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Abstract

Ice cover formed on an alluvial channel can significantly alter the flow characteristics, such
as the vertical distributions of streamwise velocity and shear stress, and hence the water and
sediment transport process. The vertical profile of the suspended sediment concentration in
the ice-covered alluvial channels with steady uniform flows is investigated in this study. To
calculate the suspended sediment concentration, we are based on the Schmidt O’Brien
equation and deduce an analytical model that employs an existing eddy viscosity model and a
modified formula of the sediment fall velocity considering the common effects of the upper
and lower boundaries. The proposed analytical model is then validated by using available
experimental data reported in the literature. The predicted accuracy of the proposed model is
evaluated through error statistics by comparing to previous modeled results. The relative

concentration profiles of the suspended sediment are subsequently simulated by applying the
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validated analytical model with different characteristic parameters. Results show that the
relative concentration decreases with the increase of both the ice cover roughness and the
sediment fall velocity. The uniformity of the relative concentration distribution is closely
related to the value of the proportionality parameter o, revealing the physical mechanism that
the more prominent the turbulent diffusion effect is, the more uniform the relative
concentration profile is.

Keywords: Suspended sediment concentration; lIce-covered channel; Analytical model;

Modified sediment fall velocity

1. Introduction

The flow structure in alluvial channels changes and develops continuously, caused by the
interaction between the water flow and the rough river bed (Lane et al., 1996; Sharma et al.,
2019; Tayfur and Singh, 2012). In effect, sediment transport, which is mainly controlled by
the turbulent flow structure, is the agent of the aforementioned interacted process (Cordier et
al., 2019). When the lift force exerted on the sediment particle due to the turbulent diffusion
effect is greater than the submerged weight of the sediment particle, the sediment particle will
be raised from the channel bed and move forward along with the water flow, thereby forming
sediment-laden flow (Brayshaw et al., 1983; Cheng et al., 2020). On the other hand, if the
turbulent diffusion effect is weaker than the submerged weight effect of the sediment particle,
the suspended sediment particle will be brought back to the channel bed, resulting in the
sediment deposition. In engineering practice, the sediment problem is one of the issues that
engineers must consider in the construction of all water conservancy projects, such as the

selection of a port site, the scheme formulation of the channel dredging and improvement,
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and the layout of the irrigation and drainage facilities (Peng et al., 2020; Stone and
Krishnappan, 2002; Torres et al., 2009; Xia et al., 2016; Yang et al., 2007). Therefore, in
light of the non-negligible impact of the sediment movement on the industrial and
agricultural production along the channel banks, there is a growing interest in the
concentration distribution of the suspended sediment in the alluvial channels.

When alluvial channels located in cold regions expose to freezing temperatures, an ice
cover will form over the water surface of alluvial channels, significantly altering the flow
characteristics and consequently influencing the sediment transport (Chassiot et al., 2020;
Ettema, 2002; Lawler, 1993; Turcotte et al., 2011). As shown in the schematic diagram of
Fig.1, the ice-covered alluvial channel flow is asymmetric concerning the plane of the zero
shear stress due to the different roughnesses and shear stresses on the upper and lower
boundaries (Guo et al., 2017; Tsai and Ettema, 1994). The wetted perimeter of the shallow
channel is approximately doubled. Both the flow depth and the total boundary shear stress
increase and the averaged streamwise velocity decreases (Hoque, 2009; Smith and Ettema,
1997; Wang et al., 2020). Given that the total boundary shear stress is certainly distributed
between the upper and lower boundaries, the boundary shear stress corresponding to the
channel bed (i.e., the lower boundary) is expected to be reduced (Sayre and Song, 1979). The
reduction of the bed boundary shear stress and the averaged streamwise velocity can in turn
reduce the bedload transport as well as the suspended sediment concentration (SSC), thereby
affecting the sediment transport process and hence the river bed morphology. Because
knowledge of the SSC profile is related to many engineering and environmental problems,

such as the operation and maintenance of a reservoir and the performance of the
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channel-control structures (Beltaos and Burrell, 2016; Caissie et al., 2014; Ettema et al., 2000;
Gebre et al., 2014), it is necessary to investigate the SSC in the ice-covered alluvial channel

flows.

Ice Cover\
i g
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hi Upper ice layer
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Flow Sediment
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Tzx
Lower bed layer

Channel Bed

Fig. 1. Schematic diagram showing the variables affecting water flow and sediment transport in an
ice-covered alluvial channel. The definitions of the physical variables in the figure are presented in the
Nomenclature.

Extensive studies have been conducted to investigate the SSC profiles in the fully
developed, two-dimensional (2D) free-surface alluvial channel flows (Cellino and Lemmin,
2004; Jha and Bombardelli, 2011; Kabir and Ahmari, 2020; Miyata et al., 2020; Pal and
Ghoshal, 2017; Rouse, 1937; Umeyama, 1992). However, to the authors’ best knowledge,
studies on the SSC profile in the ice-covered alluvial channel flows have been very limited,
except that several studies were carried out to explore the sediment transport using the flume
experiments with narrow flow conditions. Muste et al. (2000) carried out laboratory flume
experiments in an ice-covered sand-bed channel and found that the sediment transport rates
were reduced comparing with that without the ice cover channel flows. Sayre and Song (1979)
performed flume experiments to investigate the effect of a floating ice cover on the sediment

transport features. They divided the flow of the ice-covered channel into two layers, namely
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the upper ice layer and the lower bed layer, with the maximum streamwise velocity and the
zero turbulent shear stress at the interface. Subsequently, the analytical expressions for the
vertical turbulent mass transfer coefficient and the SSC were derived by adopting the
two-layer approach. Based on the formula of the SSC proposed by Sayre and Song (1979),
Knack and Shen (2015) estimated the suspended sediment load and the bed load for the
ice-covered channels. Differently, Krishnappan (1983) applied the k-¢ turbulent model to
predict the momentum diffusivity distributions in the ice-covered streams and then
formulated the concentration distribution curves for the suspended sediment. Similar to the
method used by Krishnappan (1983), Lau and Krishnappan (1985) simulated both the SSC
profile and the streamwise velocity distribution and then compared the simulated results with
their laboratory measurements conducted under different ice-covered conditions. Huang
(2014) and Knack (2011) developed a two-dimensional numerical model that coupled the
hydro-thermo-ice-sediment dynamics to investigate the effect of the ice cover on the
suspended sediment transport in curved channels.

The above literature review shows that the previous models predicting the SSC profile for
the ice-covered channel flows can be classified as the analytical model and the numerical
model, as shown in Table 1. Although the analytical model proposed by Sayre and Song
(1979) has a good predictive ability, one needs to know the streamwise velocity profile prior
to determining the position of the maximum streamwise velocity for the application of the
two-layer hypothesis. The model of the turbulent mass transfer coefficient that is the key
factor to obtain the above analytical model consists of three components and is not integrated

into a single equation. Furthermore, the turbulent mass transfer coefficient is not deduced
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rigorously, because Sayre and Song (1979) simply assumed that the turbulent mass transfer
coefficient followed the linear distribution in the central region. The numerical model
presented by Krishnappan (1983) and Lau and Krishnappan (1985) applied the k-¢ turbulent
model. When one applies the numerical model to simulate the SSC profile, an appropriate
numerical scheme has to be proposed to solve the semiempirical transport equations of k and
¢ along with the continuity and momentum equations. The predicted SSC distribution based
on the k-¢ turbulent model agrees well with experimental results, however, this numerical
model requires considerable computation and can not directly reflect which physical quantity
affects the sediment concentration. Similarly, the hydro-thermo-ice-sediment dynamical
model employed by Huang (2014) and Knack (2011) lacks brevity and requires considerable
computation. This motivates the current work in which we develop a concise and precise
analytical model for predicting the SSC distribution in the ice-covered channel flows.

Table 1

Some previous models concerning the SSC prediction in the ice-covered channel flows.

Models Adopted hypothesis/approach References

Knack and Shen, 2015;
Analytical model ~ The two-layer hypothesis and Boussinesq’s hypothesis
Sayre and Song, 1979

Huang, 2014; Knack, 2011;
The hydro-thermo-ice-sediment dynamical model, and J

Numerical model Krishnappan, 1983; Lau and

the k-¢ turbulent model .
Krishnappan, 1985

In this study, we present a novel analytical model to predict the vertical profile of the SSC
for the steady uniform flow in the ice-covered alluvial channels. First, the analytical

expression of the vertical turbulent mass transfer coefficient is obtained by utilizing the eddy
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viscosity model applied to asymmetric turbulent flows proposed by Guo et al. (2017). In light
of the dimensional limitation of experimental facilities, the sediment fall velocity is certainly
affected by the wall boundary. Accordingly, a modified formula for the sediment fall velocity,
which considers the combined effects of the upper and lower boundaries, is then proposed.
By introducing the formulas of the turbulent mass transfer coefficient and the sediment fall
velocity into the Schmidt O’Brien equation, an analytical model is derived to calculate the
SSC distribution in the ice-covered channel flows. Subsequently, the analytical SSC model is
verified by available experimental data and the prediction accuracy of the model is assessed
by comparing the calculated SSC distributions in this study with those found in the literature.
Finally, the influences of the pivotal characteristic parameters on the SSC profile in the

ice-covered channel flows are investigated.

2. Method

The sediment transport in the ice-covered alluvial channel flows is more complicated than
the sediment conveyance in the open channel flows due to the effect of a floating ice cover.
On the one hand, the turbulent coherent vortex generated underside the ice cover interacts
with that induced by the channel bottom (Lotsari et al., 2019; Muste et al., 2000), which
enhances the disturbance intensity and affects the turbulent shear stress distribution. The
redistribution of the turbulent shear stress will certainly influence the turbulent mass
diffusivity and hence the vertical distribution of the SSC. On the other hand, the presence of
the floating ice cover increases the pressure at the ice-water interface that is equal to the
atmospheric pressure plus the weight of the ice column per unit area. Correspondingly, the

fall velocity of the suspended sediment particle is expected to be affected by the floating ice
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cover. Therefore, this study focuses on the analytical exploration of the SSC in the

ice-covered alluvial channel flows.
2.1 Formulation of the suspended sediment concentration

For an ice-covered channel with a steady uniform flow field, if the sinking sediment flux
due to the submerged weight is balanced by the net floating upward sediment flux due to the
turbulent diffusion, the SSC profile will then reach an equilibrium in the vertical direction,
which is similar to that in the open channel flows. Based on the Schmidt O’Brien equation,
the governing equation of the SSC profile in the steady uniform flow field of the ice-covered
channels can be expressed as (Sayre and Song, 1979):

FZC;—CZ:Jra)SC:O, 1)
where C denotes the suspended sediment concentration, in mg/l; T'; is the vertical turbulent

mass transfer coefficient of the sediment particles, in m?/s; w; is the sediment fall velocity, in

m/s; and z denotes the vertical coordinate, in m. By solving Eq. (1), one has:

C 2 @,
C_:eXp(_-LF_Zde’ (2)

a

where C, is a reference sediment concentration at the vertical level z = a from the channel
bed bottom, in mg/I.

To obtain the analytical solution of the SSC, it is required to know the distribution patterns
of the vertical turbulent mass transfer coefficient I'; and the sediment fall velocity ws. The
turbulent mass transfer coefficient is usually related to the eddy viscosity v, and can be
described as (Krishnappan, 1983):

I', =ov,, 3
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where ¢ is the dimensionless proportionality constant which is equal to the reciprocal of the
turbulent Schmidt number. With regard to the eddy viscosity o, in the ice-covered channels,
considering that there exist two sets of length and velocity scales for the turbulent mixing due
to the different roughnesses between the channel bed and the ice cover, Guo et al. (2017)
integrated the two scales into a single eddy viscosity equation and proposed an analytical
model that can be applied to the asymmetric turbulent flow:

b= 26HU, BEQ- )| 1+ a(£/£.-1) @)

where « is the von Kaman constant, and x = 0.40; H is the total flow depth underneath the ice

_22n
cover, in m; u., is the shear velocity of the lower bed layer, in m/s; ﬁ:ﬁ,
1-4 z . . . . .
a:m, §:ﬁ, & represents the critical position of the eddy viscosity, and

& :ﬁ with n = 5/6; A is a dimensionless parameter, and A=u,/u., ; and u, is the
shear velocity of the upper ice layer, in m/s. The vertical profile of the eddy viscosity o, can
be attained if A is known. Fig. 2 shows the eddy viscosity distribution with different 1 values
in the ice-covered channel flows. When 0 < / < 1, the shear velocity of the lower bed layer is
greater than that of the upper ice layer and the turbulent coherent vortex due to the bed
roughness dominates the turbulent mixing. When 1 = 1, a symmetrical flow forms underneath
the floating ice cover, and the turbulent coherent vortices generated by the bed roughness and
the ice cover roughness are approximately equivalent in strength. When A > 1, the turbulent

coherent vortex of the upper ice layer plays a prominent role in the turbulent mixing.
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Fig. 2. Vertical distributions of the eddy viscosity with different 1 values in the ice-covered channel flows.
Substituting Eqg. (4) into Eq. (3) yields the expression of the vertical turbulent mass transfer
coefficient I';:
I, = 20xHu., BEA-8)| L+ @ (£/£,-1) |. 5)
Most studies on the fall velocity of the sediment particle assume that the water depth is
infinite, thereby introducing a constant sediment fall velocity throughout the flow depth.
However, the flow condition about the infinite water depth is impossible to achieve in
practice, especially in the laboratory experiment. When one studies the sediment settlement
law or the gradation analysis based on the sediment settlement law, the wall boundary of the
experimental facility will definitely affect the research results. Hence, it is necessary to take
into account the influence of the wall boundary on the sediment fall velocity. For an
ice-covered channel with shallow flows, the upper ice cover boundary and the lower channel
bed boundary will undoubtedly have an impact on the fall velocity of the sediment particle.
Hence, based on the work of Lorentz (1907), a modified formula for the sediment fall
velocity considering the influences of the upper ice cover and lower channel bed boundaries

is proposed as:

10
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where @, is the sediment fall velocity in the infinite flow field, in m/s; ¢ is the
dimensionless correction coefficient that needs to be calibrated and its magnitude will affect
the vertical distribution of the sediment fall velocity and hence the SSC profile; D is the
median diameter of the sediment particle, in mm; z is the distance from the particle center to
the channel bed, in m; and &, = D/H . For the sediment fall velocity in the infinite flow field

@, , the formula proposed by Zhang (1998) is adopted:

2
@, = (13952 | +1.097+"7w gp ~13.952 (7)
° D Y D

where v is the kinematic viscosity coefficient of clear water, in m%s; ys is the specific
weight of sediment, in N/m>; y, is the specific weight of clear water, in N/m®; and g is the
gravitational acceleration, in m/s°.

Accordingly, substituting Egs. (5) and (6) into Eq. (2) yields:

— =expy— 0
C 2oxHu,, S

a

z 1
_ dz . (8)
! - Otrale/e 1) |(Erpt)

By dividing the integral term of Eq. (8) into partial fractions, we can get the exact expression

of the integral term (see Appendix Al). Thus, the SSC in the ice-covered channel flows can

be obtained as:

11
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20U, B(1+ &) a(l-&) +&2 1-¢ a(goch+r§) +&E7 &+l
. (¢>§D+1)(¢>§D+2§ D) elEh) e ©)
2(“ )(a ¢§D+§ 502) Ot(fa 0) +§c2
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where &, is a dimensionless parameter, and & = a/H. If the correction coefficient =0 (i.e.
o, = m, ), the expression of the SSC that ignores the effect of the upper ice cover and lower

channel bed boundaries on the sediment fall velocity is reduced to:

C=C_ expl—— & nizee, 1 pc
2 2o0kU,, B a(l—é’c) +§ 1 5 a+l ¢,
+ a(zé:c _1) In ( ) . (10)
2(a+1)| a(-&)+&7 | a(é-&)+

L Nale@-g)ra] L Jag(s-4)
(a+)[a1-g)+&?|  Erald-&)(E-¢)

2.2 Calibration of coefficients
In order to apply Eqg. (9) to compute the SSC for an ice-covered channel, one requires to
know the values of the shear velocity of the lower bed layer u,, , the shear velocity of the

upper ice layer u, , the dimensionless characteristic parameter /1, the reference sediment

*j 1
concentration C,, the dimensionless correction coefficient ¢, and the proportionality constant

o. This section presents the determination procedure of these physical parameters in detail.
2.2.1 Dimensionless characteristic parameter 4 and shear velocities u,, and u,,
When studying the ice-covered channel flow, the two-layer hypothesis is usually adopted

to divide the flow underneath the floating ice cover into two pseudo-free-surface flows (Sayre

12
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and Song, 1979; Teal et al., 1994). As shown in Fig. 1, the two layers correspond to the upper
ice layer and the lower bed layer, and their interface locates at the position of the maximum
streamwise velocity. The flow characteristics in the two layers are dominated by the
roughnesses of the ice cover and the channel bed, respectively. The relationship between the
flow depth of the lower bed layer and the total flow depth can be expressed as (Tsai and

Ettema, 1994):

-

b mi
b , 11
H m+m, (11)

where hy, is the flow depth of the lower bed layer, namely the distance from the channel bed
bottom to the plane of the maximum streamwise velocity, in m; my, and m; are the
dimensionless parameters related to the channel bed roughness and the ice cover roughness,
respectively. Tsai and Ettema (1994) gave the expressions of the parameters my and m; as:

m, =« (8/f, )1/2, (12)

m, = x(8/f,)"%, (13)
where f, and f; are the Darcy-Weisbach resistance factors of the lower bed layer and the upper
ice layer, respectively. By combining the Chezy formula with the Manning formula, one can

obtain the resistance factors f, and f; as:

8gn;

b Ré/3 ' (14)
8gn;

fi RB (15)

where n, and n; are the Manning’s roughness coefficients associated with the channel bed and
the ice cover, respectively; Ry and R; are respectively the hydraulic radiuses of the lower bed

layer and the upper ice layer, in m. Considering that the relationship between R, and R; can be

13
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presented by R, /R =n¥?/n¥> (Wang et al., 2020), the relationship between f, and f; based
on Egs. (14) and (15) can be expressed as:

f,/f=(n,/n, )3/2. (16)
Hence, substituting Egs. (12), (13), and (16) into Eq. (11) yields:

H
h=——m—,
"1+ (ni /n, )3/4 4

According to h; = H - hy, the flow depth of the upper ice layer h; can be expressed as:

H
h=— .
"1+ (ny /) o

Given that the flows in the upper ice layer and the lower bed layer are usually deemed as

two pseudo-free-surface flows, the shear velocities u.,, and u,, of the two layers can be
obtained from the momentum balance, which is similar to the uniform open-channel flow
(Lau and Krishnappan, 1985; Muste et al., 2000):
U, =+/gsh, , (19)
u, =+/gsh;, (20)
where S is the channel bed slope. Substituting Egs. (17) and (18) into Egs. (19) and (20)

yields:

gSH
1+(ni/nb)3/4 ’

- f—QSH 22
. 1+(n,/n)"" )

Therefore, in line with A=u,/u., , the dimensionless characteristic parameter 2 can be

(21)

U, =

presented as:

iz(ni/nb)a/s. (23)
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2.2.2 Reference sediment concentration C,

The method proposed by van Rijn (1984b) is adopted here for estimating the reference
concentration Cj:

DSOT*l 5

03 !

*

C, =0.015

(24)

where a is the reference level from the channel bed bottom and assumed to be equal to the
half of the bed form height A (i.e., a=0.5A) while the bed form dimensions are known, or
else a is equal to the equivalent roughness height ks (i.e., a = k;), and a must satisfy a > 0.01H;
Dso is the particle median diameter of the bed material, in mm; D. is a dimensionless
. > TY3 . . . -
particle parameter, and D, = D,, [(s—l)g/u ] ;S (s=p,/p) is the dimensionless specific
density of the sediment particle; T, is a dimensionless transport stage parameter. According
to the studies of Knack and Shen (2015) and van Rijn (1984a), the parameter T, is defined

as:

T ) ()| /(u*,c, ? (25)

in which v, (u.'= rb'/p) is the shear velocity related to the sediment particles, in m/s;

2
7, (rb':y(nb') Uz/(g’bH )]/3) is the bed shear stress related to the sediment particles, in N/m?;

n, (n/=D&’/20) is the bed Manning’s roughness coefficient related to the sediment

particles; U is the mean streamwise velocity of the cross-section, in m/s; ¢, (¢,=h,/H)

is the fraction of the flow depth influenced by the channel bed roughness; u. is the critical

bed shear velocity, in m/s, which can be computed based on the Shields curve (as shown in

Fig. 1 of van Rijn, 1984a).

Note that the reference concentration C, computed by Eq. (24) is in terms of solids volume

15
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per unit fluid volume, and the unit of C, can be transformed into kg/m? after multiplying by

the sediment density ps.
2.2.3 Dimensionless correction coefficient ¢ and proportionality constant &

In this study, the correction coefficient of the sediment fall velocity ¢ and the
proportionality constant o are two free characteristic parameters and need to be empirically
calibrated for computing the best fit with the available experimental suspended sediment
concentration.

From the above analysis, if the values of u, , u,, 4, and C, have been calculated and the

*j 1
values of ¢ and o have been given, the SSC profile in an ice-covered channel can be

computed by using Eqg. (9). To clearly show the physical parameters required for the

calculation of the SSC, we summarize the classification of these physical quantities in Table

Table 2

Physical parameters required for the calculation of the SSC in an ice-covered channel.

Parameters Symbols

Measured parameters  Dsq, g, H, S, A, ps, T, nj, and ny

Calculated parameters  wq calculated from Eq. (7), h, calculated from Eq. (17), h; calculated from Eqg.
(18), u., calculated from Eq. (21), u, calculated from Eq. (22), 1 calculated
from Eq. (23), a taken as a=0.5A, C, calculated from Eq. (24), & calculated
from & = a/H, & calculated from & =]/(1+ /1“) , ¢p calculated from

&, =D/H | a calculated from a:(l—/i)/(ﬂ,—/iz”), and S calculated from

p=(2-2") /(2(1—,12“))

16
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Calibrated parameters ¢ and o

3. Results

This section consists of two parts: the validation of the proposed SSC model and the
effects of the characteristic parameters on the SSC profile. When demonstrating the
effectiveness of the proposed SSC model, we employ the experimental data published in the
literature and calibrate the values of the correction coefficient ¢ and the proportionality
constant ¢ to improve the simulation accuracy. A series of values for the correction coefficient
¢, the proportionality constant o, and the dimensionless characteristic parameters 1 are
provided and the influences of these characteristic parameters on the SSC profile are

investigated.

3.1 Comparison with experimental data

The proposed SSC model is validated by comparing the simulated results with the
measured data from sediment transport experiments on the ice-covered channel flows
reported in the literature. These experiments included both the smooth and rough ice cover.
The detailed experimental conditions of the eight runs by Sayre and Song (1979) (notated
with AS, AR, BS, and BR), Lau and Krishnappan (1985) (represented as 4C, 5C, and 7C),
and Muste et al. (2000) (denoted as SC) are shown in Table 3. A brief description of these
experimental schemes is presented here for completeness and convenience.

Sayre and Song (1979) performed sediment transport experiments in a recirculating flume
with a sand bed and a simulated floating ice cover. The measuring section had glass-sided
walls and was 27.4 m long, 0.914 m wide, and 0.45 m deep. The flume slope could be
adjusted without interfering with the operation of the flume. The channel bed consisted of
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quartz foundry sand with a median diameter of 0.25 mm and a geometric standard deviation
of 1.41. The simulated ice cover was composed of two types, namely smooth ice cover and
rough ice cover. To simulate the smooth ice cover, the adopted painted plywood panels,
which were 1.22 m in length, 0.91 m in width, and 1.27 cm in thickness, were connected by
hinges and formed a nonrigid floating cover expanding over almost the entire measuring
section. For constituting a rough ice cover, the 0.64 cm thick and 2.54 cm wide continuous
masonite strips were tacked to the undersurface of the panels with intervals of 15.24 cm.
Details of the experimental parameters are summarized in columns two to five in Table 3.

Lau and Krishnappan (1985) conducted the experiments in a rectangular flume with a
length of 57.3 m, a width of 0.756 m, and a depth of 0.29 m. The bed material was made up
of Flex-O-Lite BT10 glass beads with a median diameter of 0.15 mm and a specific gravity
of 2.50. The simulated ice cover consisted of 1.9 cm thick plywood panels whose underside
was glued by plastic laminate, thereby forming a very smooth bottom surface. For Runs 4C,
5C, and 7C, the channel slope was held constant as 0.001, while the flow discharge was
varied from 0.0154 m%/s to 0.0274 m*/s. Other flow parameters were listed in Table 3.

The sediment recirculating flume with a floating ice cover used by Muste et al. (2000) was
30 m long, 0.91 m wide, and 0.45 m deep. The flume slope was set to 1.5x10™* with a
resolution of 5x10™*. The flow discharge was kept constant at 0.0318 m*/s with an uncertainty
of 5x10° m®s. The sediment bed was comprised of a uniform fine sand with a median
diameter of 0.25 mm, a geometric standard deviation of 1.4, and a specific gravity of 2.64.
The floating ice cover was simulated using 1.22 m long, 0.9 m wide, and 1.3 cm thick

plywood panels. Similar to the experiments of Sayre and Song (1979), the smooth ice cover
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was formed by painting the underside surface of the panels, and the rough ice cover was

modeled by gluing rectangular shaped wooden strips on the undersurface of the panels. We

first utilize the experimental data with the smooth ice cover to carry out the simulation and

comparison.

Table 3

Flow conditions of the ice-covered channel experiments and relevant parameters used in modeling the SSC

profile.

Run AS AR BS BR 4C 5C 7C sC
q(m%s)  0.0355 0.0332 0.0392 0.0428 0.0204 0.0266 0.0362 0.0349
H (m) 0.1180 0.1210 0.1220 0.1480 0.0877 0.0976 0.1160 0.1220
Dso (MmM)  0.25 0.25 0.25 0.25 0.15 0.15 0.15 0.25

S (-) 1.80x10° 1.80x10° 2.04x10° 2.11x10° 1.00x10° 1.00x10® 1.00x10° 0.15x107
7 (N/M%)  2.6x10*  2.6x10°  2.6x10°  2.6x10*  2.45x10* 2.45x10* 2.45x10* 2.59x10*
e (N/M®)  9.8x10°  9.8x10°  9.8x10°  9.8x10°  9.8x10°  9.8x10°  9.8x10°  9.8x10°
T (°0) 16.9 20.5 19.7 18.2 20 20 20 20

A (cm) 1.84 1.59 2.01 1.76 1.16 1.33 1.30 4.00

ni (-) 0.0114 0.0249 0.0108 0.0322 0.0090 0.0090 0.0090 0.0090
Ny (-) 0.0294 0.0228 0.0306 0.0236 0.0225 0.0225 0.0225 0.0225
10 1.2 1.0 1.3 1.1 0.8 1.2 1.0 1.1

o(-) 16.7 9.3 6.6 43 1.5 1.1 1.3 6.0

Fig. 3 is the comparison between the simulated and the measured (Sayre and Song, 1979)

SSC profile, where the simulated parameters ¢ and o are empirically calibrated and listed in
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Table 3. Overall, the simulated SSC profiles agree fairly well with the experimental results
for the four runs. It is also seen that near the ice cover bottom, the proposed SSC model
slightly overpredicts the SSC for Run AS and underpredicts the SSC for Runs AR and BS.
The correction coefficient of the sediment fall velocity ¢ for the four runs fluctuates around
1.15, which is larger than the value of 9/16 proposed by Lorentz (1907) in studying the
impact of the bottom horizontal boundary on the particle fall velocity. The values of the
proportionality parameter o using in the simulation are relatively large and range from 4.3 to
16.7. In the study of Sayre and Song (1979), they also found unreasonably large values for
the proportionality parameter o that ranged from 1.9 to 25. Sayre and Song (1979) ascribed
the unreasonable value of ¢ to the inaccurate measurement of the suspended sediment with a
moderately small quantity in the samples and also to the possibility that the adopted fall
velocity corresponding to the sediment median diameter was considerably greater than the
actual fall velocity of the suspended sediment. However, the relatively large value of o
presented here may be related to the strength of the turbulent diffusion effect in the
experimental flow, which will be understood from the dependence of the SSC profile on the

proportionality parameter o described in the next section.
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Fig. 3. Comparison of the simulated and measured (Sayre and Song, 1979) SSC profile.

Fig. 4 shows the comparison of the simulated SSC profile with the experimental data from
Lau and Krishnappan (1985) and Muste et al. (2000). From the visualization perspective, the
proposed SSC model can provide a good prediction in the SSC distribution. It is noted that
the proposed model slightly underestimates the SSC in the upper ice layer for Runs 4C, 5C,
and 7C, which is similar to the simulation results in Runs AR and BS. This phenomenon may
be ascribed to the fact that two turbulent coherent vortices appear beneath the ice cover,
enhancing the SSC near the ice cover. Moreover, the averaged value of the proportionality
parameter o used in the simulation for Runs 4C, 5C, and 7C is 1.3 that is close to that used in

the study of Lau and Krishnappan (1985).
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Fig. 4. Comparison of the simulated SSC profile with experimental data from Lau and Krishnappan (1985)
and Muste et al. (2000).

To quantify the accuracy of the predicted SSC by the proposed model, error statistics for

the eight runs are carried out and shown in Table 4. The mean absolute error (MAE) is defined

as the average value of the difference between the computed and measured suspended

sediment concentrations:

N
MAE:%ZC -C (26)

com, i mea,i| !
i=1

where N is the sampling number of the measured suspended sediment concentrations for each
Run, C.m denotes the computed SSC using the proposed model, and Ca represents the

measured SSC. The mean relative error (MRE) is expressed as:
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Table 4 shows that the proposed analytical model simulates the SSC profiles within 3.34
mg/l accuracy as far as the MAE is concerned, whereas the MAE values for Runs BR and 7C
exceed 5.53 mg/l and 7.89 mg/l, respectively. The MRE ranges from 0.0836 to 0.1442 except
for Runs 4C, 5C, and 7C whose MRE values reach up to 0.3567. The comparatively large
values of the MRE for Runs 4C, 5C, and 7C are mainly caused by the underpredicted SSC in
the upper ice layer. In the study of Lau and Krishnappan (1985), they ascribed the
underpredicted results to the suspension of the finer fractions of the bed materials.

Table 4

Error statistics of the suspended sediment concentration for all Runs.

Run AS AR BS BR 4C 5C 7C SC
MAE (mg/l) 3.0634 2.0113 3.3347 55340 1.6657 2.0655 7.8943  0.8260
MRE (-) 0.1442  0.0949 0.0941 0.1328 0.2669 0.3567 0.3054  0.0836

Krishnappan (1983) utilized the experimental data of Sayre and Song (1979) to predict the
SSC profile, while Lau and Krishnappan (1985) also gave the modeled results for their
measured suspended sediment concentrations. Accordingly, to evaluate the performance of
the proposed SSC model in this study, the MRE calculated in this study is compared with that
computed by Krishnappan (1983) and Lau and Krishnappan (1985), respectively. The result
is shown in Fig. 5. For Runs AS, AR, and BS, the MRE in this study is approximately
equivalent to the MRE in the previous studies. However, the MRE in this study is
significantly smaller than the MRE in prior studies for other Runs. This demonstrates that the

analytical SSC model presented in this study has higher accuracy than the model proposed by
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Krishnappan (1983) and Lau and Krishnappan (1985).
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Fig. 5. Comparison of the MRE in this study with the MRE in previous studies.

3.2 Effect of characteristic parameters on the SSC

In this section, the effect of the characteristic parameters A, ¢, and ¢ on the SSC
distribution for the ice-covered channel flows has been studied using the validated analytical
model. The vertical reference level adopted in simulations follows the convention and is
selected as 0.05H. Other parameters are listed in Table 5.

Table 5

Parameters used in the simulation for Figs. 6-8.

Figure H(m) D(@mm) S(-) y(NM) p, (N/M® v (ms) 2 () o) o)
6 010 0.25 0.002 2.6x10* 9.8x10°  1.007x10° 05-1.75 15 5-10
7 010 0.25 0.002 2.6x10* 9.8x10°  1.007x10° 1.0 0.5-15 5-10
8 010 0.25 0.002 2.6x10* 9.8x10°  1.007x10° 1.0 1.5 0.5-20

Fig. 6 shows the influence of the characteristic parameter A on the vertical distribution of
the relative concentration of the suspended sediment C/C, in an ice-covered channel with
o=5 and &=10 (more detailed results with different values of ¢ are shown in Fig. Al in the

Appendix A). For a given value of o, no matter what the value of 1 is, the relative
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concentration is very small near the bottom surface of the ice cover. This is similar to the
situation of the free-surface flows. At a given elevation satisfying ¢ > &, the relative
concentration decreases with the increase of A; whereas the relative concentration increases as
/. increases for a given elevation satisfying & < &. Thus, the smaller the value of 1 is, the more
uniform the concentration distribution is. This means that, under the same channel bed
roughness, the relatively small ice cover roughness is conducive to suspending the sediment
particle. These results are consistent with the research of Krishnappan (1983), who presented
a series of concentration distribution curves with different ratios of the ice cover roughness to

the channel bed roughness.

1
08
06 [
|
04
0 — =05 - A=l
““““““ J=15 — - J=1.75
0 .
12 16 2

lelle

a

Fig. 6. Effect of the parameter 1 on the concentration distribution for different conditions. (a) 6 =5, ¢ = 1.5;
(b) o =10, ¢ = 1.5.

The impact of the correction coefficient ¢ on the simulated distribution of the relative
concentration in an ice-covered channel with =5 and &=10 is presented in Fig. 7 (more
detailed results with different values of ¢ are shown in Fig. A2 in the Appendix A). It can be
seen that the relative concentration has a similar variation trend as ¢ changes for different

values of 0. When & > &, the value of the relative concentration is greater for larger values of
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the correction coefficient ¢, suggesting that the smaller the sediment fall velocity is, the
larger the relative concentration is, which coincides with the physical mechanism.
Nevertheless, the relative concentration presents a negative correlation with the increase of ¢
for & < &. Note that the variation law of the relative concentration induced by different values
of ¢ is opposite to that created by diverse values of 1. Meanwhile, by comparing Fig. 6 with
Fig. 7, the concentration profile is more sensitive to the parameter 1, which means that the
impact of the varying upper and lower boundary roughness on the concentration distribution
is more noticeable than that of the changing sediment fall velocity on the concentration

distribution.

1

0.8 }t

06,
RSN
0.4

0.2

— =05 ----- =5
““““““ ¢=10 - - ¢=15

12 16 2

a

lolle

clc

Fig. 7. Effect of the parameter ¢ on the concentration distribution for different conditions. (a) 6 =5, A = 1;
(b) 5 =10, =1.

Fig. 8 presents the dependence of the concentration profile on the proportionality
parameter o when 2 = 1 and ¢ = 1.5 (more detailed results with different values of A and ¢ are
shown in Figs. A3 and A4 in the Appendix A). At a given vertical elevation, the value of the
relative concentration is greater for larger values of the proportionality parameter o,

indicating that the proportionality parameter o reflects the uniformity of the concentration
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profile. In fact, the simulated results presented here can be explained from the perspective of
the physical mechanism. According to Eqg. (3), it is known that the larger the value of o is, the
more conspicuous the turbulent diffusion effect is. When the turbulent diffusion effect with a
relatively large o is much greater than the gravity effect, the sediment particles will be easily
suspended in the water body, thereby generating a comparatively uniform concentration
profile. Therefore, if the vertical profile of the relative concentration is known, it can be
inferred the degree of the turbulent diffusion effect and hence the rough value of the

proportionality parameter o.
1

0.8
0.6

0.4

0.2

o

Fig. 8. Dependence of the concentration distribution on the proportionality parameter c with A =1 and ¢ =

1.5.

4. Discussion

When an ice cover is formed on the channel flow surface, the boundary shear stress and the
eddy viscosity corresponding to the lower bed layer of the ice-covered channel flows are both
smaller than that corresponding to the bed boundary of the ice-free channel flows.
Whereupon the ability of the flow to transport sediments is declined due to the reduced bed

shear stress, leading to a decrease of SSC as well as the suspended sediment load. In light of

27



483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

these facts, this study proposes an analytical SSC model based on the Schmidt O’Brien
equation. The proposed SSC model considers the effect of the additional ice cover on the
sediment fall velocity. An eddy viscosity model that can be applied to the ice-covered channel
flow is also employed in the derivation of the SSC model. The proposed SSC model is then
validated by comparing with the available sediment transport experiments on the ice-covered
channel flows reported in the literature. The accuracy of the proposed SSC model is evaluated.
Meanwhile, the effect of both the parameter 4 and the sediment fall velocity correction
coefficient ¢ on the SSC is investigated by using the proposed model. Simulated results show
that the smaller ice cover roughness relative to the channel bed roughness is favorable to the
suspension of the sediment particles, and the SSC is more sensitive to the variation of the
boundary roughness than to the variation of the sediment fall velocity. Besides, it has been
found that there is a correlation between the uniformity of the concentration profile and the
magnitude of the proportionality parameter o.

Although several models had been developed for predicting the suspended sediment
concentration for the ice-covered channel flows in previous studies, all these SSC models
were not concisely expressed as a straightforward equation. In the study of Sayre and Song
(1979), the turbulent mass transfer coefficient I'; near the lower and upper boundaries
followed the parabola distribution, whereas I'; in the middle flow depth zone was assumed to
be distributed linearly between the vertices of the lower and upper parabolas. Given that the
distribution of I'; in the central region was given without any theoretical foundation, the
reliability of the SSC model proposed by Sayre and Song (1979) needs further verification. In

the studies of Krishnappan (1983) and Lau and Krishnappan (1985), they obtained the
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distribution of the eddy viscosity v; based on the k-¢ turbulent model and then developed the
profile of I'; utilizing the assumed proportional relationship between I'; and w. The SSC
distribution curves for the ice-covered channel flows were then obtained by solving the
Schmidt O’Brien equation. However, the methods for predicting the SSC developed by
Krishnappan (1983) and Lau and Krishnappan (1985) are implicit and appropriate numerical
schemes are required for solving the k-¢ turbulent model involved.

Different from previous studies, the SSC model proposed in this study is expressed as an
explicit equation that can be easily computed by using MATLAB to investigate how the
characteristic parameters affect the SSC profile in the ice-covered channel flow. The
simulation results show that the proposed SSC model has higher accuracy than previously
reported methods in terms of the predicted SSC profile. However, there is still room for
improvement as the model underestimates the suspended sediment concentration near the
upper boundary. Note that, due to the limitation of available experimental data, the correction
coefficient of the sediment fall velocity ¢ used in the simulation for the eight runs in this
study fluctuates around the value of 1.09 which lacks the universality and may not apply to
other ice-covered flow conditions. Therefore, further sediment transport experiments in an
ice-covered channel are required to be conducted for investigating the general value for the

correction coefficient ¢.
5. Conclusions

To obtain a thorough knowledge of the SSC profile for the ice-covered alluvial channels
with steady uniform flows, this study proposes an analytical SSC model by utilizing the eddy

viscosity model applied to the asymmetric turbulent flow and considering the common effects
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of the upper and lower boundaries on the sediment fall velocity. The proposed model is

validated by comparing the simulated results with available experimental data. The validated

model is then used to investigate the effects of the characteristic parameters on the vertical

distribution of the SSC in the ice-covered channel. The following conclusions can be drawn

from this study:

1)

)

©)

The agreement between the simulated SSC profile and the laboratory measured data
reported in the literature is satisfactory. Nonetheless, the simulated results underpredict
the SSC in the upper ice layer, which may be caused by the coherent vortex generating
underside the ice cover. The error statistics analysis illustrates that the performance of the
proposed model is better than previous models in terms of predicting the suspended
sediment concentration profile in the ice-covered channel flows.

The relative suspended sediment concentration decreases as the parameter A increases at
a given elevation satisfying & > &, while the relative concentration increases with the
increase of the parameter A for & < &,. As the parameter 1 actually reflects the ratio of the
ice cover roughness to the channel bed roughness, it can be inferred that the sediment
particles are more likely to be suspended under the action of a smaller ice cover
roughness.

The impact of the correction coefficient of the sediment fall velocity on the SSC
distribution is in contrast to the effect of the parameter A on the SSC profile. Although the
relative concentration decreases as the ice cover roughness and the sediment fall velocity
increase, the boundary roughness has a relatively prominent influence on the relative

concentration profile.
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(4) The simulated relative concentration profile becomes more uniform as the
proportionality parameter o increases. This result is consistent with the physical
mechanism that the uniformity of the SSC profile is mainly determined by the strength of
the turbulent diffusion effect, while the magnitude of the proportionality parameter o
actually represents the extent of the turbulent diffusion effect.

Although this study presents an effective analytical model to compute the SSC for the
ice-covered alluvial channels, there are still some aspects that could be improved in future
work. For example, the available laboratory measured data that can be found in the literature
are limited, which restricts the detailed analysis and study of the sediment fall velocity
correction coefficient ¢ that is very important in determining the SSC. Further experiments in
the ice-covered sediment-laden flow are required in order to investigate the universal value or
range of ¢. Besides, given that numerical simulation is a significant tool for investigating the
water and sediment transport process, the motion of sediment particles, such as the rolling
and sliding motion, the saltation motion, and the suspended particle motion in the ice-covered

channel flows could be simulated by utilizing the sophisticated numerical models.
Appendix A
Al. Derivation of the analytical solution of the SSC

In this part, the derivation process of Eq. (9) is illustrated in detail. For the sake of brevity,

the integral term in Eq. (8) is labeled by I, namely

2 1
| = > dz. (A1)
. A-9)|1ra(&/6-1) |(£+05)

Thus, Eq. (8) can be rewritten as
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C @,
— = - g A2
C exp{ 2o0xHu, f } (A2)

a

To obtain the integral result of the righthand side of Eq. (Al), I can be divided into partial

fractions and rearranged as:

- F - 2]+ 12 9
Lot B | (1-9) [ ra(g/6 1) | [1ra(g/6 1) |(6+0t) (A3

— H J"f a, 1 +b0 1 +C, (Za/é:c)((:/gc _21)+d0 ‘/E/fc . d§
Ll 75| " (1-¢) TEtes, T lra(E/E 1) T+a (/g -1)
where
) 1 B 1  (a/E)(pE o) (pg o228 -1)
8 = 2 ’ bo - 2 1 G = 2 D) |
a (Ve -1)° +1 a(pé /& +1) +1 2| (Y& ~1)" 41| a(p£ /&, +1) +1]

(Vo /2 ) (0 o+ D)@ (V. ~1) (0 o /. +1) +1]

and d, = . The integral result of the righthand

[a(]/fc 1)’ +1}[a((p§ o /&, +1) +1]

side of Eq. (A3) can then be easily obtained:

H a0|n1—§a+b In §+¢§D +cn 1+O((§/§C—1)2

“lig 1-¢ P Erps, 7 1ra(g /8 -)

(Va/s)(£-&,) ]

(A4)

+d, tan™

1+a(§/§c _1)(§a/§c _1)
Finally, substituting Eq. (A4) into Eq. (A2) yields the analytical solution of the SSC in the

ice-covered sediment-laden channel flow:

C=C,expy- 0 2, InT=5% 4, In =" %50
20U, B (1+p&, ) 1-¢ &+,

wa(gle-1y -, (Nalg)e-g) &)
+C, In ~+d, tan
Tra(E, ) 1) T a(E/2 1)(& & 1)

Eqg. (A5) is exactly the same as Eq. (9) by substituting the expressions of ag, bo, Co, and dp into

Eq. (A5).

32



584  A2. Effect of 4, ¢, and ¢ on the SSC

585 In order to further illustrate the impact of the characteristic parameters 1, ¢, and o on the
586  SSC distribution for the ice-covered channel flows, Figs. A1-A4 are shown as a supplement

587  to Figs. 6-8.
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589 Fig. Al. Effect of the parameter 4 on the concentration distribution for different conditions. (a) o =6, ¢ =

590 15, (0)o=7,¢9=15;()c=8,9=15;(d)c=9,9p=15.
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Fig. A3. Dependence of the concentration distribution on the proportionality parameter ¢. () 1= 0.5, ¢ =

15 (b) 2=15,¢=15; (c)1=1.75, ¢ = 1.5.

Fig. A4. Dependence of the concentration distribution on the proportionality parameter ¢. (a) 1 = 0.5, ¢ =

15; (b) A=1.0, 9 = 15; (c) A= 1.5, ¢ = 15; (c) 4 = 1.75, ¢ = 15.
Acknowledgements

This work was supported by the National Natural Science Foundation of China (grant

numbers 52020105006 and 11872285) and the Open Funding of State Key Laboratory of

35



605  Water Resources and Hydropower Engineering Science (WRHES), Wuhan University

606  (Project number 2018HLGO01).

607 Nomenclature

608  The following symbols are used in this paper:

a Reference level from the channel bed bottom (m)
C Suspended sediment concentration (mg/l)
Ca Reference sediment concentration at the vertical level z = a from the channel

bed bottom (mg/l)

Dso Median diameter of the bed material (mm)

D, Dimensionless particle parameter (-)

fy Darcy-Weishach resistance factor of the lower bed layer (-)
fi Darcy-Weisbach resistance factor of the upper ice layer (-)
Fo Drag force exerted on the sediment particle (N)

FL Lift force due to the turbulent diffusion effect (N)

g Gravitational acceleration (m/s%)
hy Flow depth of the lower bed layer (m)
hi Flow depth of the upper ice layer (m)

H Total flow depth (m)

ks Equivalent roughness height (m)

Mp Parameter related to the channel bed roughness (-)

m; Parameter related to the ice cover roughness (-)

Np Manning’s roughness coefficient associated with the channel bed (-)
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n; Manning’s roughness coefficient associated with the ice cover (-)

n, Bed Manning’s roughness coefficient related to sediment particles (-)
q Flow discharge per unit width (m?/s)

S Dimensionless specific density of the sediment particle (-)

S Channel bed slope (-)

T Temperature of clear water (°C)

T, Transport stage parameter (-)

7] Mean streamwise velocity of the cross-section (m/s)

Uy, Shear velocity of the lower bed layer (m/s)

u, Shear velocity of the upper ice layer (m/s)

Us oy Critical bed shear velocity (m/s)

Us Shear velocity related to sediment particles (m/s)

Umax  Maximum streamwise velocity (m/s)

W Submerged weight of the sediment particle that is equal to the difference

between the particle gravity and the buoyancy (N)

X Streamwise coordinate (m)

z Vertical coordinate (m)

K von Kaman constant, and x = 0.40 (-)

o Proportionality constant (-)

é Dimensionless parameter, and ¢ = z/H (-)
&a Dimensionless parameter, and &, = a/H (-)
& Critical position of the eddy viscosity (-)
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609

610

611

612

¢ Dimensionless parameter, and &, = D/H (-)

a, f Intermediate parameters (-)

I, Turbulent mass transfer coefficient of sediment particle in the vertical direction
(m?/s)

Ds Density of sediment (kg/m°)

p Density of clear water (kg/m°)

Vs Specific weight of sediment, and ys = psg (N/m°)

Y Specific weight of clear water, and y, = pg (N/m°)

s Fall velocity of sediment particle (m/s)

o Sediment fall velocity in the infinite flow field (m/s)

® Correction coefficient of sediment fall velocity (-)

v Kinematic viscosity coefficient of clear water (m?%/s)

v, Eddy viscosity (m?/s)

) Dimensionless parameter, and A=u,;/u,, (-)

A Bed form height (cm)

z, Bed shear stress related to sediment particles (N/m?)

Tox Turbulent shear stress with respect to the horizontal plane (N/m?)

- Fraction of the flow depth influenced by the channel bed roughness (-)
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