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Abstract – Wavelets are alternative building kernels of the 

multicarrier systems, such as the orthogonal frequency division 

multiplexing (OFDM). The wavelets can be designed by 

changing the parent basis functions or constructing new filters. 

Some two new wavelets are considered for multicarrier design; 

one is designed using raised-cosine functions while the other 

was constructed using ideal filters. The spectrums of raised-

cosine wavelet filters are controlled by a roll-off factor which 

leads to many distorting sidelobes. The second family of 

wavelet, which the raised-cosine wavelet is compared to, have 

no distorting sidelobes. It will be shown that raised-cosine 

wavelets are less suitable for multicarrier design in 

multicarrier environment, in terms of BER when compared to 

the wavelet constructed from the ideal filter. 

Keywords–wavelet; raised-cosine; ideal filter; OFDM; 

multicarrier system;  

I. INTRODUCTION 

The wireless communications standards evolve with 

different new technologies. As an example, in the baseband 

of most recent wireless communications standards such as 

the LTE-Advanced (LTE-A), the orthogonal frequency 

division multiple access (OFDMA) is used [1] as the air-

interface wireless protocol that can support multicarrier 

system (MCS) design to combat intersymbol interference 

(ISI). On the other hand, using wavelet transform (WT) to 

design MCS would reduce its sensitivity to ISI and 

intercarrier interference (ICI) [2, 3]. Additionally, WT can 

operate MCS without a cyclic prefix (CP) hence maximizing 

the spectral efficiency. These wavelets are orthonormal 

functions that can be designed either by changing the parent 

basis function or by constructing new filters [4]. Examples 

of these filters that can construct MCS are discussed in [5-

9]. In closed-form expression, [8] provided two raised-

cosine functions to design wavelets. As much as we know, 

no author has reported its application, for instance in the 

design of MCSs over frequency selective channel. Although 

traditional wavelets exist (see [10] and references therein), 

[8, 9, 11] have pursued the construction of additional 

wavelets using  different filter approximations. Of particular 
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interest, these wavelets reported in [9] and [8] will assessed 

in terms of BER performance over frequency selective 

channel with additive white Gaussian noise (AWGN) in this 

study. The wavelet in [11] was shown to be similar to the 

Daubechies wavelets in which the orthogonal wavelets 

reported in [9] were shown to outperform.  

Wavelets are orthogonal functions and have found 

applications in many fields such as pharmacodynamics [12], 

channel modelling [13], etc. They operate using filter bank. 

For any filter chosen, appropriate cut-off frequency or 

proper approximation solution of the ideal filters must be 

carefully selected for excellent signal analyses and system 

performance. Some filters are preferred in one wavelet 

design over another. For example, the biorthogonal filters 

are preferred in image processing due to efficient image 

boarder resolution against the orthogonal filters [10]. On the 

other hand, orthogonal wavelets are preferred against 

biorthogonal wavelets in digital signal processing [10] 

because the orthogonal wavelets have better orthogonal 

basis to process, for instance, multicarrier signals. Since 

wavelets can be designed for different interests, [4] has 

outlined several algorithms for designing wavelets to match 

any signal of interest. In [9], these algorithms were exploited 

to design multicarrier communication systems by 

constructing entirely new filters for wavelet filter banks 

based on ideal filters. By constructing an appropriate low-

pass filter (LPF) that suits band-limited conditions, the new 

wavelet in [9] was designed. Since the filters that constitute 

the filter banks in orthogonal wavelets design are 

complementary, the corresponding high-pass filter (HPF) 

can also be realized. The wavelet reported in [9] was shown 

to be better than the conventional wavelets  in MCSs over 

multipath environment. In this study, we apply the raised-

cosine wavelets in the design of MCSs and compare them 

with the ideal-filter based wavelets.  

We will discuss the system model in Section II, the wavelet-

based MCS in Section III and the simulation results in 

Section IV. The conclusion will be presented in Section V. 

II. SYSTEM MODEL

The system model presented is a single input single output 

(SISO) wireless communication system using the wavelet 

transform as the baseband kernel. Its channel model is the 

wide-sense stationary uncorrelated scattering (WSSU) 

model discussed by Bello (see [14]) and widely used to 

model the multipath channel. The narrowband complex 

channel response is represented by the stochastically time-
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varying variable

 jj ehejh .. )arctan(22   , with h as 

the fading envelope of the narrowband between the receiver 

and the transmitter.  This model is a Rayleigh distribution if 

α and β are Gaussian distribution random variables with zero 

mean and i.i.d. In multipath transmission, α and β are 

typically complex variables that are uncorrelated [15] for 

individual path traversed. Meanwhile with OFDM, the 

channel selectivity is reduced to flat fading. Thus, the 

correlation difference among the paths traversed by the 

transmitted signal becomes quite infinitesimal. In a 

multipath-concerned design, a multicarrier system can be 

generally represented for a received signal of a SISO system 

as: 

ZHSX  (1) 

where 1 NCX is the received signal, NNCHdiag }{

represents the channel, 1 NCS is the transmitted signal 

and 1 NCZ is the AWGN. Notice that H is the channel 

transfer function of the channel impulse response (h). Also, 

notice that the AWGN is characterized by Z ~ Ɲ

),0( 2
NNI  and satisfies ][][ jZiZ  for all 

1,,1,0,  Nji  . The term NNC  represents a matrix with 

complex elements of dimension N×N.  is the standard 

deviation and 2  is the variance of Z. Again NNI 
2  is an 

identity matrix of N×N dimension with 2 as the diagonal 

elements.  

From Equation 1, the time domain equivalent of the 

transmitted signal can further be expressed as: 

 










n
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nmnm ttats

1

0
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where )1,,1,0,(,  NmZna nm  represents the complex

discrete Fourier transform (DFT) in the conventional 

OFDM. Each of such OFDM symbol will be conveyed by 

m
th

 subcarrier of the )(, tnm  during n
th

 symbol time. Here,

)(, tnm  is the synthesis basis function which is obtained by 

time-frequency translation of the prototype filter function 

)(t  in DFT-OFDM. The total symbol time will be

cpstot TTT   and has nTtot sampling periods. Such 

prototype filter can be expressed as: 

)()(
2

, tot
tfmj

nm nTtet sc    (3) 

where fsc  is the frequency spacing among the subcarriers. In 

the conventional OFDM, )(t is rectangular function 

defined as [16]: 
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Substituting Equation 4 into 3, and then substituting the 

result into Equation 1, it is obtained that: 
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Here, Equation 4 represents the analytical expression of the 

conventional CP-based OFDM. )(t can assume other forms 

of filter functions for different multicarrier system kernels. 

A handy example is the wavelet transform scaling function. 

Wavelet multicarrier systems are filter bank based MCSs 

and so, can operate without the CP. Since filter bank MCSs 

operate without a CP [16], we proceed to discussing signal 

transformation that precludes any CP.  

III. WAVELET-OFDM

The wavelet OFDM is obtained by substituting the WT 

filters for DFT filters in the conventional OFDM 

design architecture. Two different WT construction 

functions are discussed; each is discussed in 

Subsections II-B and III-C. The basic wavelet theory is 

reviewed first in Section III-A. 

A. Basic wavelet theory 

Given that )(, ta nm  modulates the transforming function 

φ(t). The φ(t) is a scaling function and also represents the 

prototype filter basis function as in Equation 5. In discrete 

form, the input signal can be combined with φ(t) as [17]; 
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where M is the length of the characteristic filter. The scaling 

function is weighted at each time-shift (m) as:  

 

m

mtmbt )2()(2)(  (7) 

where b(m) is the weight or LPF. The LPF is complementary 

to the high-pass filter (HPF) in filter banks of orthogonal 

wavelets. The former constructs the approximate coefficient 

part of the signal while the later constructs the detail 

coefficient part of the signal. Both LPF and HPF are related 

as [9]: 

)1()1()( mMgmb m  (8) 

g(m) is the HPF. 

B. Construction of wavelets using the root-raised 

function 

There are two scaling functions constructed from root-raised 

cosine function to describe wavelet transforms. The first 

example of these functions was derived differently but with 

similar results by [18] and [8] as:  

))4(1(

)1(cos4)1(sin
)(

21
tt

ttt
t











(9) 

Later, [19] classified 1  as a member of the Meyer 

functions provided β=1/3. A second class of this wavelet 

function was only defined by [8] as: 

)21(2

)1(sin)1(sin
)(2

tt

tt
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(10) 
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where β is the roll-off factor of the raised-cosine function. 

The roll-off factor influences the filter properties of these 

wavelets. For instance, the side-lobes of the root-raised filter 

are controlled by the prevailing roll-off factor (see Figure 1).  

 

 

Figure 1: Side-lobes of root-raised cosine filter function 

From Figure 1, the side-lobes of the roll-factor β = ½ are 

mostly supressed amongst all, although least spectrally 

efficient. In that case, the β =1/3 is more efficient than ½ but 

less efficient than ¼. Meanwhile, the side-lobes of the β = ½ 

are most well supressed followed by those of 1/3. In all 

cases, 1/3 is most likely in trade-off in terms of efficiency 

and well-supressed side-lobes compared to ½ and ¼. In [8, 

19], β = 1/3 was preferred. Thus, β = 1/3 will be used 

throughout in this study. However, it can be inferred that the 

roll-off factor influences the behaviour of any raised cosine-

function filter and would influence the performance of the 

dependent wavelet. 

 

C. Wavelet Construction from ideal filters 

Define an ideal filter of order 4, [9] showed that; 
 32 )3()2()1()0()( jjj ebebebbB    (11) 

where )(B  is the filter response. From the symmetry 

condition shown in [9], 

)3()0( bb    

and 

)2()1( bb    

 

Finally, the resulting filter coefficients are defined as: 
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(12) 

This is the low-pass filter required to build the MCS. The 

filter is distortionless and so free from ISI [9] as shown in 

Figure 2 and also will be less influenced by ICI like in [2, 3]. 

On the other hand, the raised-cosine filters depend on the 

roll-off factor. In any selected wide-bandwidth and with 

DFT filters for instance, the DFT splits the spectrum into as 

many DFT points as required to create narrowbands. These 

narrowband subcarriers can be bandlimited by windowing, 

else, using the roll-off factor is significantly the only way to 

bandlimit the subcarriers. Meanwhile, the noise power in a 

system is a function of the spectrum/bandwidth of 

transmission. Then by reducing the bandwidth, the noise 

power in the system can be reduced. But, reducing the 

bandwidth too much distorts the pulse-shape and introduces 

longer “ringing” of the sidelobes, and in turn introduces 

intersymbol interference. This will thus impair the raised-

cosine wavelet in BER performance as will be seen shortly 

in the results.  

 

  

Figure 2: Ideal-filter showing no side-lobes 

These limitations found in raised-cosine functions, e.g. the 

sidelobes shown in Figure 1 are absent in the case of the 

ideal-filter based wavelets of  [9] which have no sidelobes as 

shown in Figure 2. 

IV. SIMULATION RESULTS AND DISCUSSION 

Figure 3 shows a high-level representation of the 

multicarrier modulation transceiver using the WT over 

multipath environment.  

A. System Implementation 

The input signal are randomly generated and mapped using 

the BPSK mapping scheme. Then using inverse-WT (IWT), 

the signal is transformed and the resulting signal 

transformed into frequency domain which is convolved with 

the channel transfer function of the multipath channel 

model.  

 
Figure 3: Multicarrier modulation using wavelet transform over multipath 

channel 

This is passed through AWGN noise then received in the 

receiver. By some channel compensation as described in 

Section IV-B the signal is received and transformed back 

into the wavelet-domain using the FFT for onward WT 

demodulation. The received signals are demapped using 

BPSK before performing error estimation. In the second 
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case, the process is repeated but BPSK is replaced with 

QPSK. 

 

B. Equalization 

In [9], some frequency domain equalization (FDE) was 

described. It involved transforming the frequency content of 

s(t), as a Fourier transform pair; )()( tsfS
FT

 , where FT is 

the Fourier transform. From Equation 1, the convolution of 

the signal and the channel transfer function is defined from;  

)()()()( fZfSfHfX   (13) 

This is the frequency domain equivalent of the received 

signal with Z(f) as the AWGN. In the receiver, the 

equalization follows as: 

222
ˆ

H

ZH

H

SHH

H

XH
X

HHH 






                                          

 

(14) 

where H)(  is a Hermitian operator,   and (.)* are 

convolution and conjugation operators respectively. Also 

 describes absolute operator. Suppose that the channel 

response could be negligible, such that 0H , then some 

error correction parameter,  , will be introduced as follows: 

10,ˆ
222
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(15) 

Notice that X̂  is the frequency domain content of the 

received signal after the FDE equalization. Now, using the 

inverse FFT (IFFT) the received signal is transformed into 

the wavelet domain before demodulating by the forward 

WT. 

 

C. Results and Discussion  

As described in Section IV-A, the system was modelled for 

a BPSK mapping scheme, in one case, with 64 symbol 

length averaged over 37000 symbols. Secondly, the design 

is then modified to include the QPSK mapping scheme with 

similar design environments using similar parameters. No 

form of coding has been applied.  

 

Figure 4: Comparison of ideal-filter wavelet with Root Raised Cosine 

Wavelet (β=1/3) over multipath channel with AWGN for 1 . 

 

Meanwhile, Figures 4 and 5 show our results for BPSK and 

QPSK for the two families of wavelets discussed in Sections 

III-B and III-C. For compactly supported wavelets, using 

lower order filter lengths will reduce the simulation run-

time, and of course the associated overheads (see Ch. 13 of 

[20]). We show in Figure 4 the results of BER performances 

of raised-cosine wavelets with ideal-filter based wavelet. 

Both are operated as orthogonal wavelets. The roll-off factor 

maximizes the spectrum of its pulse and also the raised-

cosine wavelets. In band-limited signal processing, the 

frequency spectrum of every subcarrier signal in OFDM is 

not a band-limited sampling function, and so every 

subcarrier will produce side-lobes in the frequency domain 

resulting from the truncation of a rectangular or another type 

of window [2]. For the raised-cosine filter, the spectrum is 

predetermined by the roll-off factor. Although the noise 

power would be reduced by the 1/3 roll-off factor, the 

distortion produced in the pulse by the roll-off factor 

depletes the BER performance against the distortionless 

ideal-filter wavelet.  

 

 

Figure 5: Comparison of ideal-filter wavelet with Root Raised Cosine 

Wavelet (β=1/3) over multipath channel with AWGN for 2 . 

Our results show that the raised-cosine wavelets are 

performing less than the ideal-filter orthogonal wavelets that 

has maximally flat sidelobes; this accounts for the circa 1db 

better performance than the raised-cosine wavelet. This 

phenomenon is again reflected in Figure 5 for 2 . 

The roll-off factor determines the behaviour of a raised 

cosine filter in terms of the bandwidth and sidelobes. It also 

influences the length of “ringing” of the sidelobes of the 

filter. The length of the sildelobes will affect also the peak-

to-average power ratio (PAPR) due to out-of-band emissions 

from the ringings that may increase the energy in the 

adjacent subcarrier mainlobes. Against the trade-off in the 

raised-cosine filter design provided by the 1/3 roll-off factor, 

our results show that the raised-cosine wavelet can be less 

preferred to the orthogonal wavelets reported in this work in 

terms of BER.  
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V. CONCLUSION 

Alternative multicarrier building kernels have been 

presented. They are the wavelet MCSs. One family of the 

wavelets considered was designed from the raised-cosine 

filter function while the other was constructed from the ideal 

filter. Both were compared over a WSSU multipath 

environment. These comparisons were based on their 

respective performances using the BER statistics curves. It 

was found that the performances of the raised-cosine filter-

based wavelets are less than the ideal filter wavelets in terms 

of BER statistics measures. It follows that, in designing 

MCSs, the raised-cosine wavelets cannot be preferred over 

the rest orthogonal wavelets. It may however find suitable 

application in other areas, may be in terms of biorthogonal 

wavelets; but it cannot be recommended for MCSs design.  
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