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a b s t r a c t 

This paper demonstrates a non-Fourier prediction methodology of triple-layer human skin tissue for de- 

termining skin burn injury with non-ideal properties of tissue, metabolism and blood perfusion. The dual- 

phase lag (DPL) bioheat model is employed and solved using joint integral transform (JIT) through Laplace 

and Fourier transforms methods. Parametric studies on the effects of skin tissue properties, initial tem- 

perature, blood perfusion rate and heat transfer parameters for the thermal response and exposure time 

of the layers of the skin tissue are carried out. The study demonstrates that the initial tissue temperature, 

the thermal conductivity of the epidermis and dermis, relaxation time, thermalisation time and convec- 

tive heat transfer coefficient are critical parameters to examine skin burn injury threshold. The study also 

shows that thermal conductivity and the blood perfusion rate exhibits negligible effects on the burn in- 

jury threshold. The objective of the present study is to support the accurate quantification and assessment 

of skin burn injury for reliable experimentation, design and optimisation of thermal therapy delivery. 

© 2021 Elsevier Ltd. All rights reserved. 

1

B

m

t

b

a

a  

d

w

b

h

b

a

o

t

p

p

a

a

r

t

o

b

c

o

t

h

d

h

b

i

f

p

s

c

t

F

n

h

h

0

. Introduction 

Burn is a critical cause of mortality and morbidity globally. 

urns from thermal, electrical, and chemical mechanisms occur 

ainly in the home, industrial environments, and extreme situa- 

ions such as in military combat. Globally, an average of 180,0 0 0 

urn-related deaths is reported yearly, with burns treatment been 

 budget concern and among the leading causes of disability- 

djusted life years [ 1 , 2 ]. For example, an estimated 250,0 0 0 in-

ividuals each year experience burn-related injuries in the UK, 

here about 175,0 0 0 individual visits the A&E Departments with 

urn injuries and 13,0 0 0 of these individuals are admitted to the 

ospital where 6,400 are children with scald being the prevalent 

urn injury. Consequently, the economic cost of burns treatment 

nd its associated damage is huge. In an earlier report, the cost 

f burn treatments and services by the NHS is calculated at more 

han £20 million per annum [3] . Burn victims often require long 

eriods of rehabilitation and could receive multiple skin grafts and 

ainful physical treatment, often resulting in lifelong psychological 

nd physical scars [4] . Therefore, to support the timely clinical and 

ppropriate management of burns, different studies have been car- 
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ied in the literature to model heat transfer processes in the living 

issues. 

Heat transport in living tissue is a complex process and devel- 

ping its thermal models is often a challenging task due to several 

iological ad thermal processes including conductive heat transfer, 

onvective heat transfer, radiative heat transfer, metabolism, evap- 

ration and phase change. Heat transport in the skin is achieved 

hrough conductive heat transfer processes including metabolic 

eat generation, blood circulation, sweating, and sometimes heat 

issipation through the air above the skin surface. The subject of 

eat transport in living tissue was first experimentally investigated 

y Pennes [5] . The Pennes bioheat model presents a suitable mod- 

fication of the standard heat equation by introducing a blood per- 

usion term. Moreover, the Pennes bioheat model is widely em- 

loyed due to its simplicity and validity in different biomedical 

imulations including ablation of tissues using lasers, laser surgi- 

al processes, thermal diagnostics, and thermal parameter estima- 

ion. However, the Pennes bioheat model is based on the classical 

ourier’s law on the assumption that thermal propagation is infi- 

ite which in physical reality is impractical. Also, living tissues are 

ighly non-homogeneous and require relaxation time to accumu- 

ate enough energy to transfer to the nearest element. The limita- 

ions of the Pennes bioheat model were independently addressed 

y Cattaneo [6] and Vernotte [7] using the non-Fourier model 

o consider the finite propagation speed of heat. The resulting 
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Fig. 1. Morphology of human skin. 
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Nomenclature 

c Specific heat of tissue, JK g −1 K 

−1 

c b Specific heat of blood, JK g −1 K 

−1 

C Thermal wave speed, m s −1 

E a Activation energy of denaturation reaction, Jmo l −1 

k Tissue thermal conductivity, W m 

−1 K 

−1 

l Bromwich contour integration line 

L Tissue slab length, m 

P Frequency factor, s −1 

q Heat flux density, W m 

−2 

Q m 

Metabolic heat generation, W m 

−3 

R Universal gas constant, Jmo l −1 K 

−1 

s Laplace domain parameter 

t Time variable, s 

T Tissue temperature, ( o C ) 

T 0 Initial tissue temperature, ( o C ) 

T b Blood temperature, ( o C ) 

ω b Blood perfusion rate, s −1 

x, z Coordinate variable, m 

Greek symbols 

� Thermal damage parameter 

τT Delay times for phase lag of microstructural inter- 

action 

τq Delay times for phase lag of the heat flux 

yperbolic or thermal wave model due to the wave-like charac- 

eristics of heat transport constitutes the Cattaneo and Vernotte 

onstitutive relationship. To this end, several studies on heat trans- 

er in skin tissue employ the thermal wave bioheat model due to 

ts established experimental validations and ability to produce a 

ore accurate prediction than the classical Fourier model [8-10] . 

he thermal wave model only treats micro-scale response in time 

nd not the micro-scale response in space [11-13] . However, in 

11] , Tzou proposed a new model that considered the micro-scale 

esponse in space using phase lag in heat flux and temperature 

radient. The phase lag model is effective for freezing and thawing 

rocesses with phase change and is effective in various biomedical 

pplications such as cryosurgery and cryopreservation to prevent 

iological materials including cells, tissues, organs [14-16] . To ex- 

mine the effects of microstructural interactions in the fast tran- 

ient process of heat transport without phase change, the DPL bio- 

eat model has been widely used to study different thermal ther- 

peutic treatments including hyperthermia treatment, thermal di- 

gnostic and comfort analysis and burn injury evaluation of skin 

issue [17-23] . The DPL model is based on the first-order Taylor 

eries expansion. However, for accurate prediction of temperature 

istribution in biological tissues, which is critical in various thera- 

eutic burn treatments, a rational predictive model becomes req- 

isite. Additionally, in biological tissues phase change occurs over 

 wide range and there exist moving boundaries between two 

hases which result in nonlinear mathematical models. Further, 

ue to difference in biological and thermal properties of the skin, 

he computation of boundary conditions at the interface between 

wo adjacent layers is often a complex task. Consequently, different 

tudies in the literature employ the use of multi-dimensional bio- 

eat models for single, double and triple layer thermal assessments 

24-29] . Therefore, the present study focus on the modified DPL 

ioheat transfer model based on second-order Taylor expansion to 

emonstrate the non-Fourier thermal modelling of triple-layer cu- 

aneous tissue for prediction of skin burn with non-ideal proper- 

ies of tissue, metabolism and blood perfusion. The developed DPL 

ioheat models are solved analytically using JIT via Laplace and 

ourier transforms methods. Parametric studies are carried out and 
2 
he obtained results are presented. The obtained results have been 

onvincingly validated with other methods of the published liter- 

ture. The results obtained from the present analysis using JIT are 

roposed to help in the quantification of skin burns, which will 

ssist to develop novel treatments and pain relief. 

. Model of Human Skin Exposed to Burn 

The human skin helps protect the body from microbes and the 

lements as well as support regulating body temperature under 

arious thermal conditions. The human skin is constructed of two 

istinct layers: epidermis and dermis, with the hypodermis or sub- 

utaneous layer, which is not part of the skin, but included in the 

kin structure, since it attaches to the dermis by collagen and elas- 

ic fibres as illustrated in Fig. 1 . 

The thickness of each layer depends on the skin position on the 

uman body. The epidermis consists of living and dead cells and 

omprises of 95% keratinocytes and 5% non-keratinocytes, respec- 

ively. The dermis made up of little reticulin, collagen, elastin, and 

roup substances which are fibrin proteins play the vital role of 

hermoregulation and support the vascular network to supply the 

on-vascularised epidermis with nutrients. Moreover, the subcu- 

aneous layer contains the loose fatty connective tissues and car- 

ies blood vessels and nerves to the overlying skin [30] . To the 

eal with the paradox of the classical Fourier’s model and ac- 

ount for the limitations in the thermal wave model, the effect 

f microstructural interactions in the fast-transient process of heat 

ransport is considered. The consideration is based on the fact that 

he gradient of temperature at a point in the material at time 

 + τ T corresponds to the heat flux vector at the same point at 

ime t + τ q , which can be written mathematically as: 

 ( x, t + τq ) = −k ∇T ( x, t + τT ) (1) 

here τ q and τ T are non-zero times and accounts for the effects of 

hermal inertia and microstructural interactions. τ q is the phase- 

ag to establish heat flux and its associated conduction through 

 medium, τ T accounts for the diffusion of induced heat by τ q , 

nd represents the phase-lag to establish the temperature gradi- 

nt across the medium when conduction occurs through the small- 

cale structures. 

Using the second-order Taylor expansions, the DPL model can 

e expressed as: 

1 + τq 
∂ 

∂t 
+ 

τ 2 
q 

2 

∂ 2 

∂ t 2 

)
−→ 

q = −
(

1 + τT 
∂ 

∂t 
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

)
k ∇T (2) 

The above model covers a wide range of space and time for 

hysical observations. 



G. Oguntala, V. Indramohan, S. Jeffery et al. International Journal of Heat and Mass Transfer 173 (2021) 120907 

(
(3) 

energy can be written as: 

ρ (4) 

− (5) 

b(
= 

(
1 + τT 

τ 2 
T 

∂t 
+ 

∂ 

2 

∂ 2 

∂ t 2 

)
( ∇ .k ∇ T ) (6) 

ρ
 

∇ .k ∇ T ) + τT 
∂ 

∂t 
( ∇ .k ∇ T ) + 

τ 2 
T 

2 

∂ 2 

∂ t 2 
( ∇ .k ∇ T ) + ω b c b ( T b − T ) 

 e v ap − τq 
∂ q e v ap 

∂t 
− τ 2 

q 

2 

∂ 2 q e v ap 

∂ t 2 
(7) 

ro, then the Pennes’ model is recovered. 

ρ (8) 

n is used only in time, then the thermal wave or hyperbolic model is 

r

ρ
 

+ τq 
∂ q m 

∂t 
+ q ext + τq 

∂ q ext 

∂t 
− q e v ap − τq 

∂ q e v ap 

∂t 
(9) 

 is used both in time and space, then Tzou’ model in [11] is recovered 

a

ρ  b c b ( T b − T ) + q m 

+ τq 
∂ q m 

∂t 
+ q ext + τq 

∂ q ext 

∂t 
− q e v ap − τq 

∂ q e v ap 

∂t 
(10) 

ives 

ρ

+ τT 
∂ 

∂t 

(
∂ 

∂y 

(
k 
∂T 

∂y 

))
+ τT 

∂ 

∂t 

(
∂ 

∂z 

(
k 
∂T 

∂z 

))
 

z 

(
k 
∂T 

∂z 

))
+ ω b c b ( T b − T ) + q m 

+ τq 
∂ q m 

∂t 

2 
q 

2 

∂ 2 q e v ap 

∂ t 2 
(11) 

b nal DPL model in the Cartesian coordinate gives 

ρ

 ∂ 2 

∂ t 2 

(
∂ 2 T 

∂ x 2 
+ 

∂ 2 T 

∂ y 2 
+ 

∂ 2 T 

∂ z 2 

))
ω b c b ( T b − T ) + q m 

+ τq 
∂ q m 

∂t 

τ 2 
q 

2 

∂ 2 q e v ap 

∂ t 2 
(12) 

ves 

ρ (
k 
∂T 

∂z 

))
+ 

τ 2 
T 

2 

∂ 2 T 

∂ t 2 

(
∂ 

∂x 

(
k 
∂T 

∂x 

))
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

(
∂ 

∂z 

(
k 
∂T 

∂z 

))
2 
q ∂ 2 q ext 

2 
− q e v ap − τq 

∂ q e v ap − τ 2 
q ∂ 2 q e v ap 

2 
(13) 
From Eq. (2) , we write 

1 + τq 
∂ 

∂t 
+ 

τ 2 
q 

2 

∂ 2 

∂ t 2 

)
∇ 

−→ 

q = −
(

1 + τT 
∂ 

∂t 
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

)
( ∇ k ∇ T ) 

From the local energy balance, the equation for conservation of 

c p 
∂T 

∂t 
= −∇ · −→ 

q + ω b c b ( T b − T ) + q m 

+ q ext − q e v ap 

Eq. (4) can be re-arranged as: 

∇ · −→ 

q = ρc p 
∂T 

∂t 
− ω b c b ( T b − T ) − q m 

− q ext + q e v ap 

y substituting Eq. (5) in Eq. (3) we arrived at 

1 + τq 

τ 2 
q 

∂t 
+ 

∂ 

2 

∂ 2 

∂ t 2 

)(
ρc p 

∂T 

∂t 
− ω b c b ( T b − T ) − q m 

− q ext − q e v ap 

)
The expansion of Eq. (6) produces 

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ 

τ 2 
q 

2 

ρc p 
∂ 3 T 

∂ t 3 
+ ω b c b τb 

∂T 

∂t 
+ ω b c b 

τ 2 
q 

2 

∂ 2 T 

∂ t 2 
= (

+ q m 

+ τq 
∂ q m 

∂ t 2 
+ 

τ 2 
q 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq 

∂ q ext 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q ext 

∂ t 2 
− q

From the above DPL model in Eq. (7) , if τ q and τ T are set to ze

c p 
∂T 

∂t 
= ( ∇ .k ∇ T ) + ω b c b ( T b − T ) + q m 

+ q ext 

However, if τ T is set to zero and the first-order Taylor expansio

ecovered as: 

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ ω b c b τq 

∂T 

∂t 
= ( ∇ .k ∇ T ) + ω b c b ( T b − T ) + q m

Further, if τ T is set to zero and the first-order Taylor expansion

s: 

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ ω b c b τq 

∂T 

∂t 
= ( ∇ .k ∇ T ) + τT 

∂ 

∂t 
( ∇ .k ∇ T ) + ω

The three-dimensional DPL model in the Cartesian coordinates g

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ 

τ 2 
q 

2 

ρc p 
∂ 3 T 

∂ t 3 
+ + ω b c b τq 

∂T 

∂t 
+ ω b c b 

τ 2 
q 

2 

∂ 2 T 

∂ t 2 

= 

∂ 

∂x 

(
k 
∂T 

∂x 

)
+ 

∂ 

∂y 

(
k 
∂T 

∂y 

)
+ 

∂ 

∂z 

(
k 
∂T 

∂z 

)
+ τT 

∂ 

∂t 

(
∂ 

∂x 

(
k 
∂T 

∂x 

))
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

(
∂ 

∂x 

(
k 
∂T 

∂x 

))
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

(
∂ 

∂y 

(
k 
∂T 

∂y 

))
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

(
∂

∂

+ 

τ 2 
q 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq 

∂ q ext 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q ext 

∂ t 2 
− q e v ap + τq 

∂ q e v ap 

∂t 
+ 

τ

y taking the thermal conductivity as constant, the three-dimensio

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ 

τ 2 
q 

2 

ρc p 
∂ 3 T 

∂ t 3 
+ ω b c b τq 

∂T 

∂t 
+ ω b c b 

τ 2 
q 

2 

∂ 2 T 

∂ t 2 

= k 

((
∂ 2 T 

∂ x 2 
+ 

∂ 2 T 

∂ y 2 
+ 

∂ 2 T 

∂ z 2 

)
+ τT 

∂ 

∂t 

(
∂ 2 T 

∂ x 2 
+ 

∂ 2 T 

∂ y 2 
+ 

∂ 2 T 

∂ z 2 

)
+ 

τ 2
T 

2 

+ 

τ 2 
q 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq 

∂ q ext 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q ext 

∂ t 2 
− q e v ap − τq 

∂ q e v ap 

∂t 
−

The two-dimensional DPL model in the Cartesian coordinates gi

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ 

τ 2 
q 

2 

ρc p 
∂ 3 T 

∂ t 3 
+ ω b c b τq 

∂T 

∂t 
+ ω b c b 

τ 2 
q 

2 

∂ 2 T 

∂ t 2 

= 

∂ 

∂x 

(
k 
∂T 

∂x 

)
+ 

∂ 

∂z 

(
k 
∂T 

∂z 

)
+ τT 

∂ 

∂t 

(
∂ 

∂x 

(
k 
∂T 

∂x 

))
+ τT 

∂ 

∂t 

(
∂ 

∂z 

+ ω b c b ( T b − T ) + q m 

+ τq 
∂ q m + 

τ 2 
q ∂ 2 q m 

2 
+ q ext + τq 

∂ q ext + 

τ

∂t 2 ∂ t ∂t 2 ∂ t ∂t 2 ∂ t 

3 



G. Oguntala, V. Indramohan, S. Jeffery et al. International Journal of Heat and Mass Transfer 173 (2021) 120907 

nal DPL model in the Cartesians co-ordinates produces 

ρ

 

2 T 

 y 2 

))
+ ω b c b ( T b − T ) + q m 

+ τq 
∂ q m 

∂t 

τ 2 
q 

2 

∂ 2 q e v ap 

∂ t 2 
(14) 

vity is expressed as 

ρ

 ω b c b ( T b − T ) + q m 

+ τq 
∂ q m 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q m 

∂ t 2 

(15) 

nductivity is expressed as: 

ρ

q m 

+ τq 
∂ q m 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q m 

∂ t 2 
+ q ext 

(16) 

2

oisture, normally around 70-75% evaporates, absorbing latent heat. This 

i sues occurs leading to dehydration of the tissues. As the temperature 

i of the tissue initiate the carbonisation process of the tissues [31-33] . 

T n burn at high temperature and without due consideration of these 

p m experimental results. To this end, the vaporization terms are included 

i evaporation. Under such condition, the enthalpy-based model can be 

a  description. The first part corresponds to temperature change in the 

l at of evaporation and the third part deals with the temperature change 

i lity, in this work, a simple method to incorporate the simple water- 

r e the ablation models at high temperatures. In the simple model, the 

r

q (17) 

λ J/Kg) and tissue water density respectively. 

7) can be written using Chain rule as: 

q (18) 

w

3

al triple-layer DPL thermal model can be written as 

itten as: 

ρ
λl 

ρl 

∂W l 

∂T 

)
∂ 3 T l 
∂t 3 

 T l 
 

2 
+ 

∂ 2 T l 
∂z 2 

)
+ 

τ 2 
T l 

2 

∂ 2 

∂t 2 

(
∂ 2 T l 
∂x 2 

+ 

∂ 2 T l 
∂z 2 

))
for l = 1 , 2 , 3 . 

2 
q,l 

2 

∂ 2 q ext 

∂t 2 
(19) 

w

Taking the thermal conductivity as constant, the three-dimensio

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ 

τ 2 
q 

2 

ρc p 
∂ 3 T 

∂ t 3 
+ + ω b c b τq 

∂T 

∂t 
+ ω b c b 

τ 2 
q 

2 

∂ 2 T 

∂ t 2 

= k 

((
∂ 2 T 

∂ x 2 
+ 

∂ 2 T 

∂ y 2 

)
+ τT 

∂ 

∂x 

(
∂ 2 T 

∂ x 2 
+ 

∂ 2 T 

∂ y 2 

)
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

(
∂ 2 T 

∂ x 2 
+ 

∂

∂

+ 

τ 2 
q 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq 

∂ q ext 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q ext 

∂ t 2 
− q e v ap − τq 

∂ q e v ap 

∂t 
−

The one-dimensional DPL model with varying thermal conducti

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ 

τ 2 
q 

2 

ρc p 
∂ 3 T 

∂ t 3 
+ + ω b c b τq 

∂T 

∂t 
+ ω b c b 

τ 2 
q 

2 

∂ 2 T 

∂ t 2 

= 

∂ 

∂x 

(
k 
∂T 

∂x 

)
+ τT 

∂ 

∂t 

(
∂ 

∂x 

(
k 
∂T 

∂x 

))
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

(
∂ 

∂x 

(
k 
∂T 

∂x 

))
+

+ q ext + τq 
∂ q ext 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q ext 

∂ t 2 
− q e v ap − τq 

∂ q e v ap 

∂t 
− τ 2 

q 

2 

∂ 2 q e v ap 

∂ t 2 

Then the one-dimensional DPL model with constant thermal co

c p 
∂T 

∂t 
+ τq ρc p 

∂ 2 T 

∂ t 2 
+ 

τ 2 
q 

2 

ρc p 
∂ 3 T 

∂ t 3 
+ + ω b c b τq 

∂T 

∂t 
+ ω b c b 

τ 2 
q 

2 

∂ 2 T 

∂ t 2 

= k 

(
∂ 2 T 

∂ x 2 
+ τT 

∂ 

∂t 

(
∂ 2 T 

∂ x 2 

)
+ 

τ 2 
T 

2 

∂ 2 

∂ t 2 

(
∂ 2 T 

∂ x 2 

))
+ ω b c b ( T b − T ) + 

+ τq 
∂ q ext 

∂t 
+ 

τ 2 
q 

2 

∂ 2 q ext 

∂ t 2 
− q e v ap − τq 

∂ q e v ap 

∂t 
− τ 2 

q 

2 

∂ 2 q e v ap 

∂ t 2 

.1. Modelling Evaporation during the High Heating 

During heating of tissues to high temperature, the skin tissue m

s because at 100 °C, during ablation, water vaporisation in the tis

ncreases ( > 100 °C), the continuous vaporisation and dehydration 

hese biological processes are fundamental in the analysis of ski

rocesses, the results from the models would differ significantly fro

n the above models to accommodate the phase change due to 

dopted [34] . In such a model, the enthalpy contains a three-part

iquid-containing tissue, the second part accounts for the latent he

n the post-phase-change tissue. Therefore, without loss of genera

elated processes into the thermal models is employed to improv

ate of heat of vaporisation is modelled as established in [35] as 

 e v ap = −λ
d ρw 

dt 

and ρw 

represents the latent heat of vaporisation for water (2260k

The tissue water density is a function of temperature and Eq. (1

 e v ap = −λ
∂ ρw 

∂t 
= −λ

∂W 

∂T 
· ∂T 

∂t 

here ∂W 

∂T 
< 0 for evaporation 

. Two-dimensional DPL Model for the Triple Layer Skin Tissue 

Consider the triple-layer skin tissue in Fig. 2 , the two-dimension

The two-dimensional, three-layer DPL thermal model can be wr

l 

(
c p,l −

λl 

ρl 

∂W l 

∂T 

)
∂T l 
∂t 

+ τq,l ρl 

(
c p,l −

λl 

ρl 

∂W l 

∂T 

)
∂ 2 T l 
∂t 2 

+ 

τ 2 
q,l 

2 

ρl 

(
c p,l −

+ ω b c b τq,l 

∂T l 
∂t 

+ ω b c b 
τ 2 

q,l 

2 

∂ 2 T l 
∂t 2 

= k l 

((
∂ 2 T l 
∂x 2 

+ 

∂ 2 T l 
∂z 2 

)
+ τT l 

∂ 

∂t 

(
∂ 2

∂x

+ ω b c b ( T b − T l ) + q m 

+ τq,l 

∂q m 

∂t 
+ 

τ 2 
q,l 

2 

∂ 2 q m 

∂t 2 
+ q ext + τq,l 

∂q ext 

∂t 
+ 

τ

hich can be written as 
4 
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Fig. 2. Physical model of skin tissue with direct contact with the heat source. 

ρ
 

,l 

 

∂ 2 T l 
∂t 2 

 

∂ 2 T l 
∂z 2 

))
for l = 1 , 2 , 3 . 

 

τ 2 
q,l 

2 

∂ 2 q ext 

∂t 2 
(20) 

w

c

ists of direct contact to the with a heat disk of 1cm diameter that is 

m e. The surface area peripheral to the disc was assumed to experience 

c  during the burn process. After completion of the insult, the disc was 

r ion of the surrounding air [ 31 , 32 ]. For the present scenario, the initial, 

b

3

ual to the blood. Therefore, 

t (21) 

3

t (22a) 

t (22b) 

w

t (22c) 

t (22d) 

3

pective layers must be equal at each point in between the layers as: 

t (23a) 

t (23b) 

w

issue as illustrated in Fig. 2 is developed as: 
l c 
’ 
p,l 

∂T l 
∂t 

+ τq,l ρl c 
’ 
p,l 

∂ 2 T l 
∂t 2 

+ 

τ 2 
q,l 

2 

ρl c 
’ 
p,l 

∂ 3 T l 
∂t 3 

+ ω b c b τq,l 

∂T l 
∂t 

+ ω b c b 
τ 2

q

2

= k l 

((
∂ 2 T l 
∂x 2 

+ 

∂ 2 T l 
∂z 2 

)
+ τT l 

∂ 

∂t 

(
∂ 2 T l 
∂x 2 

+ 

∂ 2 T l 
∂z 2 

)
+ 

τ 2 
T l 

2 

∂ 2 

∂t 2 

(
∂ 2 T l 
∂x 2 

+

+ ω b c b ( T b − T l ) + q m 

+ τq,l 

∂q m 

∂t 
+ 

τ 2 
q,l 

2 

∂ 2 q m 

∂t 2 
+ q ext + τq,l 

∂q ext 

∂t 
+

here 

 

′ 
p,l = 

(
c p,l −

λl 

ρl 

∂ W l 

∂T 

)
is the effective heat capacity 

The present study considers a skin insult scenario which cons

aintained at a defined constant temperature for a specified tim

onvective heat transfer with an ambient air temperature of 25 o C

emoved and the entire skin surface was cooled by natural convect

oundary and interlayer conditions are stated as: 

.1. Initial conditions 

At the initial condition, the temperature of the skin tissue is eq

 = 0 , T l = T b,l , 
∂T l 
∂t 

= 

∂ 2 T l 
∂t 2 

= 0 0 ≤ x ≤ L, 0 ≤ z ≤ H, 

.2. The boundary conditions, 

 > 0 , x = 0 , 0 ≤ z ≤ H, 
∂T l 
∂x 

= 0 , 

 > 0 , x = L, 0 ≤ z ≤ H, 
∂T l 
∂x 

= 0 , 

here l = 1, 2 

 > 0 , z = 0 , 0 ≤ x ≤ L, 
∂T l 
∂x 

= q 

 > 0 , z = H, 0 ≤ x ≤ L, 
∂T 3 
∂z 

= 0 

.3. Interlayer conditions 

For the interlayers, the temperature and the heat flux in the res

 > 0 , z = z l , 0 ≤ x ≤ L, T l = T l+1 

 > 0 , z = z l , 0 ≤ x ≤ L, k l 
∂T l 
∂z 

= k l+1 

∂T l+1 

∂z 
, 

here l = 1, 2 

For accurate analysis, the DPL model for each layer of the skin t
5 
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3

ρ  b c b 
τ 2 

q, 1 

2 

∂ 2 T 1 
∂ t 2 

 1 

 

+ 

∂ 2 T 1 
∂ z 2 

))
 + 

τ 2 
q, 1 

2 

∂ 2 q ext 

∂ t 2 
(24) 

3

ρ  b c b 
τ 2 

q, 2 

2 

∂ 2 T 2 
∂ t 2 

 2 

 

+ 

∂ 2 T 2 
∂ z 2 

))
 + 

τ 2 
q, 2 

2 

∂ 2 q ext 

∂ t 2 
(25) 

3

ρ  b c b 
τ 2 

q, 3 

2 

∂ 2 T 3 
∂t 2 

 3 

 

+ 

∂ 2 T 3 
∂z 2 

))
 + 

τ 2 
q, 3 

2 

∂ 2 q ext 

∂t 2 
(26) 

3

ual to the blood and is expressed as: 

t (27a) 

t (27b) 

t (27c) 

3

t (28a) 

t (28b) 

t (28c) 

t (28d) 

t (28e) 

t (28f) 

taken as the heat lost to ambient air through convection 

t (28g) 
.4. Layer 1: Epidermis Layer 

1 c 
′ 
p, 1 

∂ T 1 
∂t 

+ τq, 1 ρ1 c 
′ 
p, 1 

∂ 2 T l 
∂ t 2 

+ 

τ 2 
q, 1 

2 

ρ1 c 
′ 
p, 1 

∂ 3 T 1 
∂ t 3 

+ ω b c b τq, 1 
∂ T 1 
∂t 

+ ω

= k 1 

((
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
+ τT 1 

∂ 

∂t 

(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
+ 

τ 2 
T 1 

2 

∂ 2 

∂ t 2 

(
∂ 2 T

∂ x 2

+ ω b c b ( T b − T 1 ) + q m 

+ τq, 1 
∂ q m 

∂t 
+ 

τ 2 
q, 1 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq, 1 

∂ q ext

∂t 

.5. Layer 2: Dermis Layer 

2 c 
′ 
p, 2 

∂ T 2 
∂t 

+ τq, 2 ρ2 c 
′ 
p, 2 

∂ 2 T 2 
∂ t 2 

+ 

τ 2 
q, 2 

2 

ρ2 c 
′ 
p, 2 

∂ 3 T 2 
∂ t 3 

+ ω b c b τq, 2 
∂ T 2 
∂t 

+ ω

= k 2 

((
∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
+ τT 2 

∂ 

∂t 

(
∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
+ 

τ 2 
T 2 

2 

∂ 2 

∂ t 2 

(
∂ 2 T

∂ x 2

+ ω b c b ( T b − T 2 ) + q m 

+ τq, 2 
∂ q m 

∂t 
+ 

τ 2 
q, 2 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq, 2 

∂ q ext

∂t 

.6. Layer 3: Subcutaneous Layer 

3 c 
′ 
p, 3 

∂T 3 
∂t 

+ τq, 3 ρ3 c 
′ 
p, 3 

∂ 2 T 3 
∂t 2 

+ 

τ 2 
q, 3 

2 

ρ3 c 
′ 
p, 3 

∂ 3 T 3 
∂t 3 

+ ω b c b τq, 3 
∂T 3 
∂t 

+ ω

= k 3 

((
∂ 2 T 3 
∂x 2 

+ 

∂ 2 T 3 
∂z 2 

)
+ τT 3 

∂ 

∂t 

(
∂ 2 T 3 
∂x 2 

+ 

∂ 2 T 3 
∂z 2 

)
+ 

τ 2 
T 3 

2 

∂ 2 

∂t 2 

(
∂ 2 T

∂x 2

+ ω b c b ( T b − T 3 ) + q m 

+ τq, 3 
∂q m 

∂t 
+ 

τ 2 
q, 3 

2 

∂ 2 q m 

∂t 2 
+ q ext + τq, 3 

∂q ext

∂t 

.7. Initial conditions 

At the initial condition, the temperature of the skin tissue is eq

 = 0 , 0 ≤ x ≤ L, 0 ≤ z ≤ H, T 1 = T b , 
∂T 1 
∂t 

= 

∂ 2 T 1 
∂t 2 

= 0 , 

 = 0 , 0 ≤ x ≤ L, 0 ≤ z ≤ H, T 2 = T b , 
∂T 2 
∂t 

= 

∂ 2 T 2 
∂t 2 

= 0 , 

 = 0 , 0 ≤ x ≤ L, 0 ≤ z ≤ H, T 3 = T b , 
∂T 3 
∂t 

= 

∂ 2 T 3 
∂t 2 

= 0 , 

.8. The boundary conditions 

 > 0 , x = 0 , 0 ≤ z ≤ H, 
∂T 1 
∂x 

= 0 , 

 > 0 , x = 0 , 0 ≤ z ≤ H, 
∂T 2 
∂x 

= 0 , 

 > 0 , x = 0 , 0 ≤ z ≤ H, 
∂T 3 
∂x 

= 0 , 

 > 0 , x = L, 0 ≤ z ≤ H, 
∂T 1 
∂x 

= 0 , 

 > 0 , x = L, 0 ≤ z ≤ H, 
∂T 2 
∂x 

= 0 , 

 > 0 , x = L, 0 ≤ z ≤ H, 
∂T 3 
∂x 

= 0 , 

At the surface of the skin, the heat conducted to the surface is 

 > 0 , z = 0 , 0 ≤ x ≤ H − k 
∂T 1 = h eff( T a − T 1 ) 

∂z 

6 
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w

h (28h) 

H rature is equal to the arterial temperature 

t (28i) 

3

uous across the interface. Therefore, the temperature and the heat flux 

i

t (29a) 

t (29b) 

t (29c) 

t (29d) 

4 of the triple layer 

ermal models to be convoluted. Consequently, recourse is made to the 

h equation. 

4

ient DPL models. The Laplace transform of a real function f (t) and its 

i

F (30) 

(31) 

w

4

nd its inversion formulas are defined as: 

F (32) 

w rnel. The associated eigenvalues depend on boundary conditions. The 

g as 

F (33) 

w ctions of the following equations based on the homogeneous analogue 

o scribed boundary conditions of the governing equation. 

(34) 

F rm of a real function f(x,y) and its inversion formulas are defined as 

F (35) 

as 

F (36) 

the following equations based on the homogeneous analogue of the 

o overning equation. 

(37) 

(38) 
here the effective convective heat transfer coefficient is given as 

 e f f = h + σε ( T a + T 1 ) 
(
T 2 a + T 1 a 

)
owever, at the bottom of the subcutaneous layer, the local tempe

 > 0 , z = H, 0 ≤ x ≤ H, T 3 = T b 

.9. Interlayer conditions 

In the interlayers, temperature and heat flux is assumed contin

n the respective layers is equal at each point amongst the layers. 

 > 0 , z = z 1 , 0 ≤ x ≤ L, T 1 = T 2 , 

 > 0 , z = z 1 , 0 ≤ x ≤ L, k 1 
∂T 1 
∂z 

= k 2 
∂T 2 
∂z 

, 

 > 0 , z = z 2 , 0 ≤ x ≤ L, T 2 = T 3 , 

 > 0 , z = z 2 , 0 ≤ x ≤ L, k 2 
∂T 2 
∂z 

= k 3 
∂T 3 
∂z 

, 

. Joint Integral Transform solutions of the DPL thermal model 

The interlayer conditions make the analytical solution of the th

ybrid Laplace-Fourier transform method is employed to solve the 

.1. Laplace transform method 

The Laplace transform method is applied over time in the trans

nversion formulas are defined as: 

 (s ) = 

∫ ∞ 

0 

e −st f (t) dt 

f (t) = 

1 

2 π i 

∫ s + i ∞ 

s −i ∞ 

e −st F (s ) dt 

here s = a + ib ( a, b ∈ R ) is a complex number 

.2. Generalised Finite Fourier transform method 

The generalised finite Fourier transform of a real function f(x) a

 [ f (x ) ] = f ( βm 

) = 

∫ L 

0 

K ( βm 

, x ) f (x ) dx 

here K is the kernel and the βm 

’s are the eigenvalues of the ke

eneral inversion Finite Fourier transform formula for the is given 

 

−1 
[

f ( βm 

) 
]

= f (x ) = 

∞ ∑ 

m =1 

K( βm 

, x ) 

N( βm 

) 
f ( βm 

) 

here N( βm 

) is the norm. The kernel K( βm 

, x ) equals the eigenfun

f the original partial differential equation (PDE) subject to the pre

d 2 K( βm 

, x ) 

d x 2 
+ β2 

m 

K( βm 

, x ) = 0 

or two-dimensional problem, the generalised finite Fourier transfo

 [ f (x, y ) ] = f ( βm 

, γn ) = 

∫ L 

0 

∫ B 

0 

K ( βm 

, x ) K ( γp , y ) f (x, y ) d xd y 

The general inversion Finite Fourier transform formula is given 

 

−1 
[

f ( βm 

, γn ) 
]

= f (x, y ) = 

∞ ∑ 

m =1 

∞ ∑ 

n =1 

K ( βm 

, x ) K ( βn , y ) 

N ( βm 

) N ( γn ) 
f ( βm 

, γn ) 

The kernels K( βm 

, x ) and K( γp , y ) equals the eigenfunctions of 

riginal PDE subject to the prescribed boundary conditions of the g

d 2 K( βm 

, x ) 

d x 2 
+ β2 

m 

K( βm 

, x ) = 0 

d 2 K( γn , x ) 

d x 2 
+ γ 2 

n K( γn , x ) = 0 
7 



G. Oguntala, V. Indramohan, S. Jeffery et al. International Journal of Heat and Mass Transfer 173 (2021) 120907 

 as: 

4

ρ  b c b 
τ 2 

q, 1 

2 

∂ 2 T 1 
∂ t 2 

+ 

∂ 4 T 1 
∂ t 2 ∂ z 2 

))
 + 

τ 2 
q, 1 

2 

∂ 2 q ext 

∂ t 2 
(39) 

4

ρ  b c b 
τ 2 

q, 2 

2 

∂ 2 T 2 
∂ t 2 

+ 

∂ 4 T 2 
∂ t 2 ∂ z 2 

))
 + 

τ 2 
q, 2 

2 

∂ 2 q ext 

∂ t 2 
(40) 

4

ρ  b c b 
τ 2 

q, 3 

2 

∂ 2 T 3 
∂ t 2 

+ 

∂ 4 T 3 
∂ t 2 ∂ z 2 

))
 + 

τ 2 
q, 3 

2 

∂ 2 q ext 

∂ t 2 
(41) 

ρ + ω b c b τq, 1 

(
s T 1 − T b 

)
+ ω b c b 

τ 2 
q, 1 

2 

(
s 2 T 1 − s T b 

)
 

 

 

)∣∣∣
t=0 

] ⎞ ⎠ 

˙ q b, 0 

)
(42) 

ρ + ω b c b τq, 2 

(
s T 2 − T b 

)
+ ω b c b 

τ 2 
q, 2 

2 

(
s 2 T 2 − s T b 

)
0 

] 
 

2 T 2 
 z 2 

)∣∣∣
t=0 

] ⎞ ⎠ 

˙ q b, 0 

)
(43) 

ρ + ω b c b τq, 3 

(
s T 3 − T b 

)
+ ω b c b 

τ 2 
q, 3 

2 

(
s 2 T 3 − s T b 

)
 

 

 

)∣∣∣ ] ⎞ ⎠ 
To apply the integral transform, the thermal model is expressed

.3. Layer 1: Epidermis Layer 

1 c 
′ 
p, 1 

∂ T 1 
∂t 

+ τq, 1 ρ1 c 
′ 
p, 1 

∂ 2 T l 
∂ t 2 

+ 

τ 2 
q, 1 

2 

ρ1 c 
′ 
p, 1 

∂ 3 T 1 
∂ t 3 

+ ω b c b τq, 1 
∂ T 1 
∂t 

+ ω

= k 1 

((
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
+ τT 1 

(
∂ 3 T 1 
∂ t∂ x 2 

+ 

∂ 3 T 1 
∂ t∂ z 2 

)
+ 

τ 2 
T 1 

2 

(
∂ 4 T 1 

∂ t 2 ∂ x 2 

+ ω b c b ( T b − T 1 ) + q m 

+ τq, 1 
∂ q m 

∂t 
+ 

τ 2 
q, 1 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq, 1 

∂ q ext

∂t 

.4. Layer 2: Dermis Layer 

2 c 
′ 
p, 2 

∂ T 2 
∂t 

+ τq, 2 ρ2 c 
′ 
p, 2 

∂ 2 T 2 
∂ t 2 

+ 

τ 2 
q, 2 

2 

ρ2 c 
′ 
p, 2 

∂ 3 T 2 
∂ t 3 

+ ω b c b τq, 2 
∂ T 2 
∂t 

+ ω

= k 2 

((
∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
+ τT 2 

(
∂ 3 T 2 
∂ t∂ x 2 

+ 

∂ 3 T 2 
∂ t∂ z 2 

)
+ 

τ 2 
T 2 

2 

(
∂ 4 T 2 

∂ t 2 ∂ x 2 

+ ω b c b ( T b − T 2 ) + q m 

+ τq, 2 
∂ q m 

∂t 
+ 

τ 2 
q, 2 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq, 2 

∂ q ext

∂t 

.5. Layer 3: Subcutaneous Layer 

3 c 
′ 
p, 3 

∂ T 3 
∂t 

+ τq, 3 ρ3 c 
′ 
p, 3 

∂ 2 T 3 
∂ t 2 

+ 

τ 2 
q, 3 

2 

ρ3 c 
′ 
p, 3 

∂ 3 T 3 
∂ t 3 

+ ω b c b τq, 3 
∂ T 3 
∂t 

+ ω

= k 3 

((
∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)
+ τT 3 

(
∂ 3 T 3 
∂ t∂ x 2 

+ 

∂ 3 T 3 
∂ t∂ z 2 

)
+ 

τ 2 
T 3 

2 

(
∂ 4 T 3 

∂ t 2 ∂ x 2 

+ ω b c b ( T b − T 3 ) + q m 

+ τq, 3 
∂ q m 

∂t 
+ 

τ 2 
q, 3 

2 

∂ 2 q m 

∂ t 2 
+ q ext + τq, 3 

∂ q ext

∂t 

Applying Laplace Transform to Eqs. (39) –(41) 

1 c 
′ 
p, 1 

(
s T 1 − T b 

)
+ τq, 1 ρ1 c 

′ 
p, 1 

(
s 2 T 1 − s T b 

)
+ 

τ 2 
q, 1 

2 

ρ1 c 
′ 
p, 1 

(
s 3 T 1 − s 2 T b 

)
= k 1 

⎛ ⎝ 

(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
+ τT 1 

[ 
s 

(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
−
(

∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)∣∣∣
t=0 

]
+ 

τ 2 
T 1 

2 

[ 
s 2 
(

∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
− s 

(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)∣∣∣
t=0 

−
(

∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1
∂ z 2

+ ω b c b 
(
T b − T 1 

)
+ q m 

+ τq, 1 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 1 

2 

(
s 2 q m 

− s q b, 0 −

+ q ext + τq, 1 ( s q ext − q ext, 0 ) + 

τ 2 
q, 1 

2 

(
s 2 q ext − s q ext, 0 − ˙ q ext, 0 

)
2 c 

′ 
p, 2 

(
s T 2 − T b 

)
+ τq, 2 ρ2 c 

′ 
p, 2 

(
s 2 T 2 − s T b 

)
+ 

τ 2 
q, 2 

2 

ρ2 c 
′ 
p, 2 

(
s 3 T 2 − s 2 T b 

)
= k 2 

⎛ ⎝ 

(
∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
+ τT 2 

[ 
s 

(
∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
−
(

∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)∣∣∣
t=

+ 

τ 2 
T 2 

2 

[ 
s 2 
(

∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
− s 

(
∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)∣∣∣
t=0 

−
(

∂ 2 T 2 
∂ x 2 

+ 

∂
∂

+ ω b c b 
(
T b − T 2 

)
+ q m 

+ τq, 2 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 2 

2 

(
s 2 q m 

− s q b, 0 −

+ q ext + τq, 2 ( s q ext − q ext, 0 ) + 

τ 2 
q, 2 

2 

(
s 2 q ext − s q ext, 0 − ˙ q ext, 0 

)
3 c 

′ 
p, 3 

(
s T 3 − T b 

)
+ τq, 3 ρ3 c 

′ 
p, 3 

(
s 2 T 3 − s T b 

)
+ 

τ 2 
q, 3 

2 

ρ3 c 
′ 
p, 3 

(
s 3 T 3 − s 2 T b 

)
= k 3 

⎛ ⎝ 

(
∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)
+ τT 3 

[ 
s 

(
∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)
−
(

∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)∣∣∣
t=0 

]
+ 

τ 2 
T 3 

2 

[ 
s 2 
(

∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)
− s 

(
∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)∣∣∣ −
(

∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3
∂ z 2
t=0 t=0 

8 
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˙ q b, 0 

)
+ q ext + τq, 3 ( s q m 

− q ext, 0 ) + 

τ 2 
q, 3 

2 

(
s 2 q ext − s q ext, 0 − ˙ q ext, 0 

)
(44) 

k
 1 + ω b c b 

τ 2 
q, 1 

2 

)
s 2 + 

(
ρ1 c 

′ 
p, 1 + ω b c b τq, 1 

)
s + ω b c b 

)
T 1 

 b c b 
τ 2 

q, 1 

2 

)
T b − ω b c b T b 

 

τ 2 
T 1 

2 

(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)∣∣∣∣
t=0 

}
(45) 

k
 

+ ω b c b 
τ 2 

q, 2 

2 

)
s 2 + 

(
ρ2 c 

’ 
p, 2 + ω b c b τq, 2 

)
s + ω b c b 

)
T 2 

 

c b 
τ 2 

q, 2 

2 

)
T b − ω b c b T b 

 

τ 2 
T 2 

2 

(
∂ 2 T 2 
∂x 2 

+ 

∂ 2 T 2 
∂z 2 

)∣∣∣∣
t=0 

}
(46) 

k
 

+ ω b c b 
τ 2 

q, 3 

2 

)
s 2 + 

(
ρ3 c 

’ 
p, 3 + ω b c b τq, 3 

)
s + ω b c b 

)
T 3 

 

c b 
τ 2 

q, 3 

2 

)
T b − ω b c b T b 

 

τ 2 
T 1 

2 

(
∂ 2 T 3 
∂x 2 

+ 

∂ 2 T 3 
∂z 2 

)∣∣∣∣
t=0 

}
(47) 

t and heat gradient at any point in the skin tissue. Therefore, the above 

e

k
 1 + ω b c b 

τ 2 
q, 1 

2 

)
s 2 + 

(
ρ1 c 

′ 
p, 1 + ω b c b τq, 1 

)
s + ω b c b 

)
T 1 

 b c b 
τ 2 

q, 1 

2 

)
T b − ω b c b T b 

t − q ext, 0 ) + 

τ 2 
q, 1 

2 

(
s 2 q ext − s q ext, 0 

)]
(48) 

k
 2 + ω b c b 

τ 2 
q, 2 

2 

)
s 2 + 

(
ρ2 c 

′ 
p, 2 + ω b c b τq, 2 

)
s + ω b c b 

)
T 2 

 b c b 
τ 2 

q, 2 

2 

)
T b − ω b c b T b 

t − q ext, 0 ) + 

τ 2 
q, 2 

2 

(
s 2 q ext − s q ext, 0 

)]
(49) 

k
 3 + ω b c b 

τ 2 
q, 3 

2 

)
s 2 + 

(
ρ3 c 

′ 
p, 3 + ω b c b τq, 3 

)
s + ω b c b 

)
T 3 

 b c b 
τ 2 

q, 3 

2 

)
T b − ω b c b T b 
+ ω b c b 
(
T b − T 3 

)
+ q m 

+ τq, 3 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 3 

2 

(
s 2 q m 

− s q b, 0 −
Collecting like terms in Eqs. (42) –(44) gives 

 1 

(
τ 2 

T 1 

2 

s 2 + τT 1 s + 1 

)(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
−
(

τ 2 
q, 1 

2 

ρ1 c 
′ 
p, 1 s 

3 

(
τq, 1 ρ1 c 

′ 
p,

= −
(

τ 2 
q, 1 

2 

ρ1 c 
′ 
p, 1 s 

2 + τq, 1 ρ1 c 
′ 
p, 1 s + ρ1 c 

′ 
p, 1 

)
T b −

(
ω b c b τq, 1 s + ω

− k 1 

{[
τT 1 

(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)∣∣∣∣
t=0 

]
+ s 

τ 2 
T 1 

2 

(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)∣∣∣∣
t=0 

+

−
[ 

q m 

+ τq, 1 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 1 

2 

(
s 2 q m 

− s q b, 0 − q b, 0 

)
+ q ext + τq, 1 ( s q ext − q ext, 0 ) + 

τ 2 
q, 1 

2 

(
s 2 q ext − s q ext, 0 − ˙ q ext, 0 

)] 

 2 

(
τ 2 

T 2 

2 

s 2 + τT 2 s + 1 

)(
∂ 2 T 2 
∂x 2 

+ 

∂ 2 T 2 
∂z 2 

)
−
(

τ 2 
q, 2 

2 

ρ2 c 
’ 
p, 2 s 

3 

(
τq, 2 ρ2 c 

’ 
p, 2

= −
(

τ 2 
q, 2 

2 

ρ2 c 
’ 
p, 2 s 

2 + τq, 2 ρ2 c 
’ 
p, 2 s + ρ2 c 

’ 
p, 2 

)
T b −

(
ω b c b τq, 2 s + ω b

− k 2 

{[
τT 2 

(
∂ 2 T 2 
∂x 2 

+ 

∂ 2 T 2 
∂z 2 

)∣∣∣∣
t=0 

]
+ s 

τ 2 
T 2 

2 

(
∂ 2 T 2 
∂x 2 

+ 

∂ 2 T 2 
∂z 2 

)∣∣∣∣
t=0 

+

−
[ 

q m 

+ τq, 2 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 2 

2 

(
s 2 q m 

− sq b, 0 − q b, 0 

)
+ q ext + τq, 2 ( s q ext − q ext , 0 ) + 

τ 2 
q, 2 

2 

(
s 2 q ext − sq ext , 0 − ˙ q ext , 0 

)] 

 3 

(
τ 2 

T 3 

2 

s 2 + τT 3 s + 1 

)(
∂ 2 T 3 
∂x 2 

+ 

∂ 2 T 3 
∂z 2 

)
−
(

τ 2 
q, 3 

2 

ρ3 c 
’ 
p, 3 s 

3 

(
τq, 3 ρ3 c 

’ 
p, 3

= −
(

τ 2 
q, 3 

2 

ρ3 c 
’ 
p, 3 s 

2 + τq, 3 ρ3 c 
’ 
p, 3 s + ρ3 c 

’ 
p, 3 

)
T b −

(
ω b c b τq, 3 s + ω b

− k 3 

{[
τT 1 

(
∂ 2 T 3 
∂x 2 

+ 

∂ 2 T 3 
∂z 2 

)∣∣∣∣
t=0 

]
+ s 

τ 2 
T 1 

2 

(
∂ 2 T 3 
∂x 2 

+ 

∂ 2 T 3 
∂z 2 

)∣∣∣∣
t=0 

+

−
[ 

q m 

+ τq, 3 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 3 

2 

(
s 2 q m 

− sq b, 0 − q b, 0 

)
+ q ext + τq, 1 ( s q ext − q ext , 0 ) + 

τ 2 
q, 3 

2 

(
s 2 q ext − sq ext , 0 − ˙ q ext , 0 

)] 

It should be noted that initially, there is no temperature gradien

quation reduces to 

 1 

(
τ 2 

T 1 

2 

s 2 + τT 1 s + 1 

)(
∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
−
(

τ 2 
q, 1 

2 

ρ1 c 
′ 
p, 1 s 

3 

(
τq, 1 ρ1 c 

′ 
p,

= −
(

τ 2 
q, 1 

2 

ρ1 c 
′ 
p, 1 s 

2 + τq, 1 ρ1 c 
′ 
p, 1 s + ρ1 c 

′ 
p, 1 

)
T b −

(
ω b c b τq, 1 s + ω

−
[

q m 

+ τq, 1 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 1 

2 

(
s 2 q m 

− s q b, 0 

)
+ q ext + τq, 1 ( s q ex

 2 

(
τ 2 

T 2 

2 

s 2 + τT 2 s + 1 

)(
∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
−
(

τ 2 
q, 2 

2 

ρ2 c 
′ 
p, 2 s 

3 

(
τq, 2 ρ2 c 

′ 
p,

= −
(

τ 2 
q, 2 

2 

ρ2 c 
′ 
p, 2 s 

2 + τq, 2 ρ2 c 
′ 
p, 2 s + ρ2 c 

′ 
p, 2 

)
T b −

(
ω b c b τq, 2 s + ω

−
[

q m 

+ τq, 2 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 2 

2 

(
s 2 q m 

− s q b, 0 

)
+ q ext + τq, 2 ( s q ex

 3 

(
τ 2 

T 1 

2 

s 2 + τT 1 s + 1 

)(
∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)
−
(

τ 2 
q, 3 

2 

ρ3 c 
′ 
p, 3 s 

3 

(
τq, 3 ρ3 c 

′ 
p,

= −
(

τ 2 
q, 3 

2 

ρ3 c 
′ 
p, 3 s 

2 + τq, 3 ρ3 c 
′ 
p, 3 s + ρ3 c 

′ 
p, 3 

)
T b −

(
ω b c b τq, 3 s + ω
9 
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t − q ext, 0 ) + 

τ 2 
q, 3 

2 

(
s 2 q ext − s q ext, 0 

)]
(50) 

r(
 ω b c b 

τ 2 
q, 1 

2 

)
s 2 

 ω b c b 

) 

T 1 

⎤ ⎦ T b 

 b, 0 

)
t − s q ext, 0 

)] 

(51) 

(
 ω b c b 

τ 2 
q, 2 

2 

)
s 2 

s + ω b c b 

) 

T 2 

⎤ ⎦ T b 

sq b, 0 

)
 

− sq ext , 0 

)] 

(52) 

(
 ω b c b 

τ 2 
q, 3 

2 

)
s 2 

 ω b c b 

) 

T 3 

⎤ ⎦ T b 

 b, 0 

)
t − s q ext, 0 

)] 

(53) 

ce inversion produces (
s 2 

2 ω b c b 
 

, 1 
ρ1 c ′ p, 1 

⎞ ⎟ ⎠ 

T 1 

, 1 

 

)
 

+ 

2 ω b c b 

τ 2 
q, 1 

ρ1 c ′ p, 1 

] 

T b 

 

t, 0 

⎤ ⎦ (54) 

(
s 2 

2 ω b c b 
 

, 2 
ρ2 c ′ p, 2 

⎞ ⎟ ⎠ 

T 2 

, 2 

 

)
 

+ 

2 ω b c b 

τ 2 
q, 2 

ρ2 c ′ p, 2 

] 

T b 

 

xt, 0 

⎤ ⎦ (55) 
−
[

q m 

+ τq, 2 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 3 

2 

(
s 2 q m 

− s q b, 0 

)
+ q ext + τq, 1 ( s q ex

earranging Eqs. (48) –(50) gives 

∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
− 1 

k 1 

(
τ 2 

T 1 

2 
s 2 + τT 1 s + 1 

)( 

τ 2 
q, 1 

2 
ρ1 c 

′ 
p, 1 s 

3 

(
τq, 1 ρ1 c 

′ 
p, 1 +

+ 

(
ρ1 c 

′ 
p, 1 + ω b c b τq, 1 

)
s +

= − 1 

k 1 

(
τ 2 

T 1 

2 
s 2 + τT 1 s + 1 

)
⎡ ⎣ 

(
τ 2 

q, 1 

2 
ρ1 c 

′ 
p, 1 s 

2 + τq, 1 ρ1 c 
′ 
p, 1 s + ρ1 c 

′ 
p, 1 

)
+ 

(
ω b c b τq, 1 s + ω b c b τq, 1 

τ 2 
q, 1 

2 

)
+ ω b c b 

− 1 

k 1 

(
τ 2 

T 1 

2 
s 2 + τT 1 s + 1 

)[ 

q m 

+ τq, 1 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 1 

2 

(
s 2 q m 

− s q

+ q ext + τq, 1 ( s q ext − q ext, 0 ) + 

τ 2 
q, 1 

2 

(
s 2 q ex

∂ 2 T 2 
∂x 2 

+ 

∂ 2 T 2 
∂z 2 

)
− 1 

k 2 

(
τ 2 

T 2 

2 
s 2 + τT 2 s + 1 

)( 

τ 2 
q, 2 

2 
ρ2 c 

’ 
p, 2 s 

3 

(
τq, 2 ρ2 c 

’ 
p, 2 +

+ 

(
ρ1 c 

’ 
p, 1 + ω b c b τq, 1 

)
= − 1 

k 2 

(
τ 2 

T 2 

2 
s 2 + τT 2 s + 1 

)
⎡ ⎣ 

(
τ 2 

q, 2 

2 
ρ2 c 

’ 
p, 2 s 

2 + τq, 2 ρ2 c 
’ 
p, 2 s + ρ2 c 

’ 
p, 2 

)
+ 

(
ω b c b τq, 2 s + ω b c b 

τ 2 
q, 2 

2 

)
+ ω b c b 

− 1 

k 1 

(
τ 2 

T 2 

2 
s 2 + τT 2 s + 1 

)[ 

q m 

+ τq, 2 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 2 

2 

(
s 2 q m 

−
+ q ext + τq, 2 ( s q ext − q ext , 0 ) + 

τ 2 
q, 2 

2 

(
s 2 q ext

∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)
− 1 

k 3 

(
τ 2 

T 3 

2 
s 2 + τT 3 s + 1 

)( 

τ 2 
q, 3 

2 
ρ3 c 

′ 
p, 3 s 

3 

(
τq, 3 ρ3 c 

′ 
p, 3 +

+ 

(
ρ3 c 

′ 
p, 3 + ω b c b τq, 3 

)
s +

= − 1 

k 3 

(
τ 2 

T 3 

2 
s 2 + τT 3 s + 1 

)
⎡ ⎣ 

(
τ 2 

q, 3 

2 
ρ3 c 

′ 
p, 3 s 

2 + τq, 3 ρ3 c 
′ 
p, 3 s + ρ3 c 

′ 
p, 3 

)
+ 

(
ω b c b τq, 3 s + ω b c b 

τ 2 
q, 3 

2 

)
+ ω b c b 

− 1 

k 3 

(
τ 2 

T 3 

2 
s 2 + τT 3 s + 1 

)[ 

q m 

+ τq, 3 

(
s q m 

− q b, 0 

)
+ 

τ 2 
q, 3 

2 

(
s 2 q m 

− s q

+ q ext + τq, 1 ( s q ext − q ext, 0 ) + 

τ 2 
q, 3 

2 

(
s 2 q ex

Further rearranging Eqs. (51) –(53) for the simplification of Lapla

∂ 2 T 1 
∂ x 2 

+ 

∂ 2 T 1 
∂ z 2 

)
−

(
τ 2 

q, 1 ρ1 c 
′ 
p, 1 

)
k 1 τ 2 

T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τT 1 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 1 ρ1 c 

′ 
p, 1 + ω b c b 

τ2 
q, 1 
2 

)
τ 2 

q, 1 
ρ1 c ′ p, 1 

+ 

2 ( ρ1 c 
′ 

p, 1 + ω b c b τq, 1 ) 
τ 2 

q, 1 
ρ1 c ′ p, 1 

s + 

τ 2
q

= −
τ 2 

q, 1 ρ1 c 
′ 
p, 1 

k 1 τ 2 
T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τ 2 

T 1 

)[ (
s 2 + 

2 

τq, 1 

s + 

2 

τ 2 
q, 1 

)
+ 

2 ω b c b 
(
s + 

τq

2

τq, 1 ρ1 c ′ p, 1

−
τ 2 

q, 1 

k 1 τ 2 
T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τ 2 

T 1 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 1 

s + 

2 
τ 2 

q, 1 

)
q m 

−
(

s + 

2 
τq, 1 

)
q b, 0(

s 2 + 

2 
τq, 1 

s + 

2 
τ 2 

q, 1 

)
q ext −

(
s + 

2 
τq, 1 

)
q ex

∂ 2 T 2 
∂ x 2 

+ 

∂ 2 T 2 
∂ z 2 

)
−

(
τ 2 

q, 2 ρ2 c 
′ 
p, 2 

)
k 2 τ 2 

T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τT 2 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 2 ρ2 c 

′ 
p, 2 + ω b c b 

τ2 
q, 2 
2 

)
τ 2 

q, 2 
ρ2 c ′ p, 2 

+ 

2 ( ρ2 c 
′ 

p, 2 + ω b c b τq, 2 ) 
τ 2 

q, 2 
ρ2 c ′ p, 2 

s + 

τ 2
q

= −
τ 2 

q, 2 ρ2 c 
′ 
p, 2 

k 2 τ 2 
T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τ 2 

T 2 

)[ (
s 2 + 

2 

τq, 2 

s + 

2 

τ 2 
q, 2 

)
+ 

2 ω b c b 
(
s + 

τq

2

τq, 2 ρ2 c ′ p, 2

−
τ 2 

q, 2 

k 2 τ 2 
T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τ 2 

T 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 2 

s + 

2 
τ 2 

q, 2 

)
q m 

−
(

s + 

2 
τq, 2 

)
q b, 0(

s 2 + 

2 
τq, 2 

s + 

2 
τ 2 

q, 2 

)
q ext −

(
s + 

2 
τq, 2 

)
q e
2 

10 
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(
s 2 

2 ω b c b 
 

, 3 
ρ3 c ′ p, 3 

⎞ ⎟ ⎠ 

T 3 

, 3 

 

)
 

+ 

2 ω b c b 

τ 2 
q, 3 

ρ3 c ′ p, 3 

] 

T b 

 

xt, 0 

⎤ ⎦ (56) 

4

s (57a) 

s (57b) 

s (57c) 

s (57d) 

s (57e) 

s (57f) 

s (57g) 

s (57h) 

4

s (58a) 

s (58b) 

s (58c) 

s (58d) 

ce inversion produces ( 2 
q, 1 
2 

)
s 2 

 

2 ω b c b 
τ 2 

q, 1 
ρ1 c ′ p, 1 

⎞ ⎟ ⎠ ̃

 

T 1 

, 1 

 

)
 

+ 

2 ω b c b 

τ 2 
q, 1 

ρ1 c ′ p, 1 

] ˜ T b 

 

xt, 0 

⎤ ⎦ (59) 
∂ 2 T 3 
∂ x 2 

+ 

∂ 2 T 3 
∂ z 2 

)
−

(
τ 2 

q, 3 ρ3 c 
′ 
p, 3 

)
k 3 τ 2 

T 1 

(
s 2 + 

2 
τT 3 

s + 

2 
τT 3 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 3 ρ3 c 

′ 
p, 3 + ω b c b 

τ2 
q, 3 
2 

)
τ 2 

q, 3 
ρ3 c ′ p, 3 

+ 

2 ( ρ3 c 
′ 

p, 3 + ω b c b τq, 3 ) 
τ 2 

q, 3 
ρ3 c ′ p, 3 

s + 

τ 2
q

= −
τ 2 

q, 3 ρ3 c 
′ 
p, 3 

k 3 τ 2 
T 3 

(
s 2 + 

2 
τT 3 

s + 

2 
τ 2 

T 3 

)[ (
s 2 + 

2 

τq, 3 

s + 

2 

τ 2 
q, 3 

)
+ 

2 ω b c b 
(
s + 

τq

2

τq, 2 ρ2 c ′ p, 2

−
τ 2 

q, 3 

k 3 τ 2 
T 3 

(
s 2 + 

2 
τT 3 

s + 

2 
τ 2 

T 3 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 3 

s + 

2 
τ 2 

q, 3 

)
q m 

−
(

s + 

2 
τq, 3 

)
q b, 0(

s 2 + 

2 
τq, 3 

s + 

2 
τ 2 

q, 3 

)
q ext −

(
s + 

2 
τq, 3 

)
q e

.6. The boundary conditions in the Laplace domain are 

 > 0 , x = 0 , 0 ≤ z ≤ H, 
∂ T 1 
∂x 

= 0 , 

 > 0 , x = 0 , 0 ≤ z ≤ H, 
∂ T 2 
∂x 

= 0 , 

 > 0 , x = 0 , 0 ≤ z ≤ H, 
∂ T 3 
∂x 

= 0 , 

 > 0 , x = L, 0 ≤ z ≤ H, 
∂ T 1 
∂x 

= 0 , 

 > 0 , x = L, 0 ≤ z ≤ H, 
∂ T 2 
∂x 

= 0 , 

 > 0 , x = L, 0 ≤ z ≤ H, 
∂ T 3 
∂x 

= 0 , 

 > 0 , z = 0 , 0 ≤ x ≤ L − k 
∂ T 1 
∂z 

= h 

(
T a 

s 
− T 1 

)
, 

 > 0 , z = H, 0 ≤ x ≤ L, T 3 = 

T b 
s 

.7. Interlayer conditions in Laplace domain are 

 > 0 , z = z 1 , 0 ≤ x ≤ L, T 1 = T 2 , 

 > 0 , z = z 1 , 0 ≤ x ≤ L, k 1 
∂ T 1 
∂z 

= k 2 
∂ T 2 
∂z 

 > 0 , z = z 2 , 0 ≤ x ≤ L, T 2 = T 3 , 

 > 0 , z = z 1 , 0 ≤ x ≤ L, k 2 
∂ T 2 
∂z 

= k 3 
∂ T 3 
∂z 

, 

Further rearranging Eqs. (54) –(56) for the simplification of Lapla

 

−β2 
m 1 ̃

 

T 1 + 

∂ 2 ̃  

T 1 
∂ z 2 

) 

−
(
τ 2 

q, 1 ρ1 c 
′ 
p, 1 

)
k 1 τ 2 

T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τT 1 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 1 ρ1 c 

′ 
p, 1 + ω b c b 

τ

τ 2 
q, 1 

ρ1 c ′ p, 1 

+ 

2 ( ρ1 c 
′ 

p, 1 + ω b c b τq, 1 ) 
τ 2 

q, 1 
ρ1 c ′ p, 1 

s +

= −
τ 2 

q, 1 ρ1 c 
′ 
p, 1 

k 1 τ 2 
T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τ 2 

T 1 

)[ (
s 2 + 

2 

τq, 1 

s + 

2 

τ 2 
q, 1 

)
+ 

2 ω b c b 
(
s + 

τq

2

τq, 1 ρ1 c ′ p, 1

−
τ 2 

q, 1 

k 1 τ 2 
T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τ 2 

T 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 1 

s + 

2 
τ 2 

q, 1 

)̃
 q m 

−
(

s + 

2 
τq, 1 

)˜ q b, 0(
s 2 + 

2 
τq, 1 

s + 

2 
τ 2 

q, 1 

)̃
 q ext −

(
s + 

2 
τq, 1 

)˜ q e

1 

11 
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( 2 
q, 2 
2 

)
s 2 

 

2 ω b c b 
τ 2 

q, 2 
ρ2 c ′ p, 2 

− β2 
m 2 ̃

 

T 2 

⎞ ⎟ ⎠ ̃

 

T 2 

, 2 

 

)
 

+ 

2 ω b c b 

τ 2 
q, 2 

ρ2 c ′ p, 2 

] ˜ T b 

 

xt, 0 

⎤ ⎦ (60) 

( 2 
q, 3 
2 

)
s 2 

 

2 ω b c b 
τ 2 

q, 3 
ρ3 c ′ p, 3 

− β2 
m 3 

⎞ ⎟ ⎠ ̃

 

T 3 

, 3 

 

)
 

+ 

2 ω b c b 

τ 2 
q, 3 

ρ3 c ′ p, 3 

] ˜ T b 

 

xt, 0 

⎤ ⎦ (61) 

 

 1 

⎞ ⎟ ⎠ ̃

 

T 1 

, 1 

 

)
 

+ 

2 ω b c b 

τ 2 
q, 1 

ρ1 c ′ p, 1 

] ˜ T b 

 

xt, 0 

⎤ ⎦ (62) 

 

 2 

⎞ ⎟ ⎠ ̃

 

T 2 

 

τq, 2 

2 

)
 

’ 
p, 2 

+ 

2 ω b c b 

τ 2 
q, 2 

ρ2 c ’ p, 2 

] ˜ T b 

, 0 

xt , 0 

⎤ ⎦ (63) 

 

 3 

⎞ ⎟ ⎠ ̃

 

T 3 

 

τq, 3 

2 

)
 

′ 
p, 3 

+ 

2 ω b c b 

τ 2 
q, 3 

ρ3 c ′ p, 3 

] ˜ T b 

 

xt, 0 

⎤ ⎦ (64) 
 

−β2 
m 2 ̃

 

T 2 + 

∂ 2 ̃  

T 2 
∂ z 2 

) 

−
(
τ 2 

q, 2 ρ2 c 
′ 
p, 2 

)
k 2 τ 2 

T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τT 2 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 2 ρ2 c 

′ 
p, 2 + ω b c b 

τ

τ 2 
q, 2 

ρ2 c ′ p, 2 

+ 

2 ( ρ2 c 
′ 

p, 2 + ω b c b τq, 2 ) 
τ 2 

q, 2 
ρ2 c ′ p, 2 

s +

= −
τ 2 

q, 2 ρ2 c 
′ 
p, 2 

k 2 τ 2 
T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τ 2 

T 2 

)[ (
s 2 + 

2 

τq, 2 

s + 

2 

τ 2 
q, 2 

)
+ 

2 ω b c b 
(
s + 

τq

2

τq, 2 ρ2 c ′ p, 2

−
τ 2 

q, 1 

k 2 τ 2 
T 2 

(
s 2 + 

2 
τT 1 

s + 

2 
τ 2 

T 1 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 2 

s + 

2 
τ 2 

q 2 

)̃
 q m 

−
(

s + 

2 
τq, 2 

)˜ q b, 0(
s 2 + 

2 
τq, 2 

s + 

2 
τ 2 

q, 2 

)̃
 q ext −

(
s + 

2 
τq, 2 

)˜ q e

 

−β2 
m 3 ̃

 

T 3 + 

∂ 2 ̃  

T 3 
∂ z 2 

) 

−
(
τ 2 

q, 3 ρ3 c 
′ 
p, 3 

)
k 3 τ 2 

T 3 

(
s 2 + 

2 
τT 3 

s + 

2 
τT 3 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 3 ρ3 c 

′ 
p, 3 + ω b c b 

τ

τ 2 
q, 3 

ρ3 c ′ p, 3 

+ 

2 ( ρ3 c 
′ 

p, 3 + ω b c b τq, 3 ) 
τ 2 

q, 3 
ρ3 c ′ p, 3 

s +

= −
τ 2 

q, 3 ρ3 c 
′ 
p, 3 

k 3 τ 2 
T 3 

(
s 2 + 

2 
τT 3 

s + 

2 
τ 2 

T 3 

)[ (
s 2 + 

2 

τq, 3 

s + 

2 

τ 2 
q, 3 

)
+ 

2 ω b c b 
(
s + 

τq

2

τq, 3 ρ3 c ′ p, 3

−
τ 2 

q, 3 

k 3 τ 2 
T 3 

(
s 2 + 

2 
τT 3 

s + 

2 
τ 2 

T 3 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 3 

s + 

2 
τ 2 

q 3 

)̃
 q m 

−
(

s + 

2 
τq, 3 

)˜ q b, 0(
s 2 + 

2 
τq, 3 

s + 

2 
τ 2 

q, 3 

)̃
 q ext −

(
s + 

2 
τq, 3 

)˜ q e

Rearranging the above models 

∂ 2 ̃  

T 1 
∂ z 2 

−
(
τ 2 

q, 1 ρ1 c 
′ 
p, 1 

)
k 1 τ 2 

T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τT 1 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 1 ρ1 c 

′ 
p, 1 + ω b c b 

τ2 
q, 1 
2 

)
τ 2 

q, 1 
ρ1 c ′ p, 1 

s 2 

+ 

2 ( ρ1 c 
′ 

p, 1 + ω b c b τq, 1 ) 
τ 2 

q, 1 
ρ1 c ′ p, 1 

s + 

2 ω b c b 
τ 2 

q, 1 
ρ1 c ′ p, 1 

− β2
m

= −
τ 2 

q, 1 ρ1 c 
′ 
p, 1 

k 1 τ 2 
T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τ 2 

T 1 

)[ (
s 2 + 

2 

τq, 1 

s + 

2 

τ 2 
q, 1 

)
+ 

2 ω b c b 
(
s + 

τq

2

τq, 1 ρ1 c ′ p, 1

−
τ 2 

q, 1 

k 1 τ 2 
T 1 

(
s 2 + 

2 
τT 1 

s + 

2 
τ 2 

T 1 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 1 

s + 

2 
τ 2 

q, 1 

)̃
 q m 

−
(

s + 

2 
τq, 1 

)˜ q b, 0(
s 2 + 

2 
τq, 1 

s + 

2 
τ 2 

q, 1 

)̃
 q ext −

(
s + 

2 
τq, 1 

)˜ q e

∂ 2 ̃  

T 2 
∂z 2 

−
(
τ 2 

q, 2 ρ2 c 
’ 
p, 2 

)
k 2 τ 2 

T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τT 2 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 2 ρ2 c 

’ 
p, 2 + ω b c b 

τ2 
q, 2 
2 

)
τ 2 

q, 1 
ρ1 c ’ p, 1 

s 2 

+ 

2 ( ρ2 c 
’ 
p, 2 + ω b c b τq, 2 ) 

τ 2 
q, 2 

ρ2 c ’ p, 2 
s + 

2 ω b c b 
τ 2 

q, 2 
ρ2 c ’ p, 2 

− β2
m

= −
τ 2 

q, 2 ρ2 c 
’ 
p, 2 

k 2 τ 2 
T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τ 2 

T 2 

)[ ((
s 2 + 

2 

τq, 2 

s + 

2 

τ 2 
q, 2 

))
+ 

2 ω b c b 
(
s +

τq, 2 ρ2 c

−
τ 2 

q, 2 

k 2 τ 2 
T 2 

(
s 2 + 

2 
τT 2 

s + 

2 
τ 2 

T 2 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 2 

s + 

2 
τ 2 

q, 2 

)̃
 q m 

−
(

s + 

2 
τq, 2 

)
˜ q b(

s 2 + 

2 
τq, 2 

s + 

2 
τ 2 

q, 2 

)̃
 q ext −

(
s + 

2 
τq, 2 

)
˜ q e

∂ 2 ̃  

T 3 
∂ z 2 

−
(
τ 2 

q, 3 ρ3 c 
′ 
p, 3 

)
k 3 τ 2 

T 3 

(
s 2 + 

2 
τT 3 

s + 

2 
τT 3 

)
⎛ ⎜ ⎝ 

s 3 + 

2 

(
τq, 3 ρ3 c 

′ 
p, 3 + ω b c b 

τ2 
q, 3 
2 

)
τ 2 

q, 3 
ρ3 c ′ p, 3 

s 2 

+ 

2 ( ρ3 c 
′ 

p, 3 + ω b c b τq, 3 ) 
τ 2 

q, 3 
ρ3 c ′ p, 3 

s + 

2 ω b c b 
τ 2 

q, 3 
ρ3 c ′ p, 3 

− β2
m

= −
τ 2 

q, 3 ρ3 c 
′ 
p, 3 

k 3 τ 2 
T 3 

(
s 2 + 

2 
τT 3 

s + 

2 
τ 2 

T 3 

)[ ((
s 2 + 

2 

τq, 3 

s + 

2 

τ 2 
q, 3 

))
+ 

2 ω b c b 
(
s +

τq, 3 ρ3 c

−
τ 2 

q, 3 

k 3 τ 2 

(
s 2 + 

2 s + 

2 
2 

)
⎡ ⎣ 

(
s 2 + 

2 
τq, 3 

s + 

2 
τ 2 

q, 3 

)̃
 q m 

−
(

s + 

2 
τq, 3 

)˜ q b, 0(
s 2 + 

2 
τ s + 

2 
2 

)̃
 q ext −

(
s + 

2 
τ

)˜ q e
T 3 τT 3 
τ

T 3 
q, 3 τ

q, 3 q, 3 

12 
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4

s (65a) 

s (65b) 

4

s (66a) 

s (66b) 

s (66c) 

s (66d) 

 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)
+ ζ1 

(
s + 2 

−1 τq, 1 

)
+ ζ1 

]˜ T b 

+ 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)̃
 q m 

−
(
s + 2 

−1 τq, 1 

)̃
 q b, 0 

+ 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)̃
 q ext −

(
s + 2 

−1 τq, 1 

)̃
 q ext 

]
(67) 

 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)
+ ζ2 

(
s + 2 

−1 τq 2 

)
+ ζ2 

]˜ T b 

+ 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)̃
 q m 

−
(
s + 2 

−1 τq 2 

)̃
 q b, 0 

+ 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)̃
 q ext −

(
s + 2 

−1 τq 2 

)̃
 q ext 

]
(68) 

 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)
+ ζ3 

(
s + 2 

−1 τq 3 

)
+ ζ3 

]˜ T b 

+ 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)̃
 q m 

−
(
s + 2 

−1 τq 3 

)̃
 q b, 0 

+ 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)̃
 q ext −

(
s + 2 

−1 τq 3 

)̃
 q ext 

]
(69) 

w

α
 

′ 
p, 1 + ω b c b τq, 1 

)
 

 1 
ρ1 c ′ p, 1 

λ
 b 

 

′ 
p, 1 

, η1 = 

τ 2 
q, 1 

k 1 τ 2 
T 1 

α
 

c ′ p, 2 + ω b c b τq, 2 

)
2 
q, 2 

ρ2 c ′ p, 2 

λ

α
 

c ′ p, 3 + ω b c b τq, 3 

)
2 
q, 3 

ρ3 c ′ p, 3 

λ

T
+ χ1 s 2 + δ1 s + λ1 

)
 2 τ−1 

T 1 
s + 2 τ−2 

T 1 

) ) 

z 

 

−1 τq 1 

)
+ ζ1 

]˜ T b 

 

−1 τq 1 

)̃
 q b, 0 

 2 

−1 τq 1 

)̃
 q ext, 0 

]
(70) 
.8. The boundary conditions in Laplace and Fourier domains are 

 > 0 , z = 0 , 0 ≤ x ≤ L − k 
∂ ̃  

T 1 
∂z 

= h 

(˜ T a 

s 
− ˜ 

T 1 

)
 > 0 , z = H, 0 ≤ x ≤ L ̃

 

T 3 = 

T b 
s 

.9. Interlayer conditions in Laplace domain are 

 > 0 , z = z 1 , 0 ≤ x ≤ L, ̃
 

T 1 = 

˜ 

T 2 , 

 > 0 , z = z 1 , 0 ≤ x ≤ Lk 1 
∂ ̃  

T 1 
∂z 

= k 2 
∂ ̃  

T 2 
∂z 

, 

 > 0 , z = z 2 , 0 ≤ x ≤ L, ̃
 

T 2 = 

˜ 

T 3 , 

 > 0 , z = z 2 , 0 ≤ x ≤ Lk 2 
∂ ̃  

T 2 
∂z 

= k 3 
∂ ̃  

T 3 
∂z 

, 

The above Eqs. (62) - (64) can be written as 

d 2 ̃
 

T 1 
d z 2 

−
α1 

(
s 3 + χ1 s 

2 + δ1 s + λ1 

)(
s 2 + 2 τ−1 

T 1 
s + 2 τ−2 

T 1 

) ˜ 

T 1 = − μ1 (
s 2 + 2 τ−1 

T 1 
s + 2 τ−2 

T 1 

)[(s 2 +
− η1 (

s 2 + 2 τ−1 
T 1 

s + 2 τ−2 
T 1 

)[(s 2 (
s 2 

d 2 ̃
 

T 2 
d z 2 

−
α1 

(
s 3 + χ2 s 

2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ˜ 

T 2 = − μ2 (
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

)[(s 2 +
− η2 (

s 2 + 2 τ−1 
T 2 

s + 2 τ−2 
T 2 

)[(s 2 (
s 2 

d 2 ̃
 

T 3 
d z 2 

−
α3 

(
s 3 + χ3 s 

2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ˜ 

T 3 = − μ3 (
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

)[(s 2 +
− η2 (

s 2 + 2 τ−1 
T 3 

s + 2 τ−2 
T 3 

)[(s 2 (
s 2 

here 

1 = 

(
τ 2 

q, 1 ρ1 c 
′ 
p, 1 

)
k 1 τ 2 

T 1 

, χ1 = 

2 

(
τq, 1 ρ1 c 

′ 
p, 1 + ω b c b 

τ 2 
q, 1 

2 

)
τ 2 

q, 1 
ρ1 c ′ p, 1 

, δ1 = 

2 

(
τq, 1 ρ1 c

τ 2
q,

1 = 

2 ω b c b 

τ 2 
q, 1 

ρ1 c ′ p, 1 

− β2 
m 1 , μ1 = 

τ 2 
q, 1 ρ1 c 

′ 
p, 1 

k 1 τ 2 
T 1 

, ξ1 = 

2 ω b c b 
τq, 1 ρ1 c ′ p, 1 

, ζ1 = 

2 ω b c

τ 2 
q, 1 

ρ1 c

2 = 

−
(
τ 2 

q, 2 ρ2 c 
′ 
p, 2 

)
k 2 τ 2 

T 2 

, χ2 = 

2 

(
τq, 2 ρ2 c 

′ 
p, 2 + ω b c b 

τ 2 
q, 2 

2 

)
τ 2 

q, 1 
ρ1 c ′ p, 1 

, δ2 = 

2 

(
τq, 2 ρ2

τ

1 = 

2 ω b c b 

τ 2 
q, 2 

ρ2 c ′ p, 2 

− β2 
m 2 , ξ2 = 

2 ω b c b 
τq, 2 ρ2 c ′ p, 2 

, ζ2 = 

2 ω b c b 

τ 2 
q, 2 

ρ2 c ′ p, 2 

, η2 = 

τ 2 
q, 2 

k 2 τ 2 
T 2 

3 = 

−
(
τ 2 

q, 2 ρ3 c 
′ 
p, 3 

)
k 3 τ 2 

T 3 

, χ3 = 

2 

(
τq, 3 ρ3 c 

′ 
p, 3 + ω b c b 

τ 2 
q, 3 

2 

)
τ 2 

q, 3 
ρ3 c ′ p, 3 

, δ3 = 

2 

(
τq, 3 ρ3

τ

3 = 

2 ω b c b 

τ 2 
q, 3 

ρ3 c ′ p, 3 

− β2 
m 3 , ξ3 = 

2 ω b c b 
τq, 3 ρ3 c ′ p, 3 

, ζ3 = 

2 ω b c b 

τ 2 
q, 3 

ρ3 c ′ p, 3 

, η3 = 

τ 2 
q, 3 

k 3 τ 2 
T 3 

The solution of the above Eqs. (67) –(69) are 

˜ 

 1 = A 1 cosh 

( 

√ 

α1 

(
s 3 + χ1 s 2 + δ1 s + λ1 

)(
s 2 + 2 τ−1 

T 1 
s + 2 τ−2 

T 1 

) ) 

z + B 1 sinh 

( 

√ 

α1 

(
s 3 (
s 2 +

+ 

μ1 

α1 

(
s 3 + χ1 s 2 + δ1 s + λ1 

)[(s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)
+ ξ1 

(
s 2 + 2

+ 

η1 

α1 

(
s 3 + χ1 s 2 + δ1 s + λ1 

)[(s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)̃
 q m 

−
(
s 2 + 2(

s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)̃
 q ext −

(
s 2 +
13 
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T
+ χ2 s 2 + δ2 s + λ2 

)
 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

z 

 

−1 τq 2 

)
+ ζ2 

]˜ T b 

2 

−1 τq 2 

)̃
 q b, 0 

 2 

−1 τq 2 

)̃
 q ext, 0 

] 

(71) 

T
+ χ3 s 2 + δ3 s + λ3 

)
 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

z 

 

−1 τq 3 

)
+ ζ3 

]˜ T b 

2 

−1 τq 3 

)̃
 q b, 0 

 2 

−1 τq 3 

)̃
 q ext, 0 

] 

(72) 

he intermediate conditions in Eqs. (66a -d), we arrived at the following 

e

h

1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
+ ξ1 

(
s + 2 

−1 τq, 1 

)
+ ζ1 

]
˜ T b 

 δ1 s + λ1 ) 

⎡ ⎢ ⎢ ⎣ 

(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
˜ q̄ m 

−
(
s + 2 

−1 τq, 1 

)
˜ q b, 0 (

s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)
˜ q̄ ext 

−
(
s + 2 

−1 τq, 1 

)
˜ q ext, 0 

⎤ ⎥ ⎥ ⎦ 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

(73a) 

A A 2 cosh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 1 − B 2 sinh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 1 

˜ 
 b + 

η2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[ (
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
˜ q̄ m 

−
(
s + 2 

−1 τq 2 

)
˜ q b, 0 (

s 2 + 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)
˜ q̄ ext −

(
s + 2 

−1 τq 2 

)
˜ q ext, 0 

] 

1 

]
˜ T b − η1 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
˜ q̄ m 

−
(
s + 2 

−1 τq, 1 

)
˜ q b, 0 (

s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)
˜ q̄ ext −

(
s + 2 

−1 τq, 1 

)
˜ q ext, 0 

]
(73b) 

A
 

s 3 + χ1 s 2 + δ1 s + λ1 ) 
 

2 +2 τ−1 
T 1 

s +2 τ−2 
T 1 

)
) 

cosh 

( √ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) (
s 2 +2 τ−1 

T 1 
s +2 τ−2 

T 1 

)
) 

z 1 

 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

cosh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 1 = 0 

(73c) 

A A 3 cosh 

( √ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

z 2 − B 3 sinh 

( √ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

z 2 

˜ T b + 

η2 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[ (
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
˜ q̄ m 

−
(
s + 2 

−1 τq 3 

)
˜ q b, 0 (

s 2 + 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)
˜ q̄ ext −

(
s + 2 

−1 τq 3 

)
˜ q ext, 0 

] 

 

]
˜ T b − η2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[ (
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
˜ q̄ m 

−
(
s + 2 

−1 τq 2 

)
˜ q b, 0 (

s 2 + 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)
˜ q̄ ext −

(
s + 2 

−1 τq 2 

)
˜ q ext, 0 

] 

(73d) 
˜ 

 2 = A 2 cosh 

( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

z + B 2 sinh 

( 

√ 

α2 

(
s 3 (
s 2 +

+ 

μ2 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)[(s 2 + 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)
+ ξ2 

(
s 2 + 2

+ 

η2 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)[ (
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)̃
 q m 

−
(
s 2 + (

s 2 + 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)̃
 q ext −

(
s 2 +

˜ 

 3 = A 3 cosh 

( 

√ 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

z + B 3 sinh 

( 

√ 

α3 

(
s 3 (
s 2 +

+ 

μ2 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)[(s 2 + 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)
+ ξ3 

(
s 2 + 2

+ 

η2 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)[ (
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)̃
 q m 

−
(
s 2 + (

s 2 + 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)̃
 q ext −

(
s 2 +

Applying the boundary conditions in Eqs. (65a) and ( 65b ) and t

quations for the unknown coefficients 

 A 1 −
( 

√ 

α1 

(
s 3 + χ1 s 2 + δ1 s + λ1 

)(
s 2 + 2 τ−1 

T 1 
s + 2 τ−2 

T 1 

) ) 

k B 1 = h 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

˜ T a 

s 
−

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

μ1 

α1 ( s 3 + χ1 s 2 + δ

+ 

η1 

α1 ( s 3 + χ1 s 2 +

 1 cosh 

( √ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) (
s 2 +2 τ−1 

T 1 
s +2 τ−2 

T 1 

)
) 

z 1 + B 1 sinh 

( √ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) (
s 2 +2 τ−1 

T 1 
s +2 τ−2 

T 1 

)
) 

z 1 −

= 

μ2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
+ ξ2 

(
s + 2 

−1 τq 2 

)
+ ζ2 

]
T

− μ1 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
+ ξ1 

(
s + 2 

−1 τq, 1 

)
+ ζ

 1 

( √ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) (
s 2 +2 τ−1 

T 1 
s +2 τ−2 

T 1 

)
) 

sinh 

( √ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) (
s 2 +2 τ−1 

T 1 
s +2 τ−2 

T 1 

)
) 

z 1 + B 1 

( √ 

α1 ((
s

− A 2 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

sinh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 1 − B 2 

( √

 2 cosh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 2 + B 2 sinh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 2 −

= 

μ3 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
+ ξ3 

(
s + 2 

−1 τq 3 

)
+ ζ3 

]
− μ2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
+ ξ2 

(
s + 2 

−1 τq 2 

)
+ ζ2
14 
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A

( ) ( ) ( 

 

s 3 + χ2 s 2 + δ2 s + λ2 ) 
 

2 +2 τ−1 
T 2 

s +2 τ−2 
T 2 

)
) 

cosh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 2 

 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

cosh 

( √ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

z 2 = 0 

(73e) 

A  

μ3 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
+ ξ3 

(
s + 2 

−1 τq 3 

)
+ ζ3 

]
˜ T b 

 

]
= 

˜ T b 
s 

(73f) 

⎡⎢⎢⎢⎢⎣
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

�1 (s, βm 1 ) 
�2 (s ) 

0 

�4 (s ) 
0 

�6 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

(74) 

w

γ

�

 

 b 

 

 m 

 

 ext 

⎤ ⎥ ⎥ ⎦ 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

γ
 δ1 s + λ1 ) 
 +2 τ−2 

T 1 

)
) 

z 1 

γ
 

3 + χ2 s 2 + δ2 s + λ2 ) 
 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 1 

�  

−1 τq 2 ) + ζ2 

]˜ T b 

 + 2 

−1 τq 2 

)
˜ q b, 0 

 + 2 

−1 τq 2 

)
˜ q ext, 0 

]
 2 

−1 τq, 1 ) + ζ1 

]˜ T b 

+ 2 

−1 τq, 1 

)
˜ q b, 0 

 + 2 

−1 τq, 1 

)
˜ q ext, 0 

]

γ
 

s + λ1 

)
 τ−2 

T 1 

) ) 

z 1 

γ
 

s + λ1 

)
 τ−2 

T 1 

) ) 

z 1 

γ
δ2 s + λ2 

)
 2 τ−2 

T 2 

) ) 

z 1 

γ
δ2 s + λ2 

)
 2 τ−2 

T 2 

) ) 

z 1 
 2 

√ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

) sinh 

√ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

) z 2 + B 2 

√ 

α2 ((
s

− A 3 

( √ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

sinh 

( √ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

z 2 − B 3 

( √

 3 cosh 

( √ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

H + B 3 

( 

sinh 

√ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) (
s 2 +2 τ−1 

T 3 
s +2 τ−2 

T 3 

)
) 

H +

+ 

η2 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
˜ q̄ m 

−
(
s + 2 

−1 τq 3 

)
˜ q b, 0 (

s 2 + 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)
˜ q̄ ext −

(
s + 2 

−1 τq 3 

)
˜ q ext, 0

The above Eqs. (73a) -( 73f ) can be written in matrix form as: 
 

 

 

 

 

 

h γ12 (s ) 0 0 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

A 1 

B 1 

A 2 

B 2 

A 3 

B 3 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

= 

here 

12 (s ) = −
( √ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

( s 2 + 2 τ−1 
T 1 

s + 2 τ−2 
T 1 

) 

) 

k, 

1 (s, βm 1 ) = h 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

˜ T a 

s 
−

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

μ1 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
+ ξ1 (s + 2 

−1 τq, 1 ) + ζ1 

]
T̃

+ 

η1 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

⎡ ⎢ ⎢ ⎣ 

(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
˜̄q

−
(
s + 2 

−1 τq , 1 

)
˜ q b, 0 (

s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)
˜̄q

−
(
s + 2 

−1 τq , 1 

)
˜ q ext, 0 

21 ( s ) = cosh 

( √ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) (
s 2 +2 τ−1 

T 1 
s +2 τ−2 

T 1 

)
) 

z 1 , γ22 ( s ) = sinh 

( √ 

α1 ( s 3 + χ1 s 2 +(
s 2 +2 τ−1 

T 1 
s

23 ( s ) = −A 2 cosh 

( √ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) (
s 2 +2 τ−1 

T 2 
s +2 τ−2 

T 2 

)
) 

z 1 , γ24 ( s ) = −sinh 

( √ 

α2 ( s(
s 2

2 (s ) = 

μ2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
+ ξ2 (s + 2

+ 

η2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
˜ q̄ m 

−
(
s(

s 2 + 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)
˜ q̄ ext −

(
s

− μ1 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
+ ξ1 (s +

− η1 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
˜ q̄ m 

−
(
s (

s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)
˜ q̄ ext −

(
s

31 (s ) = 

( 

√ 

α1 

(
s 3 + χ1 s 2 + δ1 s + λ1 

)(
s 2 + 2 τ−1 

T 1 
s + 2 τ−2 

T 1 

) ) 

sinh 

( 

√ 

α1 

(
s 3 + χ1 s 2 + δ1(
s 2 + 2 τ−1 

T 1 
s + 2

32 (s ) = 

( 

√ 

α1 

(
s 3 + χ1 s 2 + δ1 s + λ1 

)(
s 2 + 2 τ−1 

T 1 
s + 2 τ−2 

T 1 

) ) 

cosh 

( 

√ 

α2 

(
s 3 + χ1 s 2 + δ1(
s 2 + 2 τ−1 

T 1 
s + 2

33 (s ) = −
( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

sinh 

( 

√ 

α1 

(
s 3 + χ2 s 2 + (
s 2 + 2 τ−1 

T 2 
s +

34 (s ) = −
( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

cosh 

( 

√ 

α2 

(
s 3 + χ2 s 2 + (
s 2 + 2 τ−1 

T 2 
s +
15 
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γ
2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

z 2 

γ inh 

( 

√ 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

z 2 

�  

−1 τq 3 ) + ζ3 

]˜ T b 

 + 2 

−1 τq 3 

)
˜ q b, 0 

 + 2 

−1 τq 3 

)
˜ q ext, 0 

]
 2 

−1 τq 2 ) + ζ2 

]˜ T b 

 + 2 

−1 τq 2 

)
˜ q b, 0 

 + 2 

−1 τq 2 

)
˜ q ext, 0 

]

γ
 

s + λ2 

)
 τ−2 

T 2 

) ) 

z 2 , 

γ
 

s + λ2 

)
 τ−2 

T 2 

) ) 

z 2 , 

γ
+ δ3 s + λ3 

)
 s + 2 τ−2 

T 3 

) ) 

z 2 , 

γ
+ δ3 s + λ3 

)
 s + 2 τ−2 

T 3 

) ) 

z 2 

γ
3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

H 

�

 3 
) + ζ3 

]˜ T b 
1 τq 3 

)
˜ q b, 0 

1 τq 3 

)
˜ q ext, 0 

]⎫ ⎪ ⎬ ⎪ ⎭ 

ve 

A

 

 

 

 

 

 

(75) 

B

 

 

 

 

 

 

(76) 
43 ( s ) = cosh 

( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

z 2 , γ44 ( s ) = sinh 

( 

√ 

α

45 ( s ) = −A 3 cosh 

( 

√ 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

z 2 , γ46 ( s ) = −B 3 s

4 (s ) = 

μ3 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
+ ξ3 (s + 2

+ 

η3 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
˜ q̄ m 

−
(
s(

s 2 + 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)
˜ q̄ ext −

(
s

− μ2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
+ ξ1 (s +

− η2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
˜ q̄ m 

−
(
s(

s 2 + 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)
˜ q̄ ext −

(
s

53 (s ) = 

( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

sinh 

( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2(
s 2 + 2 τ−1 

T 2 
s + 2

54 (s ) = 

( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2 s + λ2 

)(
s 2 + 2 τ−1 

T 2 
s + 2 τ−2 

T 2 

) ) 

cosh 

( 

√ 

α2 

(
s 3 + χ2 s 2 + δ2(
s 2 + 2 τ−1 

T 2 
s + 2

55 (s ) = −A 3 

( 

√ 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

sinh 

( 

√ 

α3 

(
s 3 + χ3 s 2 (
s 2 + 2 τ−1

T 3 

56 (s ) = −B 3 

( 

√ 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

cosh 

( 

√ 

α3 

(
s 3 + χ3 s 2 (
s 2 + 2 τ−1

T 3 

65 ( s ) = cosh 

( 

√ 

α3 

(
s 3 + χ3 s 2 + δ3 s + λ3 

)(
s 2 + 2 τ−1 

T 3 
s + 2 τ−2 

T 3 

) ) 

H, γ66 ( s ) = sinh 

( 

√ 

α

6 (s ) = 

˜ T b 
s 

⎧ ⎪ ⎨ ⎪ ⎩ 

μ3 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
+ ξ3 ( s + 2 

−1 τq

+ 

η2 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
˜ q̄ m 

−
(
s + 2 

−(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
˜ q̄ ext −

(
s + 2 

−

Applying Crammer’s rule to find A 1 , B 1 , A 2 , B 2 , A 3 and B 3 , we ha

 1 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

�1 (s, βm 1 ) γ12 (s ) 0 0 0 0 

�2 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

0 γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

�4 (s ) 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤⎥⎥⎥⎥⎦
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

 1 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 �1 (s, βm 1 ) 0 0 0 0 

γ21 (s ) �2 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) 0 γ33 (s ) γ34 (s ) 0 0 

0 �4 (s ) γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤⎥⎥⎥⎥⎦
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
16 
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A

 

 

 

 

 

 

(77) 

B

 

 

 

 

 

 

(78) 

A

 

 

 

 

 

 

(79) 

B

 

 

 

 

 

 

(80) 

d then the inverse Fourier transforms are found as: 

T

1 (s + 2 

−1 τq , 1 ) + ζ1 

]˜ T b 

 

−
(
s + 2 

−1 τq 1 

)
˜ q b, 0 

t −
(
s + 2 

−1 τq , 1 

)
˜ q ext, 0 

]

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

cos ( βm 1 x ) (81) 
 2 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) �1 (s, βm 1 ) 0 0 0 

γ21 (s ) γ22 (s ) �2 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) 0 γ34 (s ) 0 0 

0 0 �4 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 0 γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤⎥⎥⎥⎥⎦
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

 2 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 �1 (s, βm 1 ) 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) �2 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) 0 0 0 

0 0 γ43 (s ) �4 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) 0 γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤⎥⎥⎥⎥⎦
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

 3 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 �1 (s, βm 1 ) 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) �2 (s ) 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) �4 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) 0 γ56 (s ) 
0 0 0 0 0 γ66 (s ) 

⎤⎥⎥⎥⎥⎦
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

 3 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 0 �1 (s, βm 1 ) 
γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 �2 (s ) 
γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) �4 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) 0 

0 0 0 0 γ65 (s ) 0 

⎤⎥⎥⎥⎥⎦
⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

0 γ12 (s ) 0 0 0 0 

γ21 (s ) γ22 (s ) γ23 (s ) γ24 (s ) 0 0 

γ31 (s ) γ32 (s ) γ33 (s ) γ34 (s ) 0 0 

0 0 γ43 (s ) γ44 (s ) γ45 (s ) γ46 (s ) 
0 0 γ53 (s ) γ54 (s ) γ55 (s ) γ56 (s ) 
0 0 0 0 γ65 (s ) γ66 (s ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 

The solution in eqs. (75) –(80) is substituted in Eqs. (70) –(72) an

 1 ( βm 1 , z, s ) = 

2 

L 

∞ ∑ 

m =1 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

A 1 ( βm 1 , z 1 , s ) cosh 

(√ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

( s 2 +2 τ−1 
T 1 

s +2 τ−2 
T 1 

) 

)
z 

B 1 ( βm 1 , z 1 , s ) sinh 

(√ 

α1 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

( s 2 +2 τ−1 
T 1 

s +2 τ−2 
T 1 

) 

)
z 

+ 

μ1 

α3 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
+ ξ

+ 

η1 

α3 ( s 3 + χ1 s 2 + δ1 s + λ1 ) 

[(
s 2 + 2 τ−1 

q 1 
s + 2 τ−2 

q 1 

)
˜ q̄ m(

s 2 + 2 τ−1 
q 1 

s + 2 τ−2 
q 1 

)
˜ q̄ ex
17 
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T

⎧ 

z 

z 

1 (s + 2 

−1 τq 2 ) + ζ2 

]˜ T b 

 

−
(
s + 2 

−1 τq 1 

)
˜ q b, 0 

t −
(
s + 2 

−1 τq 2 

)
˜ q ext, 0 

]

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

cos ( βm 2 x ) (82) 

T

3 (s + 2 

−1 τq 3 ) + ζ3 

]˜ T b 

 

−
(
s + 2 

−1 τq 3 

)
˜ q b, 0 

t −
(
s + 2 

−1 τq 3 

)
˜ q ext, 0 

]

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

cos ( βm 3 x ) (83) 

s in the solutions are very complex. The developed solutions are nu- 

m

T
 

] 

(84) 

T
 

] 

(85) 

T
 

] 

(86) 

a (87) 

6  

ature reaches 44 o C. To evaluate the quantity and the rate of thermal 

d

(88) 

w , time, frequency factor, the activation energy for skin, universal gas 

c

� (89) 

ermal damage is a critical parameter to be predicted to determine the 

d eatments [37] . The value of the thermal damage � is used to classify 

t ccording to their depth as presented in Table 1 . 

burns degree classification the developed skin burns model is used to 

d rns on the human skin. 

7

of various thermal and flow parameters on the temperature and the 

a burn injury are carried at the epidermis–dermis interface at a depth of 

7  i.e. (x, y) = (7.5 mm, 2.0 mm). The effects of thermal conductivity of 

t are presented in Figs. 3 , 4 and 5 . In Fig. 3 , as the thermal conductivity 

o ifts towards the left-hand side of the base value (0.210 W/mK). This is 

b der continuous temperature exposure, the thermal resistance reduces 

r dition, the time required to reach a second-degree burn injury situation 

b uctivity of the skin layer tissue, the lower the degree of burn injury. 
 2 ( βm 2 , z, s ) = 

2 

L 

∞ ∑ 

m =1 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

A 2 ( βm 2 , z 1 , z 2 , s ) cosh 

(√ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

( s 2 +2 τ−1 
T 2 

s +2 τ−2 
T 2 

) 

)
B 2 ( βm 2 , z 1 , z 2 , s ) sinh 

(√ 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

( s 2 +2 τ−1 
T 2 

s +2 τ−2 
T 2 

) 

)
+ 

μ2 

α2 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
+ ξ

+ 

η2 

α3 ( s 3 + χ2 s 2 + δ2 s + λ2 ) 

[(
s 2 + 2 τ−1 

q 2 
s + 2 τ−2 

q 2 

)
˜ q̄ m(

s 2 + 2 τ−1 
q 2 

s + 2 τ−2 
q 2 

)
˜ q̄ ex

 3 ( βm 3 , z, s ) = 

2 

L 

∞ ∑ 

m =1 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

A 3 ( βm 3 , z 3 , s ) cosh 

(√ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

( s 2 +2 τ−1 
T 3 

s +2 τ−2 
T 3 

) 

)
z 

B 3 ( βm 3 , z 3 , s ) 

(
sinh 

√ 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

( s 2 +2 τ−1 
T 3 

s +2 τ−2 
T 3 

) 

)
z 

+ 

μ3 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
+ ξ

+ 

η3 

α3 ( s 3 + χ3 s 2 + δ3 s + λ3 ) 

[(
s 2 + 2 τ−1 

q 3 
s + 2 τ−2 

q 3 

)
˜ q̄ m(

s 2 + 2 τ−1 
q 3 

s + 2 τ−2 
q 3 

)
˜ q̄ ex

Since the analytical inversion of the included Laplace transform

erically evaluated using the technique from Simon et al. [36] as 

 1 (x, z, t) = 

e a p t 

t 

[ 

1 

2 

T 1 (x, z, a p ) + Re 

N ∑ 

n =1 

[ 
T 1 

(
x, z, a p + i 

nπ

t 

)] 
(−1) 

n

 2 (x, z, t) = 

e a p t 

t 

[ 

1 

2 

T 2 (x, z, a p ) + Re 

N ∑ 

n =1 

[ 
T 2 

(
x, z, a p + i 

nπ

t 

)] 
(−1) 

n

 3 (x, z, t) = 

e a p t 

t 

[ 

1 

2 

T 3 (x, z, a p ) + Re 

N ∑ 

n =1 

[ 
T 3 

(
x, z, a p + i 

nπ

t 

)] 
(−1) 

n

As stated before, the optimal value is given as 

 v t = 4 . 7 

. Thermal Damage Model and Classification of Degree of Burns

Skin thermal damage starts when the basal epidermis temper

amage to the skin tissues, the following rate model is developed. 

d �l 

dt 
= 

{ 

0 

A e 
− E a 

R T l (x,z,t) 

T < 44 

o C 

T ≥ 44 

o C 

here �, t, A, E a , R and T l represents the thermal damage in tissue

onstant and temperature of layer, l . 

On integrating the above, we have 

l = 

{ 

0 

t ∫ 
0 

A e 
− E a 

R T l (x,z,t) dt 

T < 44 

o C 

T ≥ 44 

o C 

The above skin burn model predicts the thermal damage. The th

egree of burns for clinical decision and subsequent therapeutic tr

he burn injuries as first-degree, second-degree and third-degree a

It is worth noting that based on a thorough understanding of 

etermine the required time to generate the different degree of bu

. Discussion 

The above-developed solutions are simulated and the effects 

ssessment of burn injury are investigated. The simulations of the 

.5mm from the skin surface and 2.0 mm from the symmetry line

he triple layer of the skin for prediction of burn injury threshold 

f the epidermis increases by a factor of 2, the injury threshold sh

ecause, as the thermal conductivity of the epidermis increases un

esulting in increased heat penetration of the tissue. Under this con

ecomes minimal, which implies that the higher the thermal cond
18 
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Table 1 

Burns degree and its associated biological features. 

Burns degree � Biological features 

First-degree 

(Superficial or epidermal burns) 0.53 affects epidermis with vasodilatation of the sub-capillary vessels, redness of affected area with no 

permanent scars or discolouration, mild pain and healing is rapid 

Second-degree 

(Partial-thickness burns) 1.0 Both epidermis and dermis are slightly affected. Burn can be superficial or deep. Superficial burn results in 

moist blisters, whilst deep burn affects the capillaries or blood vessels causing tissue edema and blisters on 

the skin 

Third-degree 

(Full Thickness) 10000 Both epidermis and dermis are thermally damaged, causing blood flow to stop. The cells around the burn 

region start to die leading to leathery skin. Recovery from burn degree requires special treatment 

Fig. 3. Effects of thermal conductivity of the epidermis on the prediction of burn 

injury threshold. 

Fig. 4. Effects of dermis thermal conductivity on the prediction of burn injury 

threshold. 

c

s

T

t

C

q

 

m

t

n

c

f

t

t

d

t

o

Fig. 5. Effects of hypodermis thermal conductivity on the prediction of burn injury 

threshold. 

Fig. 6. Effects of blood perfusion rate on the prediction of burn injury threshold. 

t

F

n

t

f

t

o  

s

d

e

o  

t

b

a

i

j

o

Conversely, an opposite trend is observed for decrease thermal 

onductivity by a factor of 2, resulting in the injury threshold to 

hift towards the right-hand side of the base value (0.210 W/mK). 

his is because as thermal conductivity reduces, the thermal resis- 

ance increases resulting in reduced heat penetration of the tissue. 

onsequently, under such burn condition, more time would be re- 

uired to reach a second-degree burn injury. 

In Fig. 4 , it is shown that as the thermal conductivity of the der-

is increases by a factor of 2, the injury threshold shifts towards 

he right-hand side of the base value (i.e. 0.370 W/mK). This phe- 

omenon occurs, as an increase in the dermis thermal conductivity 

auses heat at the epidermis-dermis interface to be readily trans- 

erred to the deeper tissue and consequently resulting in more 

ime required to reach the injury threshold. However, an opposite 

rend is observed when the thermal conductivity of the dermis is 

ecreased by a factor of 2, resulting in the injury threshold to shift 

owards the left-hand side of the base value (0.370 W/mK). More- 

ver, the above finding implies that the thermal conductivity of 
19 
he dermis reduces as the temperature of exposure heat decreases. 

rom Fig. 5 , the thermal conductivity of the hypodermis exhibits 

o significant effect on the prediction of the injury threshold. 

Fig. 6 shows the effect of blood perfusion rate on the prediction 

hreshold. Under constant volumetric capacity of the blood, the ef- 

ects of no perfusion (0ml/100g/min), half of the maximum dilata- 

ion (75ml/100g/min) and maximum blood flow (150ml/100g/min) 

f the skin vessels. From Fig. 6 , it is shown that the blood perfu-

ion rate exhibits no significant effect on the dermis and invariably 

oes not affect the burn injury prediction in the dermis layer. The 

ffects of initial skin tissue temperature on the burn injury thresh- 

ld prediction are presented in Fig. 7 . From Fig. 7 , the initial skin

issue temperature exhibits significant effects on skin exposed to 

urn injury. This is because the warmth of the skin tissue increases 

s the temperature experienced throughout the heating and cool- 

ng periods increases resulting in an increased degree of burn in- 

ury. 

The effect of convective heat transfer coefficient for prediction 

f burn injury threshold is illustrated in Fig. 8 . Fig. 8 shows that 
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Fig. 7. Effects of initial skin tissue temperature on the prediction of burn injury 

threshold. 

Fig. 8. Effects of convective heat transfer coefficient on the prediction of burn in- 

jury threshold. 
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Fig. 9. Initial tissue temperature profiles for three-layer skin tissue. 

Fig. 10. Injury threshold using a uniform tissue temperature of 34 °C and initial 

temperature profile for two-layer and three-layer slab. 

Fig. 11. Skin injury layer threshold range of combinations of different values of 

thermal properties. 

s

T

c

i

c

s

t

m

b

h

m

o

d

F

he heat transfer coefficient exhibits significant effects on the burn 

njury threshold for minimal exposure time. However, the effect 

f the convective heat transfer coefficient becomes negligible, with 

rolonged exposure time. This is because, under prolonged expo- 

ure of the skin layers to burn, the burn injury is dominated by 

onductive heat transfer in the tissue rather than the convective 

eat transfer at the surface of the skin. Moreover, as the convec- 

ive heat transfer coefficient increases by a factor of 2, the injury 

hreshold shifts towards the left-hand side of the base value (1250 

/m 

2 K). Under this condition, minimal time is needed for the 

urn to reach the second-degree injury threshold. However, when 

he convective heat transfer coefficient is decreased by a factor of 

, the injury threshold shifts towards the right-hand side of the 

ase value (1250 W/m 

2 K), which shows that as convective heat 

ransfer coefficient decreases, more time is needed for the skin 

urn to reach a second-degree burn injury. 

Fig. 9 shows the initial tissue temperature profiles for the three- 

ayer skin tissue whilst the injury thresholds using a uniform tissue 

emperature of 34 °C and the initial temperature profile of the two- 

ayer and three-layer slab is presented in Fig. 10 . From Figs. 9 and

0 , the selection of initial temperature of 34 °C for all the three lay-

rs is highly reasonable. This implies that for accurate analysis of 

kin tissue burn injury, it is convenient to use a uniform initial 

emperature for all three layers. In addition, the skin injury layer 

hreshold range for different values of thermal properties is pre- 

ented in Fig. 11 . In Fig. 11 , the effect of a worst-case combina-

ion of parameters is considered where the upper limit represents 

 combination of low thermal properties of skin components, low 

eat transfer coefficient and low initial tissue temperature. Con- 

ersely, the lower limit represents a combination of high values 

or these parameters. 
20 
The effects of relaxation time and thermalisation time on the 

kin temperature during the cooling process is presented in Fig. 12 . 

he simulation shows that the peak temperature predicted by the 

lassical bioheat equation is higher than the DPL during the heat- 

ng process. However, the temperatures from all considered cases 

onverge during the cooling process. This is because the finite 

peed of wave propagation and the peak temperature predicted by 

he DPL occurs with time lags. The time lag causes longer ther- 

al dissipation, i.e., cooling by the heat conduction of tissue and 

y the blood perfusion period of peak temperature. The predicted 

igher temperature by the classical bioheat model than the DPL 

odel implies that the accumulation of the thermal damage is 

verestimated since the level of the accumulative thermal damage 

epends primarily on the peak temperature. Moreover, as seen in 

ig. 12 , the relaxation time and thermalisation time enhances the 
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Fig. 12. Effects of relaxation time and thermalisation time on the skin temperature. 

Fig. 13. Temperature distribution of the skin tissue. 
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Fig. 14. Comparison of present work with existing studies on the effect of surface 

temperature on burn injury. 

Fig. 15. Comparison of present work with existing studies on the degree of burn 

and burn injury time (log) at a fixed surface temperature of 50 o C. 

Fig. 16. Comparison of present work with existing studies on the degree of burn 

and burn injury time (log) at a fixed surface temperature of 70 o C. 

Fig. 17. Comparison of present work with existing studies on the degree of burn 

and burn injury time (log) at a fixed surface temperature of 90 o C. 
eat diffusion and reduces the thermal damage in the skin tissues. 

his effect is noticeable as the heat transfer process approaches the 

eak temperature during heating. However, the curves are close 

nd almost similar values are predicted during cooling for the re- 

axation time and thermalisation time considered. The temperature 

istribution in the skin tissue at depth 0.006m and length 0.024m 

or a period of 8sec is presented in Fig. 13 . Fig. 13 is presented

f the dimensionless length and depth and the negative values in 

he dimensionless depth indicate depth zero i.e., below the skin 

urface. The dimensional length ranges from –1 to + 1 to depict 

ymmetry as stated in the boundary conditions. Further, the re- 

ults of the present study are compared with the different estab- 

ished works in the literature including Henriques [38] , Fugitt et al. 

39] , Stoll and Greene [40] , Takata [41] and Wu [42] as presented

n Figs. 14-19 . Fig. 14 demonstrates the comparison of the various 

esults for the effects of surface temperature on burn injury. Also, 

igs. 15 - 17 demonstrates the required time to reach the first, sec- 

nd and third-degree burn injuries when the skin tissue tempera- 

ure is maintained at 50 °C, 70 °C, and 90 °C respectively. The effects

f tissue depth and surface temperature on the degree of burn and 

urn injury are illustrated in Figs. 18 and 19 . It is shown that the

hermal damage value or the value of the burn injury is minimal 

or low tissue temperature but increases rapidly with temperature 

bove 50 °C. 

Figs. 14-19 show that the present study quantitatively agrees 

ith previous studies for low-level damage at temperatures be- 

ow 50 o C. However, there is significant variation among the skin 

urn damage models results for high exposure temperatures. In 

act, for temperature above 50 o C, only Henriques [38] and Takata 

41] corresponds reasonably for all temperatures evaluated and in 

greement with the results of the present study. Fig. 20 presents 
21 
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Fig. 18. Comparison of present work with existing studies on the degree of burn 

injury for various tissue depth at 80 o C for 5s. 

Fig. 19. Comparison of results for the effects of temperature on the degree of burn 

and its associated level of injury. 

Fig. 20. Comparison of the present study on burn injury with established experi- 

mental results. 
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[  
he validation of the present study with the experimental work of 

akata [41] . From the comparison, the present study shows signifi- 

ant agreements with the experimental work of Takata [41] , which 

emonstrates the reliability of the obtained results of the study. 

. Conclusion 

In the present work, a non-Fourier prediction methodology of 

riple-layer human skin tissue for determining skin burn injury 

ith non-ideal properties of tissue, metabolism, and blood perfu- 

ion. The DPL bioheat model of the triple-layer cutaneous tissue 

s solved analytically using Laplace and Fourier transforms meth- 
22 
ds. From the detailed study, the following concluding remarks are 

rawn: 

• An increase in the thermal conductivity of the epidermis de- 

creases the thermal resistance, which readily causes increased 

heat penetration of the tissue, which implies that the higher 

the thermal conductivity of the tissue, the lower the degree of 

burn injury 
• The study shows that an increase in dermis thermal conduc- 

tivity results in a prolonged time to reach the injury threshold 

and the blood perfusion rate exhibits no net effect on the pre- 

diction of burn injury in the dermis layer. However, the initial 

skin tissue temperature exhibit significant effects on burn in- 

jury exposure 
• The relaxation time and thermalisation time plays fundamen- 

tal roles in the analysis of burn injury. The relaxation time and 

thermalisation time enhances the heat diffusion and reduces 

the thermal damage in the skin tissues 
• The heat transfer coefficient plays significant effects on burn in- 

jury for small exposure time. The effect of the convective heat 

transfer coefficient becomes minimal for prolonged exposure 

time. 
• For accurate analysis of the skin tissue burn injury, it is con- 

venient to use uniform initial temperature for the triple-layer 

cutaneous layers 
• The most dominating factors in the burn injury follow the or- 

der: relaxation time and thermalisation time, initial tissue tem- 

perature followed by the epidermis layer thermal conductivity, 

dermis layer thermal conductivity and convective heat transfer 

coefficient 

The present work would help in the quantification of skin 

urns, and for clinicians and biomedical engineers to experiment, 

esign, characterise and optimise strategies for delivering thermal 

herapies. 
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