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ABSTRACT

A methodology for shape morphing using partial dif-
ferential equation (PDE) surfaces is presented in this work.
The use of the PDE formulation shows how shape morph-
ing can be based on a boundary-value approach by which
intermediate shapes can be created. Furthermore, the
mathematical properties of the method give rise to several
alternatives in which morphing one shape into another
can be achieved. Three of these alternatives are presented
here. The first one is based on the gradual variation of
the weighted sum of the boundary conditions for each
surface, the second one consists of varying the Fourier
mode for which the PDE is solved whilst the third results
from a combination of the first two. Examples showing the
efficiency of these methodologies are presented. Thus, it is
shown that the PDE based approach for morphing, when
combined with a parametric variation of the boundary
conditions, is capable of obtaining smooth intermediate
surfaces automatically.
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1 Introduction

Shape morphing is defined in [1] as the gradual transforma-
tion of one shape into another. The areas in which this tool
has become extremely powerful vary from applications in
industrial design [2], geometric modelling and medicine [1]
to the production of visual effects and computer anima-
tion [3–5]. The morphing of two specific shapes can be
achieved via an unlimited number of sequences in which
such a transformation can occur and therefore, many ap-
proaches have been proposed. Moreover, given the ap-
plications of this technique, sequences producing aesthetic
effects are often pursued. In general such techniques are
smooth and in some cases preserve shape.

The concept of morphing is not restricted to three-
dimensional surfaces. As an example of this, [1] de-
scribes one of the methods employed to transform two-
dimensional shapes by finding a correspondence rule be-
tween feature points. However, since the work presented

here concerns three-dimensional shapes, some of the most
relevant approaches to achieve morphing are outlined be-
low. The reader is also referred to [4, 6] for further infor-
mation.

According to [4] there are several approaches in
which the techniques for achieving morphing are devel-
oped. These are:
Volume-based approaches: These approaches consider
the entire surface representing the object, that is, they ma-
nipulate the object by modifying specific points known as
control points and therefore, they provide excellent results
when applied to objects that are represented as implicit
surfaces. Therefore, they produce smooth transitions and
some conservative properties can be achieved. Moreover,
the implementation of these approaches is fairly straight-
forward.
Boundary-based approaches: These methods consist of
varying specific values on the boundaries describing the ob-
jects (if the objects have been defined in such a way). How-
ever, a small perturbation of data defining these boundaries
may lead to the production of an invalid object. Therefore,
the process of morphing using this technique is not a trivial
one. This problem is generally overcome by merging the
two meshes associated with each of the objects into a third
one, where a correspondence rule is then found.

A list of the most relevant work in developing tech-
niques for each approach is also given in [4]. By con-
trast, the work presented in [6] states that the main prob-
lems in morphing are feature specification, warp generation
and transition control. Moreover, [4] classifies the tech-
niques available according to their role in addressing each
of these problems and makes reference to work based on
mesh warping [7], field morphing [8], energy minimisa-
tion [9] and free-form deformations [10] among others.

Works such as [1,3,5,11] are examples of some of the
morphing techniques developed so far. For instance, [11]
introduces a method that allows morphing between two ob-
jects using variational interpolation. In spite of the exten-
sive work carried out in morphing, there are still a number
of relevant areas in which little work has been done. For
example, this is the case for multiple image morphing and
the development of appropriate real-time interactive defor-
mation tools.

Surface generation methods can prove useful for ad-
dressing some of the problems found in morphing. In par-



ticular, the PDE method, which is a fast boundary-value
surface generation technique, may offer an excellent alter-
native for problems such as feature specification and tran-
sition control.

To the best of our knowledge, the PDE method pro-
posed by Bloor and Wilson in [12] has not been used to
carry out morphing and thus, our aim is to exploit its po-
tential in this area. The PDE method discussed here offers
numerous advantages. These include the speed at which in-
dividual morphs are generated and the intrinsic parametri-
sation of the surface shapes generated through the method.
Such features may lead to smooth and controlled transitions
between surfaces as required in morphing.

For the purpose of this work, three different method-
ologies are presented. The first one, is based on the change
of the boundary conditions for the intermediate surfaces by
using a weighted sum of the original boundary conditions
of each surface. The second method is achieved by decreas-
ing the Fourier mode for which the PDE is solved and the
third one consists of a combination of the first two.

This paper is organised as follows: Section 2 outlines
the mathematical basis of the PDE method in use, while
Section 3 describes the methodology of the three proposed
approaches for morphing using this method. The results
obtained for each of the methods are discussed in Sec-
tion 4 and conclusions together with future directions for
this work are given in Section 5.

2 The Bloor-Wilson PDE Method

The first direct application of the PDE method formulated
by Bloor and Wilson in the area of computer aided design
consisted of using it as a method for blend generation [12]
immediately followed by applications to physical and bio-
medical systems. Afterwards, its use was extended to di-
verse areas such as automatic design optimisation and in-
teractive design [13]. A brief description of the method is
given below. However, if the reader is interested in further
details of its mathematical formulation, [12] will be a good
reference for that purpose.

This method produces a parametric surface X(u, v),
which is defined as the solution to a PDE of the form,

“ ∂2

∂u2
+ a2 ∂2

∂v2

”2

X(u, v) = 0 , (1)

where u and v are the parametric surface coordinates,
which are then mapped into the physical space; i. e.,
(x(u, v), y(u, v), z(u, v)) and a is a parameter inherent
to the PDE. Equation (1) is solved subject to a specific
set of four boundary conditions that define the value of
X(u, v) and some of its derivatives at determined regions.
It is worth mentioning that when a = 1, Equation (1) is
known as the biharmonic equation, which models some
phenomena occurring within areas such as fluid and solid
mechanics and therefore, many alternatives for solving it
have been developed. However, it is stressed that the use of

this method is not restricted to Equation (1). For instance,
this formulation was adapted in [14] where a sixth order
PDE was considered in order to achieve fast surface mod-
elling.

If the choice of boundary conditions is restricted to
periodic ones, a closed form analytic solution to Equa-
tion (1) can be obtained. In particular, when the parametric
region defined by u and v is restricted to 0 ≤ u ≤ 1 and
0 ≤ v ≤ 2π, the solution to Equation (1) is given by,

X(u, v) = A0(u) +

∞X
n=1

[An cos(nv) + Bn sin(nv)] , (2)

where,

A0 = a00 + a01u + a02u2 + a03u3 , (3)

An = (an1 + an3u) eanu + (an2 + an4u) e−anu , (4)

Bn = (bn1 + bn3u) eanu + (bn2 + bn4u) e−anu . (5)

The value of the constants aij and bij are determined by the
specified boundary conditions, which for this purpose, have
to be expressed in terms of a Fourier series. In general cases
when all the boundary conditions can be exactly expressed
in terms of finite Fourier series, Equation (2) will also be
finite. However, when the solution is given in terms of an
infinite series, it can be approximated by the sum of the first
N Fourier modes and the so called remainder term; i. e.,

X(u, v) = A0(u) +
N∑

n=1

[An cos(nv) + Bn sin(nv)]

+ R(u, v) , (6)

where R(u, v) is a function defined as,

R(u, v) = r1(u)ewu + r2(u)e−wu

+ r3(u)uewu + r4(u)ue−wu , (7)

where w has been conveniently chosen as w = a(N + 1)
and, r1, r2, r3 and r4 are functions denoting the differ-
ence between the original boundary conditions and the ones
satisfied by,

F(u, v) = A0(u) +
NX

n=1

[An cos(nv) + Bn sin(nv)] . (8)

Therefore, Equation (7) guarantees that the original bound-
ary conditions are exactly satisfied in Equation (6)in spite
of the truncation of the series. An example of a sur-
face generated by the PDE method in use is outlined in
Figure 1. The generating positional boundary conditions
are presented in Figure 1.a, and the associated surface is
sketched in Figure 1.b. In this example, the expansion has
been truncated after 5 modes. Notice that the same bound-
ary curve has been employed for different values of u so
that a cylindrical surface has been obtained.

It is important to stress that the method employed in
this work differs slightly from the standard one proposed



in [12] where two positional boundary conditions and their
respective derivative boundary conditions are required to
solve the PDE, whereas the method described above is for-
mulated so that the PDE is solved by using four positional
boundary conditions. This technique is faster for solving
this kind of PDE than methods such as the ones based on
either finite element or finite differences. As far as surface
generation is concerned, the speed with which the PDE is
solved ( results are obtained in virtually real time) makes
this technique an excellent choice. Additionally, the math-
ematical properties of this solution can be exploited so that
the PDE method can be adapted to some problems in dif-
ferent areas of computer-aided geometric design such as
morphing.

(a) (b)

Figure 1. Example of a surface generated by the PDE
method in use. The boundary curves are shown in (a) and
their PDE surface is sketched in (b).

3 Methodology

A method for morphing using the proposed PDE method
can be achieved. The aim is to create intermediate surfaces
between two given surfaces; the source surface, denoted by
Ss, and the target one represented by St. These interme-
diate surfaces can be generated by taking advantage of the
mathematical features inherent to Equation (6).

Now, given the freedom with which the boundary
conditions of any intermediate surface can be specified, the
use of some mathematical properties of Equation (6) may
be useful in the task of finding iterative boundary condi-
tions for each of the intermediate surfaces so that a smooth
transition from Ss to St can be achieved.

Firstly, the property of closure of Fourier series; i. e.,
the sum of any two Fourier series is equal to another Fourier
series, permits a gradual variation of the sum of the bound-
ary conditions associated with Ss and the ones specified for
St.

Secondly, given that the larger the number of Fourier
modes considered in the Fourier series expansion, the bet-
ter the boundary conditions are satisfied, intermediate sur-
faces can be obtained in two stages: The first one con-
sists of decreasing the number of modes employed in the
computation of Ss until the number of modes employed
reaches one. The second stage calculates intermediate sur-

faces using the boundary conditions associated with St and
gradually increasing the number of modes from one until
it reaches the number of Fourier modes for which St was
originally computed. Nevertheless, when using this feature
to achieve morphing, it is mandatory to neglect the remain-
der term from Equation (6) since this term is responsible for
the exact satisfaction of the boundary conditions regardless
of the number of Fourier modes included in the expansion.

The two features described above can be exploited in
the implementation of three different alternatives for mor-
phing since they are not mutually exclusive and can be
combined to increase the variety of choices available for
morphing.

3.1 Variation of the boundary conditions

The first method consists of using linear combinations of
the boundary conditions associated with the source and tar-
get surfaces. Thus, let Bs = {S1 ,S2 ,S3 ,S4 } be the
set of boundary conditions specified for the Ss and Bt =
{T1 ,T2 ,T3 ,T4 } be the set of boundary conditions rep-
resenting St. Now, the ith intermediate set of boundary
conditions Bi = {I1 , I2 , I3 , I4 } can be achieved by,

I1 = (1 − ε)S1 + εT1 ,

I2 = (1 − ε)S2 + εT2 ,

I3 = (1 − ε)S3 + εT3 ,

I4 = (1 − ε)S4 + εT4 , (9)

where,

ε =
γi

m
,

with γ ≥ 0 and m is the total of intermediate surfaces to
be created.

The iterative formulation described in Equation (9)
provides intermediate boundary conditions generating sur-
faces that are gradually blending from the original source
surface and simultaneously creating the target surface with
a constant rate. The exclusion of the remainder term in
Equation (6) is not mandatory; however, for the purposes
of speed, this term was omitted. Therefore, the intermedi-
ate surface is then given by,

Si(u, v) = A0(u) +
NX

n=1

[An cos(nv) + Bn sin(nv)] , (10)

where A0, An and Bn are subject to the set of boundary
conditions specified by Equation (9). This method is par-
ticularly useful when the morphing of two surfaces with
perfect cylindrical symmetry is required.

3.2 Variation of the number of Fourier
modes

The second method to be discussed throughout this work
is based upon the iterative manipulation of the number of
Fourier modes associated with the expansions of the source



and target surfaces. Let Ns and Nt be the number of
Fourier modes for which Ss and St have been respectively
expanded. For the purposes of this work, let the number
of intermediate surfaces be m = Ns + Nt and thus the ith

intermediate surface is obtained according to the following
formulation,

Si(u, v) = A0(u) +

Ns−iX
n=1

[An cos(nv) + Bn sin(nv)] ,

for i = 1, ..., Ns ,

Si(u, v) = A0(u) +

i−NsX
n=1

[An cos(nv) + Bn sin(nv)] ,

for i = Ns + 1, ..., m , (11)

where the boundary conditions employed to solve Equa-
tion (11) for each of the ith intermediate surfaces are deter-
mined by,

Bs , for i = 1, ..., Ns ,

Bt , for i = Ns + 1, ..., m .

Notice that, as mentioned before, the remainder term is not
included in Equation (11) for computing Si since such a
term would automatically satisfy the prescribed boundary
conditions and therefore, little or no morphing is likely to
be achieved between intermediate surfaces.

3.3 Combination of a gradual variation of
the boundary conditions and the number
of Fourier modes

This method results from the combination of the ones pre-
sented above. The intermediate PDE surfaces are found ac-
cording to a corresponding rule similar to Equation (11).
The respective boundary conditions are given by Equa-
tion (9).

4 Results

The efficiency of the methodologies explained in the pre-
vious section is shown through the use of particular exam-
ples, each of which is suitable for the requirements.

4.1 Variation in the boundary conditions

The method consisting of a gradual variation of the bound-
ary conditions has been assessed by specifying the constant
rate γ at which the boundary conditions are to be changed.
Now, ε in Equation (9) is determined for each of the inter-
mediate surfaces. Thus, each intermediate surface is then
computed by solving Equation (6) and using the bound-
ary conditions determined by Equation (9). Once again, it
is stressed that Equation (2) could be used for computing
the intermediate surfaces. However, since it is not essen-
tial to satisfy the boundary conditions for the intermediate

surface, the remainder term can be neglected and thus un-
necessary computations are avoided.

For the purposes of the particular example shown in
this section, the value of γ has been chosen to be 0.1 and
therefore, nine intermediate surfaces are found. Moreover,
two surfaces with perfect cylindrical symmetry have been
chosen as the source and target surface. Two different kind
of glasses have been selected as the source and target sur-
face, Ss is regarded as a water glass whereas St and is a
representation of a wine glass.

Figure 2 shows the source and target surfaces, which
have been obtained with the aid of the Bloor-Wilson PDE
method by using specific sets of boundary conditions for
each respective case. Moreover, each of these surfaces is
composed of two patches; that is, one patch corresponds to
the base of the glass and another to its body.

(a) (b)

Figure 2. Source (a) and target (b) surfaces employed to as-
sess the efficiency of the methodology based on the gradual
variation of the boundary conditions.

Now, the ith intermediate surface for this example is com-
puted as follows: The boundary conditions associated with
this intermediate surface are found by using Equation (3).
A sequence varying from the source surface to the tar-
get one passing through the nine intermediate surfaces is
shown in Figure 3. This sequence is outlined as follows:
Figure 3.a corresponds to the water glass, which is trans-
formed into Figure 3.b by changing its boundary conditions
according to Equation 3 when i = 1. Then, Figure 3.b
evolves into Figure 3.c and successively until Figure 3.k,
which represents the wine glass, is achieved. The sequence
qualitatively shows how the water glass is smoothly mor-
phed into the wine one. For instance, it can be noticed
that the base of the water glass, which is fairly small, starts
to elongate progressively until it reaches the length of the
base of the given wine glass. These results suggest that this
method can be used for morphing surfaces without losing
its advantages of speed and accuracy.

4.2 Results obtained by varying the number
of Fourier modes in the series

The methodology concerning the variation of the Fourier
modes taken for computing the original source and target
surfaces cannot be employed in surfaces with perfect cylin-
drical symmetry. Therefore, a different set of source and
target surface is required to assess the efficiency of this
methodology. Thus, Ss and St have been specified as the



(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k)

Figure 3. Sequence showing how the source surface Ss has
been morphed into the target one St by using a gradual
change in the boundary conditions and finding each of the
intermediate surfaces via the proposed PDE method.

surface resulting from a set of boundary conditions so that
the Fourier series associated with each of these curves can
be expanded to 5 modes and with a non-zero remainder
term. Figure 4 presents the source and target surfaces to be
used. Figure 4.a sketches the source surface Ss, whereas
Figure 4.b is a graphical representation of the target one
St. Now, according to the methodology proposed in Sec-

(a) (b)

Figure 4. Source and target surfaces employed to assess
the efficiency of the methodology consisting of varying the
Fourier mode.

tion 3.2, it is possible to find 10 intermediate surfaces. The
first five of them are computed by decreasing the Fourier
mode for which Equation (6) and using the boundary con-
ditions associated with Ss. The other five are computed by
increasing from 1 to 5, the mode for which the same equa-
tion is expanded and using the boundary conditions corre-
sponding to St. Figure 5 shows the sequence in which Ss is
transformed into St through ten intermediate surfaces. The
first (Figure 5.a) and last (Figure 5.l) figures correspond to
the source and target surface respectively, whereas the re-
maining figures outline the transition between them. Again,
a smooth transition is achieved; However it is not as smooth
as the one obtained by varying the boundary conditions.

4.3 Results obtained by combining the two
methodologies

For the purposes of assessing the results obtained by com-
bining both methodologies, the gradual variation rate by
which the boundary conditions of the intermediate surfaces

(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)

Figure 5. Morphing sequence obtained by varying the
Fourier mode of the expansion.

are determined is again determined by Equation (9) for
γ = 1. However, i in Equation (10) is allowed to vary
from 0 to 10. Therefore, eleven intermediate surfaces can
be potentially found.

In order to take all possible advantage of this combi-
nation, the intermediate surfaces will be computed as fol-
lows: The first five are calculated by decreasing the Fourier
mode from 5 to 1 along with the first five sets of bound-
ary conditions. The sixth intermediate surface is estimated
by using one Fourier mode together with the sixth set of
boundary conditions. This one corresponds to the one with
the central morph; i.e., it resembles both source and tar-
get surfaces equally. The remaining five surfaces are deter-
mined by an increment in the Fourier mode and the rest of
the pre-determined sets of boundary conditions. The same
example used in the previous section is used to assess this
case. Figure 6 shows the sequence in which Ss is trans-
formed into St by sketching the original surfaces and their
corresponding 11 intermediate surfaces. A smooth tran-
sition similar to the one outlined in Figure 3 is achieved
showing that a simple manipulation of some of the param-
eters inherent to the PDE method in use leads to smooth
transition in morphing, making this method a very power-
ful one.

(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l) (m)

Figure 6. Morphing sequence obtained by combining both
methodologies.



5 Conclusions

A method for shape morphing using PDE surfaces has been
described. The mathematical properties inherent to the pro-
posed PDE method enable the use of different methodolo-
gies in which morphing can be achieved. Three alterna-
tives are described in this work: the first consists of a linear
combination of the prescribed boundary conditions of the
source and target surfaces, the second one achieves morph-
ing by varying the number of Fourier modes for which the
source and target surfaces are expanded and the third is a
combination of the previous two. A particular example for
each of these methodologies has been chosen and excellent
results were obtained.

The third method is likely to be more successful the
other methodologies proposed in the majority of cases;
however, there are cases in which this method will not of-
fer any additional advantage. For instance, the first of these
methodologies is particularly useful when surfaces with
perfect cylindrical symmetry are to be morphed since their
Fourier expansion only requires one mode to exactly sat-
isfy the prescribed boundary condition. Moreover, if such
surfaces are to be transformed with the aid of the second
methodology, no morphing can be achieved. Notice that the
examples used in this work are somehow simple. However,
they fulfil satisfactorily the task of showing how morphing
is obtained when using the PDE method.

The major advantage of using the PDE method as a
morphing tool relies on the fact that the intermediate sur-
faces can be obtained in virtually real time and the inter-
mediate surfaces can be as smooth as required. Moreover,
the morphing methodology presented in this work modifies
the boundary curves exclusively, whereas other methodolo-
gies such as the ones based on subdivision NURBS modify
each of the control points describing the surface, which is
not a trivial task. Thus, the alternative avoids such compli-
cations.

Furthermore, the reader should be reminded that the
use of this PDE method for this work considers objects
with periodic boundary conditions and therefore, it restricts
morphing to cases where the two objects are topologically
equivalent. However it is not a restriction to the chosen
PDE method in itself since the PDE can be fully solved nu-
merically when the boundary conditions are not confined to
periodic functions. Thus, the proposed PDE method repre-
sents an excellent choice for developing an interactive mor-
phing tool and further studies concerning its potential may
encourage a formulation of such a tool.

6 Acknowledgements

The authors wish to acknowledge the support received by
the UK Engineering and Physical Sciences Research Coun-
cil grants EP/C015118/01 and EP/D000017/01 through
which this work was completed.

References

[1] L. Liu, G. Wang, B. Zhang, B. Guo and H. Shum,
Perceptually based approach for planar shape mor-
phing, Computer Graphics and Applications, 2004,
111-120.

[2] K. C. Hui and Y. Li, feature-based shape blend-
ing technique for industrial design, Computer-Aided
Design, 30(10), 1998, 823-834.

[3] S. Takahashi, Y Kokojima and R. Ohbuchi, Ex-
plicit control of topological transitions in morph-
ing shapes of 3D meshes, Proc. Pacific Graphics,
Tokyo, Japan, 2001, 70-79.

[4] F. Lazarus and A. Verroust, Three-dimensional
metamorphosis: a survey, The Visual Computer, 14,
1998, 373-389.

[5] V. Kraevoy and A. Sheffer, Cross-parametrization
and compatible remeshing of 3D models, ACM SIG-
GRAPH , Los Angeles, USA, 2004, 861-869.

[6] G. Wolberg, Image morphing: a survey, The Visual
Computer, 14, 1998, 360-372.

[7] D. B. Smythe, A two-pass mesh warping algo-
rithm for object transformation and image inter-
polation (San Rafael California: IML Computer
Graphics Department, Lucasfilm, Technical Report
1030, 1990).

[8] T. Beier and S. Neely, Feature-based image meta-
morphosis, ACM SIGGRAPH, Chicago, USA, 1992,
35-42.

[9] S. Lee, K.Y. Chwa, J. Hahn and S. Y. Shin, Image
morphing using deformation techniques, Journal of
Visualization and Computer Animation, 7, 1996, 3-
23.

[10] S. Cohen, G. Elber and R Bar-Yehuda, Matching of
freeform curves, Computer-Aided Design , 29(5),
1997, 369-378.

[11] G. Turk and J. F. OBrien, Shape transformation us-
ing variational implicit functions, ACM SIGGRAPH,
Los Angeles, USA,1999, 335-342.

[12] M. I. G. Bloor and M. J. Wilson, Using partial dif-
ferential equations to generate free-form surfaces,
Computer-Aided Design, 22(4), 1990, 202-212.

[13] H. Ugail, M. I. G. Bloor and M. J. Wilson, Tech-
niques for interactive design using the PDE method,
ACM Transactions on Graphics , 18(2), 1999, 195-
212.

[14] J. J. Zhang and L. H. You, Fast Surface Modelling
Using a 6th Order PDE, Computer Graphics Forum,
23(3), 2004,311-320.


