Again the last node is the bias constant b,.
The output of the input layer will now feed into the hidden layer. We use a; to denote

the inputs to the jth node in the hidden layer and they are calculated by:

a; = whai+b, j=1--.m (2.11)
i=1
where w;li are the coefficient associated with the edge between jth node in the hidden

layer and th node in the input layer. At each node of the hidden layer, an activation

function gy, is applied to give:
zj = gnla;) (2.12)

Output Layer The single circle on the right, is the output of the neural network
model. Like the hidden layer, the inputs to the output layer is given by:

a* =Y wiz+ by (2.13)
=1

where wy are the coefficient associated with the edge between ith node in the hid-
den layer and the output node. Similarly, the final output of the network is given by

applying another activation function g, at the output node

f(x) = go(a”) (2.14)

The whole process can be formulated as

fx) =g (Z wigh (Z whT; + bl) + bz) (2.15)
Jj=1 i=1

In general, when MLP is constructed, one of the primary considerations is choosing
a differentiable activation functions for hidden and output layers. In Artificial Neural
network, activation functions are the most informative ingredient which is fundamen-
tally used to determine the output of the learning models, especially deep leaning mod-

els [94]. An activation function is used in neural network models to decide whether a
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neuron should be activated or not. This implies that it will decide whether the neuron’s
input to the network will be important or not in the process of a prediction using some
simpler mathematical operations. Thus, the main purpose of the activation function is
to maintain the output or predicted value of the model in the particular range, which
makes the good efficiency and accuracy of the model. Hence, a proper use of the ac-
tivation function can significantly improves the performance of a neural network and
deep learning models for a certain task. A variety of activation functions are available.

The common activation functions used in the hidden layer are:

 Step function : Step function depends on using a threshold value that decides
whether a neuron should be activated or not [94]. This simply implies that, it
compared the input fed to the activation function over a certain threshold; and
if the input is greater than it, then the neuron is activated, else it is deactivated,
meaning that its output is not passed on to the next hidden layer. This can be

mathematically represented as follows:

0 for z<0
Step(z) = (2.16)
1 for 220

The equation above demonstrates how a step function can either be activated or
deactivated. The step function does not work with backpropagation algorithm

and thus, not usually used in practice.

* Logistic sigmoid function : This logistical sigmoid function simply takes any
real value as input and outputs values in the range of O to 1. This implies that, if
the input value is larger (more positive), the output value will be more closer to
1.0, whereas if the input is smaller (i.e more negative), the more closer it will be

to 0.0. This can be mathematically represented as follows:

1
Si id(2) = —— 2.17
igmoid(z) Ty (2.17)
The major drawback of the sigmoid activation function is the vanishing gradi-
ent problem. This problem mostly occurs during the backpropagation when the

value of the weights are changed. As for the sigmoid function, the maximum
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threshold value is 1 and the minimum value is 0, so when the input values are
being increases, the predicted output must lie near to the upper threshold value
which is 1. Thus, implies that the predicted output must be less than or close to

the maximum threshold of 1.

* Hyperbolic tangent function: The Hyperbolic tangent (tanh) function is very
similar to the logistic sigmoid function, with the difference in the output range
of -1 to 1. The function can be mathematically represented as follows:

eF—e’*
tanh(z) = — 2.18
anh(2) = ——— (2.18)
The tanh function is also facing the same issue of Vanishing Gradient Problem

like a sigmoid function.

* ReLU function : The ReLU stands for Rectified Linear Unit. The function has
a allowable derivative function that allows backpropagation. A major advantage
that made this function popular in practice compared to others is that it doesn’t
make use of all the neurons at the same time during computation which makes
is possible to perform efficient computation. Mathematical representation of the

function is as follows:
ReLu(z) = max(0, z) (2.19)

Unlike the SVM approach where the prediction rule is determined by a limited
number of basis functions (support vectors), MLP has a fixed number of basis function

but the parameters are modified during training by minimizing the training error.

Table (2.1) Summary Comparison between popular activation function

Activation | Range of | Nature of | Vanishing | Model

Function Values function Gradient Accuracy
Problem

Sigmoid Oto1 Non-linear | Yes Good

Tanh -1tol Non-linear | Yes Very good

ReLu 0 to infinity | Linear No Excellent
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2.3 Sparse Representation

2.3 Sparse Representation

In Chapter 3, we present sparse representation extensively, but here we show an inter-
esting connection between the SVM and sparse representation presented in [35].

In sparse representation (SR) principles, it is assumed that any natural signal is
sparse (i.e., contain few non-zero entries). More precisely, it can be assumed that the
natural signal, z, can be approximated using a sparse linear combination of few atoms
of an overcomplete dictionary D, which contains some specified number of atoms
(prototype signals). [19]. This can also be used to approximate the prediction rule
g(x) in terms of linear combination of some basis function from an overcomplete set

of basis functions. This can be formulated as
g(x) ~ Y oihi(x) (2.20)
i=1

where 1);(x) are the basis functions which form the dictionary and o; are the sparse
coefficient vectors, with the sparsest vector being the one with the minimum non-zero

elements. The coefficients can be evaluated by minimizing the following loss function

lg(x) = > athi(x)Il3 +¢ ) ol (2.21)
=1

=1

where o; are the sparsity coefficient vectors, and € is the regularization parameter that
balances the trade off between the loss function and the sparsity coefficients, and || - ||

is the L, norm and can be calculated as

1/2
HXHzZ(ZfL’?) = > a2 (2.22)

7

We can choose the reproducing kernel K (x,x;) of a RKHS as the basis function, i.e.

Vi(x) = K(x,%;) (2.23)
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then the approximation becomes

m

g(x) ~ YK (x,%;) (2.24)

i=1
Note here that this is similar to Eq. 2.9 except the constant . The authors in [35]
show that, the sparse representation approximation gives the same solution obtained

by solving the quadratic optimization problem in Eq. 2.8.

2.4 Related Work

Sparse Representation (SR) has continue to receive great attention as a common and
well known tool in statistical theory analysis and have been successfully used in vari-
ous signal processing tasks [129]. The idea behind sparse representation is that, signals
can be represented using a few sparse basis from the dictionary. Where the dictionary
is the matrix that holds all the basic characteristic features of the signal [24, 44]. The
objective of the dictionary learning is to construct a compact dictionary by selecting
some few columns from the training samples so that the selected columns (atoms)
forms a representative of the whole training samples. Many researchers in their vari-
ous works have adopted the concept of SR to propose methods which were applied
into a chosen field to test it’s viability and effectiveness based on the SR concept
[2, 6, 53, 57,95, 111, 125]. For example, in [111], the authors proposed the use of
SR based method to determine or choose the appropriate kernel function for the SVM
based on the given sample data, and they tested the effectiveness of their approach
with application in bearing fault diagnosis data. Similarly in [57], the author employs
the theoretical principles of SR using a time frequency dictionary based method for
extracting most relevant atoms to form the features. Again, their approach is tested
on roller bearing fault signal (i.e., time series signals characterized with having large
amount of noise) and trained using the SVM algorithm. So also in another example;
[6], here, the authors use the SR approach to test the generalization ability of the kernel
based SVM learning algorithm and also uses the Haar and Gabor overcomplete dictio-
naries to generate the sparse representation of the given input data and subsequently,

train the kernel based SVM in other to measure their generalization ability in classifi-
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cation problem. As seen therefore in all the aforementioned examples, the SR method
is been used as a general tool for each study however, with different applications or ap-
proaches. In addition, the authors also showed the interesting connection between the
SR and the use of SVM. The SVM algorithm are used together with other non SR re-
lated approaches [131] because of their excellent performance and are also considered
as statistical learning algorithm as such can relate well with statistical techniques such
as SR and others. In line with these therefore, this study also focused on the use of SR
and its application in classification problem using multivariate time series data. And to
do this, this study first combines the principle of SR with the time embedding princi-
ples in other to propose a temporal subsequence sparse representation framework and
then demonstrated its feasibility and effectiveness using the time series classification
after having used the proposed framework alongside the learned temporal dictionary
on the time series data. Subsequently, an illustration of the experimental data analy-
sis on ECG data is also presented to demonstrate its performance and viability on the
SVM and MLP learning algorithms.

Furthermore, from the view point of its origin, sparse representation is directly
linked to compressed sensing (CS) (also known as compressive sensing, compressive
sampling, or sparse sampling), an approach which is also fast becoming a recent re-
search topics in various signal processing applications [28]. The basic foundations
of Compressive sensing are established on the sparsity of the data with informative
characteristics. The compressed sensing strategy mainly includes two aspects; the
first is the sampling and compression of the signal, and the second aspect involves
the reconstruction of the original signal. The former is for sparse or compressible
high-dimensional signals to acquire low dimensional measurement values through a
measurement matrix. While at the same time, the latter uses these low dimensional
measurement data obtained from the first stage to restore the original signal as much as
possible. This implies that the basic fundamental idea of compressive theory is ’spar-
sity’ or “compressibility’, and this suggests that, if a signal is sparse or compressive
in any domain, the original signal can be reconstructed using a few measured values
from the limited number of measurements [29, 74, 105]. Here, sparsity can be con-
sidered as a guide for the approximation theory which can lead to design of efficient
algorithms. More specifically, if a given signal has a sparse representation in some or-

thogonal basis, then the reconstruction of the signal can be done using linear optimiza-
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tion techniques. Thus, just like in core sparse representation, a large algorithms based
on the compressive sensing theory have been proposed and used to address different
problems across wide range of application domains. There are several applications of
compressed sensing based methodology in image signal processing [38, 123], in fluid
dynamics [ 18], and many other fields.

The approach used in our proposed work is similar to that of the previous works
as mentioned in [6, 111], but differs in many ways. Although, we also adopted the
use of SR, but we introduced the use of the time delay embedding principle into the
SR method to come up with the proposed framework, namely Temporal Subsequence
Sparse Representation” (see chapter 3). For example, compared to the work in [111],
which proposed an SR based method and tested the approach using bearing fault di-
agnosis data. In our method also, we tested the effectiveness using time series (ECG)
dataset which is a very popular dataset used in literature. Equally, compared to the
work in [6] where SR is used to extract features and perform classification with SVM,
in our approach, we focused on the reconstruction of the signal data into temporal
subsequence representation and tested its effectiveness by performing TSC to mea-
sure how the temporal data reconstruction can influences the generalization ability
of Support Vector Machines (SVM) and the MLP machine learning algorithms, with
application to time series classification. On a similar note, comparing the study pre-
sented in [18], which uses compressing sensing based machine learning approach for
characterizing the signal flow around a cylinder using compressed pressure measure
with the measurement matrix. The objective of their work is to design a mathematical
framework which integrates the compressive sensing and machine learning strategies
in order enhance both the modelling and prediction capabilities of dynamic system,
with specific application in time-varying fluid dynamics, and particularly considers the
problem of how to characterise, explore, and extract the sparsely sample pressure mea-
surements of the fluid flow around the cylinder. The role of the compressive sensing
strategy is to reconstruct the pressure measurements using the limited sparse samples
and the machine learning (i.e., dimensional reduction strategy) is used to encode the
resulting data into low dimensional space. In comparison with our approach, which
also uses the sparse representation for the reconstruction of the signal as similar to us-
ing compressive sensing, the unique aspect of our proposed approach is that SR based

strategy is integrated with the time embedding strategy (i.e., an approach which allows
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the restructuring of the time domain signal into chunks of delay lags) before the re-
construction of the time domain signal with the SR technique, as mentioned earlier.
Thus, this integration of time embedding principle with SR strategy is a new strategy
proposed as data driven method for analysis and representation of signals, especially
dynamic signals like time series.

Time series data can be viewed as an observation of a sequence of time-ordered
data points at a particular time intervals about a given entity that is changing over time.
More commonly, the univariate time series is an observation of a single variable over
a time [11]. Multivariate time series are similar but differ being that the observation
involves parallel observations of multiple (two or more) variables at a time [121]. Time
series data for classification can be found in several domains of applications, including
science (e.g., weather and earthquake prediction), Engineering (e.g., sensors signal
control), finance (e.g., stock predictions), and medicine (e.g., biomedical diagnosis)
and many more [2, 63, 91, 114, 117]. Time series classification(TSC) is s form of
machine learning task where the input vector consists of sequence ordered real-valued
data which are grouped into some predefined classes (e.g., Normal or Not normal).
Time series classification can be in two forms: Univariate time series classification
(UVTSC) and Multivariate time series classification (MVTSC).

The UVTSC is a supervised learning problem in which each univariate series is
associated to a class label [41, 126].

Let S denote a MVTS data such that it is defined as

S ={s’|s", 8% ..., 8"} (2.25)

where the vertical line | implies that, there are M number of samples in the MVTS S
and each of the S? is defined as

St = {S;1|S§, L, Sh (2.26)

where the vertical line used here implies that, there are n number of variables in the
MVTS. Sj- = [s1, 82, ...5¢4, ST]; takes value in R and represents a univariate time
series of length 7'.

The multivariate time series classification is a supervised learning problem which
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involves grouping multivariate series of variable (which can be of variable lengths)
data into certain pre-defined set of class labels [91]. An M-dimensional time series
(MVTS), X = [X1,X2.... ,Xd] where the superscript d represents the different univari-
ate time series with X; € RT where T is the length of each X. A multivariate time
series dataset D = (X1, Y7),(X3, Y2),....(Xur, Yar) is a collection of pairs of multivari-
ate input and their corresponding class label (X}, Y;), where M represents the number
of multivariate time series sample and Y; is as its corresponding class label vector. The
MVTSC task involves the training a classifier on a dataset D in order to map from the
space of possible inputs to a probability distribution over the class variable values (i.e.,
class labels).

Initially, the main focus of TSC has been on UVTSC, that is, the type of pre-
diction problem where each single univariate series has an associated class label and
similarity based method are often used for, like nearest-neighbor classifiers. How-
ever, MTS data are being characterised by multiple variables as well as relationship
between them. More so, in reality, it is more common to encounter MVTSC prob-
lems where multiple time series has an associated single class label. In medicine for
instance, the diagnostic process involves the analysis of the correlational patterns or
relationship between or within the different univariate series recording for an individ-
ual entity may need to be considered before a final decision is made. For example,
health based benchmark datasets for various diagnosis (ECG, EMG, EEG and MEG)
[70, 76] are all inherently multivariate time series. In another example, the decision
on the financial gain or loss in a stock market exchange might be decided based on
the characteristics of different factors such as opening stock and closing stock, and
each of these features might be inter related. Despite this, MVTSC are relatively less
considered compared to the UVTSC case [78] due to the additional complexity, since
the analysis of MVTS involves multiple variables. To analyse such data, each variable
will be treated either individually and/or collectively, in order to compute the correla-
tional relationship between these variables, as against the uvivariate sample that only
considers one variable analysis, leading to additional complexity of having to con-
sider multiple variables. Due to the challenges of multiple variables associated with
such data, this make the analysis of MVTS data more complex since each sample
involves more than one univariate signal data (multivariate). Thus, require suitable

methods for pre-processing the data prior to performing the classification. There has
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been growing number of active research interest in multivariate time series analysis
[11, 33, 37,50, 72, 80, 120, 128, 130]. In line with the above trend, this work consid-
ers the sparse representation based analysis of signals (e.g., time series). The analysis
of the multivariate time series signal will performed on individual univariate basis, this
will help reconstruct the noisy temporal signal. This is followed by using a proposed
correlational feature extraction framework to compute and extract the correlation be-

tween the temporal subsequence sparse delay vectors.

2.5 Summary

This chapter presented the theoretical overview and review of some basic concepts
used in this study. This includes the machine learning algorithms involving the (SVM
and MLP) classification algorithms, the introduction of the concept of sparse represen-
tation (SR), this is followed by the introduction and the description of classification

with time series (univariate and multivariate).
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Chapter

Temporal Subsequence Sparse

Representation

3.1 Introduction

In this chapter, the purpose is to study the sparse representation (SR) method based
on a learned dictionary, as a methodology that can be used and integrated with the
classification algorithms, with the aim to provide a more compact representation and
reconstruction of input signals. This methodology therefore, can serve as a general
means of data representation for enhancing the generalization ability of classifiers for
various classification problems, including the time series. The advantage of the sparse
representation algorithm using learned dictionaries is that, it captures the global and
local information of the time series signal and can also mitigate against noise. For
this purpose, we present an SR based framework named temporal subsequence sparse
representation (temporal subsequence SR) and apply its basic principle in feature re-
construction for time series classification, including multivariate time series (MVTS).
The rest of the chapter is organised as follows: In section 3.2, we presents an overview
of sparse representation, including some examples of some basic sparsity based pursuit
models. In section 3.3, the dictionary learning concepts was discussed. The definition
of some commonly used norm functions are presented in section 3.4. Section 3.5
presents the description of the proposed Temporal subsequence SR based method for

signal reconstruction and sparse feature extraction. Finally, the summary of the chapter

27



3.2 Sparse Representation

is given in section 3.6.

3.2 Sparse Representation

Sparse representation (SR) is the process of transforming an original signal into a more
sparsest solution. That is, the procedure for computing the sparse coefficient of the
original signal using a dictionary. The basic idea in the field of sparse representation
is that signals are made up of certain patterns that are sparse, and can naturally be
expressed as a linear combination of a few of the basic features that can be used to
describe the signal [4]. This implies that, the concept of SR simply means that an orig-
inal signal can be represented with few features out of the vast feature that originally
describes the signal. These collection of features are stored in what is often referred
to as dictionary. Sparse coding is the process of transforming or learning the sparse

representation coefficient of an input signal, s € R, using an over-complete or redun-

dant representation of the dictionary, D € RT*X which contains K atoms (prototype
signals) [19].
3.2.1 Definition
Formally, given a set of signals
§={ss", 8% -+, M}, (3.1)

where the vertical line indicates that, there are M multivariate data samples, and
Si: [517827”' y Sty 78T]i7 (32)

S? takes value in R” and represents a uni-variate time series of length T'. A dictionary

18 denoted as,
D= [dlaan"' 7di7"' 7dK]a (33)

d,; 1s the T-dimension column vector, and there are K number of such columns in

the dictionary. As we have mentioned earlier, the dictionary, D, is an overcomplete
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3.2 Sparse Representation

spanning set. This implies that 7" < K and D is a full rank matrix. This means for
any signal, s, there will be many number of solutions to the optimization problem,
s = Dz. Hence, the sparsest solution is the most desired. D can also be seen as the set
of normalised column (basis) vectors. The goal is to find a sparse representation of the

input signal using the dictionary D
R VAV AN AR A (3.4)
where
7' =21, 29, 2k’ (3.5
Z can be described by S = DZ or

S~DJ = Z d;z; (3.6)

The relationship between S, D and Z are shown in Figure 3.1. Obtaining the sparse
coefficient of a given signal can be achieved by solving an optimization problem with
an aim to balance the trade-off between the accuracy of the sparse representation and
sparsity of Z.

As can be seen in Figure 3.1, the LHS represents the set of sequence of original
signal vectors stored in the matrix S € RT>M that is being considered. Each of the
time series data is like original representation of 2-dimensional image signal in spatial
domain, but with time series, here, each of the column represents a 1-dimensional
vector space. While the RHS of the equality sign is the dictionary D € RT*X which
contains columns (atoms) that stores the features that describes the original signal.

RKXM

And the sparse matrix Z € consists of the sparse representation coefficient

vectors, z; of the signal matrix S. As mentioned earlier, in order to obtain this sparse
representation (sparse solution), Z of the given signal, an optimization problem of the

following form need to be solved
mZin IS—DZ|s st ||Z]o <To (3.7)

where ||.||o denotes the [y pseudo-norm which counts the number of non-zero el-
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M K

— r - 2

S = D X Z

Figure (3.1) Sample diagram illustrating the relationship between the sample signal
S, the dictionary D and the sparse representation Z.

ement in a vector and the parameter 7{ represents the upper bound constraint on the
number of non-zero elements that each column of Z can have (i.e., to ensure the spar-
sity of Z). It is often very difficult and challenging to directly solve a constrained
minimization problem with ‘/; norm because the nature of the function’s requirement
i1s combinatorial, and thus making it an NP-hard problem. Therefore, these NP-hard
problems can be solved using pursuit algorithm, which is an alternative approach to
obtain the sparse solution. Several optimization algorithms are available in literature
that can be used for solving the optimization problem of the form defined in Eq. 3.7
above.

Generally, pursuit algorithms for can be grouped into two categories; greedy al-
gorithms and convex relaxation algorithms. The greedy algorithms are used to solve
sparse representation coefficients using the [o-norm constraints. The convex relaxation
algorithms replaces the /y-norm constraint by a relaxed /;-norm. Examples of several

promising sparse coding (pursuit) methods, among others includes

* Marching Pursuits (MP) [61]
* Orthogonal Matching Pursuit (OMP) [71]

* Orthogonal Least Squares (OLS) [112]
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3.2 Sparse Representation

e Basis Pursuit (BP) [23]

The MP and OMP algorithms are among the simplest and well-known greedy pur-
suits used in various sparse dictionary learning model design. The main characteristic
of a greedy algorithm is that the rule it uses for selecting the next atom which can re-
sult into finding a much global solution or an approximate solution [102]. Figure 3.2

shows a generic steps and procedure of the greedy algorithms

3.2.2 Matching Pursuit (MP)

The matching pursuit (MP) algorithm is among the earliest sparse representative method
which uses an iterative greedy strategy to approximate the sparse representation prob-
lem [61]. The main idea of the MP is to iteratively choose the best atom from the
over-complete dictionary D that can be used to obtain sparse approximation of a given
signal. At each iteration, the algorithm also tries to update the dictionary by calculating
the residual (i.e., reconstruction error). This process will continues until the stopping
criterion for the iteration is satisfied. The major problem with the basic matching
pursuit is the computational complexity of the matrix inversion operation, especially
when performed on high dimensional data as the large dictionary needs to be searched
at each iteration. The MP algorithm has been applied in many areas, and different
improved versions is still best suited for sparse representation problem with /y-norm
sparsity constraint. Some examples of applications where MP algorithm has been used
include [14, 36].

3.2.3 Orthogonal Matching Pursuit (OMP)

Orthogonal Matching Pursuit (OMP) is a sparse representation algorithm which be-
longs to the family of greedy algorithm that can be used to finds the sparse approxima-
tion of a signal given a dictionary D [71, 100, 101]. This implies that, a signal can be
converted into a much sparser representation in which most of the elements contains
few non zero elements. The algorithm was developed as one of the popular extension
to the MP algorithm, and therefore shares many common properties. Its basic idea is
to select one best column from the D at a time, followed by an orthogonal projection
to avoid selecting the same vector multiple times. The main difference from MP is
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set input signal - 5
set initial dictionary - D

Initializations:
set residual: R =5

set index for chosen atoms . ind=0
iteration counter -n = 1

Find the index of atoms d_ in D with the maximum
e (COTElatioN with the residual:
ind™" = argmax |<d; R, |

Compute and update the Sparse coeficient
vector and residual
Zn = argming || 5 - DZin4llz
Rns1=5-2,

I

Mo

stopping condition reached?
R == threshold

Cutput
D

Figure (3.2) Flowchart diagram illustrating the generic steps for greedy pursuit al-
gorithms for finding sparse representation solutions
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3.2 Sparse Representation

that all the extracted coefficients are updated at every iteration step, and it is done by
computing the orthogonal projection of the signal into the subspace spanned by the set
of atoms selected from the dictionary. This can lead to better results as it can recover
signals correctly when compared to the MP procedure. At the same time, the OMP
algorithm might also requires additional complex computation due to the least square
computation. Nevertheless, the OMP have been shown to have stability and perfor-
mance guarantees under certain restricted conditions [102]. This algorithm is shown
to be very effective, simple and can be easily programmed. Hence, it is extensively
used in design of the proposed framework and all the experimental work carried out in
this thesis.

3.2.4 Orthogonal Least Squares (OLS)

The Orthogonal Least Squares (OLS) algorithm is also among the greedy algorithms
used for solving sparse representation problem [112]. The algorithm shares a common
iterative procedure with the OMP, with differences only on the procedure for handling
the selection of atoms (basis columns) within every iterative process [16]. In each iter-
ation, the OMP selection is based on the inner products between the current computed
residual error and the column vectors of the dictionary D. And the new element with
the largest magnitude is then selected. On he orher hand, the selection procedure in
OLS is calculated as inner product between the residual and the column vectors of the
subset matrix of the dictionary D). The input variables to the algorithm are the signal

vector, and the dictionary matrix D), containing normalized basis vectors

3.2.5 Basis Pursuit (BP)

The basis pursuit (BP) [23] algorithm is among the well-known convex relaxation tech-
nique, that are proposed for solving sparse optimization problems. It replace the ‘ob-
jective function from [y-norm with /;-norm in the optimization problem defined Eq.

3.7. Hence, the optimization problem can be formulated as follows:
min S — DZ|j, st |[Z]h <To (3.8)

The BP algorithm is also used in many sparse representation and compressing sens-
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ing applications. The advantage of using ‘/;-norm norm is that the approximate sparse
representation solution can be solved through quadratic programming structure. How-

ever, its computational complexity can be more than that of the OMP strategy.

3.2.6 Theoretical Guarantees and Mutual Coherence

In order to guarantee that a pursuit algorithm can converges and find a sparsest solution
to the optimization problem, it is necessary that some certain properties are satisfied by
both the sparse representation and the dictionary parameters. Suppose we are given the
sparse representation problem defined in Eq. 3.7, Z as the unknown variable we want
to estimate from the problem, ( i.e to find the optimal solution that is sparse enough to

represent the given signal). If such solution found satisfies [64].

1 1

I Z|lo =P < —(1—1——), (3.9)
2 (D)

then the OMP algorithm can be guaranteed to find the solution, where the parameter

P represents the number of non-zero elements in the sparse coefficient solution 2, and
p(D) is defined as

|di" dj|
w(D) = max———— (3.10)
1|2l d; 2
which is the mutual coherence of the dictionary matrix D = [dy, ds, . . ., dx]. Mean-

ing, that there is an absolute maximum cross correlation between the columns of the

dictionary D. And if the columns of the matrix D are normalized then
w(D) = max|d! d;| (3.11)

where tr represents the transpose of a matrix.

3.3 Dictionary Learning

In order to obtain the sparse representation of a signal, the dictionary D to be use needs
to be chosen. The choice of dictionary D to use in dictionary-based sparse represen-
tation is generally categorised into either using the predefined (fixed) dictionary or the

learned (data dependent) dictionary from the input data. The predefined dictionary are
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3.3 Dictionary Learning

dictionaries that are derived from the fast mathematical formulas such as Hadamard
transform [3], and they are effective and have been used in various applications. How-
ever, the major drawback as mentioned in literature is that, predefined dictionaries are
usually fixed to a particular domain and may not achieve perfect sparsest solution when
employed in other domains other than the ones they were originally designed for. The
learned dictionary on the other hand are dictionaries that are trained (inferred) directly
from the training sample data and therefore, they tend to fit the data well compared to
the fixed dictionaries [30, 98]. And thus, they are flexible and can generally be applied
to virtually any form of data signal. Hence, learning a dictionary from data for sparse

coding involves solving an optimization problem formulation as follows:

min [|S = DZ|s st |[Zllo < To (3.12)

where S € RT*M is a matrix containing M signal examples representing the signal
to be transformed , Z € RE*M are the corresponding sparse vectors, both ordered
column wise, and D € RT*¥ is the dictionary. While the parameter T} represents
the upper bound constraint on the number of non-zero elements that each column of
Z can have. As we mentioned earlier, the dictionary D is an overcomplete dictionary.
It means that 7" < K and the dictionary D is a full rank matrix. This implies for any
signal s € S, there are infinite number of solutions to s ~ Dz (see Eq. 3.6). Hence,
the sparsest solution s that contains least number of nonzero entries is preferred.

Generally, it is very difficult to solve a constrained minimization problem with
‘lo—norm constrain as the requirement function, because of their combinatorial nature,
several alternative iterative methods have been proposed to find the solution to the
optimization problem defined in Eq. 3.12. Examples of some promising methods are,
the method of directions (MOD) [83], the K- Singular Value decomposition (K-SVD)

[5], and many other variants [46, 82, 89] are commonly used in many applications.

3.3.1 Method of directions (MOD)

The method of directions (MOD) [83], is considered as one of the earlier methods for
dictionary learning and it has also been used in many applications [98]. The iterative
method uses simple updating techniques for updating the dictionary used for the sparse

representation of signals. For example, given a matrix X as a set of training signals and
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an initial dictionary D, the aim of the MOD algorithm is to find the sparse representa-
tion coefficient matrix Z and an updated dictionary D as the solution to optimization
problem defined in Eq.3.12. The optimization problem is highly non-convex in nature.
Therefore, it alternates between two steps. In the first step, the sparse coding is per-
formed on the training signals using a pursuit algorithm on the initial dictionary to ob-
tain the equivalent sparse coefficient matrix Z. Then in the second step, the dictionary
is updated by analytically solving for D in Eq. 3.12, such that D = XZ, where Z de-
notes the generalized matrix inverse of Z (the sparse representation coefficient matrix
obtained in the first step). In overall, the MOD is overall can be very effective method,
and it requires some number of iterations to converge. However, the only major draw-
back of the mechanism is that it requires a matrix inversion operation which can incur

high computational cost, especially when dealing with high-dimensional data.

3.3.2 K-Singular Value Decomposition (K-SVD)

The K-SVD is also another well-known dictionary based learning algorithm for sparse
representation of signals. The algorithm can be used to finds the optimal dictionary
D with the corresponding sparse representation Z € RX*M from a given signal
S € RT*M where M denotes the total number of data points and K is the number of
dimension of each sample [5]. The K-SVD is an iterative method that also alternates in
two steps, between the sparse representation stage (sparse coding ) and the dictionary
updating steps the dictionary basis columns in order to properly fits the data and in turn
lead to providing an efficient and effective sparse representation and reconstruction of
the original input data. In the dictionary update procedure, the algorithm uses the sta-
ble Singular Value Decomposition (SVD) operation for updating the columns of the
dictionary D [4, 27], instead of using an unstable generalized matrix inversion as used
in MOD. The SVD is a well-known mathematical algorithm for matrix decomposition.
It decomposes a given matrix into three sub-matrices. Although, there are other matrix
decomposition algorithms, like Eigen decomposition, but the main advantage of SVD
over the rest is that, it is flexible as it can be used with any matrix (e.g. rectangular)
and not only square matrix as with other algorithm. In overall, the K-SVD algorithm
is known to be flexible and can work with any pursuit method (e.g. MP, OMP, BP
) [45, 127] in the sparse coding stage. Therefore we adopted and made use of the
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procedures of the K-SVD algorithm in the implementation of the proposed method as

described in the next section that is 3.5.

3.4 Mathematical Norms

The mathematical norm of an object is a quantity from a real or complex vector space
that in some sense describes the length, size, or extent of the object. Typically, in
any approximation system design, the p-norms are example of evaluation (measuring)
rules or function that can be used for calculating the difference between the original
and the learned coefficients. As already seen in some previously defined equations
and in subsequent equations, some of the most common norms are briefly described as

follows:

3.4.1 The L) norm

The Ly norm corresponds to the total number of nonzero elements in a vector. In
some applications, the size of a vector is measured by counting its number of nonzero

elements. This is usually denoted as:

||x] 0 (3.13)

3.4.2 The L; norm

The L; norm also known as Manhattan Distance. It is the sum of the magnitudes of
the vectors in a space. It is the most natural way of measure distance between vectors,
that is the sum of absolute difference of the components of the given vectors .All the
components of the vector are weighted equally in using this norm. The L; norm may

be simplified as follows:

x|l = Z ] (3.14)

Here, the p is 1 and therefore the sum of the absolute values. The L; norm is commonly
used in applications when the difference between zero and nonzero elements is very

important.
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3.4.3 The L; norm

The L, norm which is popularly known as the euclidean norm is the norm in which the
p = 2. It is calculated as the square root of the sum of the squared vector values. The

function can be written as:

1/2
= (X)) =[S G.15)

3.4.4 The Frobenius norm

Sometimes we may also wish to measure the size of a matrix. In the context of deep

learning, the most common way to do this is with the otherwise obscure Frobenius

IAlr = [> A2 (3.16)
i,

This matrix norm is used as a constraint applied to matrices. The matrix norm is

norm:

equivalent to taking the L, norm of the matrix after the matrix has been flattened. The
dot product of two vectors can be rewritten in terms of norms as x7y = ||z||2.||y||2 cos

6 for which 6 represents the angle between the two vector x and y.
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3.5 Proposed Method

In this section, we describe the framework for the proposed temporal sub-sequence
SR feature reconstruction method, that is based on a sparse representation algorithm
using learned dictionary. We adopted and modified the classical (traditional) OMP
with the KSVD procedure (see [5, 77]), to include the sparse representation of the
temporal delay vector signals. Here we modified the classical KSVD function as a
reconstruction technique in the context of temporal signals for the reconstruction of
temporal features from the delay vector sub-sequences (see Figure 3.3). We defined
the iterative processes of sparse coding and dictionary learning and updating in the
context of temporal signal analysis as the temporal sparse representation and temporal
dictionary learning respectively. First, we begin with a step-by-step description of the
temporal sparse representation with the introduction of time delay technique in order to
describe the temporal sparse representation of signals. We then provide a summary of
the algorithm that combines the two iterative procedures to describe the processes for
each stage of the proposed temporal subsequence SR framework. Lastly, the overall
framework of the proposed method is illustrated in Figure 3.4, which describes the
procedure for obtaining the final temporally reconstructed feature vectors that can be

used for classification.

3.5.1 Temporal Subsequence Sparse Representation

Consider a data set:
S = {58, 8% ..., sM} (3.17)
where M is the number of samples in the time series dataset. Each sample is
S" = [51,82, ... 81, .57 (3.18)

where s; is the value of the variable s with observation length of T for the S* individual
sample.
Here, we first introduce the concept of time delay embedding technique which is

used to transform time series signals into chunks of overlapping sub sequence (delay
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vectors). The term “overlapping samples” is used to describe the overlapping time-
dependent samples created using the time-delayed embedding function. The rationale
is that by structuring long sequence of data into a set of short time—dependent chunks
of data prior to performing any analysis increases the quality of parameters estimated
[20]. Time delay embedding principles have been used in various time series analysis
fields to prepare the time series input data [20, 99, 104]. The role of time delay embed-
ding is to restructure each signal into the different combinations of blocks of signals
within a given window length, and this can help provide insight into the different time
dependent delay patterns in the signals and then subsequent features can be extracted
[109]. Hence, we proposed a method to first embed the time series signal into sub-
sequence vector space using the time embedding function before subsequent analysis
is performed. For example, given the original time series signal with length 7', the

delay vector for S* at time £ is given as
Qugi (t) = [St, Sty "+, St—(m-1)7]' (3.19)

where 7 is the time delay or time lag and m is the embedding dimension. Thus,
the embedding dimension and the embedding of the time delay 7 of the original time
series data can provide the reconstruction of the time series into sub-sequences sliding
windows thereby forming the time-dependent temporal correlations in various suitable

scales. The original data are now represented by their delay vector representation:
S = [dogi((m — D)7+ 1), -+, dvgi(t), -, dvg(T)] (3.20)
We produce the sparse representations of the input signal delay vector d?;g(t) at
different time point using an initial dictionary matrix D(¢) which can be generated via
different approach. We call this representation the Temporal Subsequence Sparse

Representation and the corresponding dictionary D(t) the Temporal Dictionary.

With a fixed D(¢), we solve the optimization problem of the form:

min ||dvs(t) — DOZBE st ¥, 2Ol < T (3.21)

Z(1)
Alr = > A2 (3.22)
,J
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Frobenius norm measure the size of a matrix. This matrix norm is used as a constraint
applied to matrices. The matrix norm is equivalent to taking the /;-norm of the matrix
after flattening. If there are M samples in S the optimization problem can be broken
down to

min ||dvgi(t) — DO ZI@)|12 st. Vi, |20 < To (3.23)

Zi(t)

To find all the elements of Z*(¢),
Zl(t) = [21a227"' ) Rjy e 7ZK]i7 (324)

pursuit algorithms described in section 3.2 can be used to find the approximation solu-

tion. If we denote the elements of D(t) as:
D(t) = [du(t), -+, d;(t), - - dic(t)] (3.25)
and the residual term after each pursuit step:
R,41 = R, —max{z;| for j=1,.., K} (3.26)

where z; = (R,,,d;(t)), represents the inner product computation between the re-
construction error, R, and columns of the temporal dictionary D. Since the signal,
dvg: (t), to be estimated or reconstructed is initially zero at the beginning, the residual
(representation error) vector term Ry = dv si(t) at the initial stage in our case (see Al-
gorithm 2), and at each n'” iteration the residual signal vector is updated by computing
R, = dvg(t) — D(t)Z(t). Pursuit algorithms look for the most representative d; of
the input signal by calculating the inner product between all the d; and R,. The d;
with the maximal inner product z; is selected and z; will be an element of Z*(t). The

process is repeated for R, until R, ,; is under a given threshold.

3.5.2 Temporal Dictionary Learning

After the sparse representation, we next move to the dictionary update step where each
of the temporal column of the dictionary matrix is updated in order to obtain a better

(i.e., improved or optimized) dictionary which can lead to achieving optimized sparse
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representation of the temporal input signal. We start with the jth column d;(¢) of the

temporal dictionary D(t¢). We consider the following residual matrix:

Ej(t) = dvs(t) — > di(t (3.27)
i#j

Note here that Z;(t) is the ith row of Z(t) and d;(t)Z;(t) generate a matrix with the
same dimension as dvg(t). The update of the jth column d;(t) is performed by opti-
mizing:
(V12
o hin 1E;(t) — d;(t) Z;(1)]] (3.28)
In order to preserve the sparsity, the updating scheme only considers those columns
of the residual matrix £}(t) using d;(t). If Ind denotes the indices of the signals in

d?)s(t) that uses the j* atom, then the update is performed by minimizing:

1E; () tna — dj(t) Z;(t) mal 7 (3.29)

where £ () r,q is the residual matrix computed using the indices of those columns
taken from the dictionary D used for performing the approximation of the input signal.
In Eq.3.29 above, the product between d;(t)Z;(t),q represents the sum of j rank-1
matrix such that j = 1,. .. K. Since E(t) 5,4 contains the elements of d;(t) Z;(t) rn4, the
minimization problem can be solve by approximating the the residual matrix, £;(¢) rnq.
This can be directly solved by performing the singular value decomposition (SVD)
approach on Ej(t),4 to update d;(t) and Z;(t) such that:

SVD(E;(t)1ng) = USV, % =diag(S1,%s,...), and >, > ... (3.30)

Thus, the updating rules for both d;(¢) and Z;(t) are respectively represented as fol-
lows: d;(t) = Uy, Z;(t) 1na = £1V4

This results in the update of all the K atoms of the dictionary D(t¢) column by
column and obtain a new updated dictionary D(t). The procedure iterate between the
sparse coding and dictionary update alternatively. It fixes the updated dictionary and
goes to the sparse coding stage iteratively until a stopping criterion is reached. Thus,
Algorithm 2 provides the summary of the combined procedure for computing both

sparse representation with the temporal dictionary D(t) respectively.
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Embedding input signal X -
™~ to delay vectors set input signal : dvg(t)
SES—>» dvgt set initial dictionary : D(t)

Initializations:

set residual: Ry = dv.(y

set index for chosen atoms: ind = @
iteration counter: n = 1

Select atoms dj(t) in D(t) with the maximum
correlation with the residual:

v

ind™** = argmax |<d;(t) R,>|

\

Compute and update the temporal sparse
coefficient vector and residual :

Z,(t) = argming || dv.(t) - D(t)z(t);nqll2
RnH = st(I) - ln(t)

i

No

topping condition reached?
|IRIl; <=threshold, ||zllp =T

Output
z,(t)

Figure (3.3) Flowchart diagram showing the steps for the modified generic KSVD
with OMP function as a reconstruction technique in the context of temporal signals for
the reconstruction of temporal features using signals embedded as delay vector

3.5.3 Sparse Feature Vector

After computing both the dictionary and the sparse representation of the temporal sig-
nals, these form the temporal sparse feature matrices. The resulting output will be in a

delay vector formats which still need to be converted into sparse feature vectors repre-
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sentation suitable for training the traditional classifiers for classification task. This can
be computed using the rolling and averaging procedure defined as follows. We denote
FV as the feature vector derived from the temporal sparse representation D(t)Z(t).
We first construct a matrix W which contains all the temporal sparse representation,
each row is the sparse representation of the delay vector with the starting position at

column ¢. The rest of the matrix will be filled with zeros.

0 -~ D(TZ(T)
W : : (3.31)
D(m—-1)r+1)Z(m—-1)7+1) --- 0

The elements of the Feature vector F'V is calculated as:

S, W)

where W; is the ith column of W and || - ||¢ is the number of non-zero elements.
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(i} Input Train signal § converted to delay vectors
dvS(t) (Using Algorithm 1)
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Figure (3.4) Schematic diagram illustrating the processes in the proposed Temporal

Subsequence SR framework
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Algorithm 2 present the summary of the procedure describing the proposed frame-
work for both temporal sparse representation using the temporal dictionary which is
based on the traditional K-SVD two steps strategy. In addition, the time embedding
algorithm is also presented in Algorithm 1, which will be used to first transform the
original input into temporal delay vectors. Furthermore, we depict the proposed frame-
work in Figure 3.4 which shows the steps describing the different step by step proce-
dure followed to obtain the final temporal feature vectors used for classification.

Algorithm 1 Time Embedding Algorithm

1: Input S = {S1, 5% ..., SM} (M is the number of data samples)
St={Si Si ..., S'} (nis the number of variables in S )
S; = [$1, Sa, ...S¢, ...S7] (a univariate time series of length 7")
7( the time lag, 7 < t)
Maim (dimension to embed the 5 time series into)
2: Output DV (t) : Delay vectors
3: for each MVTS in S° do
4:  for each variable in (5,,) do

5: foriinlen(sr) do
6: subSeq = 5;[i::7]
7: if len(subSeq) < my;,, then
8: break
9: else
10: dv;(t) = subSeq[: ngim] {/}*delay embedding for 1 */
11: end if
12: end for
13: dv(t) + = dv;(t) {/}*stacked delay embedding for n variables*/

14:  end for

15:  DV(t) + = dv(t) {/}*stacked delay embedding for m samples*/
16: end for

17: Return DV (1)

As indicated in the overall figure, the proposed framework consist of a number
of steps from the given original signal to the final sparse feature vectors which then
forms the input for training the classifiers. These steps are further described in detail
as follows:

Step 1: Given the input sample S, the first step is to transform the samples into

delay vectors samples. The original data are now represented by their delay vector
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3.5 Proposed Method

Algorithm 2 Temporal Subsequence SR Algorithm
1: Input The training MVTS data set DV (t)
2: Output Z;(t) : Temporal Subsequence SR matrix Z of the original signal S
3: Initialization: dictionary D using DV'(t), Z;(t) = 0, residual Ry = dvgi(t)
4: repeat

5 R<max |R,d;(t)|

6. Z;(t )Ind — D( Ydvgi(t)

ik Rn+1 Z;i(t) rna

8: forJ<—1toK do

9: D]<t> 0

10: Ind <0

1 ZO 0

12: Ej(t) < dvs(t) - 32, di(t) Zi(t)
13: E;(t)ma < E;(t)]: Ind]

14: UZV — SVD(E ( )]nd)
15: di(t) < Uy

16: D;(t) + «+ d;(t)

17: Zj(t)[nd +—2iVi

18:  end for

19: until STOPPING Convergence
20: return D(t),Z;(t) rna

Algorithm 3 sparseFeature vectors

Input Z;(t) : Temporal SR matrix Z
Output sparseFV : final temporal Sparse feature vector(
Initialization FV < 0, W; + 0 :
for iin len(Z;(t)) do
Wi

FV(i) = ZHW_HEJ)

FV + < FV (i)
end for

return sparseFV

A A o s
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3.5 Proposed Method

representation (see Eq. 3.20). The delay vectors are obtained using the time embedding
algorithm 1. The first line of the algorithm indicates the input dataset S which consists
of M number of individual samples. Each sample having n number of variables (i.e
univariate ) signals measures simultaneously. Each of the univariate time series signal
has length of T. The 7 and mg;,,, parameters are used to denote the time lag to consider
between the time interval and the dimension of the delay vector respectively. Each
variable (univariate) is transformed into delay vector at each iteration (see line 10) as
indicated in Algorithm 1. In (line 13), the computed delay vectors for the n variables is
stored. And finally, in (line 15) as shown in the algorithm, the overall the delay vector
computed for the whole data sample. The algorithm thus return the transformed data
samples stored under the variable DV'.

Step 2: After transforming the original dataset S into delay vector time series
dataset DV, Algorithm 2 accepts the new input signal in delay vector form as the input.
The implementation also follows the 2-way iterative method for finding the sparse
representation of temporal signals and update to the dictionary D. However, in this
case, we first split the delay vector sample into training and test samples respectively.
The dictionary is iteratively trained using the training samples and then reconstruct the
test samples using the learned dictionary. At each iteration both the dictionary columns
are updated (see line 12-22). The temporal dictionary is learned from the input signal
and it is updated at each iteration and in turn, the temporal sparse feature vectors are
also updated. In order to obtain the sparse representation of the temporal signal, the
learned temporal dictionary D(t) is used. The resulting output is the temporal sparse
feature matrices for each samples of the original signals.

Step 3: In this step, we employs the rolling average function to convert the resulting
sparse temporal feature matrix obtained from the previous step into temporal sparse
feature vectors (see Algorithm 3 and Figure 3.4). The final feature vectors then forms
the new input used to train the traditional classifiers (SVM and MLP). For example,
assuming the initial original signal has length 7" = 10, if the delay vector dimension
m 1s set to 5 and time lag 7 remains 1, it will result into a matrix containing the
delay vector embedding with each vector having a dimension of 5 data points. This
implies that the original signal with 10 data points now has delay vectors with each
having a vector size of 5. And then the n-dimensional sparse feature delay vectors

is then converted into the final sparse feature vector which has the same dimension
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3.5 Proposed Method

with the original vector using zero-padding rolling average function (see Algorithm 3).
Furthermore, this process is further explained in Figure 3.5. As shown in the figure,
the rolling function shifts the each of the delay vector based on the number of position
specified. Here the vectors are shifted from each other in 1 position at a time. The
vectors with their respective non-zero elements aligned from left to right so that each
of the last position padded zero with the previous position is moved to the first element
on the left hand side (LHS) beginning on the next row for the second delay vector.
This way, the time step patterns between the non-zero elements of the delay vector
data point are preserved. The output vector is computed by summation of elements
in each column of the sparse feature matrix and divided by the total number of the
non-zero elements in the column. In summary, this procedure uses the temporal sparse
matrix from the previous steps and the resulting output is the final feature vector.

_(i} Sample in :delay vector (il) Temporal SR matrix in
in time domain shifted time domain

24 29 27 22 31 o0 0 24 29 27 22 31 0
1.0 38 -22 11 75 0 0 10 38 -22 11 75 0

0
0
21 -38 -1.5 -55 -34 |::> 0 0 2138 -15 -55 34 0 0
10 62 -21 82 14 0 0 0 0
1 0

-1.0 62 -21 32 14

0
0
0
-16-16 24 15 44 -1.6-168 24 15 44 0 o 0 0

(ili) Sparse feature vector

|16 -13 35 08 34 12 01 32 15 0 |

Figure (3.5) Sample diagram illustrating the process of transforming sparse feature
matrix to sparse feature vector using rolling and averaging function

All experimental work to test the effectiveness of the proposed method are pre-

sented in chapter 5.
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3.6 Summary

In this chapter therefore, we first provided the fundamentals of SR in subsection 3.2,
and this is followed by the introduction of the dictionary concepts which is used in
sparse representation in subsection 3.3. We define and explain some mathematical
norms that are often uses as evaluation measures in approximation systems and ma-
chine learning in section 3.4. In 3.5, we have presented the description of the pro-
posed, named as Temporal Subsequence SR with its corresponding learned temporal
dictionary to serve as a general framework for reconstruction of signals, leading to a
more compact representation that will facilitate the improvement in the performance
of machine learning algorithm, especially on noisy time series signal. This proposed
method is based on signal feature reconstruction using sparse representation princi-
ples with learned temporal dictionary combined with the principle of time delay em-
bedding. Our idea comes from the excellent application of sparser representation in

various signal processing tasks.
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Chapter

Coherence based Feature Extraction

4.1 Introduction

The purpose of this chapter is to study and analyse the Signal Analysis techniques
with special consideration to Coherence Function as a function that can be combined
with traditional Machine Learning Classifiers in order to develop a means of providing
accurate and efficient general framework for solving various classification problems in-
cluding time-series. Time series analysis has many established techniques for describ-
ing the inter-dependencies between variables. The coherence is one of the well-known
function that can be used to analyze and capture the correlational quantities between
signals (variables). In this chapter, we introduce a coherence based feature extraction
method which will enhance classification results in MVTSC application. In section
4.2, we introduce the concept of Fourier transform, including some of its properties as
well as some examples of its representation of 1-dimensional and 2-dimensional data.
In section 4.3, we introduce the cross spectral analysis concept, including the concept
of coherence function with some examples. Section 4.4 presents the detailed descrip-
tion of the proposed coherence feature extraction method. And in subsection 4.4.1,
the concept of time embedding was introduced for creating overlapping sub sequence.

Finally, section 4.5 gives the summary of the chapter.
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4.2 Fourier Transform

4.2 Fourier Transform

The Fourier Transform (FT) is a mathematical tool that decomposes any function (e.g.
in space or time) into a sum of basis functions depending on spatial or temporal fre-
quency. The Fourier transform therefore provides a unique way of viewing any given
arbitrary function. The mathematical function is widely used in various signals pro-
cessing applications. One example is application of FT for checking and extracting
the periodicity (i.e repeating patterns) of the given sample signal. Hence, the Fourier
transform of a data signal can reveal accessible information about the data samples
being analysed. Suppose f(t) is considered an arbitrary function with respect to time
t over an interval between —oco < ¢t < oo, the Fourier transform of the given input
function f(¢) can be obtained using the formula [96, 110, 115].

F(k) = / h f(t)e kDt (4.1)

where, F'(k) is the Fourier transform of the input function f(¢). That is, the trans-
form of the original input function f(¢) at frequency k is given by the function F'(k).
The input function f is usually viewed as a function of time ¢ and [ as a function of
frequency k. Thus, the resulting Fourier transform can be revert back into its original

input using the inverse Fourier transform defined as
ft) = / F(k)e2™ ) dk (4.2)

For example, consider the following arbitrary signal, f(¢) in time domain (TD) as
shown in Figure 4.1. The equivalent of the signal in frequency domain F'(k) is shown

in Figure 4.2.
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Figure (4.1) An arbitrary signal in time domain normalized f ()
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Figure (4.2) An arbitrary signal in frequency domain F'(k)

The Fourier transform (FT) is simply used for converting function of time domain
into a function of frequency domain. In other word, the function f(¢) tells us the
amplitude of a signal at time ¢ and the function F'(k) tells us the amount of each
frequency is present in the signal [65]. Thus, the output of a Fourier transformation
represents the FOURIER or frequency domain information, while the input data (e.g.,

image or signal) represent the equivalent domain.
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4.2 Fourier Transform

4.2.1 Properties

There are several properties of Fourier transform (FT) which can be used in many

countless applications, including time series. Here we presented some of these prop-
erties [13].

i.

1l

iil.

iv.

Linearity.This implies that, the FT can provide a proper mapping between two
or more functions without loosing their addition and scalar multiplication prop-
erty. For example, the sum of two functions say f(¢) and ¢(t) simply means
the addition(sum) of two frequency spectrum. This also means that if an input
function in time domain (TD) is multiplied by a scalar constant, then its corre-
sponding FT function will also be multiplies by the same scalar constant. For
instance, if the FT of f(¢) is (k) and FT of g(¢) is G(k) then the FT of f(¢) +
g(t) is also equals to F'(k)+ G(k).

Invertibility. The invertibility property of the FT is used to imply that a function
that is transformed from time domain(TD) to frequency domain(FD) can equally
be transformed back to its original form without loosing data. For example, if a
function in TD say f(t) is transformed into FD F'(k). We can equally transform
the FD based function back to its original form. That is, from FD back to TD.

This is usually performed using the FT inverse function (see Eq. 4.2).

Time Shift The time shift property of FT implies that if there is a linear dis-
placement in the time domain this will also correspond to the linear phase in
the frequency domain. For instance, if f(t) — F'(k) then this also implies that
f(t —t') — F(k)exp[—jkt']. Thus, meaning that the time shift in time domain
(TD) function equally affects the frequency domain (FD) function.

Frequency Shift. The frequency shift property of the FT equally means that if
there is a linear displacement in the FD, this will also affects the time domain.
So that, if for example, f(t) — F(k), then f(t)exp[jkt']| — F(k-K*).

Spectral Analysis. This property of FT implies their use in spectral analysis. In
spectral analysis for example, if signals are transformed into frequency domain,

it can provide much better insights into the main characteristics of the signal
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4.2 Fourier Transform

which might not be seen in the time domain [93]. This property is much rele-
vant in machine learning, as it can facilitate the use of FT in feature extraction
or dimensional reduction. For instance, when each sample in a given dataset is
a signal (sound, time series, or images, etc.) in time domain, the signal might
consists of several thousands of samples. But signal might actually corresponds
to just a few points in the Fourier (coefficient) domain, especially when there are
some periodicity (patterns) within the signal. Hence, this simplifies the prob-
lem, and thus, facilitates the efficient analysis and computations of the machine
learning algorithms and more especially, computations performed in deep learn-

ing algorithms ( e.g, Convolutional Neuro Network).

4.2.2 2-dimensional Data

The proposed method only applies to one-dimensional data one at a time. Here we
give an example how to reduce the dimension in case of 2-dimensional data. Given the
term s(ty,t2) to denote the lag time in a time series data, the real function S(t;,t;) (see

Figure 4.3) can be introduced as:

S(thtg) == |: tl,t? :| X / dtl/ dtQS tl,tg (43)

And also defined the functions:

/ dto[S(t, )% (4.4)
/ dt [S(t1, t2)]%; (4.5)

which are normalized such that
/ dtlSOtl (tl) = 1,/ dtQQDtQ (tz) =1 (46)

where (, is the total normalization on ¢, and y is the total normalization on 5.

And the average and second moments are given as
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o0

t1(t2)—/ dtltlptz(tl);Mtl(tz)_/ dt1 3y, (1)

) N ) @.7)
An(t2) = [ (t2) — [ (E)]P]? 1y (h) = fc[ii[(él(;ﬁi21}z)]2

P, (t1) defines the state transition probabilities matrix which governs the transition
between two states (a state to another state). This captures the information within a
given time series. Here, the event happened at ¢; and going towards t,. Therefore, the
probability matrix denotes all different possible combination of time state sequence
within the specified time series length.

The Fourier transform for the function S(¢y,t,) with respect to the variable ¢; is
defined as

1
S(v,tg) = o / dt1S(t1, t2)exp(—itiv) (4.8)
T
The averages and the second momentum are given by
oftz) = [ dvop (o) (e = [ dorp (o) 49)

Bu(ts) = [pults) = ()] s pua(v) = fc[zil[gi?z}z)P

(4.10)

v(t) is a frequency corresponding to the variable ¢4, i.e the fluctuation of the data
from ¢ to t5. The interval (9(t2) — Av(t2), U(t2) + Av(ty)) quantifies the magnitude of
fluctuations of the data from various time points to ¢5. Fourier transform based function
S(v,t;) can be used for extracting the sparse features from the previous transformed
phase space. And then the final feature vectors can be used as input for any form of
desired application. For example, the Fourier transform of the function S(¢1,¢2) (see
Figure 4.3) is shown in Figure 4.6. In Figure 4.3, the color palette in the figure is used
to reveal the intensity of patterns in the data, which denotes the correlation coefficients

between time series variables at the same time.
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