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This paper documents postdoctoral research work conducted at the University of Bradford 

by Neelkamal Shah under the supervision of Professor Demetres Kouvatsos.  The following 

supplementary contributions to my PhD Thesis, titled 'Entropy Maximisation and Queues 

With or Without Balking', are presented: 

 

 A fuller derivation of the Morse joining function, 𝑞(𝑛) = 𝑒𝑥𝑝(−𝛼𝑛/𝜇), 𝑛 = 0,1,2… 

 The conjecture is disproved and a new joining function is derived which characterises 

the M/GE/1/K queue with balking bearing the truncated generalised discrete Half 

Normal (GdHNT) maximum entropy (ME) queue length distribution (QLD). 

 More extensive numerical experiments are conducted evidencing the close 

approximation of the GdHNT ME distribution by the QLD of the M/GE/1/K queue 

with extended Morse balking. 

 The effect of communicating more accurate delay information to customer arrivals is 

investigated in the context of the M/GE/1/K queue with balking. 
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Generalised maximum entropy solutions 

and the M/G/1/K queue with balking 

 

Neelkamal Shaha,*, Demetres Kouvatsosa 

a  NetPEn – Networks and Performance Engineering Research Group, Informatics Research Institute 

(IRI), University of Bradford, Bradford, BD7 1DP, UK. 

 

Abstract: Generalisations to links between discrete maximum entropy (ME) distribution 

inferences and Markov chains are investigated towards the analysis of stable M/G/1 and 

M/G/1/K queues with balking, marked by a Poisson prospective arrival process and i.i.d. 

general (G) service times.  In this context, new ME solutions, namely the generalised discrete 

Half Normal (GdHN) and truncated GdHN (GdHNT) distributions, are characterised for more 

accurate inferences of, particularly, the stationary queue length distributions (QLDs) of the 

aforementioned queues, respectively.  The joining function characterising the M/GE/1/K 

queue with balking bearing the GdHNT ME QLD is determined.  Moreover, an explicit extended 

Morse joining function is proposed and closed form global balance (GB) equilibrium solution 

derived for the QLD of the M/GE/1/K queue with extended Morse balking, bursty i.i.d. 

generalised exponential (GE) service times and finite capacity, 𝐾.  Based on extensive 

numerical experimentation, the GB QLD is found to closely approximate the GdHNT ME 

distribution.  Through a performance evaluation study, the M/GE/1/K queue with extended 

Morse balking is seen to be suitable for predicting balking behaviour in real-life systems and 

thus may serve as a guide to business/operations managers in justifiable service capacity 

provision.  Remarks on open research problems emerging from this work are included. 

Keywords: Queuing, Balking, Global Balance, Maximum Entropy Principle, Generalised discrete 

Half Normal (GdHN), Performance Evaluation 

                                                           
*
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dHN – discrete half normal 
GdHN – generalised discrete half normal 
GdHNT – truncated generalised discrete half normal 
GE – generalised exponential 
GGeo – generalised geometric 
GGeoT – truncated generalised geometric 
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1.0. Introduction 

Queueing models with or without arrival balking constitute fundamental investigative tools 

for the performance modelling, analysis and prediction of discrete flow systems such as 

business and production systems and transportation and computer networks.  However, 

derivation of exact performance distributions of complex queueing systems, such as infinite- 

or finite-capacity G/G/1 queues with or without balking, is often an infeasible task thus 

encouraging the adoption of alternative analytic approaches, such as the diffusion 

approximation and maximum entropy (ME) principle among others. 

The ME principle, devised by Jaynes [1, 2], is a method of statistical inference by which a 

unique, least biased probability distribution of a random quantity of any general system can 

be characterised based on limited, verifiable prior information.  In this context of ME 

distribution inferences, ‘bias’ can be defined as commitment to unknown information [1].  

The ME principle has been employed in the modelling of systems in a vast range of areas 

from economics and finance to operational research, queueing, statistical mechanics and 

thermodynamics [3, 4].  In particular, ME solutions have been devised for inferring 

distributions of a variety of performance measures of different types of queueing systems, 

such as the queue length, number served in a busy period, busy period length, residence 

and waiting times and network joint population, see for example [5-15]. 

Balking is an impatience phenomenon whereby service is rejected immediately by 

customers on arrival to a queue because they anticipate an unacceptably long queueing 

time and/or their service is not required urgently [16].  Customers who decide to balk do 

not join the queue and are considered not to return afterwards.  Queueing models with 

balking have been successfully applied to evaluate multiple real life systems such as 

business service systems, including telephone call centres, where customers gain 

information about anticipated delay, traffic-flow control in transport networks [17-24] and 

customer acceptance/rejection policies dependent on workload thresholds as administered 

for example in admission control mechanisms in computer networks [17, 25, 26]. 

The technical contributions of this paper are founded largely on the works of Morse [27], 

Kemp [28, 29], El-Affendi and Kouvatsos [30] and Kouvatsos [31-33].  They analyse single 

server infinite- and finite-capacity queues at equilibrium, with or without balking under the 

first come first served (FCFS) scheduling discipline.  The relevant analytic approaches used 

comprise Markov chain models, the global balance (GB) Markov chain steady state 

probability solution technique and/or the ME principle.  Notably, some of the new results 

presented in this paper have previously been published in [34]. 

In this paper, motivated by the modelling of complex queueing systems and in particular the 

provision of more accurate inferences of stationary queue length distributions (QLDs), novel 

generalised stationary discrete ME distributions are devised.  Moreover, in the interest of 
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cost-effective performance evaluation, equilibrium QLDs of new queueing models with 

balking are solved, where the QLDs closely approximate the new ME distributions. 

Reviews of ME and GB solutions of the QLDs of relevant queueing systems with or without 

balking are covered in Section 2.  The generalised discrete half normal (GdHN) and 

truncated GdHN (GdHNT) ME distributions are characterised in Section 3.  In Section 4, the 

QLD of the M/GE/1/K queue with balking is analysed and discussed.  The performance of the 

M/GE/1/K queue with extended Morse balking is studied in Section 5.  The conclusions 

drawn from the research and remarks on future work are presented in Section 6.  Moreover, 

the state transition rates and GB equations of the Markov chain model of the equivalent 

M(n)/GE/1/K queue are presented in Appendix A.  In Appendix B, the joining function of the 

M/GE/1/K queue with balking which bears the GdHNT ME QLD is derived.  Whereas the non-

equivalence between the GdHNT ME distribution and QLD of the M/GE/1/K queue with 

extended Morse balking is demonstrated in Appendix C. 

 

2.0. A review of analyses of queues with or without balking 

This section presents a review of the ME analysis of the QLDs of ordinary (i.e., without 

balking) stable M/G/1 and M/G/1/K queues and the GB and ME analyses of the QLD of the 

M/M/1 queue with Morse balking. 

2.1. Maximum entropy analysis of ordinary M/G/1 and M/G/1/K queues 

ME solutions have been proposed for the QLD of the M/G/1 queue in [5, 30, 35].  In [30], an 

ME solution for the QLD of a stable M/G/1 queue, the generalised geometric (GGeo) 

distribution incorporates prior information of the queue stability (or conservation of flow) 

condition, via the 𝑝(0) (or equivalently utilisation) optimisation constraint, in addition to the 

mean of queue length (MQL) and normalisation condition.  Employing the celebrated 

Pollaczek-Khinchin (P-K) transform formula, the service-time distribution of the stable 

M/G/1 queue possessing the GGeo ME QLD was determined as the two parameter, mixed 

generalised exponential (GE) cumulative distribution function (CDF) [30], given by 

 

 
𝐹𝑡 = 1 −

2

𝐶2 + 1
𝑒
−

2
𝐶2+1

𝜇𝑡
, 𝑡 ≥ 0, 𝜇 > 0 , (2.1) 

 

where (1/𝜇) is its mean and 𝐶2 is its square coefficient of variation (SCOV). 
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The truncated GGeo (GGeoT)1, an analogous ME solution of the QLD of the stable M/G/1/K 

queue, incorporates prior information of the MQL, queue stability condition, via the 

boundary state probabilities, 𝑝𝐾(0) and 𝑝𝐾(𝐾) and normalisation condition over finite, non-

negative integer support [0, 𝐾].  The M/G/1/K queue with GGeoT ME QLD is also 

characterised by GE service-times [31, 32]. 

 

2.2. Global balance analysis of the M/M/1 queue with Morse balking 

Balking models may be broadly classified as threshold-based [16, 18, 36] or individual 

equilibrium and socially optimal [37, 38]. 

 

Consider an M/M/1 queue with balking marked by prospective Poisson mean arrival rate, 𝜆 

and mean service rate, 𝜇.  Following the analysis carried out by Whitt [18], the prospective 

Poisson arrivals balk when their delay tolerance (or threshold), modelled by the random 

variable (RV), 𝑇, is exceeded.  Assume that 𝑇 is exponentially distributed with mean, 1/𝛼.  

Assume also that the exact delay information, i.e., instantaneous workload, is conveyed to 

arriving customers.  Let the RV, 𝑇𝑖𝑤 model the instantaneous workload, then the probability 

that an arrival joins the queue is 𝑃(𝑇 > 𝑇𝑖𝑤).  Note that Haight [16] analysed the M/M/1 

queue with balking characterised by discrete 𝑇. 

Communicating the instantaneous workload information to arrivals seems impractical in 

most real-life scenarios, for example at a hospital emergency waiting room or telephone call 

centre queue, as it would involve foretelling the exact times each waiting customer will take 

in service plus the residual service time of the customer(s) currently in service. 

On the other hand, it would be feasible to convey, 𝑇𝑖𝑤̅̅ ̅̅ , the average instantaneous workload 

(i.e., expected delay) to customers as it can be obtained from (I) the queue length, 𝑛, which 

can usually be obtained as advocated by the observable queue model reviewed in [38] and 

(II) moments of the service times, which, it is argued here, can be obtained from often 

available transactional data [39].  Moreover, it is suggested in [18] that using 𝑇𝑖𝑤̅̅ ̅̅  may be a 

reasonable approximation to 𝑇𝑖𝑤.  Hence, conditional on availability of the expected delay 

information, 𝑇𝑖𝑤̅̅ ̅̅ , to arrivals, queue joining probabilities may be encapsulated in the function 

[18], 

 

 𝑞(𝑛) = 𝑃(𝑇 > 𝑇𝑖𝑤̅̅ ̅̅ ) = 𝑒−𝛼𝑇𝑖𝑤̅̅ ̅̅ ̅, 𝑛 = 0,1,2…. (2.2) 

 

                                                           
1
 The GGeoT is the GGeo right-truncated above 𝐾 and constrained additionally by the upper boundary state 

probability, 𝑝𝐾(𝐾). 
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In the M/M/1 queue, conditional on instantaneous queue length, 𝑛 and owing to the 

memoryless property of the exponential service-time distribution, 𝑇𝑖𝑤̅̅ ̅̅ = (𝑛/𝜇), 𝜇 > 0, 𝑛 =

0,1,2….  Hence, the joining function becomes 

 

 
𝑞(𝑛) =  𝑒

−
𝛼𝑛
𝜇 , 𝑛 = 0,1,2…. (2.3) 

 

The latter function can be seen to concur with reality in the sense that customers are less 

likely to join longer queues and, in general, customers do not balk from empty systems.  An 

equivalent joining function, 𝑒𝑥𝑝(−𝛼∗𝑛/2), 𝑛 = 0,1,2…, has been described as ‘a very 

natural parametric family [of queue joining functions] that should be appropriate in many 

applications’ [22]. 

Morse [27] derived the equilibrium QLD of the M/M/1 queue with balking characterised by 

the joining function (2.2), namely 

 

 
𝑝(𝑛) = 𝑝(0)𝜌𝑛𝑒

−
𝛼𝑛(𝑛−1)

2𝜇 , 𝑛 = 0,1,2… , 𝜌 > 0,0 < 𝑒
−
𝛼
𝜇 < 1 , (2.4) 

 

where 𝜌 = 𝜆/𝜇 and 𝛼 was interpreted as ‘a measure of the average impatience of 

customers’.  Morse derived the QLD by solving the GB equations of the queueing system’s 

associated birth-death (B-D) chain model, where the effective arrival rates to each state 

were adjusted to account for the fraction of customers which balked [27]. 

 

Hence the M/M/1 queue with balking has an equivalent transformation in the M(n)/M/1 

queue, characterised by a Poisson arrival process with population-dependent rates which 

correspond to the joining function. 

 

2.3. Maximum entropy analysis of the M/M/1 queue with Morse balking 

The discrete Half Normal (dHN), i.e., the discrete Normal of Kemp [40] left-truncated below 

zero, has been characterised as that ME distribution satisfying prior information of the first 

moment, variance and normalisation condition over non-negative integer support [28, 29].  

The dHN has been defined by Kemp [29] as 
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𝑝(𝑛) =
𝜃𝑛𝑞

𝑛(𝑛−1)
2

∑ 𝜃𝑛𝑞
𝑛(𝑛−1)

2∞
𝑛=0

= 𝑝(0)𝜃𝑛𝑞
𝑛(𝑛−1)

2 , 𝑛 = 0,1,2… , 𝜃 > 0,0 < 𝑞 < 1 . (2.5) 

 

where 𝜃 and 𝑞 are distribution parameters in terms of the Lagrangian coefficients.  Kemp 

discovered specific state-transition probabilities of a Markov chain model which result in the 

dHN stationary state probability distribution.  Furthermore, under what we refer to as a 

‘direct comparison approach’, Kemp observed that the dHN state probability distribution 

gives the QLD of the M/M/1 queue with Morse balking when 𝜃 = 𝜆/𝜇  and 𝑞 = 𝑒𝑥𝑝(−𝛼/𝜇) 

[27-29]. 

 

3.0. Generalised maximum entropy solutions 

In this section, new ME solutions namely the generalised discrete half normal (GdHN) and 

truncated GdHN (GdHNT) ME distributions are characterised for inferring, in particular, the 

stationary QLDs of, respectively, stable M/G/1 and M/G/1/K queues with balking. 

The ME (i.e., least biased) distribution inference is obtained by maximising the uncertainty 

surrounding what is not known about the random quantity being modelled, while satisfying 

the known partial prior information, which is often taken to be in the form of moments of 

the random quantity [1, 2].  The classical measure of uncertainty maximised in the ME 

formalism is that proposed by Shannon, who also referred to it as the entropy of the 

distribution [41].  Maximising Shannon’s entropy functional, subject to prior moment 

information constraints including the normalising condition is a constrained nonlinear 

optimisation problem soluble by Lagrange’s method of undetermined multipliers [1]. 

The GdHN (or GdHNT) ME distribution is derived by combining the prior moment 

information assumed to be known in the derivations of the GGeo (or GGeoT) and dHN ME 

distributions, namely the first moment, variance, appropriate boundary state probabilities 

and the normalising condition.  Thus, the GdHN (or GdHNT) distribution generalises the 

GGeo (or GGeoT) and dHN distributions. 

In the application of the ME principle to physical systems, Jaynes [2] described a ‘physical 

constraint’ as any physical influence that exerts a systematic tendency, however slight, on 

the outcome of an experiment.  Furthermore, he explains that the (mathematical) 

optimisation constraints represent the systematic influences (which in turn are influenced 

by the physical constraints).  In the context of this paper, we refer to the analogous queue 

operation properties or mechanisms affecting the dynamics of the queueing model. 

Considering the ME solutions for the QLDs of an M/G/1 queue [30], M/M/1 queue with 

Morse balking [28, 29] and M/M/1 queue [5, 15], it is readily apparent how the ME principle 
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relates to dynamics existent within the queueing models.  Given that the QLD of the M/M/1 

queue, the modified geometric distribution, is an ME distribution derived from the prior 

information of solely the mean and normalisation condition over non-negative integer 

support, see for example [5, 15], then it follows that 

 the 𝑝(0) prior information models exactly the dynamics introduced by GE service-

times in the M/GE/1 queue and 

 the variance prior information captures exactly the new dynamics imposed by Morse 

balking in the M/M/1 queue with Morse balking. 

Therefore, it would be reasonable to expect that incorporating both the 𝑝(0) and variance 

optimisation constraints along with the mean and normalising condition would yield an ME 

solution which would be close, statistically speaking, to the QLD of an M/G/1 queue with 

both GE service times and Morse balking.  Hence, in this work, the GdHN and GdHNT ME 

distributions are derived particularly for the purpose of providing more accurate least 

biased inferences of the stationary QLDs of, respectively, stable M/G/1 and M/G/1/K queues 

with balking.  Indeed, these new ME solutions comprise least biased inferences of stationary 

discrete state probability distributions existent within any abstract system, including any 

abstract queueing system, where matching prior information is known. 

In the context of queueing systems, prior queue length moment constraint information may 

be known numerically via measurements over a finite observation period or may be derived 

analytically, in terms of basic system parameters (whose values are assumed to be known), 

via operational or stochastic properties and/or assumptions [31]. 

 

Theorem 3.1.  The GdHN is the ME distribution with integer support on [0,∞) satisfying 

known (or known to exist) first moment, variance, lower boundary state probability and 

normalisation condition and can be defined as 

 

 

𝑝(𝑛) = {

𝑝(0), 𝑛 = 0

𝑝(0)𝛾𝜙𝑛𝑟
𝑛(𝑛−1)

2 , 𝑛 = 1,2,3…

, 𝛾, 𝜙, 𝑟 > 0, (3.1) 

 

where 𝛾, 𝜙 and 𝑟 are distribution parameters in terms of the Lagrangian coefficients and 

despite being known a priori, for the sake of completeness, 𝑝(0) is expressed as 
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𝑝(0) = (1 +∑ 𝛾𝜙𝑛𝑟

𝑛(𝑛−1)
2

∞

𝑛=1

)

−1

 . (3.2) 

 

Proof.  Let the discrete RV, 𝑁 with integer support, 𝑛 = 0,1,2… model the system state (i.e., 

number of customers) in a stable M/G/1 queue with balking.  Assume that the prior 

moment information known about 𝑁 is defined in the following ME optimisation constraints 

Mean ∑𝑛𝑝(𝑛)

∞

𝑛=0

= 𝐸[𝑁], 𝑛 = 0,1,2… (3.3) 

Variance ∑(𝑛 − 𝐸[𝑁])2𝑝(𝑛)

∞

𝑛=0

= 𝑉𝑎𝑟(𝑁), 𝑛 = 0,1,2… (3.4) 

Lower boundary 

state probability 
∑𝑢′(𝑛)𝑝(𝑛) = 𝑝(0),

∞

𝑛=0

     𝑢′(𝑛) = {
1, 𝑛 = 0

0, 𝑛 = 1,2,3…
 (3.5) 

Normalising 

condition 
∑ 𝑝(𝑛)

∞

𝑛=0

= 1.0, 𝑛 = 0,1,2… (3.6) 

 

Then maximising Shannon’s entropy functional subject to the above prior information 

optimisation constraints (3.3) - (3.6) yields the GdHN expressed as 

 

 
𝑝(𝑛) =

1

𝑍
𝑥1
𝑛𝑥2

(𝑛−𝐸[𝑁])2𝑥3
𝑢′(𝑛), 𝑛 = 0,1,2… (3.7) 

 

where 𝑍 = ∑ (𝑥1
𝑛𝑥2

(𝑛−𝐸[𝑁])2𝑥3
𝑢′(𝑛))∞

𝑛=0  and 𝑥1, 𝑥2 and 𝑥3 are the Lagrangian coefficients 

corresponding to the first moment, variance and 𝑝(0) prior moment information 

constraints respectively.  For the purpose of comparing the GdHN to its subclass 

distributions, the distributional form of the GdHN in (3.7) is manipulated to resemble as 

closely as possible, the forms of both the GGeo [33] and the dHN (c.f., (2.5)) ME 

distributions, concurrently as follows: In the power of 𝑥2, the product (𝑛 − 𝐸[𝑁])2 is 

expanded and the term (2𝐸[𝑁] − 1)𝑛 is introduced.  Furthermore, without loss of 

generality, the parameters 𝛾, 𝜙 and 𝑟 are introduced and making the substitutions 

(𝑥3)
−1 = 𝛾, (𝑥1𝑥2

−(2𝐸[𝑁]−1)) = 𝜙 and 𝑥2 = 𝑟
1

2 the re-parameterised GdHN in (3.1) and (3.2) 

arises. 



9 
 

The GdHN is observed to reduce to the GGeo or the dHN discrete ME distributions by 

setting 𝑟 = 1 or 𝛾 = 1 respectively.  Furthermore, setting both 𝑟 = 1 and 𝛾 = 1 yields the 

familiar modified geometric discrete ME distribution.  Thus, the GdHN is seen to be a 

superclass distribution of the latter three ME distributions. 

 

Theorem 3.2.  The GdHNT is the ME distribution with integer support on [0, 𝐾] constrained 

by the first moment, variance, lower and upper boundary state probabilities and 

normalisation condition and can be defined as 

 

𝑝𝐾(𝑛) =

{
 
 

 
 

𝑝𝐾(0), 𝑛 = 0

𝑝𝐾(0)𝛾𝐾(𝜙𝐾)
𝑛(𝑟𝐾)

𝑛(𝑛−1)

2 ,   𝑛 = 1,2,3…𝐾 − 1,

𝑝𝐾(0)𝜁𝐾𝛾𝐾(𝜙𝐾)
𝐾(𝑟𝐾)

𝐾(𝐾−1)

2 , 𝑛 = 𝐾

 𝜁𝐾 , 𝛾𝐾, 𝜙𝐾 , 𝑟𝐾 > 0, (3.8) 

 

where 𝛾𝐾, 𝜙𝐾  and 𝑟𝐾 are distribution parameters in terms of the Lagrangian coefficients and 

𝜁𝐾  is the Lagrangian coefficient corresponding to the 𝑝𝐾(𝐾) prior moment information 

constraint respectively.  Despite being known a priori, for the sake of completeness 𝑝𝐾(0) is 

defined as 

 

𝑝𝐾(0) = (1 +∑ 𝛾𝐾(𝜙𝐾)
𝑛
(𝑟𝐾)

𝑛(𝑛−1)
2

𝐾−1

𝑛=1

+ 𝜁𝐾𝛾𝐾(𝜙𝐾)
𝐾
(𝑟𝐾)

𝐾(𝐾−1)
2 )

−1

 . (3.9) 

 

Proof.  Let the discrete RV, 𝑁𝐾 with integer support, 𝑛 = 0,1,2…𝐾 model the system state 

(i.e., number of customers) in a stable M/G/1/K queue with balking.  Assume that the prior 

moment information known about 𝑁𝐾 is given by the following ME optimisation constraints 

Mean ∑𝑛𝑝
𝐾
(𝑛)

𝐾

𝑛=0

= 𝐸[𝑁𝐾], 𝑛 = 0,1,2…𝐾, (3.10) 

Variance ∑(𝑛 − 𝐸[𝑁𝐾])
2𝑝

𝐾
(𝑛)

𝐾

𝑛=0

= 𝑉𝑎𝑟(𝑁𝐾), 𝑛 = 0,1,2…𝐾, (3.11) 
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Lower 

boundary 

state 

probability 

∑𝑢𝐾
′ (𝑛)𝑝

𝐾
(𝑛) = 𝑝

𝐾
(0)

𝐾

𝑛=0

, 𝑢𝐾
′ (𝑛) = {

1, 𝑛 = 0
0, 𝑛 = 1,2,3…𝐾

, (3.12) 

Upper 

boundary 

state 

probability 

∑𝑓𝐾(𝑛)𝑝𝐾(𝑛) = 𝑝
𝐾
(𝐾)

𝐾

𝑛=0

, 𝑓𝐾(𝑛) = {
0, 𝑛 = 0,1,2…𝐾 − 1

1, 𝑛 = 𝐾
 (3.13) 

Normalising 

condition 
∑ 𝑝

𝐾
(𝑛) = 1.0

𝐾

𝑛=0

 (3.14) 

 

Then following a similar procedure for the derivation of the GdHN ME distribution, a re-

parameterised GdHNT, derived from the above prior information optimisation constraints 

(3.10) - (3.14), can be defined as in (3.8) and (3.9). 

The GdHN arises as a special case of the GdHNT when 𝐾 → ∞.  The special case arising when 

𝑟𝐾 = 1 is the GGeoT [31, 32] and setting both 𝛾𝐾 = 1 and 𝜁𝐾 = 1 in (3.8) yields the 

truncated dHN (i.e., dHNT) ME distribution i.e. the dHN right-truncated above 𝐾.  

Furthermore, setting 𝑟𝐾, 𝛾𝐾 and 𝜁𝐾  to one in (3.8) results in the truncated modified 

geometric i.e. the modified geometric right-truncated above 𝐾.  Hence, the GdHNT 

generalises the GGeoT, dHNT and the truncated modified geometric discrete ME 

distributions, as well as their corresponding infinite-support counterparts. 

Explicit solutions of the Lagrangian coefficients can be obtained in only the simplest of cases 

including uniform and geometric-type sequences [5, 30, 31, 33, 42].  For other discrete ME 

cases, numerical algorithms have been prescribed in [3, 42, 43] among others. 

 

 

4.0. Global balance analysis of an M/G/1/K queue with balking 

Employing the P-K transform formula, as carried out in [30], would be intractable to 

determine the unique service time distribution of the ordinary M/G/1 queue with GdHN ME 

QLD due to the irrational probability generating function of the latter distribution.  

Moreover, analogous ME analysis of the M/G/1 queue with balking would require the 

derivation of a generalisation of the P-K transform formula characterised by dependency on 

the balking function. 
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Instead, as explained in Section 3.0, the capability of prior information to capture dynamics 

introduced by queue operational properties or mechanisms is exploited.  In the M/G/1/K 

queue with balking, there are two unspecified quantities, namely 

(I) the service times (encapsulated by the service time distribution) 

(II) the balking probabilities (encapsulated in the balking or joining function) 

Owing to the prior knowledge of 𝑝(0) in the GdHNT ME solution, the service-time 

distribution is fixed as the GE from the outset.  Consequently, the joining function satisfying 

the M/GE/1/K queue with balking bearing the GdHNT ME QLD is sought.  Secondly, the QLD 

of the M/GE/1/K queue with extended Morse balking is analysed. 

 

4.1. The queue length distribution of the M/GE/1/K queue with balking 

The stationary QLD (from a random observer’s point of view) of the M/GE/1/K queue with 

balking is derived below.  The queueing system is characterised by a Poisson prospective 

arrival process (with mean rate, 𝜆) subject to balking with probabilities, 0.0 ≤ (1 − 𝑞(𝑛)) <

1.0, 𝑛 = 0,1,2, …𝐾-1, i.i.d. GE service times (with mean rate, 𝜇 and SCOV, 𝐶𝑠
2) and finite 

capacity, K, where 𝜆, 𝜇 and 𝐶𝑠
2 comprise a basic set of known queueing parameters.  The 

derivation of the QLD is carried out by applying the GB principle at each individual state of 

the Markov chain model of the equivalent M(n)/GE/1/K queue illustrated below, 

 

Fig. 1.  Markov chain model of the M(n)/GE/1/K queue. 

where the 𝑅𝑖𝑗’s are the state transition rates. 

The state transition rates and GB equations of the Markov chain model of the M(n)/GE/1/K 

queue are presented in Appendix A.  Following substitution of the state transition rates in 

the GB equations and subsequent algebraic manipulation, the closed form QLD of the 

M(n)/GE/1/K queue given by 
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𝑝𝐾(𝑛) =

{
 
 
 
 

 
 
 
 

𝑝𝐾(0), 𝑛 = 0

𝑝𝐾(0)𝜏∏(
𝜆𝑞(𝑖)

𝜆𝑞(𝑖 + 1)(1 − 𝜏) + 𝜏𝜇
) , 𝑛 = 1,2,3…𝐾 − 1

𝑛−1

𝑖=0

𝑝𝐾(0)𝜏 (
𝜆𝑞(𝐾 − 1)

𝜏𝜇
)∏(

𝜆𝑞(𝑖)

𝜆𝑞(𝑖 + 1)(1 − 𝜏) + 𝜏𝜇
) , 𝑛 = 𝐾

𝐾−2

𝑖=0

 (4.1) 

 

results, where 𝑝𝐾(0) can be obtained by applying the normalising condition and 𝜏, the 

probability of taking the exponential branch in the two-phase GE interpretation [44] is given 

by 

 

 
𝜏 =

2

1 + 𝐶𝑆
2 
 . (4.2) 

 

Proposition 4.1.  The joining function characterising the M/GE/1/K queue with balking 

which bears the GdHNT ME QLD is given by (4.3). 

 

𝑞(𝑛) =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 (∑ (𝜏𝜇)(1 − 𝜏)𝑖−1 𝛾𝐾(𝜙𝐾)

𝑖(𝑟𝐾)
𝑖(𝑖−1)
2𝐾−1

𝑖=1 ) + (𝜏𝜇)(1 − 𝜏)𝐾−1 𝜁𝐾𝛾𝐾(𝜙𝐾)
𝐾(𝑟𝐾)

𝐾(𝐾−1)
2

𝜆𝜏
, 𝑛 = 0

𝑞(0)𝜏 − (
𝜏𝜇

𝜆⁄ )(𝛾𝐾𝜙𝐾)

(1 − 𝜏)𝛾𝐾𝜙𝐾
, 𝑛 = 1

𝑞(1)(1 − 𝜏)(𝜙𝐾) −
𝜏𝜇

𝜆(1 − 𝜏)
∑ (1 − 𝜏)𝑖(𝜙𝐾)

𝑖(𝑟𝐾)
𝑖(𝑖−1)
2𝑛

𝑖=2

(1 − 𝜏)𝑛(𝜙𝐾)
𝑛(𝑟𝐾)

𝑛(𝑛−1)
2

, 𝑛 = 2,3,4…𝐾 − 2

𝜏𝜇

𝜆
(𝜁𝐾𝜙𝐾𝑟𝐾

𝐾−1), 𝑛 = 𝐾 − 1

  (4.3) 

 

where 𝛾𝐾, 𝜙𝐾, 𝑟𝐾 and 𝜁𝐾  are the GdHNT distribution parameters which are in terms of the 

Lagrangian coefficients and 𝜆, 𝜇 and 𝜏 comprise a set of known basic queueing parameters.  

The derivation of Proposition 4.1 is presented in Appendix B. 
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4.1.1. The queue length distribution of the M/GE/1/K queue with extended Morse balking 

The proposed extended Morse balking paradigm was motivated by both practical utility and 

accuracy.  Its main purposes include predicting balking behaviour and guiding service 

provision management.  It was to ‘extend’ standard Morse balking by revising the expected 

delays communicated to arrivals due to GE (or any general) service times as opposed to 

those due to the more optimistic exponential service times under standard Morse balking. 

Proposition 4.2.  The extended Morse joining function is given by (4.4). 

 

 

𝑞(𝑛) =

{
 
 

 
 

1.0, 𝑛 = 0

𝑞(
1−𝜏
𝜏
)𝑞𝑛, 𝑛 = 1,2,3…𝐾 − 1

0.0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 , (4.4) 

 

where 𝑞 = 𝑒𝑥𝑝(−𝛼/𝜇) and 𝜏 is given by (4.2). 

Proof.  Following from the explanation of residual life in the context of the M/G/1 queue in 

[45], 𝑇𝑖𝑤̅̅ ̅̅  in the context of the M/G/1/K queue with or without balking, characterised by i.i.d. 

general (including GE) service times and conditional on instantaneous queue length, 𝑛, is 

given by 

 

 

𝑇𝑖𝑤̅̅ ̅̅ = {

0.0, 𝑛 = 0

(𝑛 − 1)

𝜇
+
1 + 𝐶𝑆

2

2𝜇
, 𝑛 = 1,2,3…

 . (4.5) 

 

Substituting the latter expression for 𝑇𝑖𝑤̅̅ ̅̅  in the joining function (2.2) and following some 

algebraic manipulation, the extended Morse joining function (4.4) arises. 

Substituting the extended Morse joining function (4.4) in the QLD (4.1) gives the closed form 

QLD of the M/GE/1/K queue with extended Morse balking, 
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𝑝𝐾(𝑛) =

{
 
 
 
 
 

 
 
 
 
 

𝑝𝐾(0), 𝑛 = 0

𝑝𝐾(0)
(𝜏𝑞

−(
1−𝜏
𝜏
)
)(𝜆𝑞

(
1−𝜏
𝜏
)
)
𝑛

𝑞
𝑛(𝑛−1)

2

∏ (𝜆𝑞
(
1−𝜏
𝜏
)
𝑞𝑖+1(1 − 𝜏) + 𝜏𝜇)𝑛−1

𝑖=0

, 𝑛 = 1,2,3…𝐾 − 1

𝑝𝐾(0)
(𝜏𝑞

−(
1−𝜏
𝜏
)
)(𝜆𝑞

(
1−𝜏
𝜏
)
)
𝐾

𝑞
𝐾(𝐾−1)

2

𝜏𝜇 ∏ (𝜆𝑞
(
1−𝜏
𝜏
)
𝑞𝑖+1(1 − 𝜏) + 𝜏𝜇)𝐾−2

𝑖=0

, 𝑛 = 𝐾

 (4.6) 

 

where 𝑞 = 𝑒𝑥𝑝(−𝛼/𝜇), 𝜏 is given by (4.2) and 𝑝𝐾(0) can be obtained by applying the 

normalising condition. 

 

4.2. Special cases 

Setting 𝐾 → ∞ in the QLD of the M/GE/1/K queue with extended Morse balking (4.6) 

retrieves the QLD of the M/GE/1 queue with extended Morse balking. 

Setting 𝐶𝑠
2 = 1 restricts the service distribution to the exponential CDF thus reducing (4.6) 

to the QLD of the M/M/1/K queue with Morse balking, i.e., the dHNT ME distribution.  

Setting 𝐶𝑠
2 = 1 in the QLD of the M/GE/1 queue with extended Morse balking yields the 

QLD of the M/M/1 queue with Morse balking, i.e., the dHN ME distribution [27-29]. 

Setting 𝑞(𝑛) = 1, ∀𝑛, implies no balking and in this case the QLD (4.6) reduces to that of the 

ordinary M/GE/1/K queue, i.e., the GGeoT [32].  Similarly, setting 𝑞(𝑛) = 1, ∀𝑛 in the QLD of 

the M/GE/1 queue with extended Morse balking yields the QLD of the ordinary M/GE/1 

queue, namely the GGeo ME distribution [33]. 

 

4.3. Comparison between the queue length distribution of the M/GE/1/K queue with 

extended Morse balking and GdHNT maximum entropy solution 

A direct comparison between the QLD of the M/GE/1/K queue with extended Morse balking 

(4.6) and the GdHNT ME distribution (3.8) does not immediately reveal equivalence or non-

equivalence between the two.  Hence, the non-equivalence in distribution between the GB 

QLD and GdHNT ME distribution is demonstrated in Appendix C. 

As a consequence of the non-equivalence, typical numerical experiments were conducted to 

investigate the accuracy of the approximation of the GdHNT ME distribution by the QLD of 

the M/GE/1/K queue with extended Morse balking.  Each experiment involved computing 

the maximum absolute difference between corresponding state probabilities of the two 
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solutions.  The latter and/or related measures have been employed for classifying the 

accuracy of analytic approximations to exact results and/or simulation, within queueing 

contexts, in works such as [7, 46]. 

Each experiment comprised the following steps: 

I. Generate numerical QLD probabilities of the M/GE/1/K queue with extended Morse 

balking, 𝑝𝐾
∗ (𝑛), 𝑛 = 0,1,2…𝐾, from equation (4.6) and a particular combination of 

queue input parameter values from Table 1 below. 

II. Compute values of the MQL and VQL from the QLD in (I). 

III. Incorporate the latter values of the MQL and VQL from (II) as well as those of 𝑝𝐾
∗ (0) 

and 𝑝𝐾
∗ (𝐾) from (I) as the optimisation constraints along with the normalisation 

condition in the numerical entropy maximisation to yield the GdHNT ME distribution 

inference, 𝑝𝐾
†(𝑛), 𝑛 = 0,1,2…𝐾. 

IV. Compute the maximum absolute difference, called the ‘error’, between 

corresponding state probabilities of the QLD from (I) and the GdHNT ME inference 

from (III).  The ‘error’ can be defined as 

 

𝑒𝑟𝑟𝑜𝑟 = 𝑚𝑎𝑥(|𝑝𝐾
∗ (0) − 𝑝𝐾

†(0)|, |𝑝𝐾
∗ (1) − 𝑝𝐾

†(1)|,… , |𝑝𝐾
∗ (𝐾) − 𝑝𝐾

†(𝐾)|) . (4.7) 

 

Parameter Value(s) 

𝜆 [0.1 1 10 50 100 250 500] 

𝜇 20 

𝐶𝑠
2 [1 10 25 50 100 250 500] 

𝐾 [5 10 25 50 100] 

𝑞 [0.1 0.25 0.5 0.75 0.9 0.99] 

 

Table 1.  Queue input parameter values. 

A total of 1470 experiments were conducted owing to the total number of combinations of 

queue input parameter values.  The experiments were carried out in MATLAB version 

8.5.0.197613 (R2015a).  In step III above, MATLAB’s fmincon optimisation function was 

used.  The default optimisation settings were used, except for the following: the sequential 

quadratic programming (sqp) optimisation algorithm was employed, the maximum number 

of iterations (i.e., successive estimates of 𝑝𝐾
†(𝑛), 𝑛 = 0,1,2…𝐾) was increased from 1000 to 
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2000 and the maximum number of function evaluations (comprising the intermediate 

calculations near the current iterate) was set to 50 000 from the default of 3000. 

These particular default settings were over-ridden to ensure that the optimisations were 

terminated by MATLAB when either of the two following conditions was reached: 

1. Local minimum found that satisfies the constraints.  The objective function, 

−𝐻 (𝑝𝐾
†(𝑛)) , 𝑛 = 0,1,2…𝐾 is non-decreasing in feasible directions to within the 

default tolerance of 10−6 and the constraints are satisfied to within the default 

tolerance of 10−6. 

2. Local minimum possible (i.e., the solver may or may not have reached a local 

minimum) and constraints satisfied.  The relative changes in subsequent iterates of 

probabilities, 𝑝𝐾
†(𝑛), 𝑛 = 0,1,2…𝐾 are less than the default tolerance of 10−10 and 

the constraints are satisfied to within the default tolerance of 10−6. 

Results from three further optimisation algorithms, namely interior point, active-set and 

trust-region-reflective, available within the fmincon function, were not included for the 

following reasons, respectively: 

 The interior point algorithm produced errors greater than 0.05 for queue sizes, 

𝐾 = {50,100} and prospective arrival rates, 𝜆 ≥ 10.  Furthermore, for the latter 

cases, the optimisation was terminated under the second set of conditions above, 

marked by the potential that the solver did not reach a local minimum. 

 The active-set algorithm did not yield results for certain combinations of input-

parameter values even at relatively high tolerances of 0.1 for change in objective 

function, differences between subsequent iterates of probabilities 𝑝𝐾
†(𝑛), 𝑛 =

0,1,2…𝐾 and constraint satisfaction. 

 The trust-region-reflective optimisation algorithm only accepts bound constraints or 

linear equality constraints.  Hence, given that the linear equality constraints must be 

specified in this entropy maximisation problem, the additional bound constraints, 

0.0 < 𝑝𝐾
†(𝑛) < 1.0, 𝑛 = 0,1,2…𝐾, would consequently be excluded rendering the 

algorithm open to submit values of 𝑝𝐾
†(𝑛) outside these bounds. 

The frequencies of different errors encountered and their cumulative percentages are 

presented in Table 2 below. 

 

Error Frequency Cumulative 
Percentage 

0 715 48.64% 

(0,0.01] 705 96.60% 
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(0.01,0.02] 31 98.71% 

(0.02,0.03] 12 99.52% 

(0.03,0.04] 4 99.80% 

(0.04,0.05) 3 100.00% 

 

Table 2  Errors encountered in experiments 

Trends characterised by increasing errors were not readily identifiable, except that the 

highest errors (> 0.014) were obtained when queues were by and large of size 𝐾 = 100. 

In [46], a set of criteria for classifying the accuracy of an approximation to exact results 

within the context of queueing networks is proposed.  There, the accuracy of the 

approximate server utilisation is deemed to be ‘good’ when the [absolute] difference 

between the approximate and exact result falls in the range [0, 0.05) and ‘adequate’ when 

in the range [0.05, 0.10]. 

Based on this latter criterion, since 100% of the above 1470 errors lie in the range [0, 0.05) 

and an overwhelming majority, i.e., 96.6%, of errors lie in the range [0, 0.01], the QLD of the 

M/GE/1/K queue with extended Morse balking is here classed as ‘closely’ approximating the 

GdHNT ME distribution. 

 

4.4. Discussion 

The close approximation of the GdHNT ME distribution by the QLD of the M/GE/1/K queue 

with extended Morse balking can be attributed to the appropriate influence of extended 

Morse balking and GE service times on the dynamics of the queueing system, according to 

the discussion in Jaynes [2].  Conversely, the results of this work affirm the appropriate 

combination of prior information of the mean, variance, 𝑝𝐾(0), 𝑝𝐾(𝐾) and normalisation 

condition to closely capture the new dynamics introduced by the combination of extended 

Morse balking and GE service times within the aforementioned queueing model.  Analysis 

shows (see Appendix C) that neither are the new dynamics imposed by standard Morse 

balking and GE service times captured exactly by the above prior information.  Thus, it is 

revealed that alternative and/or additional pieces of prior information are needed to model 

exactly the new dynamics introduced by extended (or standard) Morse balking and GE 

service times.  The closeness of the approximation suggests that further queue length 

moment information may not significantly improve its accuracy. 

It is seen that the extended Morse joining function (4.4) incorporates dependence on both 

the average and variability of service times as opposed to dependence on solely average 

service times under standard Morse balking (2.3).  Moreover, the extended Morse joining 



18 
 

function satisfies two dominant behaviours characterising balking in reality (identified in 

subsection 2.2), namely (I) customers are less likely to join longer queues and (II) in general, 

customers do not balk from empty systems. 

The new balking function in (4.3) requires numerical evaluation of the GdHNT distribution 

parameters (which are in terms of the Lagrangian coefficients).  Hence, the accuracy of the 

new balking function (4.3) is only as good as that of the numerical methods and tools 

employed in the evaluation of the GdHNT distribution parameters.  On the other hand, the 

extended Morse joining function (4.4) comprises an explicit analytic expression and is 

therefore much more cost-effective than the new balking function (4.3).  Thus, the 

suitability of the extended Morse balking paradigm for modelling purposes is further 

underlined. 

 

 

5.0. Performance evaluation of the M/GE/1/K queue with extended Morse 

balking 

In this section the performance impact of extended Morse balking on the M/GE/1/K queue 

is evaluated and the effect of communicating more accurate delay information to arriving 

customers is investigated. 

The Morse and extended Morse balking functions can be defined as 

 

1 − 𝑞(𝑛) =

{
  
 

  
 

0.0, 𝑛 = 0

1 − 𝑞𝑛, 𝑛 = 1,2,3…𝐾 − 1, 𝑀𝑜𝑟𝑠𝑒 

1 − 𝑞
(
1−𝜏
𝜏
)
𝑞𝑛, 𝑛 = 1,2,3…𝐾 − 1, 𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑 𝑀𝑜𝑟𝑠𝑒 

1.0, 𝑛 = 𝐾

, (5.1) 

 

where 𝑞 = 𝑒𝑥𝑝(−𝛼/𝜇) and 𝜏 is given by (4.2). 

Fig. 2 below illustrates balking probabilities under the extended Morse paradigm plotted 

against the instantaneous queue length for increasing service time variability, 𝐶𝑠
2 and 

increasing customer population patience (modelled by increasing the parameter, 

𝑞 = 𝑒𝑥𝑝(−𝛼/𝜇)). 
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Fig. 2.  Extended Morse balking probabilities for 𝐾 = 20 and (a) 𝑞 = 0.5 and (b) 𝑞 = 0.95 

The extended Morse balking paradigm can be seen to concur with queueing behaviour in 

most real life situations in the following two senses: (I) prospective arrivals are more likely 

to balk from longer queues and/or more variable service times and (II) customers from more 

patient populations are less likely to balk. 

Intuitively, queues characterised by (conventional) balking exhibit better performance (in 

terms of occupancy levels, delays and so on) at the expense of throughput, compared to 

their counterpart ordinary queues.  Indeed, this was observed in numerical experiments 

conducted for the M/GE/1/K queue with extended Morse balking as illustrated by Fig. 3. 
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Fig. 3.  Mean delay of the M/GE/1/K queue with extended Morse balking for 𝐾 = 20, 

𝜇 = 10 and (a) 𝑞 = 0.3, (b) 𝑞 = 0.7, (c) 𝑞 = 0.95 and (d) 𝑞 = 0.9999 

Overall, the performance (in terms of mean delay) is seen to improve for increasing 𝐶𝑠
2 at 

the expense of throughput.  This is attributed to higher balking probabilities for increasing 

𝐶𝑠
2 under the extended Morse joining function (4.4).  Furthermore, coincident with reality, 

mean delays are observed to increase for a more patient arrival population, since a greater 

proportion of prospective arrivals joins the queue.  Finally, as the arrival population tends 

towards perfect patience (achieved by setting 𝑞 → 1.0), the performance of the queueing 

system tends towards that of the ordinary M/GE/1/K queue, characterised by performance 

degradation with increasing 𝐶𝑠
2. 

It transpires that providing arriving customers with more accurate delay information (from 

long run average workload to instantaneous queue length and exact instantaneous 

workload) does not necessarily improve balking queue performance and requires careful 

investigation in each particular case [21, 24, 47].  Hence, experiments were carried out to 

ascertain the performance impact of conveying more accurate average instantaneous 

workloads to arrivals by comparing the mean delays of the M/GE/1/K queue with Morse and 

extended Morse balking.  The results are presented in Fig. 4 below. 
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Fig 4.  Mean delay of the M/GE/1/K queue with Morse or extended Morse balking for 

𝐾 = 20, 𝜇 = 10 and (a) 𝑞 = 0.3, (b) 𝑞 = 0.7, (c) 𝑞 = 0.95 and (d) 𝑞 = 0.9999 

The graphs show that by and large, the queue performance (in terms of mean delay) is 

better under extended Morse balking than Morse balking under the same conditions, at the 

expense of throughput.  The more favourable mean delays in the case of extended Morse 

balking arise due to increased balking, which can be attributed to customer intolerance to 

the (now known) service variability (modelled by inclusion of 𝐶𝑠
2) and its associated lengthy 

delays.  The degradation of queue performance (including more lengthy delays) with 

increasing service variability is a well-known result, see for example [7].  Despite throughput 

under Morse balking appearing more favourable for the service provider, it is to be noted 

that in this case, it is due to customers being given optimistic expected delays based upon 

an underlying exponential service time assumption.  This latter practice would likely have 

adverse effects upon customer satisfaction in the long term.  Hence, conveying more 

accurate delay information to customers, such as that modelled by the extended Morse 

paradigm, is recommended. 

Thus, the M/GE/1/K queue with extended Morse balking can be employed as a model to 

estimate balking behaviour, including balking probabilities and average customer delay 

tolerance/patience, 1/𝛼 and thus advise business/operations managers regarding the 

service capacity which achieves a desired balking rate. 
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Morse [27] briefly described a graphical method to estimate the value of 𝛼 in the context of 

the M/M/1 queue.  Alternatively, 𝛼 can be approximated for a particular customer 

population via parameter estimation techniques including the method of moments (with 

sample measurements of suitable metrics, such as the average balking rate, MQL or average 

waiting time). 

Moreover, the M/GE/1/K queue with extended Morse balking is shown to comprise a 

suitable model of situations where providing more accurate average anticipated delays to 

customers results in better performance (in terms of mean delay at the expense of 

throughput).  This latter observation continues in a similar vein to the work carried out in 

[18], where the multiserver M/M/c/K queue with balking is studied.  In the latter context, 

analysis of two types of balking showed that performance (in terms of delays) was better 

when buffer state information and the exact workload was conveyed to customers 

compared to the case when no state or delay information was availed to arrivals. 

Thus, some of the practical utility of the robust M/GE/1/K queue with extended Morse 

balking model has been shown in this section. 

 

 

6.0. Conclusions 

Novel ME solutions, namely the generalised discrete Half Normal (GdHN) and truncated 

GdHN (GdHNT) were characterised for more accurate inferences of stationary discrete state 

probability distributions, in particular, the stationary queue length distributions (QLDs) of, 

respectively, stable M/G/1 and M/G/1/K queues with balking.  The GdHN is the ME 

distribution with integer support on [0,∞) satisfying known (or known to exist) first 

moment, variance, lower boundary state probability and normalisation condition.  The 

GdHNT is the ME distribution with integer support on [0, 𝐾] constrained by the first 

moment, variance, lower and upper boundary state probabilities and normalisation 

condition. 

The joining function characterising the M/GE/1/K queue with balking bearing the GdHNT ME 

QLD was determined.  Moreover, an explicit extended Morse joining function was proposed 

and closed form GB QLD of the M/GE/1/K queue with extended Morse balking was derived.  

Typical experiments, numbering 1470, were conducted to investigate the accuracy of the 

approximation of the GdHNT ME distribution by the latter GB QLD, via maximum absolute 

differences (i.e., ‘errors’) between their corresponding probabilities.  Since 100% of the 

1470 errors lay in the range [0, 0.05) and an overwhelming 96.6% of errors lay in the range 

[0, 0.01], the QLD was classed as a close approximation of the GdHNT ME distribution.  Thus, 

it is implied that the combination of selected prior moment information ((3.10) - (3.14)) 
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closely captures the new dynamics arising in the queue from the combination of the 

operational mechanisms of GE service times and extended Morse balking. 

The M/GE/1/K queue with extended Morse balking was found to agree with balking 

behaviour in real-life scenarios thus rendering the model suitable for estimation of balking 

behaviour, including balking probabilities and average customer delay tolerance/patience.  

In addition, numerical experiments showed that this queueing model serves as a suitable 

model for situations where providing arrivals with more accurate anticipated average delays 

results in improved queue performance (in terms of mean delays at the expense of 

throughput). 

In light of the contributions gained from the research work reported in this paper, 

extensions to GE-type queueing systems characterised by bursty arrivals subject to 

extended Morse balking are currently underway.  Moreover, worthwhile avenues of future 

related work may involve generalising the balking model to include multiple-servers [8, 18], 

reneging [48] and/or retrials [6, 49, 50]. 

Furthermore, the novel queueing systems studied in this paper in conjunction with 

appropriate extensions which analyse the departing, splitting and merging of GE-type traffic 

streams subject to balking, are envisaged to play the role of effective building blocks in the 

approximate ME analysis of non-exponential queueing network models with arbitrary 

topology [7, 31, 32, 44] and arrival balking. 
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Appendices 

Appendix A.  State transition rates and global balance equations of the Markov chain 

model of the M(n)/GE/1/K queue 

In this subsection, the state transition rates, 𝑅𝑖𝑗’s (A.1) - (A.5) and GB equations (A.6) of the 

Markov chain model of the M(n)/GE/1/K queue (see Fig. 1) are presented. 

The upward state-transition rates can be derived as follows: 

 

𝑅01 = (
𝑝𝑟𝑜𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒
𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒

)  × 𝑃(
𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑗𝑜𝑖𝑛𝑠 𝑡ℎ𝑒 𝑞𝑢𝑒𝑢𝑒 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 0 𝑎𝑛𝑑 

𝑡𝑎𝑘𝑒𝑠 𝑡ℎ𝑒 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑏𝑟𝑎𝑛𝑐ℎ 𝑜𝑓 𝑡ℎ𝑒
𝑡𝑤𝑜 − 𝑝ℎ𝑎𝑠𝑒 𝐺𝐸 𝑠𝑒𝑟𝑣𝑖𝑐𝑒 𝑚𝑜𝑑𝑒𝑙

) 

= 𝜆𝜏𝑞(0) 

(A.1) 

 

where 𝑞(𝑛) is the probability of an arriving customer joining the queue with instantaneous 

queue length, 𝑛 and 𝜏, the probability of taking the exponential branch in the two-phase GE 

interpretation [44], is given by 𝜏 = 2/(1 + 𝐶𝑆
2 ), and 

 

𝑅𝑖,𝑖+1 = (
𝑝𝑟𝑜𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒
𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑟𝑎𝑡𝑒

) × 𝑃 (
𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑗𝑜𝑖𝑛𝑠 𝑡ℎ𝑒 𝑞𝑢𝑒𝑢𝑒

 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑖
) , 𝑖 = 1,2,3…𝐾 − 1, 

= 𝜆𝑞(𝑖) . 

(A.2) 

 

The downward state transition rates are given by 

 

𝑅𝑖𝑗 = (
𝑏𝑎𝑡𝑐ℎ 𝑠𝑒𝑟𝑣𝑖𝑐𝑒

𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 
) × 𝑃(

𝑏𝑎𝑡𝑐ℎ 𝑤ℎ𝑖𝑐ℎ 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑠𝑒𝑟𝑣𝑖𝑐𝑒

𝑖𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 (𝑖 − 𝑗) 𝑎𝑛𝑑 
𝑞𝑢𝑒𝑢𝑒 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑚𝑝𝑡𝑦

), 

𝑖 = 2,3,4…𝐾, 𝑗 = 1,2,3… 𝑖 − 1 

= (𝜏𝜇)𝜏(1 − 𝜏)𝑖−𝑗−1 

(A.3) 

 

and 
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𝑅𝑖0 = (
𝑏𝑎𝑡𝑐ℎ 𝑠𝑒𝑟𝑣𝑖𝑐𝑒

𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 
) × 𝑃 (

𝑏𝑎𝑡𝑐ℎ 𝑤ℎ𝑖𝑐ℎ 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑠𝑒𝑟𝑣𝑖𝑐𝑒
𝑖𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 𝑖 𝑎𝑛𝑑 
𝑞𝑢𝑒𝑢𝑒 𝑒𝑚𝑝𝑡𝑖𝑒𝑠

), 

𝑖 = 1,2,3…𝐾 

= (𝜏𝜇) × (1 −∑𝜏(1 − 𝜏)𝑖−𝑘−1
𝑖−1

𝑘=1

) 

= (𝜏𝜇)(1 − 𝜏)𝑖−1 . 

(A.4) 

 

 𝑅𝑖𝑗 = 0, otherwise (A.5) 

 

Applying the GB principle to each individual state in the queue’s Markov chain model yields 

the following system of (𝐾 + 1) linear equations, 

 

 
∑𝑅𝑖𝑛 𝑝𝐾(𝑖)

𝐾

𝑖=0,
𝑖≠𝑛

= 𝑝𝐾(𝑛)∑𝑅𝑛𝑗

𝐾

𝑗=0,
𝑗≠𝑛

, 𝑛 = 0,1,2…𝐾 (A.6) 

 

one of which is redundant.  Replacing any one of these equations with the normalising 

condition and solving the system yields the QLD, 𝑝𝐾(𝑛), 𝑛 = 0,1,2…𝐾. 

 

Appendix B: Derivation of the joining function characterising the M/GE/1/K queue with 

balking bearing the GdHNT ME QLD 

Let the GdHNT ME distribution state probabilities defined in (3.8) be represented by 

𝑝𝐾
†(𝑛), 𝑛 = 0,1,2…𝐾 and let the state probabilities of the QLD of the M/GE/1/K queue with 

balking defined in (4.1) be represented by 𝑝𝐾
∗ (𝑛), 𝑛 = 0,1,2…𝐾.  The essence of the 

derivation of the new joining function is equating 𝑝𝐾
†(𝑛) and 𝑝𝐾

∗ (𝑛). 

The following ratios of neighbouring state probabilities can be defined, 
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 𝑝𝐾
†(𝑛)

𝑝𝐾
†(𝑛 − 1)

= 𝜙𝐾𝑟𝐾
𝑛−1, 𝑛 = 2,3,4…𝐾 − 2 (B.1) 

 

and 

 

 𝑝𝐾
∗ (𝑛)

𝑝𝐾
∗ (𝑛 − 1)

=
𝜆𝑞(𝑛 − 1)

𝜆𝑞(𝑛)(1 − 𝜏) + 𝜏𝜇
, 𝑛 = 2,3,4…𝐾 − 2. (B.2) 

 

Equating (B.1) and (B.2) and rearranging the equality in terms of 𝑞(𝑛) yields 

 

 
𝑞(𝑛) =

𝑞(𝑛 − 1)

𝜙𝐾𝑟𝐾𝑛−1(1 − 𝜏)
−

𝜏𝜇

𝜆(1 − 𝜏)
, 𝑛 = 2,3,4…𝐾 − 2. (B.3) 

 

Introduce the product ∏ (1 − 𝜏)𝜙𝐾𝑟𝐾
𝑖𝑛−1

𝑖=0 = (1 − 𝜏)𝑛(𝜙𝐾)
𝑛(𝑟𝐾)

𝑛(𝑛−1)

2  in (B.3) as follows 

 

𝑞(𝑛)∏(1 − 𝜏)𝜙𝐾𝑟𝐾
𝑖

𝑛−1

𝑖=0

= 𝑞(𝑛 − 1)∏(1 − 𝜏)𝜙𝐾𝑟𝐾
𝑖

𝑛−2

𝑖=0

−
𝜏𝜇

𝜆(1 − 𝜏)
∏(1 − 𝜏)𝜙𝐾𝑟𝐾

𝑖

𝑛−1

𝑖=0

, 

𝑛 = 2,3,4…𝐾 − 2. 

(B.4) 

 

Let the function, 𝑄(𝑛) be defined by 

 

𝑄(𝑛) = 𝑞(𝑛)∏(1 − 𝜏)𝜙𝐾𝑟𝐾
𝑖

𝑛−1

𝑖=0

= 𝑞(𝑛)(1 − 𝜏)𝑛(𝜙𝐾)
𝑛(𝑟𝐾)

𝑛(𝑛−1)
2 , 

𝑛 = 2,3,4…𝐾 − 2. 

(B.5) 

 

Then (B.4) becomes 
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𝑄(𝑛) = 𝑄(𝑛 − 1) −
𝜏𝜇

𝜆(1 − 𝜏)
(1 − 𝜏)𝑛(𝜙𝐾)

𝑛(𝑟𝐾)
𝑛(𝑛−1)

2 , 𝑛 = 2,3,4…𝐾 − 2. (B.6) 

 

It follows that 

 

𝑄(𝑛) = 𝑄(1) −
𝜏𝜇

𝜆(1 − 𝜏)
∑(1 − 𝜏)𝑖(𝜙𝐾)

𝑖(𝑟𝐾)
𝑖(𝑖−1)
2

𝑛

𝑖=2

, 𝑛 = 2,3,4…𝐾 − 2. (B.7) 

 

Expanding (B.7) yields 

 

𝑞(𝑛)(1 − 𝜏)𝑛(𝜙𝐾)
𝑛(𝑟𝐾)

𝑛(𝑛−1)
2 = 𝑞(1)(1 − 𝜏)(𝜙𝐾) −

𝜏𝜇

𝜆(1 − 𝜏)
∑(1 − 𝜏)𝑖(𝜙𝐾)

𝑖(𝑟𝐾)
𝑖(𝑖−1)
2

𝑛

𝑖=2

, 

𝑛 = 2,3,4…𝐾 − 2 

(B.8) 

 

and re-arranging (B.8) in terms of 𝑞(𝑛) yields 

 

𝑞(𝑛) =
𝑞(1)(1 − 𝜏)(𝜙𝐾) −

𝜏𝜇
𝜆(1 − 𝜏)

∑ (1 − 𝜏)𝑖(𝜙𝐾)
𝑖(𝑟𝐾)

𝑖(𝑖−1)
2𝑛

𝑖=2

(1 − 𝜏)𝑛(𝜙𝐾)𝑛(𝑟𝐾)
𝑛(𝑛−1)

2

, 

𝑛 = 2,3,4…𝐾 − 2. 

(B.9) 

 

The ratios of state probabilities at states 𝑛 = 0,1 can be defined as 

 

 𝑝𝐾
†(1)

𝑝𝐾
†(0)

= 𝛾𝐾𝜙𝐾 (B.10) 

 

and 
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 𝑝𝐾
∗ (1)

𝑝𝐾
∗ (0)

= 𝜏 (
𝜆𝑞(0)

𝜆𝑞(1)(1 − 𝜏) + 𝜏𝜇
). (B.11) 

 

Equating (B.10) and (B.11) and rearranging the equality in terms of 𝑞(1) yields 

 

 

𝑞(1) =
𝑞(0)𝜏 − (

𝜏𝜇
𝜆⁄ )(𝛾𝐾𝜙𝐾)

(1 − 𝜏)𝛾𝐾𝜙𝐾
. (B.12) 

 

The GB equation (A.6), of the equivalent M(n)/GE/1/K queue evaluated at state 𝑛 = 0 can 

be expressed as 

 

 
∑𝑅𝑖0 𝑝𝐾

∗ (𝑖)

𝐾

𝑖=1

= 𝑝𝐾
∗ (0)𝑅01, (B.13) 

 

where 𝑅𝑖0 = (𝜏𝜇)(1 − 𝜏)
𝑖−1 from (A.4) and 𝑅01 = 𝜆𝜏𝑞(0) from (A.1).  Equating 𝑝𝐾

†(𝑛) with 

𝑝𝐾
∗ (𝑛) and including the latter two expressions of the state transition rates, (B.13) becomes 

 

 
∑(𝜏𝜇)(1 − 𝜏)𝑖−1 𝑝𝐾

†(𝑖)

𝐾

𝑖=1

= 𝑝𝐾
†(0)𝜆𝜏𝑞(0), (B.14) 

 

The subsequent manipulation, 

 

 ∑ (𝜏𝜇)(1 − 𝜏)𝑖−1 𝑝𝐾
†(𝑖)𝐾

𝑖=1

𝑝𝐾
†(0)

= 𝜆𝜏𝑞(0) (B.15) 

 

and expansions of the 𝑝𝐾
†(𝑖)’s, 

 



29 
 

(∑(𝜏𝜇)(1 − 𝜏)𝑖−1 𝛾𝐾(𝜙𝐾)
𝑖(𝑟𝐾)

𝑖(𝑖−1)
2

𝐾−1

𝑖=1

) + (𝜏𝜇)(1 − 𝜏)𝐾−1 𝜁𝐾𝛾𝐾(𝜙𝐾)
𝐾(𝑟𝐾)

𝐾(𝐾−1)
2 = 𝜆𝜏𝑞(0), (B.16) 

 

results in the expression, 

 

𝑞(0) =
(∑ (𝜏𝜇)(1 − 𝜏)𝑖−1 𝛾𝐾(𝜙𝐾)

𝑖(𝑟𝐾)
𝑖(𝑖−1)
2𝐾−1

𝑖=1 ) + (𝜏𝜇)(1 − 𝜏)𝐾−1 𝜁𝐾𝛾𝐾(𝜙𝐾)
𝐾(𝑟𝐾)

𝐾(𝐾−1)
2

𝜆𝜏
 . 

(B.17) 

 

The ratios of state probabilities at states 𝑛 = 𝐾 − 1,𝐾 can be defined as 

 

 𝑝𝐾
†(𝐾)

𝑝𝐾
†(𝐾 − 1)

= 𝜁𝐾𝜙𝐾𝑟𝐾
𝐾−1 (B.18) 

 

and 

 

 𝑝𝐾
∗ (𝐾)

𝑝𝐾
∗ (𝐾 − 1)

=
𝜆𝑞(𝐾 − 1)

𝜏𝜇
. (B.19) 

 

Equating (B.18) and (B.19) and rearranging the equality in terms of 𝑞(𝐾 − 1) yields 

 

 𝑞(𝐾 − 1) =
𝜏𝜇

𝜆
(𝜁𝐾𝜙𝐾𝑟𝐾

𝐾−1). (B.20) 

 

Appendix C:  Demonstration of the non-equivalence between the queue length 

distribution of the M/GE/1/K queue with extended Morse balking and the GdHNT 

maximum entropy distribution 

As in Appendix B, let the GdHNT state probabilities defined in (3.8) be represented by 

𝑝𝐾
†(𝑛), 𝑛 = 0,1,2…𝐾 and let the state probabilities of the QLD of the M/GE/1/K queue with 

extended Morse balking defined in (4.6) be represented by 𝑝𝐾
∗ (𝑛), 𝑛 = 0,1,2…𝐾.  Then by 

equivalence in distribution it is meant that the following equalities hold 
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 𝑝𝐾
†(0) = 𝑝𝐾

∗ (0) 

𝑝𝐾
†(1) = 𝑝𝐾

∗ (1) 

… 

𝑝𝐾
†(𝐾) = 𝑝𝐾

∗ (𝐾)   

(C.1) 

 

Consequentially, the following equalities between the ratios of neighbouring state 

probabilities must hold 

 

 𝑝𝐾
†(1)

𝑝𝐾
†(0)

=
𝑝𝐾
∗ (1)

𝑝𝐾
∗ (0)

 

𝑝𝐾
†(2)

𝑝𝐾
†(1)

=
𝑝𝐾
∗ (2)

𝑝𝐾
∗ (1)

 

… 

𝑝𝐾
†(𝐾)

𝑝𝐾
†(𝐾 − 1)

=
𝑝𝐾
∗ (𝐾)

𝑝𝐾
∗ (𝐾 − 1)

 . 

(C.2) 

 

For the ME distribution and QLD, the ratios can be expressed as 

 

𝑝𝐾
†(𝑛)

𝑝𝐾
†(𝑛 − 1)

= 𝜙𝐾𝑟𝐾
𝑛−1 ,     

𝑝𝐾
∗ (𝑛)

𝑝𝐾
∗ (𝑛 − 1)

=
𝜆𝑞(

1−𝜏
𝜏
)𝑞𝑛−1

𝜆𝑞(
1−𝜏
𝜏
)𝑞𝑛(1 − 𝜏) + 𝜏𝜇

, 

 𝑛 = 2,3,4…𝐾 − 1. 

(C.3) 

 

Furthermore, for equivalence in distribution, the following equalities between ratios of 

ratios must also hold 
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 𝑝𝐾
†(2)

𝑝𝐾
†(1)

⁄

𝑝𝐾
†(1)

𝑝𝐾
†(0)

⁄

=

𝑝𝐾
∗ (2)

𝑝𝐾
∗ (1)⁄

𝑝𝐾
∗ (1)

𝑝𝐾
∗ (0)⁄

 

𝑝𝐾
†(3)

𝑝𝐾
†(2)

⁄

𝑝𝐾
†(2)

𝑝𝐾
†(1)

⁄

=

𝑝𝐾
∗ (3)

𝑝𝐾
∗ (2)⁄

𝑝𝐾
∗ (2)

𝑝𝐾
∗ (1)⁄

 

… 

𝑝𝐾
†(𝐾)

𝑝𝐾
†(𝐾 − 1)

⁄

𝑝𝐾
†(𝐾 − 1)

𝑝𝐾
†(𝐾 − 2)

⁄

=

𝑝𝐾
∗ (𝐾)

𝑝𝐾
∗ (𝐾 − 1)⁄

𝑝𝐾
∗ (𝐾 − 1)

𝑝𝐾
∗ (𝐾 − 2)⁄

. 

(C.4) 

 

For the ME distribution and QLD, the ratios of ratios can be expressed as 

 

𝑝𝐾
†(𝑛 + 1)

𝑝𝐾
†(𝑛)

⁄

𝑝𝐾
†(𝑛)

𝑝𝐾
†(𝑛 − 1)

⁄

= 𝑟𝐾 ,     

𝑝𝐾
∗ (𝑛 + 1)

𝑝𝐾
∗ (𝑛)⁄

𝑝𝐾
∗ (𝑛)

𝑝𝐾
∗ (𝑛 − 1)⁄

= 𝑞(
𝜆𝑞(

1−𝜏
𝜏
)𝑞𝑛(1 − 𝜏) + 𝜏𝜇

𝜆𝑞(
1−𝜏
𝜏
)𝑞𝑛+1(1 − 𝜏) + 𝜏𝜇

), 

𝑛 = 2,4…𝐾 − 2. 

(C.5) 

 

Since the ratios of ratios of the ME distribution are independent of 𝑛 whereas those of the 

QLD are dependent on 𝑛 (c.f., (C.5)), then the QLD of the M/GE/1/K queue with extended 

Morse balking is not equivalent to the GdHNT ME distribution.  The same conclusion can be 

drawn for the case of the QLD of the M/GE/1/K queue with standard Morse balking, 

characterised by 𝑞(𝑛) = 𝑞𝑛, 𝑛 = 0,1,2…𝐾 − 1, from the equations below 
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𝑝𝐾
†(𝑛 + 1)

𝑝𝐾
†(𝑛)

⁄

𝑝𝐾
†(𝑛)

𝑝𝐾
†(𝑛 − 1)

⁄

= 𝑟𝐾 ,     

𝑝𝐾
∗ (𝑛 + 1)

𝑝𝐾
∗ (𝑛)⁄

𝑝𝐾
∗ (𝑛)

𝑝𝐾
∗ (𝑛 − 1)⁄

= 𝑞 (
𝜆𝑞𝑛(1 − 𝜏) + 𝜏𝜇

𝜆𝑞𝑛+1(1 − 𝜏) + 𝜏𝜇
), 

𝑛 = 2,4…𝐾 − 2. 

(C.6) 
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