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1.1 Background 

The use of software grows continuously in all social fields. It plays an increasingly 

important role in systems acquisition, engineering, and development, particularly for 

large and complex systems. For such systems accurate estimates are imperative and 

considered a vital part of effective software project management (Pfleeger et al., 

2005). In a broad sense, software effort estimation is the process of predicting the 

required effort to develop or maintain software based on incomplete, uncertain and/or 

noisy data input (Pressman, 2001). The outcome of this process (i.e. effort estimate) 

provides essential input to feasibility study and bidding, project plans, iteration plans, 

project cost and budgets. 

The practice of predicting the effort of software project has evolved, but it is still 

far from perfect. Estimating the likely software project effort with high precision is 

still a largely unsolved problem. This problem lies in the fact that software effort 

estimation is a complex process due to the number of factors involved, including 

human factor, complexity of sizing the software product and the variety of 

development environments (Idri et al., 2001; Martin et al., 2005). Although, however, 

many software effort estimation models were developed in last four decades, none of 

them has consistently outperformed the others (Mendes et al., 2003a). Amongst them, 

estimation by analogy (Shepperd & Schofiled, 1997) appears to be well suited to 

effort estimation, especially when the relationship between effort and other attributes 

is complex and nonlinear. 

The analogy approach may be viewed as a systematic development of the expert 

opinion through experience learning and exposure to analogue case studies. It 

requires identification of a list of main project attributes that the effort estimation will 

be based upon. Due to the nature of software engineering domain, project attributes 

“...Two projects that may seem similar 
may indeed be different in a critical way 
(just as runner who runs a four-minute 
mile cannot run a marathon in under two 
hours. Moreover, the uncertainty in 
assessing similarity and differences 
means that two different analysts may 
have significantly different view and 
eventual estimates.” Pfleeger et al. 2005 
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are measured in terms of numerical and categorical values. Existing studies 

(Kitchenham and Linkman, 1997; Idri et al., 2004; Martin et al., 2005; Azzeh et al., 

2009a, 2009b) stated that the imprecise nature of such attributes constitutes 

uncertainty and vagueness in their subsequent interpretation. This uncertainty is 

associated with a lack of precise knowledge which is matter of guessing rather than 

exact measurement. Therefore, we may find that two software projects are similar 

with respects to their attributes but their efforts are completely different. Current 

analogy-based method will continue to derive an estimate regardless of this issue and 

consequentially produce effort estimate intensive far from actual effort. Thus, we feel 

that estimation by analogy is easily influenced by such uncertainty that has a great 

impact on the similarity measurement and estimation accuracy. 

Another important issue that affects estimation by analogy is the identification 

of the most predictive attributes that significantly respect assumption of estimation by 

analogy: “Projects that are similar in terms of their attributes values will also be 

similar in terms of their effort values” (Shepperd & Schofiled, 1997). The current 

attribute identification techniques using heuristic-based searching algorithms were 

criticised as these are not very efficient, optimized on unreliable performance 

indicators (Foss et al., 2003), and somewhat time-consuming, even with a modern 

computer (Kirsopp et. al., 2002). 

This thesis continues along that research line and presents two novel 

approaches for estimation by analogy to directly model and hence reduce 

sensitivity to uncertainty, thus, to improve the performance and the applicability of 

estimation by analogy method. 

 

1.2 Research motivations and aims 

Despite the widely used of analogy-based technique in software effort estimation, 

there are still certain limitations that hinder it to provide reliable estimates. Most of 

these shortcomings are related to similarity measurement since it is the core of 

estimation by analogy. Shepperd & Schofield (1997) identified three major 

inadequacies while investigating various similarity measures. 



Ch. 1- Introduction 

 

 

Page | 4  

 

 First, they are sensitive to the irrelevant attributes and degree of influence on the 

effort estimates. The existing methods for selecting the best set of variables and 

project cases to build an analogy are based either on brute-force search or 

Heuristic algorithms (e.g. greedy search or hill climbing). 

 Second, categorical attributes are problematic in which it is difficult to handle 

categorical variables other than binary valued variable: attributes match or fail to 

match with no middle ground.  

 A third criticism that was: “They fail to take into account information which can 

be derived from the structure of the data, thus they are weak for higher order 

attribute relationships” (Shepperd & Schofield, 1997). 

Moreover, existing similarity measures are easily influenced by uncertainty in 

attribute measurement (Azzeh et al., 2009b; Idri et al., 2001, 2002). Most of software 

attributes entering software effort estimation are measured based on human 

knowledge which are often vague and imprecise. This uncertainty has subsequent 

interpretation and may cause that two projects are similar with respects to their 

attributes but their efforts are completely different. It is important to stress that 

uncertainty in attribute values yield uncertainty in the similarity degree. Moreover, 

variability of data type also increases the uncertainty in assessing the similarity 

degree between two software projects (Idri et al., 2002). 

However, the work described within this thesis is a practical work to enhance 

and improve software estimation by analogy. Amongst similarity measures 

inadequacies, the estimation by analogy method suffers mainly from the uncertainty 

in attribute and similarity measurement. This problem has received a little attention 

from the software community and this work aims to: 

1. Model and handle uncertainty in similarity measurement using Fuzzy sets and 

Grey Relational Analysis (Azzeh et al., 2009a; 2009b). This part of research 

has been fulfilled in chapter five. 

2. Treat categorical data by defining appropriate local similarity measures and 

using Grey Relational Analysis (Azzeh et al., 2009a; 2009b). This part of 

research has been fulfilled in chapter five. 
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3. Derive new attribute selection and attribute weighting techniques based on the 

assumption of estimation by analogy, using robust statistical analysis. This 

part of research has been fulfilled in chapter four. 

4. Assess the applicability of using Fuzzy numbers in estimation by analogy to 

support early stage software effort estimation. (Azzeh et al., 2009a; 2009b). 

This part of research has been fulfilled in chapter six. 

 

1.3 Scope of work 

This thesis proposes two novel approaches to model uncertainty and handle 

imprecision in software estimation by analogy. The first proposed approach as 

addressed in chapters four and five contains (Azzeh et al., 2009b): 

1. A similarity measure based on integration of Fuzzy set theory and Grey 

Relational Analysis. 

2. Attribute subset selection algorithm using Kendall‟s row-wise rank correlation 

(Vries, 1993) between similarity matrix based project attribute and similarity 

matrix based project effort. 

3. Attribute weighting method based on Kendall coefficient of concordance 

(Kendall & Gibbons, 1990) between similarity matrix based project attribute 

and similarity matrix based project effort.  

The second proposed approach as addressed in chapter six contains: 

1. A similarity measure based on Fuzzy numbers. 

2. Adaptation technique based on Fuzzy numbers. 

The accuracy of both proposed approaches are within the focus of this thesis. 

The efficiency of proposed approaches and algorithms are demonstrated using public 

historical datasets, and their performances are validated and compared with 

conventional estimation methods such as conventional analogy-based system, 

stepwise regression and artificial neural networks.  
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The focus of this thesis is exclusively on the analogy-based software effort 

estimation technique. Software sizing, duration, cost estimation and other software 

estimation models are not the primary focus of this research, nevertheless, a brief 

introduction of software sizing and other algorithmic models are discussed in chapter 

two to put the research theme into context. Cost estimation is not within the scope of 

this thesis because production costs are often too sensitive to be made public while 

work effort is easier to compare across different organization. 

 

1.4 Thesis Contribution  

The main objective of this thesis is to investigate models which have potential to 

improve flexibility and prediction accuracy of software estimation by analogy. The 

proposed approaches replaced exiting distance measures that are used in conventional 

analogy estimation method such as Aha‟s technique (Aha, 1993), Euclidean and 

Minkowski distance measure with an efficient similarity measure, taking into account 

the relevancy of attributes. However, there are different issues that arise in estimation 

by analogy, including handling missing values, number of analogies. These issues are 

partially addressed in this thesis.  

 

1.4.1 Issue 1: Attribute subset selection using Kendall’s row-wise 

rank correlation 

Using all available attributes in the estimation process may result in reduction in the 

overall level of effort estimation accuracy and therefore increasing the severity of 

project risk because some of these attributes may be irrelevant and redundant (Keung 

& Kitchenham, 2008a; Azzeh et al., 2008a). The majority of attribute selection 

algorithms utilize heuristic-based searching techniques based on optimizing one of 

the performance indicators such as Magnitude Mean Relative Error (MMRE), but 

these performance indicators are widely regarded as problematic and have many 

inadequacies as discussed in chapter two (Foss et al., 2003). As results, heuristic-

based searching algorithms are not very efficient without any statistical justification 
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and are somewhat time-consuming, even with a modern computer (Kirsopp et. al., 

2002).  

To overcome the abovementioned shortcomings, we developed a new attribute 

subset selection algorithm, using Kendall‟s row-wise rank correlation (Vries, 1993) 

between similarity matrix based project attribute and similarity matrix based project 

effort. The proposed technique provides sound statistical analysis and justification for 

the process of attribute selection in addition to ability to deal with similarity matrix 

based numerical and categorical attributes. This part of research has been fulfilled in 

chapter four. 

 

1.4.2 Issue 2: Attribute weighting using Kendall coefficient of 

concordance 

The main goal of this step is to find appropriate attribute weight values that reflects 

the significant relationship between each selected attribute with the effort. Accurate 

determination of attribute weights is difficult to obtain in practice because assessed 

weights are always subject to response error in addition to the required model. In this 

thesis we propose a novel attribute weighting technique using Kendall coefficient of 

concordance (Kendall & Gibbons, 1990) between similarity matrix based project 

attribute and similarity matrix based project effort. This part of research has been 

fulfilled in chapter four. 

 

1.4.3 Issue 3: Software project similarity measurement based on 

Fuzzy set theory using Fuzzy C-means 

A reliable and accurate similarity measurement between two software projects has 

always been a challenge for analogy-based software effort estimation. Since the effort 

for a new project is retrieved from similar historical projects, it is essentially to use 

the appropriate similarity measure that finds those close projects which in turn 

increases the prediction accuracy. In software engineering literature, there is a 

relatively little research addressed the issue of how to find out similarity between two 

software projects when they are described by numerical and categorical attributes. 
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Three main similarity measures inadequacies identified by (Shepperd & Schofield, 

1997) and (Idri et al., 2002) are mentioned in section 1.2, but the most critical one is 

that they cannot handle inherited uncertainty. In this thesis we present a new 

approach to measure similarity between two software project values based on Fuzzy 

Set Theory using Fuzzy C-means clustering (FCM). The proposed approach is only 

applicable for numerical data, while the problem of using categorical data is solved 

by using Grey Relational Analysis as explained in section 1.4.4. The main advantages 

of this similarity measure:  (1) it handles the uncertainty in similarity measurement 

that is caused by imprecision in attribute measurement. (2) Using FCM algorithm has 

also the advantage to group closest projects together in the same Fuzzy set and 

therefore boosts project retrieval. In addition, it reflects the structure of dataset in 

project retrieval. This part of research has been fulfilled in chapter five. 

 

1.4.4 Issue 4: Grey Relational Analysis to increase the flexibility 

of similarity measure 

The third major inadequacy in existing similarity measures is related to categorical 

data (nominal, ordinal or set scale). Nominal attribute (Fenton & Pfleeger, 1997) is 

used to represent different classes of entities in which no natural order among the 

categories, while the ordinal scale type adds extra information about an ordering of 

categories to classify the entities, more details can be found in section 5.2.1. 

Categorical attributes are problematic in which it is difficult to handle categorical 

variables other than binary valued variable: attributes match or fail to match with no 

middle ground. In this thesis, we define an appropriate similarity measure for each 

data type, then these similarity measure values are processed using Grey Relational 

Analysis (GRA) to handle imprecision associated with using different data types.  

GRA is an important method of Grey system theory which is a developed system 

engineering theory based on the uncertainty of small samples. Given a target project 

and a historical dataset, the GRA is used to assess the similarity degree between the 

target project and each source project, then to determine the closest projects to the 

target project. This part of research has been fulfilled in chapter five. 
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1.4.5 Issue 5: Software project similarity measurement using 

Fuzzy Numbers  

Software effort estimation at very early stages of software development is imperative. 

The project manager needs to provide an initial estimate of the size and effort 

required to develop the software product. These estimates are very important for 

feasibility study and project bidding, but for some reasons these early estimates are 

only guesses, with inherent uncertainty and risks. Therefore we employ theory of 

Fuzzy numbers to mitigate this problem in conventional estimation by analogy at 

early stage.  This part of research has been fulfilled in chapter six. 

1.4.6 Issue 6: Adaptation technique based on mathematical 

operations of Fuzzy numbers 

Adaptation is mechanism used to derive a new estimate; thus, to minimize the 

differences between retrieved project and target project (Sankar et al., 2004). It is 

important step in estimation by analogy because it reflects structure of target project 

on retrieved project.  Various techniques of adaptation have been proposed, the linear 

adaptation is the commonly used one in software estimation. In this thesis, the 

concept of Fuzzy number operations has been involved to enhance this 

adaptation process. The effect of number of analogies is investigated empirically  

in chapter six. 

 

1.5 Thesis structure 

The thesis consists of 7 chapters. Chapter 2 reviews analogy-based reasoning 

approaches in software effort estimation. It starts with a brief overview of effort 

estimation techniques in software project development, including its basic process 

and principles. The principle of estimation by analogy process in general is 

introduced and followed by the current research using this approach. It also outlines 

several implementations of analogy-based systems; some of their issues are also 

discussed. The advantages of estimating by analogy are summarised, and its 
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limitations, issues and areas for improvement are discussed, forming the problem 

basis and the motivation for this research. 

Chapter 3 presents an overview of the techniques used in developing our 

approaches. It provides an introduction to Fuzzy Set theory, Grey Relational Analysis 

and Fuzzy numbers.  

Chapter 4 presents attribute selection and weighting algorithms. It starts with 

introduction to Kendall‟s row-wise rank correlation and rationale behind using it in 

attribute selection. The algorithms then are explained and discussed in detail. We also 

present the proposed attribute weighting technique based on Kendall coefficient of 

concordance. The empirical evaluation using well established data sets are also 

provided. 

  Chapter 5 describes the first proposed software estimation method called Fuzzy 

Grey Relational Analysis (FGRA). It starts with a discussion on the rationale and the 

basic assumption of this approach. Then the proposed similarity measure is 

introduced. The effects of different data type on similarity measurement and attribute 

weighting are also investigated and discussed. This chapter provides also empirical 

evaluation for FGRA on well known public datasets and comparisons to other 

prediction methods. 

Chapter 6 introduces our software effort estimation based on Fuzzy number 

(GFNSE) method. Chapter 6 focuses on investigating an important problem inherited 

from Fuzzy numbers, that of determination of Fuzzy number parameters.  It starts 

with a discussion on the rationale and the basic assumption of this approach. Then the 

proposed similarity measure and adaptation technique based Fuzzy numbers are 

introduced. The accuracy and robustness of GFNSE is also investigated and 

discussed. The chapter also provides empirical evaluation for GFNSE on well known 

public datasets and comparison to other prediction approaches. 

The last chapter summaries the research, discusses on the implications of the 

proposed approaches, and suggests future work. 



 

CHAPTER TWO 

 

 

 

 

 

 

 

Background and related 

work 
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This chapter provides an overview of related work in the area of software effort 

estimation, and more specifically the work related to software effort estimation by 

analogy. Advantages and limitations of analogy based estimation are identified and 

discussed, providing the motivation for the research reported in this thesis. The next 

section presents terminology for some important concepts in software estimation.  

 

2.1 Terminology 

2.1.1 Effort 

The term effort is defined in the Oxford Dictionary as: “The use of physical or mental 

energy to achieve something”. Software effort is usually measured in a person-month or 

sometimes in a person-hour, and it is regarded as the largest predictable component of 

project cost. The term cost is defined as: “an expenditure of time or labour, a loss 

suffered in achieving something” (Oxford Dictionary).  

The term effort has been used in different context according to the measurement 

unit used when the data has been collected, for example, in some data sets the effort is 

measured in terms of person-months as in COCOMO data set (Boehm, 1981) or in 

person-hours as in ISBSG data set (ISBSG, 2007). 

 

2.1.2 Effort estimate 

Effort estimate is forecast or prediction of the most likely value of effort that is required 

to implement and develop software project. All effort estimates are generally uncertain, 

because such estimates are probabilistic assessment of future condition. In some 

statistical analysis, this uncertainty may be expressed as confidence interval, e.g. 95% 

confidence minimum and maximum intervals or more formally using confidence 

interval of estimates as in regression analysis (Kitchenham, 1996). In practice, a single 

point estimate may appear insufficient and provide incredible information. Thus, effort 

realism (Scott et al., 1995) should be considered when dealing with effort prediction. 

Instead of giving exact effort estimate, the effort realism assumes to consider all factors 

that contribute to foundation of the estimate including: the reasonableness of the 

historical basis of the estimate and the assumptions about the future. This is particularly 
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important when precise project specification is not readily available at the early stage of 

software development.  

An effort estimate is produced by an estimation technique that requires some 

information about software project as input and then translates it into the effort estimate. 

The estimation process is usually conducted at early stage to initially determine the 

required resources to implement software project which refined later throughout 

software development when enough information about the project becomes available. 

The use of software effort estimation in software project management contributes 

to several benefits to the project manager including (Pressman, 2001): (1) initially, 

determining the skilled resources that are required to develop software project. (2) 

Better analyze the feasibility of project and return on investment. (3) Constructing 

project budget. (4) Effectively manage software development process. And (5) assessing 

the potential risks during software development lifecycle. 

 

2.1.3 Estimate by analogy 

Analogy is defined in Merriam-Webster‟s dictionary as: “inference that if two or more 

things agree with one another in some respects they will be probably agree in others”. 

The word probably in the above definition implies implicitly if two or more things are 

similar in terms of some descriptors, then their similarity degree can be regarded as a 

probably similar in terms of other descriptors. This is because their similarity degree is 

not definite, but can be measured by means of a probability measures on their similarity 

(Keung, 2007).  

Estimation by analogy is analogical reasoning technique aims at identifying within 

a case base the source objects that are similar to the problem object in terms of problem 

description and reuse their solutions. Analogical reasoning is not new paradigm as it has 

been extensively discussed and used by scientist and philosophers for thousands of 

years. It was analyzed by the great ancient Greek philosopher Aristotle as method of 

inference, and used to provide explanation and interpretation for particular natural 

phenomena such as astronomy and meteorology, where direct experimentation was 

generally out of the questions (Wiener, 1974). Since that time, analogy based reasoning 

has been used in many disciplines such as natural science.  
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2.2 Software effort estimation 

Developing accurate software effort estimation models have put into the research target 

for more than four decades. The historical records of some large software projects have 

been bad with respect to time and cost, and the consequences to business issues can be 

enormously damaging (Jorgensen, 2006). A survey published by the Standish Group 

CHAOS (Johnson, 1995) reported that 16% of 8000 complete project only delivered 

within budget and time, while 31% cancelled before completion, and 53% overrun in 

budget and schedule which resulted in project failure. Mendes et al. (2003b) showed 

that some 60% of large projects significantly overrun their estimates (with an error 

percentage that can vary from 100% to 200%) and 15% of the software projects are 

never completed due to the gross misestimating of development effort. A recent survey 

published by Molokken and Jorgensen (2003) revealed that 30-40% of software projects 

overrun in budget and schedule which shows that this problem is just as valid today as 

before three decades. However, as there are many factors leading to this dilemma, bad 

and inaccurate software effort estimation is the major source of such failures. More 

specifically, underestimation leads to understaffing and consequentially takes longer to 

deliver project than necessary (Albrecht & Gaffney, 1983). For instance, if manager 

gives a project more resources than it really requires, the project is then likely to cost 

more than it should. In contrast, overestimation may lead to miss opportunities to offer 

funds for other projects in future (Mendes et al., 2003b).   

However, the estimation process is still difficult for several reasons (Boraso et al., 

1996; Abdel–hamid, 1993; Bailey & Basili, 1981; Fairley, 1992): First, software effort 

estimation is a highly complex process and must satisfy conflicting goals. Many 

variables are used to control effort estimation process such as sizing techniques, human 

factors, and environment factors. Moreover, the relationship between project attributes 

and estimation output exhibits strong complex nonlinear characteristics. Second, the 

estimates are required before the software application is well defined to initially 

determine the possible number of required resources. In practice, it is hard to estimate 

application size at early phase of software development especially when there is not 

much known about the software project (Issa et al. 2005),  and that software prediction 

made at early stage of software development is yet kind of guesses. Even good 

predictions are not sufficient with inherent uncertainty and risks. Therefore, project 
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managers must refine such estimate regularly to avoid potential risks. Third, effort 

estimation needs to be calibrated with new environment (Boehm 1981). Forth, large 

historical data sets that are required for building and calibrating software effort 

estimation models, are sometimes scarce, incomplete, insufficient, and imprecisely 

collected (Briand et al., 1992; Strike et al. 2001; Sentas & Angelis, 2006). This is 

because of inadequate data collection tools and lack of measurement standard. Fifth, 

Missing values are problematic for effort estimation and using missing values could 

mislead software effort estimation (Li & Ruhe 2007). The common use of missing 

values is to ignore either whole project data or the attribute with missing values (Briand 

et al., 1992; Strike et al., 2001). As a consequence, this could lead to loss valuable 

information and therefore producing inaccurate estimation. On the other hand, various 

approaches appeared to handle missing values in effort estimation models such as 

multinomial logistic regression, mean imputation, Listwise deletion, and expectation 

maximization (Sentas & Angelis, 2006; Song & Shepperd, 2007). Such approaches 

gave satisfactory results for handling missing values when they are small, and gave bad 

results when number of missing values is too large. 

A plethora of software estimation models are in existence and there are different 

schemas for classifying them. In next, we classified them into three main categories: 

Expert judgment, model based techniques and learning oriented techniques according to 

their estimation process.    

 

2.2.1 Expert judgment technique 

Expert judgment is the most common practiced approach among professional software 

developer (Lederer & Prasad, 1998; Jorgensen, 2004; Boehm & Valerdi, 2006; 

Jorgensen, 2006) which is (implicitly) based on previous related experiences.  Expert 

judgment is not a deterministic method with explicit means and therefore is not 

repeatable in another environment for different projects (Jorgensen & Molokken, 2006). 

In addition, experienced estimators are required and they must be familiar with the 

project development environment. In other words, the estimation result is highly 

dependent on expert‟s abilities and decisions which may vary from those based intuition 

to highly structured processes that use relevant historical data set.  
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There are several approaches that were designed to help Expert Judgment approach 

such as Work Breakdown Structure (MacGregor & Lichtenstein, 1991), Delphi (Boehm, 

1981) and COBRA (Briand et al., 1998). Delphi is a typical example in utilizing expert 

judgment in software estimation process. The Delphi technique is described by the 

following procedure: The project coordinator asks each expert to provide initial 

estimates for software project based on its specifications. Each expert makes the 

estimate individually (without discussing with others) and with permission to ask the 

project coordinator any question. The submitted estimates are then reviewed and 

processed by project coordinator who requests other iterations of the experts‟ estimates 

with providing the rationale for such estimates. Boehm & Fahquhar (Boehm, 1981) 

proposed a modification for Delphi approach by suggesting several steps. The main step 

is to include a group meeting between the project coordinator and experts to discuss the 

estimation issues before starting estimation process. Moreover, instead of giving any 

rationale for the estimate, in each round the project coordinator may call a meeting with 

experts to discuss all those points where their estimates varied widely. 

Recent research direction on expert judgment is to discover faults in human 

judgment that bias the estimates (Aranda et al., 2005). In addition to developing set of 

methods and process that can alleviate the impact of estimation bias such as COBRA 

model. Another research direction aims to provide realistic mechanism to estimator 

selection process (Jørgensen, 2005).    

 

2.2.2 Model based techniques 

The second approach is model based techniques (also known as algorithmic models) 

such as COCOMO (Boehm, 1981), Function Points Analysis (Albrecht & Gaffney, 

1983) and SLIM (Putnam, 1978) which describe the functional relation between effort 

and several cost factors as depicted in Eq. 2.1. These techniques are derived from the 

statistical and numerical analysis of historical project data such as regression analysis, 

Bayesian approach, and polynomial interpolation. COCOMO (stands for Constructive 

Cost Model) was developed by Boehm (1981) to estimate the productivity and cost of 

software project. It uses predefined formula to derive new estimate and requires 
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determination of some important factors to calibrate estimate to a particular software 

environment.  

 sizeEffort   (2.1) 

 

where represents a productivity coefficient and   is economies (or diseconomies) 

of scale coefficient. 

A new version of COCOMO was developed called COCOMO II (Boehm et al., 1995) 

which is tuned to cover the impact of modern technologies in software industry. 

COCOMO II has three different models (Boehm et al., 1995): 

 The Application Composition Model is suitable for projects built with modern 

GUI-builder tools, based on object points. 

 The Early Design Model can be used to get rough estimates of a project's cost 

and duration before entire architecture is determined. It uses a small set of new 

cost drivers, and new estimating equations, based on unadjusted Function Points 

or Kilo Line of Code. 

 The Post-Architecture Model which is the most detailed COCOMO II model and 

can be used after developing project's overall architecture. It has new cost 

drivers, new line counting rules, and new equations. 

  

Function Points Analysis model (Albrecht & Gaffney, 1983) is another example on 

model based techniques which is applicable in the early stage of project lifecycle. In 

general, the main advantage of model based techniques is their platform independent 

(i.e. software and hardware). The model based techniques are well suited when there is 

enough available data, no missing values and no outliers.  Their main disadvantages are 

the dependence of their particular measurement environment because they need 

calibration (Costagliola et al., 2005), the uncertainty and incompleteness of the data set 

used (Pfleeger et al., 2005). Moreover, these models are highly dependent on size input 

which needs reliable measurement (Idri et al., 2004). Jorgensen (2004) reported that the 

infrequent use of model based techniques refers to the fact that the software 

organizations feel uncomfortable when using models they do not fully understand.  
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Current research directions include: (1) making robust models (Nguyen et al., 

2008), (2) investigating when, how, and how much local calibration of the models that 

are beneficial, (3) integrating some machine learning and Fuzzy logic to calibrate these 

models (Xu & Khoshgoftaar, 2004). 

 

2.2.3 Learning oriented techniques 

Based on new and effective developments in modelling and pattern recognition, 

researchers have recently started investigating techniques previously used within other 

fields such as Fuzzy systems (Martin et al., 2005; Sheta, 2006, Xu & Khoshgoftaar, 

2004), Regression tree (Sirnivasan & Fisher, 1995), Evolutionary computing (Burgree 

& Lefley, 2001) Case based reasoning (Shepperd & Schofield, 1997, Mendes et al., 

2003a, Li & Ruhe 2007), Support vector regression (Oliveira, 2006), Rule based expert 

systems (Pedrycz, 2002) and neural networks (Idri et al., 2007). These alternatives have 

two distinct advantages: (1) the capability to model complex set of relationships 

between dependent variable and the independent variables.  (2) The capability to learn 

from historical project data. Amongst these techniques, case based reasoning (or 

synonymously estimation by analogy) is the most commonly used technique by 

researchers. Further discussions about estimation by analogy and its research directions 

are presented in the following sections.  

 

2.2.4 The choice of estimation method 

As mentioned above the common technique in practice is expert judgment, but in the 

context of software estimation research, the model based techniques (Walkerden & 

Jeffery, 1999) and data-intensive analogy (Shepperd & Schofield, 1997) is the common 

used applied techniques. In general, the accuracy of software effort estimation by 

analogy has been confirmed and evaluated in previous studies. The remarkable 

observation from those studies that there is no consistent conclusion between them, 

where some of them reported that estimation by analogy was far superior to other 

techniques (Shepperd & Schofield, 1997; Angelis & Stamelos, 2002; Mendes et al., 

2003a; Kitchenham & Mendes, 2004). In contrast, others such as Myrtveit & Stensrud 

(1999) and Briand et al. (1999) come to different findings which contradict previous 
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conclusions. Myrtveit & Stensrud (1999) demonstrated that both estimation by analogy 

and regression techniques improved estimation accuracy, but estimation by analogy did 

not outperform regression, and the results of both are sensitive to experimental design. 

Jeffery et al. (2001) also concluded stepwise regression outperformed analogy 

estimation based on ISBSG data set.   

The abovementioned contradictory results were the core of 20 investigation studies 

conducted by Martin Shepperd and his team for over 10 years to explain the reasons 

behind these discrepancies. They concluded that there was no clear indication that 

regression was better than analogy estimation or vice versa. They also reported that the 

characteristics and quality of data set in addition to the individual data point are the 

main sources for this contradictory.  Thus, Mair & Shepperd (2005) suggested focusing 

on when to use model A rather B, as opposed to identify which model is the best.  

However, the focus of this thesis is on estimation by analogy. Expert judgment 

approaches and other Model based techniques are not in the scope of thesis. Discussion 

of analogy estimation is continued in the following sections.  

 

2.2.5 Software size estimation 

Software effort estimation requires sound reliable software attribute measurement. 

These attributes fall into two categories: internal and external attributes (Costagliola et 

al., 2005). Internal attributes represent product attributes that are independent from 

product behaviour such as: product size, complexity, etc. External attributes are those 

that reflect the impact of product behaviour and its environment on software process 

development (e.g. team communication, reliability, multi-site development, etc.). 

Among these attributes, the product size has achieved a considerable interest and 

regarded as main effort driver to provide credible software effort estimation because 

accurate size measurement mitigates risks more than any other internal or external 

attributes (Pfleeger et al., 2005). Project size provides a general sense of how large the 

project may be; hence, it gives an indicator of how many resources do project need to 

finish it. It is worth to point out here that project size measurement is not dedicated only 

for early estimation but it could be used at any point during software development 

process in order to help project manager in monitoring and controlling the project. 



Ch. 2- Background & Related Work 

 

Page | 20  

 

During software project development there should be more knowledge about the 

product which can be used to re-estimate effort and assist in allocating appropriate 

resources. 

Size measurement is divided into two main types (Ruhe et al. 2003): solution 

oriented measures and problem oriented measures. Solution oriented measures represent 

the size of the software development outcome which reflects software implementation 

as Line of Code (LOC) (Boehm, 1981). Problem oriented measures represent the size of 

the problem that will be solved by future software product and can be counted at early 

phases as Function Points (FPs) (Albrecht, 1979). Undoubtedly, using solution oriented 

measures at early estimation has not been widely accepted and contributing to incredible 

effort estimation because there is little known data about the product size during early 

phase. However, estimating project size depends on how project is described and what 

information is available.  

In spite of existent of many size estimation techniques, Line of Code (LOC) (Boehm, 

1981) remains the most used method in many software cost estimation models and 

especially COCOMO. Basically, this technique aims to count the number of lines of 

code in complete software product.  LOC estimate is not straightforward as it seems 

because it is programming language dependent, where various approaches have been 

made to define what to include as LOC (Pfleeger et al., 2005; Costagliola et al., 2005). 

Many LOCs are built during software development as part of testing or prototyping 

activity but not included in the final product which affects effort prediction. Indeed, it is 

not recommended to use LOC in early phase as guess when no supporting information 

is available. Other limitations of LOC: (1) the lack of standardization and 

incompatibility with Object oriented development. (2) It does not reflect the impact of 

application complexity. (3) It is not too useful for the clients since it is not visible to 

them.  

Function points (FP) appears as well suited method to measure early project size 

because it measures the amount of functionality of the system that are available during 

requirements analysis (Morisio et al., 1999). Its counting mechanism does not depend 

on something physical as in LOC but on the functionality of the system being 

developed. A significant major problem of FP is being restricted to business application 

and management information system (Pfleeger et al., 2005). Since it is designed for 
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procedural development, it does not work correctly with object oriented projects. For 

this reason, object oriented function points has been developed to address some of the 

shortcomings in the traditional FP (Boehm et al., 1995). Furthermore, FPs is not 

particularly suited for real-time systems, because the elements that capture size for data 

processing are not the same as those for more complex systems.  Recently, extensions of 

function points have been proposed to address limitation of standard FP such as feature 

points and object points (Banker & Weight 1994). 

Another common early software size estimation method is Use Case Points (UCP) 

which is a relatively new and rather simple to use. The philosophy behind a UCP is 

quite similar to that of function points and basically dependent on the Use Case 

diagram. Experienced software estimators are required to translate the set of 

requirements into their likely number of use cases, actors and scenarios (Pfleeger et al., 

2005). Use Case Points are calculated through a procedure of six steps. The accuracy 

level for UCP depends on the degree of the use case diagram details. However, UCP is 

best suited for OO programming languages and can help the project manager to measure 

software application size at early stage of software development (Issa et al., 2006). 

Although Use Case diagram is a de-facto analyzing model (Pressman, 2001), the UCP is 

not widely accepted in software industries because it is relatively new and has not been 

well tested.   

 

2.3 Software effort estimation by analogy 

Analogy reasoning is one of the important reasoning techniques in Artificial 

Intelligence which aims to identify solution for a new problem based on previous 

solutions from the set of similar cases. Analogy reasoning is fundamentally different 

from other major artificial intelligence approaches, in which its process does not depend 

on general knowledge of problem domain to make mapping between input and output 

domain (Keung, 2007). In other words, the analogy approach may be viewed as a 

systematic development of the expert opinion through experience learning and exposure 

to analogue cases. Another difference is that the analogy-based reasoning is incremental 

sustained learning approach since each resolved problem is being retained as a new 
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experience to the existing case-base, making it immediately available for a new case 

(Aamodt & Plaza, 1994).   

Estimation by analogy is synonym to Case-Based Reasoning (CBR). CBR was first 

formalized in 1980s based on work of Schank (1982) and others who studied dynamic 

memory and the role of previous situations (or cases) in learning and problem solving. 

Particularly, the classical CBR process (also known as CBR R
4
 model) involves four 

main stages (Shepperd et al., 2002) as shown in Figure 2.1:   

1. RETRIEVE the most similar cases to the target problem where a new solution is 

matched against problems in the case-base. 

2. REUSE the past solution to solve the new problem. 

3. REVISE the proposed solution and to better adapt the target problem. 

4. RETAIN the solved problem for future problem solving. 

 

Figure 2.1 CBR process lifecycle (Sanakar & Simon, 2004) 

 

CBR has been proven to be successful with many kinds of application such as help 

desks, time table problem, software fault prediction and software quality prediction (Idri 

et al., 2002) However, there are many decision should be considered when executing 

case-based prediction such as optimal feature selection, appropriate similarity measure, 

number of analogies, characteristics of data set and kind of adaptation. Aha (1991) 

defined a generic framework for case-based prediction method that consists of at least 
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pre-processor function, similarity function, prediction function and memory updating 

function as shown in Figure 2.2.  

  

 

Figure 2.2 The generic framework for case-based prediction 

 

The pre-processor function prepares data for similarity function by normalizing all 

continuous attributes so all attributes have the same degree of influence. Then similarity 

function is used to compute the similarity degrees between target case and all stored 

cases in the case base. Similar cases are then retrieved to make prediction and 

successful cases are then stored and updated for future predictions.    

Estimation by analogy has been extensively used in software effort estimation for 

more than three decades. The classical framework of estimation by analogy was first 

reported by Boehm in 1981 as human intensive approach based on opinions of experts 

(Boehm, 1981), in which the expert can use her or his best knowledge to select the 

analogue project. This is rather impractical in some circumstances because there is a 

danger that estimator will use an analogue blindly without justifying its selection. In 

contrast, the current form of data-intensive analogy estimation is based on studies of 

Shepperd & Schofiled (1997) who successfully established a robust framework for this 

approach.  

Shepperd & Schofiled (1997) described the case base as two parts: problem 

description part and solution part as shown in Figure 2.3. Description part is a set of 

features that describe the problem while solution part describes the solution for the 

specific problem. It is interesting to know that the case base should remain unchanged 

during prediction process. The problem description for a target case should: (1) share 

the same attribute with existing case base, and (2) avoid missing values since estimation 

by analogy does not easily deal with missing values. The general process of software 

estimation by analogy follows CBR R
4
 (Amadot & plaza, 1994) model and includes the 

following steps: 

 
Pre-Processor Similarity Prediction Memory 

Updating 
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1. Analogues project identification: The analogy-based system identifies the most 

important attributes that will be used as a basis for project retrieval using similarity 

measure. This is performed based on some heuristic algorithms or statistical 

approaches. Then the analogy-based system searches the entire data set to retrieve 

all source projects that exhibit high degree of similarity with the target project. The 

similarity degree between target project and each source project is measured based 

on distance or similarity measure. The outcome of this step is the similarity matrix.   

2. Target project prediction: Based on similarity ranking, the effort values of the top 

similar source projects become an initial estimate for the target project. Various 

adaptation techniques can be used here to derive new estimates such as mean, 

inverse ranked, weighted mean or linear size adjustment. 

3. Final estimate adjustment: Final estimate adjustment is applied on the initial 

estimate to mitigate the difference between target and source project attribute 

values.  The predicted project is being retained to be immediately available for other 

estimations. Stored projects must be maintained over time to prevent information 

irrelevancy and inconsistency. 

In the context of software effort estimation, various approaches have been proposed to 

improve the efficiency of estimation by analogy and increase its credibility between 

software professionals, below are some of the important researches in this field:  

1. F-analogy model was proposed by Idri et al. (2002) as an alternative approach for 

estimation by analogy based on Fuzzy logic. The approach was mainly dedicated to 

support categorical data and especially ordinal scale type. A similarity measure 

based Fuzzy logic was developed to measure similarity between two ordinal values 

in COCOMO data set. In some sense, this approach does not have learning ability 

since it needs sufficient information to build fuzzy sets for ordinal attributes in each 

data set (Auer & Biffl, 2004). That means this approach may not perform well over 

other data sets like ISBSG that are structurally dissimilar to COCOMO data set.  

2. Jorgensen et al. (2004) used “regression towards the mean” method to adjust 

estimation by analogy based on project productivity. The method is more suitable 

when the selected analogues are extreme and the estimation model inaccurate. They 

indicated that the adjusted estimation was significantly more accurate than 
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estimation by analogy without adjustment. The approach has lack of empirical 

evidence as it was tested for one small data set. 

3. AQUA+ model (Li & Ruhe, 2007) is a flexible estimation by analogy method 

which combines ideas from CBR and collaborative filtering. The method aims to: 

(1) support non-quantitative data by defining similarity measures for different data 

types. (2) Handle missing values. (3) Provide different attribute weighting 

heuristics and (4) provide learning procedure to learn the appropriate number of 

analogues that produced best prediction. The learning procedure has been criticized 

that is computationally overhead.   

4. Mittas et al. (2007) exploit the relation between estimation by analogy to the nearest 

neighbour non-parametric regression in order to suggest a resampling procedure 

called iterated bagging for improving the prediction accuracy. The iterated bagging 

method is used to improve various regression techniques and to reduce the 

prediction error. They presume that estimation by analogy is closely related to the 

formal nearest neighbour non-parametric regression, and the iterated bagging 

method has a potential to improve efficiency of analogy estimation. 

 

 

Figure 2.3 Process of estimation by analogy (Shepperd, 2002) 
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2.4 Advantages of estimation by analogy 

Estimation by analogy (Jorgensen, 2003; Keung & Kitchenham, 2008; Mittas et al., 

2007) tends to be a more effective model to deal with complex and nonlinear data than 

algorithmic models. This is supported by (Mendes et al., 2003a; Shepperd & Schofield, 

1997; Kirsopp & Shepperd, 2002; Azzeh et al., 2009b) findings that demonstrated that 

estimation by analogy produced accurate results for web and software development 

effort more than algorithmic models. In addition to its effectiveness to predictive 

accuracy, estimation by analogy has the following distinct advantages (Leake, 1995; 

Shepperd & Schofield, 1997; Walkerden & Jeffery, 1999):   

1. Providing means of explanation: In many occasions the users want to be reassured 

about the quality of solution retrieved, by explaining how previous case was 

successful in a situation, using the similarities between cases and the reasoning 

involved in adaptation, analogy-based reasoning can explain its solution to a user. 

Unlike black-box techniques such as neural networks, the estimation by analogy is 

by nature transparent in which its process can be easily understood and explained to 

practitioners and other users.  

2. Reflect human reasoning: human reasoning tendency is to seek evidence that 

confirms our opinions and to neglect contrary evidence that rejects our opinions.  

The developers and users may be willing to accept such kind of estimation 

because it mimics human problem solving.  That means it is not difficult to 

convince users, practitioners and managers, of the validity of the paradigm. 

3. Learning over time: Practically, analogy-based reasoning encounters more 

problems and creates more solutions. If the solution cases are tested 

subsequently in the real world and a level of success is determined, these cases 

can be added to the case-base and used to help in solving future problems. 

4. Reasoning in a domain with a small body of knowledge: Analogy-based 

reasoning can start with a few cases and build its knowledge incrementally as 

new cases are added.  

5. Increasing problem solving efficiency: The analogy-based reasoning requires 

only those similar cases to derive the solution to the target problem, while 

algorithmic model needs whole data sets with completed cases in order to derive 
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estimation for target case (Leake, 1995). Estimation by analogy has also benefit 

to mitigate problems with calibration because it depends on just the closest 

projects that are most analogues to new project (Mendes et al., 2003b). 

6. Useful for complex domains: Analogy based reasoning is able to model 

complex relationship between effort and other software attributes that are 

described by quantitative and qualitative scale type. Analogy based reasoning 

model has also ability to deal with poorly understood domains (such as software 

projects), since solutions are based only what has actually happened in the past. 

This allows informal understanding of the problem domain at a concrete level.  

7. Mitigate problems with outliers: Unlike regression techniques, the estimation 

by analogy offers advantage to mitigate problems with outliers, since such 

method does not depend on calibrating a single model to suit all cases 

(Walkerden & Jeffery, 1999) but on a few similar cases. The outliers are 

generally problem for software estimation, for instance, if the observed case has 

many outliers, then it is difficult to find similar cases which means that the data 

set is not appropriate for estimating target case.  

 

2.5 Analogy based systems  

2.5.1 ANGEL 

ANGEL (Shepperd & Schofield, 1997) is the prominent software analogy based 

estimation tool. It was developed by team of researchers and students lead by Martin 

Shepperd at the Empirical Software Engineering Research Group (ESERG) at 

Bournemouth University UK in late 1990s.  Since then, many research papers were 

published based on results of ANGEL tool (Shepperd and Kadoda 2001a, 2001b; 

Shepperd & Schofield, 1997; Shepperd et. al., 1996, 2002).  

ANGEL offers flexible tool and support for various kinds of feature selection 

algorithms and validation techniques, within a user friendly GUI tool. The ANGEL tool 

is not limited to a particular data set in which the estimator can load whatever data set 

and configure its features. ANGEL tool allows estimator to setup and configure analogy 

based estimation process as well. ANGEL is an implementation of the case based 
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prediction found in Aha (1991) (i.e. it adopts its normalization strategy for different data 

types and similarity measure) 
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ANGEL implements different attribute subset selection algorithms based on brute 

force and some heuristic algorithms such as Hill climbing, Exhaustive search, Forward 

and backward selection. These algorithms are dependent on the performance indicators 

used in the estimation process such as Mean Magnitude Relative Error (MMRE), 

median of MMRE (MdMRE) and prediction performance (PRED). MMRE has been 

criticized that is not suitable to compare between prediction models using different 

feature subsets (Foss et al., 2003; Myrtveit et al., 2005). Further discussion about 

MMRE and other performance indicators are highlighted in section 2.6. 

 

 

Figure 2.4 Process of ANGEL 
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The main limitations of ANGEL attribute subset selection algorithms that are 

computationally far more intensive, requiring amount of computing resources and time, 

and they are not feasible when they are used in data sets with large number of attributes 

(Keung, 2007).  Early version of ANGEL was accepting only 10 features as maximum 

number of features. However, exhaustive search is recommended when data set size is 

small and prediction accuracy is important. While Hill climbing is recommended when 

data set size is too large and prediction accuracy is also required. Forward selection and 

Backward selection are recommended when computation time is important than 

accuracy (Kirsopp & Shepperd, 2002). 

 

2.5.2 ESTOR 

ESTOR system is an early implementation for analogy based estimation. It was 

developed by Mukhopadhyay et al. (1992) as a proof-of-concept to investigate the 

applicability of case based reasoning method to software effort and cost estimation.  

ESTOR employs five basic processes to derive new estimate as shown in Figure 

2.5: (1) Construct: in this step the representation of the target problem is developed. 

ESTOR uses usually Function Points and some project factors as input to the CBR R
4
 

model. (2) Retrieve: The similar source projects are retrieved based on Euclidean 

distance. (3) Transfer: use the solution of the source analogue project as the starting 

point to derive initial estimate for the target project. In ESTOR, solution transfer is 

accomplished by referencing the effort attribute of the source project and transferring it 

to the effort attribute of the target project schema. (4) Map: compare and find 

differences between source analogue project and target project by bringing each 

attribute one by one into working memory and adding non-corresponding attributes to a 

list kept in memory. (5) Adjust: a set of rules are used to adjust the effort value for the 

analogue project to account for the differences between target and source analogue 

project. The analogue adaption requires rules inference from estimator's protocols to 

create a case-base for reuse. But this point has been criticized by Shepperd et al. (2002) 

who reported that:“the derived rules are couched for a particular features in Kemerer 

data set which severely limits their applicability as there wide discrepancies in the 

range and types of features collected by different software companies”.  
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The performance of ESTOR was assessed using absolute relative error (ARE) and 

mean of ARE. Based on Kemerer data set (Kemerer, 1987), ESTOR outperformed 

COCOMO and expert judgment approach. The estimates produced by ESTOR were 

comparable to the expert's and superior to those obtained using function points, 

regression based techniques, or COCOMO. 

 

Figure 2.5 Logical framework of ESTOR 

 

2.5.3 ACE 

Analogical and Algorithmic Cost Estimator (ACE) was developed by Walkerden & 

Jeffery (1999) at the Centre for Advanced Empirical Software Engineering Research 

Group (CAESAR) in the late 90‟s. ACE system as shown in Figure 2.6 follows CBR R
4
 

process in which the first step aims to select and retrieve the most analogue projects 

from the case base of completed projects. The analogues are ranked based on the 

difference between target project and each completed project, the lowest value is the 

most similar project. If two source projects have the same difference with the target 

project then they are given the same rank, and the rank of the project with the next 

lowest rank is adjusted accordingly. Once the most similar projects are identified, their 

effort values are adjusted and adapted to account for the differences. Adaptation is 

performed based on the linear extrapolation between size of target and source project as 

depicted in Eq. (2.4). For example, if the size measure of target project is 200 function 

points and size measure for the source project is 250, and effort value for the source 

project is 3000 person-hours, then the derived effort for the target project is 2400 

person-hours. 
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Figure 2.6 Process of ACE tool 

  

The use of ESTOR and ACE in software industry is very limited compared with the 

ANGEL system because they are not flexible and does not support non-quantitative 

data. Moreover, they are restricted with data set such as Kemerer in ESTOR. 

 

2.6 Issues in estimation by Analogy 

The similarity measure and attribute selection is the key to accuracy of software 

estimation by analogy. In this section we review some important aspects of these two 

issues and their current limitations.  

 

2.6.1 Similarity measurement  

The similarity degree between target project and all source projects are computed based 

on similarity measure (Azzeh et al., 2008b, 2009b). A similarity measure is measuring 
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the closeness or distance between two cases along with n attributes. The result of this 

process is usually presented as distance or similarity matrix, identifying the similarity 

among all cases in the data set.  Software projects similarity measurement is the 

essential part of software effort estimation by analogy. It plays significant role in 

identifying closest projects to a project being estimated which in turn affects estimation 

accuracy. 

In software effort estimation, Mendes et al. (2003a) compared between different 

types of distance metrics in analogy software estimation and revealed that using 

different distance metrics yield dissimilar results which in turn indicate the importance 

of distance measure on effort estimation. In the same direction, Shepperd & Schofield 

(1997) demonstrated that analogy estimation is sensitive to the choice of similarity and 

distance measure. Li & Ruhe (2007) implemented a flexible estimation by analogy 

model called AQUA+ based on various similarity measures for non-quantitative data 

types such as ordinal, nominal, set, Fuzzy and range scale type. Shepperd & Schofield 

(1997) also identified different forms of similarity measure such as:  

(1) Nearest neighbour algorithms: These are based on straight point to point distance 

measure or the sum of square of the difference between attributes‟ values. The use of 

these algorithms require standardization for all continuous attribute so all attribute have 

the same influence, in addition the attribute weighting may be used to reflect the 

importance of an attribute on the prediction accuracy. Euclidean distance is the most 

common similarity technique in software effort estimation which uses point to point 

distance in an n-dimensional Euclidean space. It is based on the principle of 

Pythagorean Theorem to derive a straight line distance between two points in an n-

dimensional Euclidean space as shown in Figure 2.7.  

 

 

Figure 2.7 Representation of Euclidean distance 
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The un-weighted Euclidean distance between two points ),,,( 21 nxxxX  and 

),,,( 21 nyyyY   is defined as follows: 
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While another alternative is available to include the importance of each attribute as 

weight iw to Euclidean distance.  
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Euclidean distance is suitable to treating continuous data only. Therefore to treat 

categorical data (Shepperd & Schofield, 1997; Briand et al., 1999) suggested to 

normalize all continuous attributes into the scale between 0 and 1, and then transform 

categorical data into binary variables (i.e. dummy variables) in order to make both types 

equally comparable and combined in one equation. The aggregated distance ),( ji ppd  

between two software projects described by quantitative and qualitative data is defined 

as follows: 
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Where m is the number of attributes and ),( jkik pp is the distance at kth
 attribute: 
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Where value maxk and mink are the maximum and minimum values of attribute k 

respectively.  
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The above equation does not distinguish between nominal and ordinal scale type 

and they are treated equally. Furthermore, no middle ground for the distance between 

categorical values (i.e. either 0 or 1).  

(2) Template retrieval: similar to query by example in which estimator give values for 

ranges and all matched cases are retrieved. 

(3) Goal directed preference: Select all source cases that matching target case‟s goal. 

(4) Frequency preference: the most recently selected cases are given preference. 

(5) Fuzzy distance: it is implemented based on some linguistic terms such: „most 

similar‟ and „at least‟.  

Despite of the effectiveness and performance of software estimation by analogy, 

there are still certain drawback and limitations that temper its advantages. Aha (1991) 

and Shepperd & Schofield (1997) reported these deficiencies of the CBR, which are 

used in Analogy based systems such as ANGEL. These deficiencies are mainly related 

to the similarity measure.   

1. They are computationally intensive because they compute and save similarities to all 

training cases. ANGEL system offers several Heuristic algorithms to discover 

optimal attribute subset for each training data set, each time ANGEL keeps similarity 

matrix based on selected attributes and their predictive accuracy values. So when 

number of attributes increase the time required to complete this task will also 

increase. Shepperd & Schofiled (1997) were aware of this point but they emphasised 

that the computation time is not the issue in software estimation as software data sets 

are usually less than 100 cases and have limited number of features. However, this 

issue is not always true, for example ISBSG data set currently contain more than 

4000 observations in addition to more than 100 features. If we want to use ANGEL 

to find optimal feature sets, it may need years to complete this task with sufficient 

computer resources. Regardless of computation time, there are four factors affect 

prediction accuracy in analogy estimation (Walkerden & Jeffery, 1999): (1) the 

availability of an appropriate analogue (Dataset relevancy). (2) The soundness of the 

strategy for selecting it (Feature subset selection). (3) The difference between the 

analogue and targets (Distance measure). (4) The accuracy or quality of the data set.  
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2. They are sensitive to the irrelevant attributes and degree of attribute influence on the 

effort estimates. The existing methods for selecting the best set of attributes and 

project cases to build an analogy are based either on brute-force search or heuristic 

algorithms (e.g. greedy search or hill climbing) which have certain problems. A 

further discussion about this point is presented in the next section.  

3. Categorical attributes are problematic in which it is difficult to handle categorical 

variables other than binary valued variable: attributes match or fail to match with no 

middle ground. Idri et al. (2002) attempted to mitigate this problem by using Fuzzy 

logic to measure the similarity between software projects that are represented by 

ordinal attributes (particularly for COCOMO data set). They represented each 

Ordinal attribute by several Fuzzy sets based on productivity ratio. They built rule 

base engine for each attribute to find distance between two software projects using 

max, min and i-or operators. It is interesting to observe from their work that Kleenes-

Dienes aggregation is not valid for software project similarity, using i-or operator 

gave better and stable results than max and min operators. However, they claimed 

that each organization must initially determine appropriate linguistic quantifier that 

complies with their situation in order to obtain better results. Unfortunately, the 

approach has some inadequacies (Azzeh et al., 2008b, 2009b): it was mainly 

dedicated to ordinal categorical data, and especially for COCOMO model. Moreover, 

there is a lack of evidence of how their approach could be useful for other data sets 

that are described by ordinal and nominal data type. The model was fuzzified based 

on experience where productivity ratio was used to find boundary of each Fuzzy set. 

This means each data set should have useful information that helps in constructing 

Fuzzy sets. Finally, the aggregation operators (min and max) always give the 

extreme values and do not seem contributing in identification of the closest projects. 

4. They give little usable information regarding the structure of the data. This point was 

criticism of Shepperd & Schofield (1997) who reported that: “The existing similarity 

measure fail to take into account information which can be derived from the 

structure of the data, thus they are weak for higher order attribute relationships”. 

5. They are intolerant of noise, and easily influenced by uncertainty in attribute 

measurement (Idri et al., 2002). Most of software attributes are measured based on 

human knowledge which are often vague and imprecise. This inherited uncertainty 

has significant impact on the similarity measure, therefore we may find two projects 



Ch. 2- Background & Related Work 

 

Page | 36  

 

are similar with respects to their attributes but their efforts are completely different. 

Variability of data type may also increase the uncertainty in assessing the similarity 

degree between two software projects.  

In summary, these inadequacies are well recognized but as yet incompletely 

resolved in one model.  These points will be the driver for this thesis. 

 

2.6.2 Attribute selection and weighting 

Searching for predictive attribute subsets has been recognized as a challenge for the 

machine learning community for a number of years. In analogy based estimation, each 

software project is described by many attributes which might be discrete, continues and 

categorical. Using all available attributes in the estimation process may result in 

reduction in the overall level of effort estimation accuracy (Kirsopp & Shepperd, 2002) 

and therefore increasing the severity of project risk because some of these attributes 

may be irrelevant, redundant or because of model complexity and additional noise. To 

overcome this issue, Attribute (or Feature) Subset Selection algorithms have been 

reasonably investigated in software effort estimation. Attribute Subset Selection is a 

process of finding an attribute subset that provides a model with similar or better 

performance than using all available attributes. There are some potential benefits of 

using attribute selection in analogy estimation such as reducing time of training and 

utilization, improving data understanding and visualization, and reducing data 

dimensionality (Guyon & Elisseeff, 2003). 

Searching for optimal attribute subset is usually characterized into two major 

approaches: Wrapper and Filter approaches (Aha & Bankert, 1994; Kirsopp & 

Shepperd, 2002). Wrapper uses some machine algorithms to assess the fitness of 

selected attribute subset, while Filters uses some statistical approaches to determine the 

fitness of feature subset.  Wrapper approach generally starts with empty space, and then 

some attribute combination is added to the solution space. Meanwhile the algorithm 

checks if there is improvement comes from selected attributes. The algorithm stops 

when there are no more attribute combinations or when there has been no better 

improvement in the model (Chen et al., 2005). ANGEL tool implements various 

Wrapper methods such as Hill climbing, simulated annealing, forward and backward 

selection algorithms. They used some performance indicators to determine the fitness of 
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selected attributes. However, the search is O(2
n
) so when n exceeds 15-20 attributes this 

becomes computationally intractable and far more intensive than Filter approach 

(Kirsopp & Shepperd, 2002).    

The vast majority of attribute selection algorithms differ primarily in attribute 

selection strategy and fitness criteria. Yet, there are no definitive rules or procedures 

that govern selection of the optimal attribute subset (Azzeh et al., 2008a). Fitness 

criteria are considered the main challenge in deriving highly predictive attributes. For 

example, in the case of ANGEL, the optimal attribute subset is selected based on some 

performance indicators such as MMRE, as trial-and-error basis. The subset that gives 

better prediction is considered as highly predictive attributes. However, many 

evaluation criteria have been published in previous studies (Kirsopp & Shepperd, 2002), 

where new machine learning based induction algorithms were also provided. These 

algorithms are computationally expensive but maintain a high level of accuracy. 

In analogy based estimation, there have been a number of studies investigated the 

impact of attribute selection on prediction accuracy (Chen et al., 2005; Li & Ruhe, 

2008; Kirsopp et al., 2002; Shepperd & Schofield, 1997). Kadoda et al. (2000) reported 

that the proper selection of optimal subset has significant impact on accuracy of analogy 

based estimation. Kirsopp et al. (2002) have suggested using some machine learning 

techniques to search for highly predictive attributes. They examined a variety of 

approaches to partially search the data set comprised of each possible combination of 

attributes, including Random, Hill Climbing, and Forward Sequential Selection search 

techniques, in an attempt to solve this problem. Their findings suggest that some form 

of heuristic-based initialization might prove useful for this problem, but a best subset 

cannot be guaranteed and may introduce spurious effects. In essence, these heuristic-

based searching algorithms are not very efficient and somewhat time-consuming, even 

with a modern computer (Kirsopp et. al., 2002).   Idri et al. (2002) proposed alternative 

approach for analogy software effort estimation based on Fuzzy logic and linguistic 

quantifiers. They employed attribute weighting based on productivity ratio to identify 

the relevance of each attribute. In some sense, this approach does not have learning 

ability (Huang & Chiu, 2006) and the results are not promising.  

Recently, a new attribute selection algorithm has been proposed by Keung et al. 

(2008) as part of their investigation for the appropriateness of data set to analogy-based 
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estimation. The approach utilizes Mantel‟s correlation between distance matrix based 

project attribute and distance matrix project effort, following the stepwise procedure. 

This algorithm has a certain limitation in that it cannot directly deal with distance matrix 

for categorical data, but alternatively it can test the impact of categorical attribute after 

identifying the best continuous attributes. Another study conducted by (Li & Ruhe, 

2007) employed some heuristic attribute weighting based on Rough Set Theory. Chen et 

al. (2005) showed that accuracy of COCOMO software effort estimation model can be 

also improved by using WRAPPER searching algorithms. 

But in many circumstances, the attribute selection is not sufficient because all 

selected attributes have the same relative importance on similarity measure. Therefore 

many studies such as Li & Ruhe (2007), Aha et al. (2006), Keung & Kitchenham (2008) 

and Hsu & Huang (2007) investigated the importance of attribute weighting -with or 

without attribute selection- on prediction accuracy. Unfortunately, the performance of 

these techniques is limited to choice of similarity measure and performance indicators 

used.  However, there are certain problems with previous attribute selection and 

weighting methods: (1) they are computationally intensive and required more resources. 

(2) Some of them are applicable only for continuous data such as statistical approaches. 

(3) The selected attributes depend on desired configuration of analogy-based system 

such as evaluation criteria, similarity measure, adaptation rule and number of analogies. 

For example, most of attribute selection techniques use MMRE and other quality metrics 

as fitness criteria, but these quality metrics are widely regarded as problematic and have 

many inadequacies as highlighted in section 2.9. (4) They neglect the underlying 

assumption of analogy estimation which says: “The projects that are similar in 

respective of their attribute values are also similar in terms of their effort values”. In 

this thesis we propose new attribute selection and weighting technique that overcomes 

the abovementioned shortcomings.    

2.7 Uncertainty in software effort estimation  

Uncertainty is a pervasive problem in software effort estimation because the estimation 

process is a probabilistic assessment of unknown future. Nearly all software effort 

estimation techniques need information about how software projects have been 

implemented in the past (Jorgensen, 2003; Mittas et al., 2007). This information is 

usually measured based on human judgement that is subject to considerable uncertainty, 
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depending heavily upon estimators' skill (Lederer & Prasad, 1998). Kitchenham & 

Linkman (1997) have investigated likely sources of software estimate uncertainty such 

as: (1) assumption error, (2) measurement error, (3) model error and (4) skill of 

estimator (Jorgensen, 2004). Uncertainty in assumptions comes from the general lack of 

understanding of cause and effect between software development technologies and their 

resulting products. Uncertainty in software measurement is associated with a lack of 

precise knowledge as for software developers who sometimes have measurements that 

are inaccurate, inexact, or of low confidence. An example is a statement "Software 

testing might need 10 man-months" which exhibits a degree of imprecision 

(Kitchenham & Linkman, 1997). Furthermore, there is no estimation model can include 

all the factors that factually affect the effort required to accomplish software project 

(Jorgensen, 2004). Uncertainty in estimation model is usually inherited from uncertainty 

in software measurement and assumptions. 

Pfleeger et al. (2005) reported that in order to improve the accountability of risks 

associated with software estimates the project manager should identify areas of 

uncertainty. This uncertainty is always inherent in any estimation method but oftentimes 

goes unreported. Estimator often interpret the techniques‟ instruction differently, for 

example in software size measurement based on function points or object points, two 

size estimations may vary slightly from one estimator to another (i.e. it is uncommon 

that two estimators will give exactly the same size prediction).  Another example, 

“project managers sometimes expect to be given a point estimate- the software will cost 

x dollars- when, in fact, the best that can be said is that the cost will lie within a given 

feasible range, characterized by distribution. The distribution itself expresses the 

degree of uncertainty in the estimate: A narrow distribution is less uncertain than a 

wide one, and the distribution‟s shape imparts additional information about the likely 

cost” (Pfleeger et al., 2005). 

In estimation by analogy we mainly interest with measurement and model source of 

errors because we believe that the imprecision and vagueness in attribute values causes 

uncertainty in similarity measurement and lead to uncertainty in the estimation model as 

whole. Therefore in this thesis we employ verity of uncertainty modelling techniques 

including Fuzzy sets, Fuzzy Numbers, and Grey Relational Analysis. Further details 

about these techniques are presented in chapter three.  
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2.8 Early stage software effort estimation  

It is widely recognized that software effort estimation should be refined regularly during 

software development process and that software prediction made at early stage of 

software development is yet kind of guesses. Even good predictions are not sufficient 

with inherent uncertainty and risks. As consequence, relaying on early effort estimation 

to predict the required number of resources is not often reliable, and could lead to 

underestimation or overestimation problems. Boehm (2000) reported that the 

uncertainty level of cost estimation at early stages of software development is very high, 

while this uncertainty range presents a decreasing trend as software development 

process goes towards last stages.  

Practically, the solution followed in the software industry is to let project managers 

provide minimum and maximum interval of effort to indicate the uncertainty in their 

estimates. This representation is a subjective and depends heavily upon estimator skills, 

ignoring other data. Interestingly, this confirms that project managers are aware of the 

irrefutable uncertainty in estimation and therefore expect some inaccuracy in the 

prediction output. Another approach called f-COCOMO proposed by Musflek et al. 

(2000) utilized Fuzzy numbers for COCOMO model based on experimentally 

determining degree of fuzziness. The methodology of fuzzy numbers giving rise to f-

COCOMO is sufficiently general to be applied to other models of software effort 

estimation such as function points method but not for estimation by analogy because the 

prediction method is extremely different. 

In this thesis (chapter 6) we investigated the use of Fuzzy numbers in analogy based 

estimation to support early stage software estimation.  

 

2.9 Evaluation criteria  

Various objective criteria for judging model performance have been used by researchers, 

but none of these criteria provides an overall picture of performance and further, some 

techniques have a model bias (Keung, 2007). Thus a combination of evaluation criteria 

would seem more useful. The common evaluation criterion is MMRE (Mean Magnitude 
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Relative Error) which computes the average of absolute percentage of error between 

actual and predicted effort for each reference project.  
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Where )( ipeffort and )( ipeffort are the actual value and predicted values of project 

pi. |P| is number of validated observations. 

Despite of the widespread use of MMRE in software effort estimation there has 

been a substantive discussion about its efficacy in estimation process. MMRE has been 

criticized that is unbalanced in many validation circumstances and leads often to 

overestimation (Shepperd & Schofield, 1997). Furthermore, MMRE is not always 

reliable to compare between prediction methods because it is quite related to the 

measure of MRE spread (Foss et al., 2003; Myrtveit et al., 2005). To illustrate the 

problem of MMRE, let us consider the following simple example using two software 

projects effort predictions p1 and p2 respectively. The predicted and actual effort of 

project p1 and p2 in person hours are outlined in the Table 2.1. The MRE in this example 

should assist us to select which model is superior. MRE leads to wrong conclusion that 

the prediction of p1 is better than prediction of p2 even though the difference between 

actual and predicted value for projects p1 and p2 are the same.   

 

Table 2.1 Illustration of MMRE problem 

Project Predicted Actual Absolute Error MRE 

p1 100 200 100 100/200=50% 

p2 200 100 100 100/100=100% 

 

MMRE does not identify best prediction model (Foss et al., 2003). Therefore is 

strongly recommended not to use MMRE but rather MMER (Magnitude Relative Error 

to estimated value). 
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MMRE is sensitive to individual prediction with excessively large MREs, therefore 

it is recommended to use median of MREs for the n projects (MdMRE) which is less 

sensitive to the extreme values of MRE.  
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Performance indicator PRED (  ) is used as complementary criterion to count the 

percentage of estimates that fall within less than   of the actual values. The common 

used value for   is 25%. 
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 Where  is the number of projects that have %
ipMRE , and N is the number of 

all observations. A software estimation method with lower MMRE, MdMRE, and higher 

PRED(25) shows its derived estimates are more accurate than other methods. 

 Boxplot of absolute residuals  estimateactual  has also been used to confirm our 

results. The Boxplot shows the median as the central tendency of distribution, inter-

quartile range and the outliers of individual models. The length of Boxplot from lower 

tail to upper tail shows the spread of the distribution. The length of box represents the 

range that contains 50% of observations. The position of median inside the box and 

length of Boxplot indicates the skewness of distribution. A Boxplot with a small box 

and long tails represents a very peaked distribution while a Boxplot with long box 

represents a flatter distribution. 

 

 



Ch. 2- Background & Related Work 

 

Page | 43  

 

2.10 Summary 

Software effort estimation by analogy is commonly used technique between software 

researchers. The underlying assumption of this approach is the more similar the 

software project description attributes are, the more similar the software project effort 

is. Estimation by analogy involves number of decisions that should be made by project 

manager. The decisions have significant impact on accuracy of analogy estimation 

model including: characteristics of software projects, case selection, feature selection, 

similarity measurement, case adaptation, adaptation rules and number of analogies. 

Amongst them, similarity measurement and relevancy of attributes are the key accuracy 

of software prediction because it retrieves the most similar historical case to new case. 

As mentioned above, the current estimation by analogy has some inadequacies 

related to similarity measurement and attribute relevancy. The main problems that our 

interest in thesis are: treating categorical data, tolerating uncertainty, and attribute 

relevancy. These problems are well recognized and complete resolution may be 

possible, but this seems unlikely with such a fast-moving target, as software tools, 

techniques and methods change, and involving a large human element. Assessing 

similarity degree between categorical attribute values as binary valued with no middle 

ground is a challenge and may cause uncertainty in assessing similarities. Moreover, the 

inherent uncertainty in software measurement increases the challenge in providing good 

estimates. In the field of software effort estimation, published research is often tailored 

to particular characteristics of data sets and produces widely varying results. Software 

effort estimation has to deal with considerable uncertainty and this thesis shows 

advantages in explicitly modelling this uncertainty.  

The current attribute selection algorithms such as heuristic algorithms and brute-

force search algorithm are criticized as being computationally far intensive and 

evaluated on performance indicators widely regarded as problematic. Also the more 

recent algorithm, called Analogy-X (Keung et al., 2008), still has a certain limitation in 

that it cannot directly deal with distance matrix for categorical data, but alternatively it 

can test the impact of categorical attribute after identifying the best continuous 

attributes. Moreover, Analogy-X assesses the efficiency of nominal attribute after 

identifying best continuous attributes and then partitioning data set into subgroups 

according to the number of categories. This has been criticized by Keung (2007) that 
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“the current approach for handling nominal features is not efficient, and removes a 

large number of matrix elements in the matrix, because only matrix elements within the 

same category are considered in the correlation calculation”.  In chapter four we 

propose a new attribute selection algorithm that overcomes the abovementioned 

shortcomings and especially limitations in Keung‟s approach.  

Next chapter presents an overview of Fuzzy set theory, Fuzzy numbers and Grey 

Relational Analysis. 



 

 

 

CHAPTER THREE 

An Overview of Fuzzy Set 

Theory, Fuzzy Numbers and 

Grey Relational Analysis 



 Ch. 3- Overview of Fuzzy Set theory, Fuzzy Numbers & Grey relational Analysis                                                                            

  

Page | 46  

 

This chapter presents an overview of the techniques and methods that will be utilised 

to construct our proposed software estimation methods.  Three well known 

techniques are considered in this thesis: Fuzzy Set Theory, Fuzzy Numbers and Grey 

Relational Analysis, which are mainly dedicated to handle uncertainty. Their basic 

concepts are explained in this chapter to provide a good background for subsequent 

chapters. The Fuzzy Set Theory and Grey Relational Analysis will be used to 

construct Fuzzy Grey Relational Analysis estimation model as presented in chapter 5, 

and Fuzzy numbers will be used to construct early analogy based effort estimation 

model as presented in chapter 6.  
 

3.1 Fuzzy set theory 

Fuzzy set theory as introduced by Zadeh (1997) provides a representation scheme and 

mathematical operations for dealing with uncertain, imprecise and vague concepts. It 

also builds a formal quantitative model that captures the vagueness of human 

knowledge that is usually expressed in natural language (Idri et al., 2002). Further, 

Fuzzy model provides the formal framework to associate Fuzzy sets to linguistic 

values. Each Fuzzy set is described by membership function such as Triangle, 

Trapezoidal, Gaussian, etc., which assigns a membership value between 0 and 1 for 

each real point on universe of discourse. This membership value represents degree of 

belongingness of a particular point to a Fuzzy set.  

Figure 3.1 shows a typical example of how Fuzzy sets are represented on the 

universe of discourse of variable TeamExperience. In this figure the variable 

TeamExperience is represented by 3 linguistic values (low, medium, high) where each 

linguistic value is associated with Trapezoidal membership function. Any element x 

of universe of discourse TeamExperience belongs to the Fuzzy sets low, medium, 

high with a membership values )(xlow , )(xmedium , )(xhigh  respectively.  

In contrast, for crisp sets representation as shown in Figure 3.2, the element x 

belongs to only one crisp set at a time which is given by membership value 1, and 

membership value 0 in other crisp sets.  
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Figure 3.1 Fuzzy sets for variable “Team Experience” 

 

Figure 3.2 Crisp sets for variable “Team Experience” 

 

3.1.1 Fuzzy membership functions 

Typically, each Fuzzy set in a Fuzzy model is associated with predefined membership 

function which can take, but not limited, one of the following forms: Triangular, 

Trapezoidal, Gaussian, bell, sigma, S and Z functions. Indeed, the first three 

membership functions are the most commonly used ones in software cost estimation 

because they best describe linguistic values and Fuzzy clusters. Figure 3.3 shows 

visually the shape of Triangular ( )(xT ), Gaussian ( )(xG ) and Trapezoidal ( )(xR ) 

membership functions and their corresponding parameters. The definitions of these 

membership functions are mathematically presented in Eqs. (3.1), (3.2) and (3.3) 

respectively.   
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Figure 3.3 Different types of membership functions 
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3.1.2 Fuzzy model construction 

A Fuzzy model can be constructed from a given data either by expert knowledge or 

using some learning algorithms (Martin et. al., 2005). The former method utilizes 

expert experience that is implicitly translated in a verbal form into a set of if-then-

rules where parameters and memberships are tuned using input and output data (Xu & 

Khoshgoftaar, 2004). This approach has many inadequacies as being heavily 

dependent on expert intuitions. The latter utilizes certain algorithms such as Fuzzy C-

means (FCM) (Bezdek, 1981) that can help in constructing membership functions 

based on the notion of Fuzzy clusters (see appendix 1 for further details). In practical 

terms, using FCM is more reliable than expert experience because the Fuzzy sets will 

be generated based upon the actual distribution of a particular dataset. The expert 

tuning is optional in this approach where expert can modify rules or provides new 

ones based on his experience (Martin et. al., 2005). The Fuzzy model is constructed 

throughout this thesis using Fuzzy clustering algorithm FCM. 

Unlike clustering algorithms which assign a data point to distinct cluster, FCM 

algorithm (Bezdek, 1981) assigns membership values that reflect the degree of 

belongingness of each observation to all obtained clusters. FCM aims at minimizing 

objective function Jm(A) to local minima that depends on the initial chosen of 

membership values. Different initial membership will lead to different local minima. 

Let X be a collection of n observations as shown in Eq. (3.4) where m represents 

number of columns (attributes), and each observation ix is a set of 

values },,,{ 21 imii xxx  . The FCM algorithm finds out clusters‟ centres and partition 

matrix (U) that holds membership values for each observation in each cluster as 

shown in Table 3.1. These clusters‟ centres and membership values will be utilized 

later to construct Fuzzy model as explained in the following steps.  
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Table 3.1 Fuzzy partition matrix for software projects 

Observation Cluster 1 Cluster 2 ... Cluster C 

x1 )( 11 x  )( 12 x   ... )( 1xC  

x2 )( 21 x  )( 22 x  ... )( 2xC  

… … … … … 

xn )(1 nx  )(2 nx  ... )( nC x  

 

Step 1: Finding appropriate number of clusters. 

The use of Fuzzy C-means algorithm for constructing a valid Fuzzy model requires 

prior determination of appropriate number of Fuzzy clusters (C). Although various 

algorithms have been proposed for the clustering of data, the main difficulty remains 

to be the determination of the optimal number of clusters. The principal reason is that 

meaningful groups or closeness cannot be well defined due to the fuzziness nature of 

the data. To solve this problem, many clustering validity criteria have been proposed 

to measure the coherence of Fuzzy clustering. The reliable clustering validity 

criterion for FCM must consider both the compactness and separation of Fuzzy 

clusters. The commonly used one is Xie and Beni clustering validity criterion (Xie & 

Beni, 1991) as depicted in Eq. (3.5). A small value of XB means a more compact and 

separate clustering. The goal should therefore to minimize XB in order to have more 

coherence in Fuzzy clusters. We believe that the more compact Fuzzy clusters (i.e. 

coherent clusters) are the more useful to deliver a good prediction.  
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where dCenter  is the dth
 centre vector, U is the partition matrix, ix is the ith

 

observation, C is the number of clusters, and is Euclidian distance.   

To find the exact number of Fuzzy clusters we conducted an empirical 

investigation by varying the number of clusters from 2 to n2  and compute XB as 

illustrated in the following algorithm (see Figure 3.4). The number of cluster that 

leads to minimum XB is then taken and used to help in constructing Fuzzy model. 
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Int FindNumClusters(data) 

C=1 // initialization for number of clusters 

minXB=inf  // initialization for minimum XB 

For Idx=2 to round( n2 ) 

// C:Center vectors for all clusters 

// U:Partition matrix 

[Center, U]=FCM(data , Idx);// run Fuzz C-means 

If (XB(U,Center,data) < minXB)  

then minXB=XB; C=Idx; 

End; 

Return C 

 

 

Figure 3.4 Algorithm of finding appropriate number of clusters 

 

Step 2: Running Fuzzy C-means clustering algorithm with identified number of 

clusters (C) on the training dataset and recording cluster‟s centres and partition matrix 

U. 

Step 3: deriving spread ( jdS ) for the dth
 Fuzzy cluster in the jth

 attribute using 

MATLAB function as shown in Eq. (3.6) (MATLAB
®

, 2008). 
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 (3.6) 

Step 4: Constructing Fuzzy sets in each universe of discourse as shown in Figure 3.5. 

It is important to note that the Fuzzy model developed in this thesis used Gaussian 

membership function. The process of Fuzzy model construction can be understood by 

the following simple illustration. Suppose that we have N data samples are described 

by 3 dimensional attributes as shown in Figure 3.6 which are clustered using FCM 

algorithm into 3 Fuzzy clusters as shown in Figure 3.7. These Fuzzy clusters are then 

used to construct their corresponding Fuzzy sets on each universe of discourse as 

shown in Figures 3.8, 3.9 and 3.10. The choice of appropriate number of clusters is 

clearly explained with details in step 1.  
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For j=1 to m //number of attributes 

For d=1:C //number of Clusters 

 jdjd Centerm   

If membership‟s function type is Triangular then 
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End 

End 

 

Figure 3.5 Algorithm of constructing Fuzzy membership functions 

 

  

Figure 3.6 raw-data Figure 3.7 Clustered data. 

  

Figure 3.8 Membership functions for 
attribute FA. 

Figure 3.9 Membership functions for 
attribute FB. 

 

Figure 3.10 Membership functions for attribute FC. 
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3.2 Generalized fuzzy numbers 

Fuzzy numbers were introduced first by Jain (1976, 1978) which are now used in 

many research fields such as: control engineering (Wei & Chen, 2009a), statistics 

(Fuzzy regression, expected values) (Chen & Chen, 2003), and risk analysis (Chen & 

Chen, 2003; Lee, 1999). A Fuzzy number (Chen & Chen, 2003; Hsieh & Chen, 1999; 

Wei & Chen, 2009a) is a Fuzzy set that respects normal and convex properties of 

Fuzzy membership. A more recent concept for Fuzzy numbers is the generalized 

Fuzzy number. 

 

 

Figure 3.11 Two generalized trapezoidal Fuzzy numbers: 

A=[0.2, 0.4, 0.5, 0.7; 1] and B=[0.2, 0.4, 0.5, 0.7; 0.8] 

 

 

Figure 3.12 Two generalized triangular Fuzzy numbers:  

A= [0.2, 0.4, 0.4, 0.7; 1] and B=[0.2, 0.4, 0.4, 0.7; 0.8]  

 

In this section, we briefly review some fundamental concepts of generalized 

Fuzzy numbers (Chen & Chen, 2008; Wei & Chen, 2009a, 2009b). A generalized 

trapezoidal Fuzzy number A is a Fuzzy subset of the real line R, represented 

as  hdcbaA ;,,, , where 10  h  represents opinion confidence of estimator or 
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decision maker (Chen & Chen, 2003). The elements a, b, c and d are real numbers, 

represent boundaries of Fuzzy number. Figure 3.11 shows example of two different 

generalized trapezoidal Fuzzy numbers  1;7.0,5.0,4.0,2.0A  

and  8.0;7.0,5.0,4.0,2.0B . Similarly, Figure 3.12 shows two different generalized 

triangular Fuzzy numbers   1;7.0,4.0,4.0,2.0A  and  8.0;7.0,4.0,4.0,2.0B .  

As can be seen from Figures 3.11 and 3.12, the membership of any Fuzzy 

number A should satisfy the following conditions: 

(1) A is a continuous mapping from R to the closed interval in [0,1]. 

(2) )(xA =0, where ax  . and  xd  

(3) )(xA is monotonically increasing in [a, b]. 

(4) )(xA =h   where cxb  . 

(5) )(xA is monotonically decreasing in [c, d]. 

Although the common membership function of Fuzzy number is Trapezoidal, it 

could be represented also by either Triangular or Gaussian membership function. In 

this thesis the Trapezoidal and Triangular functions are the special interest in our 

study while Gaussian membership function is left out for future work.  

Based on the common representation of Fuzzy number there are some special 

representations such as in case of h=1, the generalized Fuzzy number is regarded as 

normal Trapezoidal Fuzzy number denoted as [a, b, c, d]. Whereas if a<b=c<d 

then A  is represented as Triangular Fuzzy number. If a=b and c=d we obtain a crisp 

interval. In case of a=b=c=d, A is simply a real number. Later we will use 

 hdcbaA ;,,,  to represent generalized Triangular and Trapezoidal Fuzzy numbers 

with restriction for triangular function when b equals c.  

Chen (1985) proposed some arithmetic operations for generalized Fuzzy numbers 

that have been later subject of debate by Hsieh & Chen (1999) who emphasized that 

these arithmetic operations do not change the shape of generalized Fuzzy number 

after carrying out any arithmetic operation. The Fuzzy arithmetic operations proposed 

by Chen (1985) are introduced below:  
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Let  AhaaaaA ;,,, 4321 ,  BhbbbbB ;,,, 4321 ,  1,0, BA hh  

(1) Generalized Fuzzy numbers addition (  ): 

)),min(;,,,( 44332211 BA hhbabababaBA   (3.7) 

where a1, b1, c1, d1, a2, b2, c2 and d2 are any real numbers  

(2) Generalized Fuzzy numbers subtraction (Ө): 

A  Ө )),min(;,,,( 44332211 BA hhbabababaB   (3.8) 

where a1, b1, c1, d1, a2, b2, c2 and d2 are any real numbers  

(3) Generalized Fuzzy numbers multiplication (  ): 

)),min(,,,( 44332211 BA hhbabababaBA   (3.9) 

where a1, b1, c1, d1, a2, b2, c2 and d2 are positive real numbers  

(4) Generalized Fuzzy numbers division (Ø)  

A Ø )),min(;/,/,/,/( 44332211 BA hhbabababaB   (3.10) 

where a1, b1, c1, d1, a2, b2, c2 and d2 are all nonzero positive real numbers 

 

3.3 Grey relational analysis 

Grey system theory provides a mathematical means to deal with uncertain and 

incomplete small data sets (Song et al., 2005). First developed by Deng (1989a, 

1989b) to study the uncertainties in system models and help in prediction and 

decision making, Grey system theory is now applied in various fields such as decision 

making and system control (Hsu & Huang, 2007), manufacturing  and transportation 

(Huang et al., 2007). The word “grey” is used to represent the degree of information 

availability that is required to describe system structure which comes between black 

and white. In particular terms, word "black" indicates that the required information 

used to describe system is entirely unavailable. In contrast, the word “white” 

indicates that the required internal information is entirely available. “grey” stands for 

the information that is incomplete and rather unknown which comes between black 

and white (Huang et al., 2007). 
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Grey Relational Analysis (GRA) is an important method of Grey system theory 

which used to determine the relationship (similarity) between two data tuples (Huang 

et al., 2007). The tuple in our context represents a project with M dimensional 

attributes. Given a target tuple and a historical dataset, the GRA utilizes Grey 

Relational Coefficient (GRC) and Grey Relational Grade (GRG) to assess the 

similarity degree between the target project and each source project, then to 

determine the closest projects to the target project. The GRA can be viewed as a 

simple form of Case-Based Reasoning technique which utilizes the concept of 

absolute point-to-point distance between cases (Song et al., 2005). The attractiveness 

of GRA to software effort estimation stems from its flexibility to model complex 

nonlinear relationship between effort and cost drivers (Huang et al., 2007). 

Furthermore, the GRA is used to learn from a small number of cases which is 

effective in the context of data-starvation (Song et al., 2005).  

The use of GRA in software effort estimation only came to prominence in the 

work of Song et al. (2005) who developed GRACE model which stands for Grey 

Relational Analysis for Cost Estimation. GRACE model utilizes GRA to select an 

optimal attribute set based on the similarity degree between dependent variable and 

other independent variables (Song et al., 2005). The independent variables that 

exhibit large similarity degree are then selected to form the optimal attribute set. For 

various reasons the variables used are preferably continuous rather than categorical 

which is considered one of its limitations. Further, it would seem that the use of GRA 

to retrieve similar projects is extremely straight forward without any modifications. In 

contrast, Huang S.J. et al. (2007) integrated GRA with genetic algorithms to improve 

software effort estimation. The genetic algorithm is used basically to adjust the 

weight factor associated with weighted GRA. The use of genetic algorithm has 

sounded very promising to provide significant contribution to the body of knowledge 

in domain of analogy estimation, But, it requires many parameters and assumptions to 

be configured before finding appropriate weights, which remains a challenge to be 

publically applied in software estimation. 
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3.3.1 Grey relational coefficient 

The Grey Relational Coefficient (GRC) (Deng, 1989a, 1989b) is the process of 

finding, within the historical case base, those source tuples that are closest to the 

target tuple.  

Let X be a collection of n data tuples as shown in Eq. (3.11) where m represents 

number of attributes in the dataset. Suppose the target tuple is xt={ xt(1), xt(2),... 

xt(m)}, and the source tuple is represented as xi ={ xi(1), xi(2),..., xi(m)} where i is in 

{1,2...n}. The formula of GRC at the jth
 attribute is given in Eq. (3.12). The 

distinguishing coefficient  is used to minimize the difference between 

)( jti and )(max
,

jti
ji
  , and can be setup by expert (Deng, 1989a, 1989b). 
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(3.13) 

3.3.2 Grey relational grade 

The fundamental assumption of Grey Relational Grade (GRG) as defined by Deng 

(1989a, 1989b) is to find overall similarity degree between target tuple xt and source 

tuple xi along all attributes. The GRG takes values between 0 and 1. When the value 

of GRG approaches the value 1, the two tuples are “more closely similar”. When 

GRG approaches a value 0, the two tuples are “totally dissimilar”. The basic GRG is 

calculated as mean of Grey Relational Coefficient as shown in Eq. (3.14). This means 

that all attributes have the same degree of influence on the similarity assessment.  
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3.3.3 Grey relational ranking 

After finding similarity between the target tuple and each source tuple, it is necessary 

to retrieve the tuple that exhibits largest similarity with the target tuple. Therefore the 

source tuples are ranked in accordance to their GRGs. This procedure called Grey 

Relational Rank (GRR) (Song et al., 2005) which ranks all source tuples according to 

their similarity with target tuple. If ),(...),(),( qtktit xxxxxx    then 

qki xxx ... is the Grey relational order.  

     

3.4 Chapter summary 

Software effort and cost estimation are often complex. Complexity generally stems 

from uncertainty in the form of ambiguity that is addressed subconsciously by 

humans. In other words, analogy based estimation is generally dependent on data 

collected by humans which is often subject to imprecision. A complete description of 

a software project is often so complicated that it is difficult to provide such a 

description with data available. Yet, analogy based estimation cannot reason 

effectively about the predictive projects under some uncertainties. This means that 

analogy based estimation does not have the capacity to reason approximately with 

conventional way.  

This chapter provides an essential start point to understand the proposed analogy-

based estimation methods. It provides fundamental background to Fuzzy Set Theory, 

Fuzzy numbers and Grey Relational Analysis. These techniques are well recognized 

to model inherited uncertainty and imprecision in attribute measurement. Fuzzy set 

theory and Fuzzy numbers provides a means for representing uncertainties, and Grey 

Relational Analysis provides a method to formalize a mechanism for imprecise 

reasoning. In the next chapters we will concentrates on our proposed estimation 

approaches.  
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This chapter proposes new attribute subset selection and attribute weighting algorithms 

with the aims of providing sound statistical basis for the process of attribute selection 

and improving the accuracy of estimation by analogy. The algorithms proposed in this 

chapter have been developed and tested through a series of experiments using a number 

of well established software effort estimation data sets. Experiments and results 

explaining and exemplifying a number of important issues for Kendall‟s row-wise 

correlation and its statistical significance are also provided. 

 

4.1 Introduction 

Analogy-based estimation method is potentially vulnerable to erroneous, irrelevant and 

redundant data (Kirsopp et al., 2002, Azzeh et al., 2008a). The presence of such data as 

input to software estimation by analogy presents a challenge to obtain good accuracy. 

The common solution is to use attribute subset selection techniques that have main goal 

to identify an attribute subset that gives similar, if not superior, performance than using 

all the attributes (Chen et al., 2005). 

Keung et al. (2008a) proposed a new attribute selection algorithm (Analogy-X) as 

part of their investigation for the appropriateness of data set to analogy-based 

estimation. The approach utilizes Mantel‟s correlation (Mantel, 1967) between distance 

matrix1 based project attribute and distance matrix project effort, following the stepwise 

procedure. Mantel‟s method measures the correlation between two distance or 

dissimilarity matrices. It was first introduced by Mantel in 1967 as a solution to the 

problem of detecting space and time clustering of diseases for cancer research (Mantel 

1967). However, the Analogy-X has a certain limitation in that it cannot directly deal 

with distance matrix for categorical data, but alternatively it can test the impact of 

categorical attribute after identifying the best continuous attributes. In this thesis we 

propose a new attribute selection algorithm that overcomes the abovementioned 

shortcomings and especially limitations in Keung‟s approach. The proposed attribute 

selection algorithm offers a new way to handle categorical attribute in addition to a new 

attribute selection procedure.  

                                                           
1 Distance matrix is a symmetric matrix that includes distances between different projects in the dataset. 
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This chapter aims to improve upon the prediction accuracy and efficiency of 

estimation by analogy techniques by dealing directly with two issues. The first issue is 

to find the most predictive attribute subset in the hope of overcoming the 

abovementioned shortcomings. This step resulted in a new attribute subset selection 

technique, using Kendall‟s row-wise rank correlation (Kendall & Gibbons, 1990; Vries, 

1993) between similarity matrix based project attribute and similarity matrix based 

project effort. The proposed technique provides sound statistical basis and justification 

for the process of attribute selection in addition to ability to deal with continuous and 

categorical attributes. Moreover, we proposed a novel attribute weighting technique 

using Kendall coefficient of concordance (Kendall & Gibbons, 1990) between two 

similarity matrices.  Both techniques provide sound statistical basis for software effort 

estimation by analogy and offer justification for attribute selection process. 

 

4.2 Estimation by analogy: formal problem description 

The basic assumption of estimation by analogy is that given a historical data set DS, and 

given a new project to be estimated along with its attributes, estimation by analogy aims 

to retrieve the projects with similar attributes in DS (Azzeh et al., 2009a). The project‟s 

efforts are then used to derive an effort estimate for the new project. Each historical data 

set DS is basically defined as  TVAPDS ,,,  where P is the set of completed 

projects },..,,..,,{ 21 ni ppppP   and all projects in P  are described by common set of 

attributes },,..,,..,,{ 21 effortaaaaA mj (Azzeh et al., 2009a). ja is a specific attribute used 

to define software projects and effort is a specific attribute used to define the actual 

effort needed to accomplish a software project. V is the domain of attribute values of all 

projects in P, i.e. i
i

VV


 where: 

 },.|)(),(),..,(),..(),({ 21 AeffortaPppeffortpapapapaV jiiimijiii   

and Rpeffort i )( where R is positive real number space. T is a set of the attributes 

types }...,2,1,|)({ mjAaatT jj  , )( jat represents the corresponding data type of 

attribute ia which in this thesis can hold one of these possible values {„Numeric‟, 
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‟Ordinal‟, ‟Nominal‟ and „SET‟}, only data type of effort )(effortt should always be 

numeric. 

Let 
tp  be the target project to be predicted. The project tp  should first meet the 

following conditions: (1) it shares the same set of attributes A except effort attribute 

which is unknown and will be predicted later. (2) The historical data set DS should 

remain unchanged during prediction process. (3) No missing values are allowed for any 

attribute values Aapa jtj  ,)(  . The statement problem of estimation by analogy is 

expressed as follows: For a project 
tp whose )( tpeffort  is unknown and to be estimated, 

only )}(,),(),({)( 21 tmttt papapapV  is given. Therefore the )( tpeffort  is estimated 

from the set }),(|{)(  itit ppPppTOP  of N projects that are similar to project 

tp  or those with a maximal similarity degree above the threshold  . ),( it pp  is the 

overall similarity degree between tp and ip . The final estimate of project 
tp  is an 

adaptation function ( adp ) of all top N retrieved efforts 

in )}(|)({)( tiit pTOPpVpeffortpE  , i.e. ))(()( tt pEadppeffort   or just closest 

project. 

 

4.3 Assumption of analogy based estimation 

The software effort attribute is the most interested dependent attribute which measures 

the amount of resources required to develop and implement software project. The 

software effort is usually estimated based on other independent software attributes. In 

estimation by analogy the process of prediction is mainly based on the following 

underlying assumption:  

 

“Projects that are similar in terms of their attributes values will also be similar in 

terms of their effort values”. (Shepperd & Schofield, 1997) 

 

The abovementioned assumption has two major issues. The first issue implies that 

any attribute is regarded as useful for prediction only if it has a strong relationship with 
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the effort, otherwise it is irrelevant. The second issue implies that for any target project 

tp the ranks of similar source projects with respect to a particular attribute should be 

consistent with ranks of similar source projects with respect to their effort values. These 

issues can be tested using Kendall‟s row-wise rank correlation between similarity 

matrix based project attribute values and similarity matrix based effort values. For 

example, suppose a number of source projects are assessed in terms of their similarity 

degrees with a target project tp  as shown in Table 4.1. The first row represents 

similarity degrees between tp  and other source projects in terms of independent 

attribute X, and the second row represents similarity degrees in terms of dependent 

attribute E. The largest value denotes to the most similar project and smallest value is 

the most dissimilar project.  

 

Table 4.1 Similarity degrees between target project and other source projects 

 SM(pt ,p1) SM(pt ,p2) SM(pt ,p3) SM(pt ,p4) SM(pt ,p5) SM(pt ,p6) SM(pt ,p7) SM(pt ,p8) 

X 0.3 0.6 0.7 0.0 0.4 0.8 0.1 0.2 

E 0.5 0.3 0.7 0.0 0.9 0.1 0.4 0.6 

 

The corresponding ranks for these similarity degrees are presented in Table 4.2 in which 

the most similar project is given rank# 1, and the next one is given rank# 2 and so forth. 

Such a pair of rankings for 8 source projects, denoted by the symbols p1 to p8.   

 

Table 4.2 Ranking of similarity degrees 

 p1 p2 p3 p4 p5 p6 p7 p8 

X 5 3 2 8 4 1 7 6 

E 4 6 2 8 1 7 5 3 

 

From the hypothetical example in Table 4.2 we are interested to investigate the 

relevancy of attribute X to predict E for the target project tp . This can be achieved by 

assessing the degree of agreement between two corresponding ranks, the first sample 

represents rankings of source projects based on similarity degrees with respect to 

attribute X, the second sample represents rankings of the same source projects based on 

similarity degrees with respect to E. A glance at these rankings shows that the 
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agreement is far from perfect but that some source projects occupy the same or nearly 

the same position in both attributes X and E, which is confirmed by Figure 4.1. 

Particularly, we can notice that the project p6 is the most similar source project to tp   

with respect to attribute X and has rank# 1 but in terms of E this project is considered 

not useful for prediction because it has rank# 7. Therefore, since the analogues are 

identified based on similarity degrees with respect to attribute X, we will use the effort 

value of p6 regardless of being some other useful projects such p5 and p3. From this 

simple example we can conclude that attribute X is not useful for estimation by analogy 

as it does not have a consistent agreement between rankings of X and E. 

 

 

Figure 4.1 Scatter plot for similarity rankings in terms of attribute X and E 

 

Based on the abovementioned assumption, this thesis presents a novel technique to 

find predictive attributes using Kendall‟s row-wise rank correlation (Vries, 1993) and 

their appropriate weights using Kendall‟s coefficient of concordance (Kendall & 

Gibbons, 1990). Particularly, the Kendall‟s row-wise rank correlation has been used to 

test whether the underlying assumption of analogy is met when using that attribute. This 

is achieved by measuring the degree of association between rankings of similarity 

matrix based project attribute and rankings of the similarity matrix based project effort. 

In section 4.5 an overview of Kendall‟s correlation is introduced. 

 

4.4 Similarity matrix 

To evaluate the relevancy of independent attribute(s) to the dependent attribute we need 

to convert them to similarity matrix using appropriate similarity measure. The similarity 
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matrix should be square symmetric which means the upper and lower diagonal are 

identical. Figure 4.2 depicts the similarity matrix based attribute values (SM(A)) and 

similarity matrix based effort values (SM(E)).  
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Figure 4.2 Similarity matrix based project attribute(s) and effort respectively 

 

Where 12 is the similarity degree between project 1p  and project 2p  with respect 

to a particular attribute, and 12e  is the similarity degree between project 1p  and 

project 2p  in terms of effort values.  

It is important to note that the terms similarity matrix and distance matrix have been 

used interchangeably among researchers. In a similarity matrix, 1 means two different 

projects are equivalent with respect to all project attributes. While in distance matrix, 

two different projects are equivalent when their distance value equals 0. Therefore there 

is substantial no difference between the two terminologies. The terms “similarity 

matrix” will always be used in this thesis to avoid such confusion. 

 

4.5 Kendall rank correlation 

Kendall Rank Correlation was developed by Maurice Kendall in 1938 (Kendall & 

Gibbons, 1990) to measure the degree of correspondence between two sets of ranks 

given to a same set of objects and assessing the significance of this correspondence. 

Kendall rank correlation coefficient depends upon the number of inversions of pair of 

objects which would be required to transform one rank order into other.  

Kendall rank coefficient of correlation can take values between -1 and +1. If every 

individual has the same rank in both samples (i.e. the agreement between two rankings 
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is perfect) then the Kendall rank coefficient is perfect positive correlation and assigned 

+1. If one ranking is the inverse of the other (i.e. the disagreement between two 

rankings is perfect) then the Kendall rank coefficient is perfect negative correlation and 

assigned -1. For other arrangements the correlation coefficient should lie between these 

limiting values; and in some acceptable sense increasing values from -1 to +1 should 

correspond to increasing agreement between the ranks. If the rankings are completely 

independent, the Kendall rank coefficient has expected value 0. 

Kendall‟s correlation comes basically in three forms: Tau a, Tau b, Tau c (Kendall 

& Gibbons, 1990). Tau a is used to assess the strength of association between two sets 

of ranks when both variables are measured at the ordinal level without considering 

adjustment for ties as shown in Eq. 4.1. 

 

)1(

)(2






NN
a


  (4.1) 

 

Where N is the number of items,   is the number of concordant pairs and   is the 

number of discordant pairs. Two observations (Xi ,Yi ) and (Xj , Yj ) are considered 

concordant if (Xi< Xj and Yi< Yj ), or if  (Xi> Xj and Yi> Yj ). In other words, 

jiYYsignXXsign jiji  ),()( . In contrast, the two observations are discordant if (Xi 

< Xj and Yi > Yj), or if (Xi > Xj and Yi < Yj). In turn, this 

implies jiYYsignXXsign jiji  ),()( . 
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Suppose, for example, that two experts, A and B, were asked to rank 4 objects 

 dcba ,,, with respect to some evaluation criteria (Abdi, 2007). The expert A gives 

the following order  dbcaA ,,,  which corresponds to the following ranks 
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 4,2,3,1A , and the expert B orders the items as  bdcaB ,,, which corresponds to 

the following ranks  3,2,4,1B . The orders given by expert A and B are composed of 

6 orders 
A  and 

B as follows:  

            4,2,4,3,2,3,4,1,2,1,3,1A   

            3,2,3,4,2,4,3,1,2,1,4,1B  

 

Obviously from the above order sets, the number of concordance  =5 and the 

number of discordance  =1. Based on that, the corresponding Kendall‟s rank 

correlation (
a ) between two ordered sets is computed as follows: 

67.0
12

8

)14(4

)15(2





a  

This large value of a indicates that the two experts strongly agree with their 

evaluation of items. On the other hand, in practical applications of ranking methods 

there sometimes arise cases in which two or more individuals are so similar that no 

preference can be expressed between them. These similar individuals called tied 

individuals which require other ranking methods. The two observations (Xi , Yi) and (Xj , 

Yj ) are tied if Xi = Xj and/or Yi = Yj. The common solution in this case is to average the 

ranks which tied individuals would possess if they were not tied (Kendall & Gibbons, 

1990).  For example, if the fourth and fifth members are tied, each is assigned the 

rank
2
14 , and if the second to the fifth inclusive are tied, each is assigned the rank 

2
1

4
1 3)5432(  , this is known as mid-rank method. In general, if ties occur for the 

ith
 to kth

 inclusive members, the mid-rank is
2

)( ki 
. Further discussions about ranking 

are presented in section 4.5.2. Unfortunately, Tau a cannot solve problem of tied ranks 

and the alternative solution is to use Kendall‟s Tau b.  

Tau b assesses the strength of association between two sets of ranks when both 

variables are measured at the ordinal level. However, Tau b can make adjustments for 

ties and solve problem of similar ranks based on the number of concordances and 

discordances in paired observations as shown in Eq. 4.3.   
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Where xU and yU  are the summation of all sets of tied scores in two rankings 

respectively, and are calculated as follows:   

 

 
g xxx uuU )1(  (4.4) 

 
g yyy uuU )1(  (4.5) 

 

Where xu  and yu  is number of consecutive tied members, g is number of sets of 

tied scores. 

Suppose, for example, that two software developers, X and Y, were asked to rank 10 

algorithms (denoted as A, B, … , J) with respect to some implementation complexity. 

The corresponding rankings are given in Table 4.3. 

 

 Table 4.3 Rankings given by two experts X and Y 

 A B C D E F G H I J 

X 1 2.5 2.5 4.5 4.5 6.5 6.5 8 9.5 9.5 

Y 1 2 4.5 4.5 4.5 4.5 8 8 8 10 

 

The Tau b for these rankings is calculated as shown below. The obtained 

correlation coefficient indicates that there is strong positive correlation between two 

rankings.  

  =33,   =0 

  42/)1(2)1(2)1(2)1(2 XU  

  92/)2(3)3(4 YU  
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Above all, since the basic idea of our attribute selection algorithm is based on row-

wise correlation between two similarity matrices, the previous mentioned Kendall Tau a 

and Tau b correlation are only suitable to compare between pair of corresponding rows 

in two matrices but not for all pairs. Therefore, we will use Kendall row-wise rank 

correlation ( r ) between two symmetric square matrices that was developed by Han De 

Vries (1993) as shown in Eq. 4.6. This kind of correlation is based upon a weighted sum 

of the correlations between all pairs of corresponding rows of two symmetric square 

matrices. 
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Figure 4.3 General form of two symmetric square matrices 
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Where  
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Table 4.4 Simple hypothetical data set 

Project X Y E 

p1 15 21 420 

p2 12 34 370 

p3 22 34 900 

p4 20 25 700 

p5 7 34 200 
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The process of Kendall row-wise correlation can be understood by the following 

hypothetical example. Consider there is a simple data set with two independent 

continuous attributes X and Y and one dependent attribute E as shown in Table 4.4. For 

simplicity we used symbols X, Y and E instead of using Full name. In this section we 

will focus on continuous scale type while nominal scale is explained later in section 

4.4.1.  

Using classical analogy based approach, only X and Y will need to convert to 

similarity matrix as shown in Figures 4.4 and 4.5, and potential analogues are identified 

accordingly based on similarities between projects.  
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Figure 4.4 SM(X) vs. SM(E) 
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Figure 4.5 SM(Y) vs. SM(E) 

 

Applying Kendall‟s row-wise rank correlation on (SM(X) vs. SM(E)) and (SM(Y) 

vs. SM(E)) resulted in 87.0)( Xr  and 28.0)( Yr , indicating strong agreement 

between X and E, and disagreement between Y and E. Thus, the results recommend 

using X for analogy prediction and ignoring Y. In this thesis we used )(Xr for short to 

represent Kendall‟s row-wise correlation value between similarity matrix based attribute 

X and similarity matrix based E. 
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4.5.1 Kendall’s row-wise rank correlation between similarity matrix 

based nominal attribute and similarity matrix based effort. 

Software projects are not only described by continuous attributes but often with 

categorical (ordinal and nominal) attributes as well. We have seen earlier that Kendall‟s 

row-wise correlation can work well with continuous attributes, but a common problem 

occurs when one of the similarity matrices provides a ranking and the other a dichotomy 

or classification into two classes (like similarity degree between nominal attribute 

values).  The way to assess similarity degree for nominal attribute values is kind of 

comparison (1 when they are equivalent and 0 otherwise). To explain how Kendall rank 

correlation treats this problem, consider the following similarity degrees between 

different projects and target project tp  based on nominal attribute Z and E.  

 

Table 4.5 Similarity degrees between target project tp  and other source projects 

 SM(pt ,p1) SM(pt ,p2) SM(pt ,p3) SM(pt ,p4) SM(pt ,p5) SM(pt ,p6) SM(pt ,p7) SM(pt ,p8) 

Z 1 0 1 0 1 1 0 1 

E 0.5 0.3 0.7 0.0 0.9 0.1 0.4 0.6 

 

Kendall‟s correlation assumes that the division into binary is itself ranking. For 

example, in Table 4.5 there are 5 ones and 3 zeros for which Kendall‟s correlation 

supposes that the first 5 members of 1‟s are tied, and also for the next group of 0‟s. 

According to mid-ranking method, the average of the tied ranks will be 3 in the first 

group of ties and 7 in the second group of ties, so that the pair of ranking may be 

appeared as shown in Table 4.6. The corresponding correlation coefficient between Z 

and E is +0.537 which indicates a degree of agreement between their rankings. 

 

Table 4.6 Ranks of similarity degrees in Table 4.5 

 SM(pt ,p1) SM(pt ,p2) SM(pt ,p3) SM(pt ,p4) SM(pt ,p5) SM(pt ,p6) SM(pt ,p7) SM(pt ,p8) 

Z 3 7 3 7 3 3 7 3 

E 4 6 2 8 1 7 5 3 
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The explanation of Kendall‟s row-wise correlation when one similarity matrix is a 

dichotomy can be understood using a simple example based on the hypothetical data set 

shown in Table 4.4. The data set contains one dependent attribute (E) and two 

independent continuous attributes (X and Y) and we will add a new nominal attribute 

called Z with three symbols (1, 2 and 3) to codify nominal values as shown in Table 4.7.  

 

Table 4.7 Adding Nominal Attribute Z to Simple data set 

Case X Y Z E 

p1 15 21 1 420 

p2 12 34 1 370 

p3 22 30 2 900 

p4 20 25 3 700 

p5 7 40 2 200 

 

However, as it has been shown earlier that the attribute X is strongly correlated with 

E than attribute Y. In this example we want to investigate the degree of association of 

involving nominal attribute. The corresponding Kendall row-wise correlations between 

SM(Z) vs. SM(E) as depicted in Figure 4.6 is 0)( Zr . It can be observed that the 

nominal attribute Z is not strongly correlated with dependent attribute E. This implies 

that this nominal attribute was not important if it is taken individually for identifying 

similar project, but its effect could be observed if it is combined with continuous or 

ordinal attributes in the similarity matrix. 
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Figure 4.6 Kendall‟s row-wise correlation between SM(Z) vs. SM(E) 
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4.5.2 Significance test for Kendall row-wise rank correlation 

Statistical significance of the Kendall‟s row-wise rank correlation coefficient is tested 

by using permutation test, at a significance level of 5%. The null hypothesis vs. the 

alternative hypothesis for Kendall‟s row-wise correlation coefficients in that H0: r = 0 

(there is no correlation between the two variables) and H1: 0r  (the two variables are 

correlated). 

The significance of a matrix correlation in Kendal‟s row-wise rank correlation can 

be assessed by means of permutational method where in each permutation the p-values 

is computed (Vries, 1993). The reference correlation value is compared with the 

correlation value found be generating randomly a set of permutations of the rows (and 

simultaneously of the columns) for one of the two matrices, and calculating the value of 

correlation for each permutation. The significance of the observed value of the statistic 

is then assessed by calculating the proportion of values as large as or larger than 

reference value, i.e. right tail probability (Vries, 1993).     

The reason for this procedure is that if the null hypothesis of no correlation between 

two matrices is null, then permuting the rows and columns of the matrix should be 

equally likely to produce a larger or similar correlation coefficient. However, using this 

permutation we can test whether the value of Kendall‟s row-wise rank correlation 

derived from the original pair of similarity matrices is significantly different from zero. 

If so, then we can be sure that the underlying assumption of estimation by analogy is 

true which consequentially suggest using that attribute(s).    

The required number of permutation to accomplish significance test is not limited 

irrespective of existing some recommendations. The default configuration recommends 

1000 permutations is a realistic for estimating significance level of about 0.05 and 5,000 

permutations is a realistic for estimating significance level of about 0.01. (Manly, 1998)  

 

4.6 Similarity degree ranking 

A ranking is a relationship between a set of items such that, for any two items, the first 

is either "ranked higher than", "ranked lower than" or "ranked equal to" the second. 

Various approaches for ranking are proposed such as ordinal ranking procedure ("1234" 
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ranking) where all objects are assigned distinct ordinal number, including objects that 

compare equal which are assigned ordinal number arbitrary. Standard competition 

ranking ("1224") and Modified competition ranking ("1334" ranking) give objects that 

compare equal value the same ranking number, and then a gap is left either before or 

after the sets of equal-ranking numbers. In contrast, Dense ranking ("1223") give 

objects that compare equal value the same ranking number, and the next object(s) is 

assigned the immediately following ranking number without any gap. Finally, mid-

ranking ("1 2.5 2.5 4") assign objects that compare equal value the same ranking 

number, which is the average of what they would possess under ordinal rankings. This 

technique will be adopted in this thesis because it is used by Kendall row-wise 

correlation.   

Since the correlation between two similarity matrices is calculated based on Kendall 

row-wise correlation, it is important to rank each row individually, excluding diagonal 

elements. The source project with top high similarity degree is given rank# 1, and the 

next is given rank# 2 and so forth. This procedure is carried out along each row 

individually as shown in Table 4.13. However, when two source projects or more posses 

the same similarity degree the mid-ranking technique is applied, and the rank of the 

project with the next similarity degree is adjusted accordingly.  
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Figure 4.7 SM(X) and its rankings on the right side. 

 

4.7 Attribute selection procedure 

The application of attribute selection requires a robust measure to compute correlation 

coefficient and significance test. However, this is provided using Jack knifing 

procedure, also called leave one-out cross validation (Tukey, 1958). Jackknifing 
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procedure involves dividing the data set into multiple training and validation sets and 

aggregating the evaluation results across all validation sets. The evaluation procedure is 

repeated n times according to the number of observations. For each iteration, one 

project is held out once as test data and used exclusively to evaluate the performance of 

the data set that is trained on the remaining projects. The training function used in this 

case is the Kendall row-wise correlation )(ir  for the data set excluding project i. If 

number of observation is too large we can replace leave one-out cross validation with n-

Fold cross validation. Given a distribution of samples from Jackknife training, the 

overall Kendall correlation value can be calculated as follows: 
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The value of Kendall‟s Jackknife coefficient will be approximately distributed 

normally with an unknown variance and can be estimated as follows: 
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The corresponding upper and lower confidence interval limit (UCL and LCL) of 

Kendall‟s correlation coefficient can approximately be calculated based on standard 

deviation S as shown in Eqs. 4.10 and 4.11. 

 

SUCL r 2   (4.10) 

SLCL r 2  (4.11) 

The algorithm proposed in this chapter consists of two main stages. The first stage 

computes Kendall‟s row-wise correlation between similarity matrix based on an 

individual attribute and similarity matrix based on effort. In this stage, a single attribute 
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is selected and its corresponding training data set is scanned once and converted into 

similarity matrix based attribute values.  The effort values are also converted into 

similarity matrix as well. Similarity ranking are assigned, test significance and 

Kendall‟s row-wise rank correlation are calculated as explained above.  

The attributes that are statistically significant (i.e. p-value < 0.05) will be selected 

and passed to stage two. In this stage the algorithm generates different attribute 

combinations based on the selected attributes from stage one. Consequentially, 

similarity matrices based attribute combinations are constructed and their Kendall row-

wise correlation coefficients are calculated to investigate whether there is similarity 

matrix based particular attribute combination produces correlation coefficient than UCL 

of the best single correlated attribute. If so then that attribute combination is selected, 

otherwise the best single correlated attribute is selected. The procedure of attribute 

selection is described in detail below.  

Input: DS //input data set 

Output: Dbest  //attribute subset of high predictive attributes. 

Stage one: Test each attribute individually 

Begin 

Step 1: Construct Similarity Matrix based effort SM(Effort)  

Do: 

Step 2: select attribute Aa j  and construct SM(aj). 

Step 3: Calculate Jackknife Kendall row-wise correlation )(ir  between SM(Effort) and SM(aj), 

Repeat step 3 until all observations are visited.  

Step 4: Calculate overall Kendall correlation r for aj, and its corresponding significance test 

using permutation test.   

 

Repeat until all attributes are searched. 

 

Step 5: The attributes that have positive correlation and statistically significant are then selected and 

passed to stage two. 

Stage two: this stage is to test that if any combination of these attributes increase Kendall’s 

correlation than using the best selected attribute.  

Step 6: For each possible attribute combination, construct similarity matrix, then calculate 

corresponding r . 

Step 7: if any combination is strongly correlated with effort than UCL of the best single selected attribute, 

then that attribute combination is selected. Otherwise the best single correlated attribute is selected.     

End; 

Figure 4.8 Attribute subset selection algorithm 
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The proposed KFS approach is different than Analogy-X (Keung et al., 2008a) approach 

in the following points: 

1. The way to handle nominal attributes is different: Analogy-X cannot assess the 

predictability of nominal attributes individually; however this can be done after 

identifying best numerical attributes and then partitioning data set into 

subgroups according to the number of categories. On the other hand, KFS 

assesses the predictability of nominal attributes individually as for numerical 

attributes which has been regarded as a limitation in Analogy-X (Keung et al., 

2008a).    

2. The procedure of attribute selection used in KFS is slightly different than the 

procedure followed in Analogy-X. Analogy-X consists of two stages; the first 

stage is stepwise procedure for numerical attributes and then assessing efficiency 

of nominal attribute together with best numerical attributes in the second stage. 

KFS procedure assesses the efficiency of all attributes (nominal or numerical) 

individually at first stage, then the best attributes are passed to second stage 

where they combined together in different forms to check whether the combined 

attributes show better correlation with dependent attribute than best single 

attribute.  

3. The way to calculate correlation value using Kendall‟s correlation is quite 

different than that of Mantel correlation. Particularly, Mantel correlation uses 

only the lower diagonal elements in order to calculate correlation value whilst 

Kendall‟s correlation ranks each row individually and then calculate correlations 

between all pairs of corresponding rows of two similarity matrices as detailed in 

section 4. We consider Kendall‟s correlation is more appropriate to test how 

close source projects to a target project in terms of a particular attribute values 

and effort values. 

 

4.8 Attribute weighting  

In order to improve the performance of project retrieval using most influential 

attributes, the attribute weighting method is used to reflect degree of importance of each 

selected attribute on similarity measure. Using attribute weighting in estimation by 
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analogy is fairly powerful approach since each attribute has different influence on 

project retrieval, and such influence could be used to adjust similarity degrees between 

target project and other source projects. Therefore the attribute that has strong 

relationship with effort will have more influence on project retrieval.  

Accurate determination of attribute weights is difficult to obtain in practice because 

assessed weights are always subject to response error in addition to the required model. 

The classical approach for attribute weighting is to use equal weights for all attributes. 

This approach does not distinguish the importance attributes (Kirsopp & Shepperd, 

2002). Other researchers used some statistical analysis techniques such as: Mantel‟s 

correlation, inverse variance and range values to study relationship between 

independent attribute and dependent attribute (Keung et al., 2008b). Keung et al. 

(2008a, 2008b) proposed a new technique to select and weighting attributes based on 

Mantel‟s correlation between distance matrix of effort and distance matrix of each 

attribute. The method aims to find the appropriateness of data set to estimation by 

analogy and then find appropriate weights for each selected attribute based on Mantel‟s 

randomness test. The attribute weighing method has a certain limitation in that it is only 

available for continuous attributes. Auer et al. (2006) proposed a new technique based 

on extensive attribute weighting optimization. They addressed the issue of replacing the 

attribute selection by extensive attribute weighting technique based on brute-force 

algorithm. They claimed searching for an optimal attribute subset fails to account for the 

influence of each attribute on project similarity and for the volatility of the resulting 

attribute weights over the lifetime of a growing project database, which makes 

estimation by analogy less acceptable. The basic principle of their technique is much 

alike the brute-force selection algorithm where each attribute‟s weight is calculated by 

scaling weight dimension from 0 to 1 and optimized based on the estimation quality 

metric such as MMRE. The results obtained showed that using extensive number of 

attributes with weight dimension produced better accuracy than using optimal attribute 

subset and improving volatility leading to greater acceptance by practitioners. 

Nevertheless, this approach is computationally intensive in spite of they claimed that 

model calibration only takes place when the historical data set is updated and once 

completed. 
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The proposed attribute weighting method uses Kendall‟s W (Kendall & Gibbons, 

1990), also known as Kendall‟s coefficient of concordance, to compute degree of 

agreement between all pairs of corresponding rows of two similarity matrices (similarity 

matrix based selected attribute and similarity matrix based project effort). The principle 

behind Kendall‟s W is fairly simple, yet they are a highly powerful and flexible method 

of computing degree of agreement between different evaluations. 

Kendall's W is a non-parametric statistic that can be used for assessing agreement 

among different rankings for the same set of objects. Kendall's W ranges from 0 (no 

agreement) to 1 (complete agreement) therefore it can be considered as weight. If the 

Kendall's W is 1, then all the ranking have been totally agreed, and each respondent has 

assigned the same order to the list of concerns. If Kendall's W is 0, then there is no 

overall trend of agreement among the different rankings, and their responses may be 

regarded as essentially random. Intermediate values of W indicate a greater or lesser 

degree of agreement among the various responses. The Kendall‟s W (KW) between two 

corresponding pair of rows is calculated based upon the following formula:  
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Where N is the number of observations, M is the number of objects and R is the 

average rank for the ith
 row ( iR ). In the presence of ties the KW is computed as follows: 
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Where k is the number of columns, jg  is the number of groups of ties in column j 

and it is the number of tied elements in jg . 
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Figure 4.9 shows how Kendall‟s W is calculated for each corresponding pair of 

rows. The obtained overall Kendall‟s W (KW=0.94) shows roughly perfect agreement 

between SM(X) and SM(E).  
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Figure 4.9 Kendall‟s W between SM(X) and SM(E) from hypothetical 

dataset in Table 4.4 

 

 

After calculating KW for all pairs of rows we use simple average to compute overall 

agreement between two matrices. The same procedure is carried out for all selected 

attributes individually. The obtained correlation coefficients are then normalized to 

produce corresponding weights for each selected attribute as depicted in Eq. 4.15. 
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The normalized weights are then integrated with similarity measure as shown in Eq. 

4.16: 
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4.9 Experimental Results  

This section empirically examines the performance of KFS algorithm against ANGEL‟s 

Exhaustive algorithm (Kirsopp et al., 2002) and Analogy-X (Keung et al., 2008a) 
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through a series of evaluation studies with various data sets that exhibit typical 

characteristics of software effort estimation. Thus, we believe that using all these data 

sets is sufficient to validate our algorithm. These data sets come from different sources: 

ISBSG release 10 (ISBSG, 2007), Desharnais (Desharnais, 1989), Kemerer (Kemerer, 

1982), Albrecht (Boetticher et al., 2009) and COCOMO‟81 (Boetticher et al., 2009). 

The descriptive statistics of the data sets are given in Table 4.8. The data sets present a 

range of effort values (expressed using different units).  Each data set is treated 

separately because each one has different domain of attributes and so the data sets 

cannot be merged in one large data set.  

 

   Table 4.8 Descriptive statistics of the data sets 

Dataset # of 

Cases 

Categorical 

Attributes 

Numerical 

Attributes 

# of missing 

values 

Effort 

Mean 

Effort 

Std. 

ISBSG 532 1 8 0 14668 11727 (hours) 

Desharnais 81 1 9 4 4834 4188 (hours) 

COCOMO‟81 63 0 16 0 406.4 657 (man-month) 

Kemerer 15 2 4 0 219.25 263(man-month) 

Albrecht 24 0 7 0 21875 28417(hours) 

 

All data sets have been initially pre-processed to avoid missing values as explained 

in chapter two. Using these missing values could lead to high degree of inaccuracy in 

effort estimation. The common action for missing values is to ignore either whole 

project data or the attribute with missing values. In this thesis we excluded all records 

that have missing values in any attribute.  

For the purpose of validation and comparison we will use normalized Euclidean 

distance as similarity measure. To normalize the Euclidean distance each distance was 

divided by the maximum of distance obtained for the whole matrix. The resulting 

normalized Euclidean distances are in range of 0 to 1. Then the normalized similarity 

degree is 1-normalized distance degree. 

 

4.9.1 Albrecht data set 

The Albrecht data set (Boetticher et al., 2009) contains 24 software projects were 

developed using third generation languages such as COBOL, PL1, etc. The data set is 
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described by one dependent attribute called 'work hours' which represents the 

corresponding effort in 1000 hour, and seven independent attributes all of which are 

numeric as shown in Table 4.9. 18 projects were written in COBOL, 4 projects were 

written in PL1 and the rest were written in data base management languages. Two 

projects have effort values more than 100,000 hours which are twice larger than third 

largest project. These extreme projects have considerable negative impact on prediction 

but we preferred to keep them in spite of their potential bad consequences.    

 

Table 4.9 Albrecht data set description 

Independent  
Attribute 

Description Type Kendall  
Correlation 

p-value UCL 

KLOC Line of code Numerical +0.44* 0.001 0.486 

AFP Adjusted Function Points  Numerical +0.52* 0.001 0.575 

INC Count of input functions Numerical +0.18* 0.001 0.232 

OC Count of output functions Numerical +0.50* 0.001 0.539 

INQ Count of query functions Numerical +0.14* 0.008 0.195 

FC Count of file processing  Numerical +0.24* 0.001 0.286 

RawFP Raw Function Points Numerical +0.49* 0.001 0.533 

 

 Applying the first stage of the proposed KFS algorithm, by generating similarity 

matrix for the dependent attribute (effort) and each independent attribute, indicate that 

all attribute similarity matrices were significantly correlated with the effort similarity 

matrix (i.e. p-value < 0.05) as shown in Table 4.9. At this stage we cannot consider that 

all of them are useful for prediction by analogy because it perhaps a similarity matrix 

based particular attribute combination produce larger correlation coefficient with effort 

similarity matrix than UCL of the best correlated similarity matrix based individual 

attribute. Therefore, the next stage is designed to account for this issue in which all 

significant correlated attributes from stage one are passed to the second stage of KFC 

algorithm, and the algorithm constructs similarity matrices for all possible combination 

of the significant attributes. The generated similarity matrices are assessed against effort 

similarity matrix and their Kendall‟s row-wise correlation coefficients are calculated. 

However, the strong correlated similarity matrix from stage one was obtained by AFP 

with )(AFPr =+0.52 and UCL=0.575 which indicates a strong positive agreement 

between AFP and effort. In the next stage we found that the similarity matrix of (AFP, 

INQ and KSLOC) together produced correlation coefficient value larger than UCL of 
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AFP with 59.0),,( KSLOCINQAFPr . In this case, the obtained attributes from this 

combination are influential attributes.  

 To investigate the effectiveness of selected attributes on the prediction accuracy we 

compared it against attributes selected by ANGEL‟s exhaustive searching algorithm 

(Kirsopp et al., 2002) and Analogy-X (Keung, 2007). We used validation part of ANGEL 

tool to validated prediction accuracy of using the attributes identified by KFS, Analogy-

X and ANGEL. It is worth to point out that ANGEL identified 4 predictive attributes 

(INQ, FC, KSLOC, AFP), while Analogy-X identified only one attribute as predictive 

attribute which is (RawFP). Interestingly, there are two attributes that are common 

between KFS and ANGEL which shows the importance of these two attributes. In 

contrast, there is no any attribute in common between Analogy-X and others. The 

prediction accuracy comparison between KFS and others (ANGEL, Analogy-X) attribute 

selection is shown in Table 4.10. 

The results obtained demonstrate that predictions generated by ANGEL are nearly 

more accurate than others in terms of MMRE but not in terms of MdMRE. The principal 

reason for that, ANGEL searches for attribute based on optimizing MMRE value, 

therefore the MMRE obtained by ANGEL is regarded as the best value can be achieved. 

Even that, the KFS produced comparable prediction accuracy with ANGEL in terms of 

MMRE and PRED(25). In contrast, the attribute identified by Analogy-X was “RawFP”  

produced worst predictions than those obtained by KFS and even than using all 

attributes with MMRE=97.8%. Unlike ANGEL, the KFS and Analogy-X searches for 

predictive attributes that have sound statistical significance rather than just only 

optimizing one of quality metrics such as MMRE and PRED(25). In addition, if one 

attempts to find best attribute based on optimizing PRED(25), it may obtain the best 

PRED(25) but not always the best MMRE and vice versa. This explains why relying one 

MMRE or PRED(25) optimization could not be the best solution to search for best 

attribute as the prediction accuracy can be measured by various quality metrics.   

Table 4.10 Prediction accuracy comparison for Albrecht data set 

Algorithm Best Attribute set MMRE% PRED(25)% MdMRE% 

ALL  ALL 71.0 29.16 38.9 

KFS AFP+INQ+KSLOC 64.3 33.33 38.4 

ANGEL INQ+FC+KSLOC+AFP 63.5 33.33 38.9 

Analogy-X RawFP 97.8 44.1 29.17 
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Since MMRE is not widely recommended to compare between prediction models 

(Foss et al., 2003), we used Wilcoxon sum rank test to investigate whether the 

differences in absolute residuals of predictions are statistically significance. 

  

Table 4.11 Wilcoxon sum rank test for Albrecht data set 

Algorithms p-value Z-value 

KFS Vs. ANGEL 0.812 -0.247 

KFS Vs. Analogy-X 0.918 -0.1134 

 

The results obtained in Table 4.11 indicate that the difference between predictions 

generated based on attributes identified by KFS and those based on ANGEL and 

Analogy-X are statistically insignificant (p-value > 0.05). Further, there is sufficient 

evidence that all predictions using different combination of attributes are approximately 

similar. The results are also confirmed by Box-plot in Figure 4.10 with similar medians.   

 

Figure 4.10 Box-plot of absolute residuals of prediction using KFS, Analogy-X, and 

ANGEL for Albrecht data set 

 

4.9.2 Kemerer data set 

The Kemerer data set includes 15 software projects described by 6 independent 

attributes and one dependent attribute. The independent attributes are represented by 2 
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categorical and 4 numerical attributes. The effort attribute is measured by 'man-months'. 

Table 4.12 shows Kemerer data set description.  

 

Table 4.12 Kemerer data set description 

Independent 

attribute 

Description Type Kendall 

Correlation 

p-value UCL 

KSLOC Kilo Line of Code Numerical 0.330 0.001* 0.415 

AdjFP Adjusted Function Points  Numerical 0.333 0.001* 0.436 

RawFP Unadjusted Function points Numerical 0.331 0.001* 0.424 

Duration Duration of project Numerical 0.036 0.247 0.113 

Language Programming language Nominal 0.165 0.018* 0.195 

Hardware Hardware Resources Nominal 0.033 0.279 0.094 

 

 A similar procedure was applied to Kemerer data set. The stage one of KFS 

identified 4 significant correlated similarity matrices based attributes “KSLOC”, 

“AdjFP”, “RawFP” and “Language” individually. The strong significant correlated 

similarity matrix was obtained by attribute “AdjFP” with )(AdjFPr =+0.333 and 

UCL=0.436. It is interesting to note that the categorical attribute “Language” was 

significant with p-value < 0.05 which indicates that the KFS is able to identify if the 

categorical attribute is correlated or not. In the second stage we found that the similarly 

matrix based on combination of “AFP” and “Language” was strong correlated than 

UCL of the best correlated attribute from stage one with 458.0),( LanguageAdjFPr  

which is larger than UCL of “AdjFP”. On the other hand, ANGEL identified 

“Language” and “KSLOC” as the most predictive attributes and Analogy-X identified 

only “AdjFP” as predictive attribute. We can also notice that the categorical attribute 

“Language” is common between KFS and ANGEL, and attribute AdjFP is common 

between KFS and Analogy-X. This means that the attributes selected by KFS are also 

selected by ANGEL and Analogy-X which is an indication of their importance to effort 

prediction.  

Table 4.13 Prediction accuracy comparison for Kemerer data set 

Algorithm Best Attribute set MMRE% PRED(25)% MdMRE% 

ALL ALL 73.7 26.7 55.2 

KFS AdjFP + Language 66.8 55.8 26.7 

ANGEL Language + KSLOC 63.8 40.0 33.3 

Analogy-X AdjFP 68.1 20 55.2 
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 From Table 4.13, likewise Albrecht data set, the best prediction accuracy was 

obtained by ANGEL In terms of MMRE and by KFS in terms of PRED(25) and 

MdMRE. As mentioned earlier that the target is to select the attributes that have sound 

statistical significance rather than based on some quality metric. Box-plots of absolute 

residuals of predictions in Figure 4.11 show that the medians of absolute residuals are 

nearly similar for all algorithms. This exhibits that differences between predictions 

generated based on KFS and others are not significant.  

 

 

Figure 4.11 Box-plot of absolute residuals of prediction using KFS, Analogy-X, and 

ANGEL for Kemerer data set 

 

 To assert that, a Wilcoxon statistical sum rank test has been conducted to ensure the 

difference is not statistically significant as shown in Table 4.14. The results obtained 

show that differences in absolute residuals of predictions between KFS and ANGEL are 

statistically insignificant which means that median of both samples is not significantly 

different and their estimates are approximately similar.   

 

Table 4.14 Wilcoxon sum rank test for Kemerer data set 

Algorithms p-value Z-value 

KFS Vs. ANGEL 0.454 0.767 

KFS Vs. Analogy-X 0.983 -0.042 
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4.9.3 Desharnais data set 

The Desharnais data set originally consists of 81 software projects collected from 

Canadian software houses (Desharnais, 1989).  This data set is described by 10 

attributes, two dependent attributes which are the duration and effort measured in 

'person-hours', and 8 independent attributes. Unfortunately, 4 projects out of 81 contain 

missing values therefore we excluded them because they are misleading estimation 

process. This data pre-processing resulted in 77 complete software projects. The 

following table describes the structure of Desharnais data set. 

 

Table 4.15 Desharnais data set description 

Independent 
attribute 

Description Type Kendall  
Correlation 

p-value UCL 

ExpEquip Experience of Equipment Numerical +0.0114 0.211 0.019 

ExpProjMan ProjectManger Experience Numerical -0.011 0.717 0.000 

Transaction Number of Transactions  Numerical +0.1454 0.001* 0.158 

Entities Number of Entities  Numerical +0.1783 0.001* 0.191 

RawFP  Raw Function Points  Numerical +0.2554 0.001* 0.269 

AdjFactor Adjustment factor Nominal +0.113 0.001* 0.124 

AdjFPs Adjusted Function Points Numerical +0.278 0.001* 0.291 

Dev.Env Development Environment Numerical +0.086 0.001* 0.096 

 

Applying stage one of KFS on Desharnais data set showing similarity based the 

following attributes individually: “Transactions”, “Entities”, “RawFP”, “AdjFactor”, 

“AdjFPs” and “Dev.Env”, are statistically significant and correlated as shown in Table 

4.15. Although some attributes are not strongly correlated but based on permutation test 

they are significant. For example, similarity matrix based “Dev.Env” is not strongly 

correlated with similarity matrix based effort but the significance test indicates that 

similarity matrix is significant. So if the fitness criterion is correlation coefficient only 

we can consider attribute “ExpEquip” is influential attribute as well, but indeed the 

selection process in this stage aims to identify attribute that are correlated and 

statistically significant. However, to ensure which attributes are useful for estimation by 

analogy the significant attributes are then passed to stage two of KFS in order to identify 

any possible attribute combination that are strong correlated than UCL of best single 

correlated in stage one which is AdjFP with )(AdjFPr =  +0.278. The second stage 
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identified “RawFP”, “AdjFP”, and “Dev.Env” are the most influential attributes with 

312.0).,,( EnvDevRawFPAdjFPr  which is larger than UCL(AdjFP)=0.291. 

 

Table 4.16 Prediction accuracy comparison for Desharnais data set 

Algorithm Best Attribute set MMRE% PRED(25)% MdMRE% 

ALL ALL 60.1 31.2 41.7 

KFS RawFP+AdjFP+Dev.Env 49.2 32.5 38.4 

ANGEL AdjFP+Dev.Env 38.2 42.9 30.8 

Analogy-X AdjFP+Dev.Env(with excluding case 77) 37.9 43.4 30.4 

 

Unsurprisingly, ANGEL and Analogy-X identified two influential attributes: 

“AdjFP” and “Dev.env” with one case excluded by Analogy-X. Validation of analogy 

prediction using KFS best attributes, ANGEL and Analogy-X are given in Table 4.16.  

Although ANGEL and Analogy-X identified exactly the same attributes but Analogy-X 

beats ANGEL in terms of MMRE because one case is excluded from the data set. 

However, Results show that KFS is comparable to ANGEL and Analogy-X in terms of 

prediction accuracy. Figure 4.12 shows Box-plots of absolute residuals of predictions 

are approximately similar with similar medians. These results are asserted by Wilcoxon 

sum rank test on absolute residuals of predictions as shown in Table 4.17. The results 

show also that the predictions generated by either of those attribute combinations will 

produce very similar estimates with p-value > 0.05, indicates that the differences are not 

statistically significance.  

 

Table 4.17 Wilcoxon sum rank test for Desharnais 

Algorithms p-value Z-value 

KFS Vs. ANGEL 0.195 -1.30 

KFS Vs. Analogy-X 0.19 -1.31 

 

4.9.4 COCOMO data set 

Data set COCOMO (Boetticher et al., 2009) was frequently used for validating various 

effort estimation methods. It includes 60 software projects that are described by 17 cost 

drivers (independent features) in conjunction with an actual effort. The actual effort in 

the COCOMO data set is measured by person-month which represents the number of 
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months that one person need to develop a given project. Despite the fact that the 

COCOMO data sets are now over 25 years old, it is still commonly used to assess the 

comparative accuracy of new techniques. The description of COCOMO data set is given 

in Table 4.18. 

 

 

Figure 4.12 Box-plot of absolute residuals of prediction using KFS, Analogy-X, and 

ANGEL for Desharnais 

 

 Following the similar procedure on COCOMO data set, The KFS identified 5 

significant correlated attributes from the first stage are “TOOL”, “DATA”, “TURN”, 

“CPLX” and “LOC”. The top significant attribute was “LOC” with )(LOCr =0.6927. 

Applying stage two of KFS on the significant correlated attributes resulted in identifying 

the similarity matrix based combination of “LOC”, “TOOL” and “TURN” as the most 

influential attributes with correlation coefficient 72.0),,( TURNTOOLLOCr which is 

larger than UCL(LOC)=0.704. In contrast, ANGEL‟s exhaustive search identified three 

predictive attributes: “TIME”, “VEXP” and “LOC”. We can see the LOC is common 

attribute between KFS and ANGEL. 
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Table 4.18 COCOMO data set description 

Independent  
Attribute 

Description Type 
Kendall 

Correlation 
p-value UCL 

ACAP analysts capability Numerical -0.004  0.56  0.006  

PCAP programmers capability Numerical +0.031 0. 14 0.044  

AEXP application experience Numerical +0.006 0.367  0.014  

MODP modern programming practices Numerical +0.04  0.094  0.053  

TOOL Use of Software Tools Numerical +0.13  0.002 * 0.145  

VEXP virtual machine experience Numerical +0.002  0.45  0.014  

LEXP language experience Numerical +0.022  0.22  0.033 

SCED schedule constraint Numerical -0.009  0.776  -0.005  

STOR main memory constraint Numerical -0.001  0.51  0.012  

DATA data base size Numerical +0.0582 0.004* 0.0722 

TIME time constraint for cpu Numerical +0.0141 0.291 0.026 

TURN turnaround time Numerical +0.054 0.001* 0.064 

VIRT machine volatility Numerical +0.001 0.47 0.013 

CPLX process complexity Numerical +0.091 0.022* 0.11 

RELY required software reliability Numerical +0.0275 0.083 0.0371 

LOC Line of Code Numerical +0.6927 0.001* 0.704 

 

 Validation of analogy predictions using ANGEL obtained attributes (TIME, VEXP 

and LOC), KFS best attributes (TURN, TOOL and LOC) and Analogy-X best attribute 

(LOC) are presented in Table 4.19. The results of ANGEL and KFS are comparable, and 

KFS is better than ANGEL in terms of MdMRE and PRED(25).   

 

Table 4.19 Prediction accuracy comparison for COCOMO data set 

Algorithm Best Attribute set MMRE% PRED(25)% MdMRE% 

ALL ALL 64.3 38.33 38.1 

KFS TURN+TOOL+LOC 31.6 56.7 21.5 

ANGEL TIME+VEXP+LOC 29.4 50.0 25.8 

Analogy-X LOC 44.9 36.7 34.9 

 

Box-plots in Figure 4.13 show medians of absolute residuals are approximately similar 

which demonstrates that there is no significance difference if predictions generated 

based on KFS best attributes or ANGEL or even Analogy-X. This is confirmed by 

Wilcoxon sum rank significance test which shows that the differences between absolute 

residuals of predictions are statistically insignificant as shown in Table 4.20.  
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Table 4.20 Wilcoxon sum rank test for COCOMO 

Algorithms p-value Z-value 

KFS Vs. ANGEL 0.74 -0.001 

KFS Vs. Analogy-X 0.413 -0.818 

 

 

Figure 4.13 Box-plot of absolute residuals of prediction using KFS, Analogy-X, and 

ANGEL for COCOMO 

 

4.9.5 ISBSG data set 

The ISBSG Repository (release 10 January 2007) currently contains more than 4000 

software projects gathered from different worldwide software development companies. 

All projects involved in the ISBSG repository are described by several numerical and 

categorical attributes. In order to assess the efficiency of the proposed similarity 

measures on software cost estimation we have selected a subset of attributes. Since 

many projects have missing values only 532 projects with quality rating “A” are 

considered. 9 useful attributes were selected, 8 of which are numerical attributes and 

one of which is categorical attribute. Table 4.21 shows the attribute description of 

ISBSG data set. 
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Table 4.21 ISBSG data set description 

Independent  
attribute 

Description Type Kendall 
Correlation 

p-value UCL 

AFP Adjusted Function Points Numerical +0.274* 0.001 0.29 

INC Count of input functions  Numerical +0.03 0.205 0.04 

OUC Count of output functions Numerical +0.297* 0.001 0.33 

EQC Count of enquiry functions Numerical +0.033 0.147 0.048 

FILE Count of files  Numerical +0.044 0.09 0.06 

INF Count of interface functions Numerical +0.121* 0.04 0.137 

ADD Count of added function Numerical +0.198* 0.006 0.224 

CHC Count of changed Functions Numerical +0.192* 0.001 0.221 

RSL Resource Level Ordinal +0.185* 0.004 0.215 

 

In this section we investigate the effectiveness of KFS on large data set as in case of 

ISBSG data set. Since number of observations is too large we preferred to use 10-fold 

cross-validation instead of using Jackknife to avoid any possible computation overhead. 

However, as in other data sets we applied KFS on ISBSG data set, the first stage 

identified 6 significant correlated similarity matrices based on: “AFP”, “OUC”, “INF”, 

“ADD”, “CHC” and “RSL” individually. It would seem that the similarity matrix based 

on categorical attribute “RSL” that is identified also by ANGEL, presents a strong 

correlation than other continuous attributes such as “INC” and “EQC”. This indicates 

the capability of KFS to identify the more influential attribute either continuous or 

categorical.     

The significant attributes are then transformed to the next stage in order to identify 

best attribute combination if exists. In this stage, it is found the similarity matrix based 

attribute combination “AFP”+“OUC”+“INF”+“ADD” produced correlation value larger 

than UCL of the best correlated attribute “OUC” 

with 334.0)(  ADDINFOUCAFPr . Therefore these attributes are regarded as 

the predictive attributes.     

Applying the same data set to ANGEL‟s exhaustive search took more than 5 hours 

to run using Jackknife procedure. To keep consistency in validation we used 10-fold 

cross-validation as we did for KFS, because the use of Jackknife is computationally far 

too intensive for large data set. However, it is interesting to note that ANGEL identified 

6 predictive attributes as shown in Table 4.22, whilst Analogy-X identified two 

predictive attributes “AFP” and “ADD”.  
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In order to compare the results of different attribute selection algorithms, the 

obtained best attribute subset from each algorithm are then validated in terms of 

prediction accuracy using ANGEL tool. The corresponding predictions accuracy are 

presented in Table 4.22 which unsurprisingly show that prediction accuracy of KFS is 

comparable to ANGEL, and is better than prediction accuracy of Analogy-X. So we 

come to conclude that although the inclusion of relevant information affected the 

estimates, and consequently affected the level of prediction accuracy positively, but also 

the model acceptance is actually increased because the procedure of selection has strong 

statistical background.  

 

  Table 4.22 Prediction accuracy comparison for ISBSG data set 

Algorithm Best Attribute set MMRE% PRED(25)% MdMRE% 

ALL ALL 74.4 35.8 43.8 

KFS  AFP+OUC+INF+ADD 65.7 44.2 32.3 

ANGEL  INC+OUC+FILE+INF+ADD+CHC 59.2 43.36 34.2 

Analogy-X AFP+ADD 70.6 39.6 39.4 

 

The significance test based on Wilcoxon sum rank test as shown in Table 4.23 

suggests that the differences in predictions between KFS and ANGEL, Analogy-X are 

insignificant. Further, the results indicate that the predictions generated by either of 

those attribute combinations will produce very similar estimates, indicating that the 

differences are not statistically significance. 

 

Table 4.23 Wilcoxon sum rank test for ISBSG 

Algorithms p-value Z-value 

KFS Vs. ANGEL 0.387 -14.13 

KFS Vs. Analogy-X 0.95 -10.48 

 

Figure 4.14 shows Box-plot of absolute residuals for the predictions produced based 

on the attributes identified by KFS, ANGEL‟s exhaustive search and Analogy-X. The 

results revealed that medians of absolute residuals are approximately similar even the 

Box length are relatively identical which shows that at least half of predictions based 

upon KFS, ANGEL and Analogy-X are at the same level of accuracy. From the results 
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we can conclude that for a large data set, the attributes identified by KFS are potential to 

deliver relatively accurate prediction when compared to ANGEL.      

 

 

Figure 4.14 Box-plot of absolute residuals of prediction using KFS, Analogy-X, and 

ANGEL for ISBSG 

 

4.9.6 Empirical evaluation of attribute weighting  

In this section we demonstrate the performance of the proposed attribute weighting 

technique on the prediction accuracy by selecting attributes using KFS for each data set 

(i.e. after applying attribute selection algorithm). For that purpose, we used Kendall 

coefficient of concordance to calculate the strength of agreement between similarity 

matrix of project attribute and similarity matrix of project effort in order to determine 

appropriate weights.  Although the proposed technique can be applied without the need 

for attribute selection but in this section we preferred to show its effectiveness when 

using influential attributes from KFS. For example, In Albrecht data set, it has been 

identified 3 influential attributes are AFP, INQ and KSLOC. To find appropriate weight 

for each attribute, we construct corresponding similarity matrix for each attribute and 

then calculate its strength with effort similarity matrix using Kendall coefficient of 

concordance. The obtained degrees of agreement are normalized to derive 

corresponding attribute weights.    
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For each data set we used weighted similarity measure (i.e. weighted Euclidean 

distance in this chapter) to derive new predictions. We should note that the derived 

weight is computed at each iteration of Jackknife procedure which means that the 

weights reflect strength of training data set.   

Table 4.24 shows prediction accuracy improvements of using attribute weighting. 

Interestingly, the results obtained show improved prediction accuracy using MMRE and 

PRED(25) in most of the data sets. Only Albrecht data set has not achieved any 

prediction accuracy improvement in MMRE or PRED(25). The principal reason appears 

because all selected attributes of Albrecht data set are correlated with nearly the similar 

strength of correlation. Therefore their agreement degrees with effort are somehow 

similar and give identical weights. This case is similar to the conventional approach 

which treats all attributes equally with identical weights (1/n).  

 

Table 4.24 MMRE and PRED(25) improvement when using attribute weighting 

 MMRE PRED(25) 

Dataset Using 

KW  

Improvement% Using KW Improvement% 

Albrecht 64.3 0 33.33 0 

Kemerer** 47.4 +29% 62.4 +11.83% 

Desharnais* 33.7 +32.3% 41.6 +28.0% 

ISBSG* 58.2 +11.4% 47.5 +0.075% 

COCOMO 29.1 +0.08% 58.0 +0.023% 

**: significant at 99%, *:significant at 95% 

 

However, this was not the case for Kemerer data sets where two influential 

attributes have been identified, one of which is categorical. The similarity matrix based 

on continuous attribute (i.e. AdjFP) shows larger agreement than similarity matrix based 

categorical attribute (i.e. Language). The reflection of this difference in agreement 

degrees is notable on the prediction accuracy. For other data sets there are notable 

improvements on the prediction accuracy in which some of the obtained results in Table 

4.24 are better than the results obtained by ANGEL and Analogy-X.  

To investigate whether the predictions produced using attribute weighting are 

statistically significant than those produced without attribute weighing, we used 

Wilcoxon sum rank test compare between their absolute of residuals. Our results 
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showed that the improvements of using attribute weights are statistically significance 

for all data sets except Albrecht and COCOMO data sets, which indicates that the 

estimates produced when applying weights are different when weights are not applied.      

From these results we can conclude that deriving attribute weights based on strength 

of agreement between similarity matrix of project attribute and similarity matrix of 

project effort contribute to great improvements on the prediction accuracy.   

 

4.10 Chapter summary 

Searching for most predictive attributes and their corresponding weights are vital task 

for analogy-based software effort estimation. In this chapter, the problems of existing 

attribute selection and weighting have been investigated. The outcome is new attribute 

subset selection algorithm based on Kendall‟s row-wise rank correlation between 

similarity matrix based project attribute and similarity matrix based project effort, and a 

new attribute weighting based on Kendall coefficient of concordance between two 

similarity Matrices.   

The proposed KFS identifies predictive attributes that respect in some extent the 

underlying assumption of estimation by analogy which assumes that the projects that are 

similar with respect to a particular project attribute(s) are also similar with respect to 

project effort. The process of attribute selection is divided into stages to ensure that 

selected attribute are undergone a serious statistical analysis. In the first phase, the 

correlated significant individual attributes are identified and passed into second stage. 

Whereas in the second stage the algorithm checks whether any potential attribute 

combination produce stronger correlation value than best individual correlated attribute 

from stage one. The algorithm provides sound statistical basis for process of attribute 

selection. In addition, it aims to exclude statistically insignificant attributes. Using 

Kendall‟s row-wise rank correlation gives clear picture of how ranks of closest projects 

to the target project is considered important in judging which attribute is more 

influential than others.  

Performance studies on 5 established data sets indicated that KFS is highly 

competitive when compared with ANGEL‟s exhaustive search and Analogy-X 

algorithms in term of prediction accuracy and statistical significance. Furthermore, KFS 
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scales well if compared with ANGEL‟s exhaustive searching algorithm with regards to 

computation power. However, results showed that KFS may take longer to compute 

than expected especially when dealing with large data set such as ISBSG because of the 

Jackknife procedure which is computationally far too intensive. We also demonstrated 

that the effectiveness of proposed attribute weighting when it is integrated with attribute 

selection. This integration leads to great improvements on the prediction accuracy.  

In the next chapter, we will investigate the problem of similarity measure between 

software projects and the problem of uncertainty. We will also study the problem of 

using categorical data as nominal and ordinal scale data type and their impacts on the 

project retrieval.



 

 

 

CHAPTER FIVE 
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This chapter proposes a new flexible software effort estimation by analogy method 

called FGRA that has potential to overcome the challenges in the former estimation by 

analogy methods and especially inadequacies in the existing similarity measures that 

have been highlighted in section 2.6.1. The basic notion of similarity is implicitly tied in 

with the process of estimation by analogy method such that a successful analogy 

between target project and other source projects is dependent on there being some 

element of similarity between them. The main contribution of this chapter is a flexible 

similarity measure based on combination of Fuzzy set theory and Grey Relational 

Analysis which can support quantitative and non- quantitative attributes such as ordinal, 

nominal and set scale type (Azzeh et al., 2009b).   

 

5.1 Introduction 

Choosing the appropriate similarity measure is certainly the key to accuracy of software 

effort estimation by analogy method. Typically, the similarity measure is a major 

component of estimation by analogy method that retrieves, within historical case base, 

the most similar source projects to a new project for which an estimate is required. In 

fact, despite the widespread use and simplicity of nearest neighbour algorithms in 

estimation by analogy, there are still certain limitations that affect similarity measure as 

detailed in section 2.6.1. 

 In order to overcome those challenges we propose a new flexible similarity measure 

model based on the integration of Fuzzy set theory (Zadeh, 1967) with Grey Relational 

Analysis (GRA) (Deng 1989a, 1989b). In this regard, two levels of similarity measure 

(Local and Global) are defined in that four types of local similarity measure are also 

defined in accordance with their data scale type (i.e. numerical, ordinal, nominal and set 

scale). For numerical data type we used Fuzzy set theory (Zadeh, 1967) to handle 

uncertainty in local similarity measure between target project pt and historical project pi 

at each numerical attribute. For other non-quantitative attribute types we define 

appropriate similarity measures that can cope with each type individually. Once all local 

similarity degrees are measured the weighted GRA method is then used to assess the 

global similarity between two projects and handle uncertainty associated with using 

different data types in local similarity. Thus the GRA is mainly used to handle 
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uncertainty in the similarity measure between two software projects described by 

numerical and categorical attributes.  

     

5.2 The proposed similarity measure 

In order to find the most similar projects in the set P to the project under estimation tp , 

the project tp  are assessed against all source projects in P over a set of attributes in 

terms of local similarity and global similarity measures. Local similarity measure 

( Aaaapapa jjjtjij  ],1,0[:))(),(( ) is defined to assess the similarity degree 

between target project tp  and each historical source project Ppi  with respect to a 

related attribute Aa j  . Global similarity is defined as function of local similarity 

measures that is used to aggregate all local similarity degrees. The rationale behind this 

mechanism is to overcome the main inadequacies in existing similarity measures. 

 

5.2.1 Local similarity measures 

In software measurement, there are different ways of defining attribute types. Basically, 

Fenton & Pfleeger (1997) defined five major scale types from a measurement 

perspective including nominal, ordinal, interval, ratio and the absolute, in which values 

of nominal, ordinal, and interval can be either numerical or symbolic. From a 

programming perspective, the types of attributes may be integer, real, string, date and 

set (Li & Ruhe, 2007). On the other hand, Wangenheim et al. (2000) defined different 

types of local similarity measure based on attribute categorization identified by (Richter, 

1995): number, interval, binary symbol, ordered symbol, unordered symbol. However, 

in this thesis we employ the common attribute categorizations among all software effort 

estimation datasets which include: numerical, nominal, ordinal and set scale type.  

Based on the categorization of data type we define a local similarity measure 

( 1))(),((0  tjij papa ) for each data type as shown in Eq. (5.1) where their details 

are explained in the following subsections. One of the primary purposes of classifying 

variables according to their level or scale of measurement is to facilitate the choice of 
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appropriate similarity measure used to assess the degree of matching between two 

software projects.  
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(5.1) 

Where NOM  is the similarity measure between two projects‟ value at nominal 

attribute, ORD  is the similarity measure between two projects‟ value at ordinal 

attribute, NUM is the similarity measure between two projects‟ value at numerical 

attribute, and SET is the similarity measure between two projects‟ values at SET 

attribute. 

  

5.2.1.1 Numerical scale 

The quantitative attributes are those with numerical scale type such as continuous or 

discrete. Data type of an attribute is said to be continuous if its values are within a finite 

or infinite interval. By contrast, discrete attribute is that with distinct and separate 

values. Typical examples of continuous and discrete data type are Function Points and 

maturity level respectively. 

However, since software developers often have measurements that are inaccurate, 

inexact, or of low confidence, the existing similarity measure cannot directly deal with 

this issue and handle potential effects of such uncertainty. As a result, we present a new 

Fuzzy similarity measure to compute local similarity degree between two values at the 

j
th

 numerical attribute ( ja , '')( NUMERICALat j  ).  

For numerical data type, each attribute ja is fuzzified and replaced by its 

corresponding Fuzzy sets as shown in Figure 5.1. After constructing Fuzzy sets for each 

numerical attribute ja , each value )( ij pa is encoded by its corresponding membership 

values )( ij pa  as depicted in Eq. (5.2).  
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.,..2,1,,...2,1)},(),...,(),({)( 21 mjnippppa icicicij d
jjj

   (5.2) 

Where )( ic
pd

j

 is the membership value of )( ij pa at dth
 Fuzzy set. 

The local similarity between two numerical values at attribute ja  is defined in Eq. (5.3). 
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 (5.3) 

If ))(),(( tjijNUM papa is one then the two projects are identical, and if 

))(),(( tjijNUM papa is zero then the two projects are totally dissimilar. 

 

 

Figure 5.1 Fuzzy sets for attribute ja  

As the used Fuzzy membership functions are often symmetric, a significant special 

issue may arise when two different project values falling in the same particular Fuzzy 

set, having the same set of membership values as shown in Figure 5.2. Even though the 

two values are different but it seems that their sets of membership values are identical, 

which accordingly the corresponding similarity degree between them is exactly 1. This, 

however, is not true and contradicts to the actual similarity definition, where similarity 

between two different project values is not necessarily to be unity unless they have the 

same values. If we consider the example depicted in Figure 5.2 to illustrate this special 

case, it is obvious that the set of membership values for projects values 

12.0)( 1 pa j ( }0.0,0.0,8.0{)( 1 pa j ) and 18.0)( 2 pa j  ( }0.0,0.0,8.0{)( 2 pa j ) are 
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identical. So that, the corresponding similarity degree between these two different 

project values is 1 which is equivalent to the similarity between project and itself.  

 

Figure 5.2 Special case of similarity measure 

 

To solve this issue we added adjustment ratio j  to make sure that the similarity 

degree between two different project values fall in the same Fuzzy set does not equal to 

1. 
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  (5.4) 
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Where C is number of Fuzzy clusters (implicitly number of Fuzzy sets). 

Example 5.1: suppose 4.0)( 1 pa j  and 8.0)( 2 pa j  as shown in Figure 5.1, the 

corresponding membership values set for each numerical value 

are: }45.0,78.0,94.0{)( 1 pa j  and }55.0,28.0,0.0{)( 2 pa j , the similarity degree is 

calculated as follows: 



Ch. 5- FGRA Software Effort Estimation Model 

 

Page | 104  

 

 
 

256.0
55.078.094.0

45.028.00
794.0))(),((

)55.0,45.0max()28.0,78.0max()0,94.0max(

)55.0,45.0min()28.0,78.0min()0,94.0min(

4.0,8.0max

4.0,8.0min
))(),((

21

3

1

21





















papa

papa

jjNUM

jjNUM

 

 

Example 5.2: suppose 12.0)( 1 pa j  and 18.0)( 2 pa j  as shown in Figure 5.2. This 

example aims to demonstrate the difference between Eq. (5.3) & Eq. (5.4). In spite of 

the two project values have the same set of membership values, the similarity degree 

between them, using Eq. (5.4), is less than 1 which is correct. But when Eq. (5.3) is 

applied the similarity degree between them will be 1 which is incorrect.    

 }0.0,0.0,8.0{)( tj pa , and }0.0,0.0,8.0{)( ij pa  
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The proposed similarity measure for numerical attributes has potential to overcome 

some inadequacies in similarity measures because: (1) it reduces the potential 

uncertainty in similarity measurement by using Fuzzy sets rather than exact real values. 

(2) Using FCM algorithm to construct Fuzzy model can take the structure of dataset into 

account and boosts similarity measure.  And (3) it also enables to group closest projects 

together in the same Fuzzy cluster and therefore boosts project retrieval (Azzeh et al., 

2008b).    

As in other software measurement fields it is appropriate to provide validation for 

the proposed similarity approaches to investigate whether or not it captures the attribute 

that it claims to describe. The validation of similarity measures will help us to ensure 

that our model respects the main properties of similarity between two software projects 

(Fenton & Pfleeger, 1997). In the following paragraphs we introduce the main 

properties (Equality, Commutative and Transitivity), and their proofs. 

Let )}(),...,(),({)( 21 icicicij ppppa d
jjj

 , and )}(),...,(),({)( 21 tctctctj ppppa d
jjj
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Property 1. (Equality): Similarity between two software project values pt and pi is 

equal to 1 iff )()( tjij papa  . )()(/,1))(),(( ictccijtjNUM ppiffpapa d
j

d
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d
j

  . 

Proof: Since  )()( ijtj papa   then 
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Property 2. The similarity between two different project values pt and pi must be less 

than 1: )()(/,1))(),(( ictcctjijNUM ppiffpapa d
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Property 3. (Commutative): ))(),(())(),(( ijtjNUMtjijNUM papapapa   

Property4. (Transitivity): Let px, py, pz be three projects where aj(px)< aj(py) < aj(pz) 

then  ))(),((,))(),((min))(),(( zjyjNUMyjxjNUMzjxjNUM papapapapapa  . 
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Therefore  ))(),((,))(),((min))(),(( zjyjNUMyjxjNUMzjxjNUM papapapapapa   

5.2.1.2 Nominal scale 

In many cases we cannot measure variable in quantitative way, but it is possible to 

measure it in term of category. A nominal value (Fenton & Pfleeger, 1997) is used to 

represent different classes of entities in which no natural order among the categories. 

Nominal scale type categories software entities into different possible classifications, 

for example, „developmentType‟ attribute can be considered as nominal attributes since 

it allows type of software development to be classified into three different categories: 

new development, enhancement and re-development. Nominal scale type is considered 

the least informative among other scale types, but it may well provide important 

information. For instance, the development type may be related to project complexity 

(e.g. new project may be more likely to have large effort than enhancement project). 

Since there is no sufficient information available at the time of estimation to distinguish 

between different categories, the common way to calculate ))(),(( tjijNOM papa  is binary 

valued as shown in Eq. 5.6. The similarity degree here is a kind of comparison either 1 

when they are exactly similar and 0 when they are different because we are only interest 

to know whether are the same or not. For example, since the nominal values “C#” and 

“JAVA” in “programming language” attribute are different categories, the similarity 

degree between them equals to 0 without middle ground, even though they may have 

something similar such as programming complexity and style of programming. It is 

important to note that the nominal value of )( tj pa is not necessary to be with the domain 

values of nominal attribute ja at the time of prediction. 
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5.2.1.3 Ordinal scale 

The ordinal scale type is the second type of categorical data that adds extra information 

about an ordering of categories to classification of entities, for example, Team_Skill 

variable can be measured as: low, medium and high (Li & Ruhe, 2006). Hence, we can 

notice that the categories for an ordinal scale of data have a natural order which means 

that the categories in ordinal attribute can be assigned by non-arbitrary numbers in an 

orderly manner. The similarity between two values of ordinal scale is defined as shown 

in Eq. (5.7). The Equation suggests to mapping the ordinal values to their ranking 

numbers and then finding similarity between their ranking positions represented by their 

ranking numbers. The closer two values in their ranking positions, the more similar they 

are.  
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  (5.7) 

 

Example 5.3: suppose ja =”Team_skill” is ordinal attribute consists of the 

following categories {1-Very Low, 2- Low, 3- Moderate, 4- High, 5- Very High}, 

where the ordinal scale with its symbolic values being mapped to integers in equal 

similarity. The local similarity between Team_skill(P1)=‟Very Low‟ and 

Team_skill( tp )=„High‟ is given as follows:   

 

 

 

5.2.1.4 SET scale type 

In some case we require to describe values of an attribute by sub-set of nominal 

elements of a given domain rather than single nominal value. This scale type of attribute 

is called SET. For example, one or more programming languages could be used to 

develop web software projects which their corresponding attribute can be expressed as 

ProgLang={„VB‟,‟C#‟,‟ASP.NET‟,‟PHP‟,‟CGI‟,‟JavaScript‟,‟VBScript‟}. The 
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programming languages used to implement one project are then a subset of ProgLang, 

e.g. Proglang( tp )={„ASP.NET‟,C#‟,‟CGI‟}.   

Given )( tj pa and )( ij pa where SETat j )( , the local similarity between them is 

defined as the size of the intersection divided by the size of the union of the sample sets 

as shown in Eq. 5.8. The more similar they have in common, the more similar they are. 

))(),(( ijtjSET papa =1 if and only if )( tj pa and )( ij pa have the same set of elements 

and ))(),(( ijtjSET papa =0 if and only if )( tj pa and )( ij pa have no elements in 

common.    
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  (5.8) 

 

Example 5.4: Consider )( ij pa ={„ASP.NET‟, ‟VB‟, ‟JavaScript‟, ‟VBScript‟} and 

)( tj pa ={„ASP.NET‟, ‟C#‟, ‟CGI‟}, the corresponding local similarity degree is 

calculated as follows 167.0
6

1
))(),((  ijtjSET papa  

 

5.2.2 Global similarity measure based on GRA 

Since many different data types are involved in measuring local similarity degrees, this 

could increase uncertainty in project retrieval. Therefore we used Grey Relational 

Coefficient ( ))(),(( tjij papa  to deal with uncertainty in local similarity degrees 

between target project and each historical source project as shown in Eq. (5.9). Then we 

used weighted Grey Relational Grade ( ),( it pp ) to compute the global similarity 

degree between target project tp and all historical source projects Ppi  .  
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]1,0[  is the distinguishing coefficient used to minimize the difference between 

 and 
ji ,

max . The default  value is set by 0.5. 

The global similarity measure ),( it pp is a function of local similarity degrees 

)))(),(()),......,(),(((),( 11 tmimtiit papapapafpp  , aims at finding the overall 

similarity degree between target project tp  and source project Ppi  . The ),( it pp as 

shown in Eq. (5.10) takes values between 0 and 1. When the value of ),( it pp  

approaches the value 1, the two projects are regarded “more closely similar”. When 

),( it pp  approaches a value 0, the two projects are regarded “more dissimilar”. 
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where 
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1 (5.11) 

 

The attribute weight Ww j  is calculated based on the Kendall‟s coefficient of 

concordance as explained in chapter four. To ensure that our similarity measures 

conform to the general concept of similarity measure, the global similarity measure 

respects the following properties: 

(i) 1))(),((0  tjij papa  

(ii) 1),(0  it pp  

(iii) 1),(  it pp , if and only if 1))(),((:  tjijj papaAa .  

(iv) 0),(  it pp , if and only if 0))(),((:  tjijj papaAa . 

(v) ),(),( tiit pppp  . 
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5.3 FGRA- The basic Approach 

FGRA effort estimation model as shown in Figure 5.3 consists of three main phases: 

Data preparation, Attribute selection, and Effort prediction. During the first phase (see 

section 5.3.1), the missing values are being treated using appropriate missing value 

imputation technique. The processed dataset is then used in the second phase to identify 

best predictive attributes and their corresponding weights. We should note that the 

attribute subset selection utilizes the proposed similarity measure in order to generate 

similarity matrix (see section 5.3.2).  The reduced dataset from the second phase is then 

used in third phase to actually perform the effort predictions (see section 5.3.3).   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.3 Generic framework of FGRA software effort estimation model 
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5.3.1 Data preparation 

Large historical dataset that is required for building and calibrating software estimation 

models, is sometimes scarce, incomplete, insufficient, and imprecisely collected. This is 

often because of inadequate data collection tools and lack of measurement standard 

(Mendes et al., 2003; Idri et al., 2002). However, using these missing values could lead 

to high degree of inaccuracy in effort estimation. Various approaches have been 

appeared to handle missing values in Machine Learning such as Multinomial Logistic 

Regression, Mean imputation, Listwise deletion, Regression imputation and Expectation 

Maximization (Song & Shepperd, 2007). The commonly used technique in software 

effort estimation is the Listwise deletion in which either the whole project record or the 

attribute with missing values is ignored and excluded from the dataset. Despite of its 

simplicity, it could lead to lose valuable information and therefore inaccurate 

estimation. Such approach gives satisfactory results for handling missing values when 

they are few, and bad results when missing values increase because it results in small 

datasets that affect constructing a valid cost model. Strictly speaking, we carefully 

investigate the used datasets and we noticed that the number of missing values is 

insignificant as shown in Table 4.8, thus using Listwise deletion technique to remove 

projects that have missing values is fairly enough.  

 

5.3.2 Attribute selection phase 

This phase includes identifying the most predictive attributes and their corresponding 

weights. As already seen in chapter four, we proposed a new attribute selection 

algorithm based on Kendall‟s row-wise correlation between similarity matrix based 

project attribute and similarity matrix based on project effort. Further, we also proposed 

a new attribute weighting technique based on Kendall coefficient of concordance 

between similarity matrix based selected attribute and similarity matrix based on project 

effort. However, in chapter four we investigated the efficiency of the proposed 

approaches on software effort estimation using normalized Euclidean distance. In this 

chapter we will integrate the proposed algorithms to FGRA model in which the 

proposed similarity measure is used to construct similarity matrix instead of normalized 
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Euclidean distance. The outcome of this phase is reduced dataset with corresponding 

attributes and weights.  

 

5.3.3 Effort prediction phase 

Once the predictive attributes are identified the similarity degrees between target project 

( tp ) and all historical source projects ( ip ) are assessed along all these attributes. In 

other words, all local similarities ( Aaaapapa jjjtjij  ],1,0[:))(),(( ) are 

precisely calculated based on type of contributed attributes, and their values are then 

aggregated using GRA. Once all aggregated similarity degrees 

},,2,1{,),( nipp it  are computed, the source projects are ranked according to their 

similarity degrees with target project.   

In order to predict effort for tp , the top N similar projects TOP( tp ) are selected 

from P and their corresponding effort values are stored in E( tp ). The number of 

analogies N that will be used to generate prediction of tp must be initially decided. 

Practically, there are two perspectives to determine the suitable number of analogies 

(Idri et al., 2002), the first approach involves all projects that fall within a particular 

similarity threshold  , }),(|{)(  itit ppPppTOP . This approach could ignore 

some projects which might contribute data when similarity between selected and 

unselected projects is negligible. For example, assume that the similarity between target 

project and retrieved four projects (p1, p2, p3, p4) are 0.9, 0.86, 0.8 and 0.79 respectively 

and the strategy used in effort prediction is to utilize only the source projects that have 

similarity degree over or equal to threshold 0.8. In this case p4 is not considered in the 

estimation even though the difference between p4 and p3 is small and it may be that p4 is 

a better predictor than p3. From this example, it is clear that the careful choice of 

similarity threshold is difficult task and varying from project to another. A typical 

example on this approach is the concept of “vicinity of 1” that was used in (Idri et al, 

2002) to dynamically determine the number of analogies. “vicinity of 1” was 

represented by Fuzzy set on universe of discourse [0, 1] where 0)( sim when 

sim<0.5. Unfortunately, there are certain problems in this approach in which it is 
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unclear how “vicinity of 1” would be defined and how number of analogies relies on 

“vicinity of 1”.       

The second approach is to use a fixed number of retrieved projects which is 

considered somewhat simpler than first one and depends heavily on the estimator 

intuitions. According to Angelis & Stamelos (2000), when size of a dataset is fairly 

small it is reasonable to consider only a small number of analogies. Myrveit & Stensrud 

(1999) and Briand et al. (1999) used only one analogy to generate prediction. On the 

other hand, Schofield (1998), Jeffery et al. (2001) and Mendes et al. (2003b) used one, 

two and three analogies. The second approach has been followed in this research where 

number of analogies is 1, 2 and 3 as suggested by Mendes et al. (2003b) and Shepperd 

&Schofield (1997), which we believe is sufficient to derive a good estimate. 

The second important issue in effort prediction is the choice of adaptation technique 

that will generate an estimate from a set of Top N similar project efforts E( tp ). 

Adaptation is mechanism used to derive a new estimate; thus, to minimize the 

differences between retrieved project and current project (Sankar & Simon, 2004). It is 

important step in estimation by analogy because it reflects structure of target project on 

retrieved source projects. We should note that when number of analogies N=1 then the 

adaptation technique is entirely not needed. The commonly used adaptation techniques 

in software cost estimation are mean of closest analogies (Shepperd & Schofield, 1997) 

when N  2, median when N>2 (Angelis & Stamelos, 2002), inverse distance weighted 

mean and inverse rank weighted mean (Kadoda et al., 2000) when N  2. The inverse 

ranked weight mean takes the influence of each project into account where the higher 

ranked analogy has more influence than lower ones. For example, in case we have three 

analogies, the estimation by inverse ranked would be calculated 

as   6123 ClosestThirdClosestSecondcaseClosest  .  

In this thesis we proposed a new adaptation technique that consists of Local 

adaptation and Global adaptation, based on Linear Similarity Adjustment. However, 

Local adaptation can adjust each source project in TOP( tp ) individually according to its 

GRCs with the target project as shown in Eq. (5.12). In other words, each retrieved 

effort value is adjusted according to the normalized similarity degrees 

( jpapa tjij ,))(),(( ) between target project and retrieved source project.  The Global 
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adaptation utilizes all adapted projects‟ efforts to derive final effort estimate based on 

normalized GRGs (aggregated similarity degrees) as shown in Eq. (5.13).  
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where: 

 iE is the actual effort value of the ith
 closest analogy )( ti pEE  . 

 tiE is the adapted effort for the ith
 analogy (Local adaptation). 

 tE is the final prediction for target project tp (Global adaptation). 

 

Example 5.5: suppose that there are two similar projects (p1 and p2) to target project 

tp with the given GRCs, the effort for target project is calculated as follows: 

p1: 7.0))(),(( 111 tpapa , 9.0))(),(( 212 tpapa , Effort(p1)=3000 man-hours 

p2: 6.0))(),(( 121 tpapa , 8.0))(),(( 222 tpapa , Effort(p2)=2500 man-hours 
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5.4 Empirical evaluation 

Although a variety of different factors must be taken into account when evaluating 

any software estimation model such as robustness and ease of use (Boehm, 1981; 
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Kitchenham, 1996), for any software effort estimation model to be successful in 

industry it must justify itself first and foremost by its results and should be trusted by 

software practitioners. This section demonstrates empirical evaluation of FGRA 

software effort estimation model based on the data sets described in chapter four. For 

empirical evaluation sake all numerical attributes were standardized. In fact, some of 

numerical attributes may contain a larger range of values than others which needs care 

to ensure that this does not make the impact of these attributes too prominent or easily 

neglected. Therefore, all numerical attributes were normalized to [0, 1] in order to ease 

their comparison, so that each dimension has the same degree of influence. The 

normalized value of ith
 project at the jth numerical attribute is calculated according to 

Eq. (5.14).  
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  (5.14) 

where },,2,1{},,,2,1{ nimj    

 The proposed FGRA is also validated against several well known techniques used 

in software effort estimation such as Case-Based Reasoning (CBR) using ANGEL tool 

(Shepperd & Schofield, 1997), Artificial Neural Networks (ANN) (Haykin, 1999) and 

Stepwise Regression (SR). The principal reason behind this validation is to allow the 

results from FGRA to be put into perspective, and to provide a comparison between 

FGRA and other prediction techniques. The results obtained from empirical evaluation 

are very encouraging in the sense of being comparable or better than other prediction 

techniques. 

 

5.4.1 Experimental Procedure 

Throughout this investigation we used MATLAB 7.1 to implement the FGRA model 

and to perform statistical significance analysis. For each data set we run FGRA using 

Jackknife validation strategy and recording overall relative prediction accuracy. The 

prediction accuracy of different techniques is assessed using MMRE, MdMRE and 

PRED(25). As explained in chapter 2, there are variety of other performance indicators, 

however, these three accuracy indicators have been chosen because they are the most 

widely used in the literature, and because they give balanced view (PRED(25) tends to 
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be more optimistic focusing attention only on the best cases while MMRE tends to be 

more conservative, and MdMRE is less sensitive to outlying prediction values). The 

Wilcoxon signed rank test (Wilcoxon, 1945) is then conducted to statistically 

investigate the significance of prediction residuals.  

In turn, the best variants from FGRA validations are then used to compare between 

FGRA and other prediction techniques such as Case-Based Reasoning, artificial neural 

networks and stepwise regression. Since MMRE is often not reliable to compare 

between prediction models because of its inadequacies (see section 2.8), Mann-Whitney 

U test (Mann & Whitney, 1947) is conducted to investigate whether the difference 

between absolute residuals of two prediction models is statistically significant. Below 

we present a brief description of the compared techniques.          

The Stepwise regression has been frequently used as a benchmark (Shepperd et al., 

1996; Kadoda et al., 2001; Medes et al., 2003a) and is considered by some as a good 

prediction technique. The Stepwise regression analysis uses data collected from past 

projects to examine the relationships between subset of significant independent 

attributes and dependent attribute and then to develop prediction model based on that. 

The independent attributes are successfully entered into the model until no further 

significant contribution can be made with dependent attribute. Further, it is allowed to 

involve categorical attributes after converting each attribute values into dummy 

variables. The impact of each attribute is associated with a coefficient as shown in Eq. 

(5.15): 

 

mkXbXbXbbY kk  ...22110  ( 5.15) 

 

where 0b , 1b ,…, kb are the coefficients, and 1X , 2X ,…, kX are the actual values of 

selected attributes that influence dependent attribute Y . The derived model is fitted 

according to the significant association between independent attributes with dependent 

attribute.  

Initially, it is important to make sure that assumptions related to using stepwise 

regression are not violated before building effort prediction model (Mendes et al., 2003a). 

For example, skewed numerical variables need to be transformed such that they resemble 
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more closely a normal distribution. The one-sample D'Agostino-Pearson test (D-P test)
2
 

(D'Agostino, 1986) was used to check if all size variables such as (adjusted functions 

points, raw function points, transactions, entities and KLOC) are normally distributed. 

In case if anyone is not, so it was transformed to a natural logarithmic scale to 

approximate a normal distribution (Mendes et al., 2003a). Once transformed, its 

distributions are re-checked again to confirm that it is normally distributed. The 

logarithmic transformation ensures that the resulting model goes through the origin on 

the raw data scale. It also caters for both linear and non-linear relationships between 

size and effort.  

The use of categorical values as dummy variables provide sometimes a problem for 

a stepwise regression as introduction of inappropriate dummy variables merely lead to 

the coefficient for the dummy variables not being significantly different from zero 

(Keung, 2007). As result, the introduction of an inappropriate categorical variable may 

completely undermine the association between effort and other independent attributes. 

Nevertheless, According to Kitchenham & Mendes (2009) all categorical attributes 

should be used and converted into appropriate dummy variables. However, it is 

important to note that all necessary pre-requested tests such as normality tests are 

performed once before running empirical validation which resulted in a general 

regression model. Then, in each Jackknife iteration a different regression model, that 

resembles general regression model in the structure, is built based on the training data 

set and then the prediction of test project is made on training data set.  

The artificial neural networks (Haykin, 1999) is information processing model 

composites an interconnected assembly of elementary processing elements called 

neurons as depicted in Figure 5.4. The basic functionality of the neurons is loosely 

based on the human neuron and working together to solve specific problems. Generally, 

the neurons are arranged in layers where the input data fed to the network at the input 

layer. The data then pass through hidden and output layers to produce the solution for 

given problem. The neural network should be trained first in order to be able to produce 

correct answer for a given input data. However, a number of researchers have applied 

                                                           
2 “The D'Agostino-Pearson test is specifically designed to examine the normality of data sample, without need 

for the mean or variance of the hypothesized normal distribution to be specified in advance. This test tends 
to be more powerful than the Kolmogorov-Smirnov test, but, as omnibus tests, it will not indicate the type of 
non-normality, say whether the distribution appears to be skewed as opposed to heavy-tailed (or both)”. 
(D'Agostino, 1986). 
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artificial neural networks to the problem of software cost estimation such as Witting & 

Finnie (1997), and Idri et al. (2007). Although there has been intensive work in this 

area, we focused on a simple Multilayer Perceptrons with a back propagation learning 

algorithm as implemented in MATLAB 7.1. This has the advantage of reducing user 

interactions in terms of configuring ANNs. Multilayer Perceptrons (Haykin, 1999) are 

supervised feed-forward networks trained with back propagation algorithm. Given 

training input data and desired output data, the Multilayer Perceptrons learn how to 

transform input data into a particular output. This kind of network is commonly used for 

prediction and classification problems. Three parameters have a major impact on 

accuracy of the network which should be defined first before constructing the network: 

number of hidden layers, number of neurons in each hidden layer and type of activation 

functions. Our artificial neural network model is built using one hidden layer because 

multiple hidden layers may lead to over parameterized network structure. The number 

of input neurons and hidden neurons are equivalent to the number of attributes. The 

activation function for hidden neurons and output neurons are tan-sigmoid and linear 

respectively.  

 

 

Figure 5.4 Artificial Neural Network 

 

5.4.2 Measuring prediction accuracy of FGRA 

This section presents empirical validation of FGRA estimation model over the 

employed data sets. To investigate the impact of number of analogy we built three 

different prediction models based on FGRA called FGRA-1, FGRA-2 and FGRA-3 
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according to the number of analogy used. The FGRA-1 uses only the adapted closest 

analogy while FGRA-2 uses two adapted analogies, and FGRA-3 uses three adapted 

analogies.   

All data sets have been normalized and pre-processed to avoid missing values as 

explained in section 5.5.1. The empirical evaluation has been conducted by applying 

Jackknife procedure (except for ISBSG where 10-Fold has been used as its size is too 

large) which validating the error of the prediction procedure employed. In each iteration 

one observation is held out once as test data and the prediction model is trained on the 

remaining observations, then its MRE and residual are evaluated.  

For each data set we must determine two important factors: (1) number of Fuzzy 

clusters C, and (2) the distinguishing coefficient   that best fits each training data set. 

Before constructing Fuzzy model for each continuous attribute we used the Xie & Beni 

(1991) formula to determine the appropriate value of C. Thus, for each data set we 

empirically learn the optimal number of Fuzzy clusters by changing C from 2 to 2 n , 

and then assessing the compactness of these obtained clusters. By analyzing the 

obtained number of clusters we generally observed that most of the data sets require 

sufficient number of Fuzzy clusters and preferably more than 5. The coherent clusters 

will boost obtaining good estimates because it is more likely to find closest projects to 

the project under estimation when the data is well clustered. On the other hand, the use 

of GRA requires also determination of the distinguishing coefficient   that best fits 

each training data set. We used the default value 5.0 that was suggested by Deng 

(1989a, 1989b). After determining the correct number of clusters (C) and the optimal 

value of   for each data set, the obtained pair (C, ) is then used to predict software 

project effort. However, the initial values of (C and  ) for whole data set are used to 

identify optimal attribute set for each data set. Chen et al. (2005) reported that the 

attribute selection should be performed after data collection and before building a 

prediction model.  

The results shown in Tables 5.1, 5.2 and 5.3 summarize the relative accuracy of the 

respective methods (FGRA-1, FGRA-2, FGRA-3) using the MMRE, MdMRE and 

PRED(25) values for all data sets. In short, the obtained results for all data sets are 

promising as being more predictive especially in terms of MMRE. Although the 
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performance figures on Albrecht data set was poor, it is still considered promising if we 

compared it to previous results published on Albrecht data set. The notable results from 

this table are for Desharnais, ISBSG and COCOMO data sets where FGRA obtained 

credible estimates with MdMRE less than 25%. 

As can be seen from Tables 5.2 and 5.3, FGRA-2 and FGRA-3 outperform FGRA-1 

in terms of MMRE and PRED(25) for three data sets including Albrecht, Kemerer and 

COCOMO, indicating the potential improvements of prediction accuracy when using 

two or three analogies. However, using local and global adaptation techniques appear to 

have positive effect on prediction accuracy as depicted in the tables. While this is not 

surprising, it is important to know that the choice of adaptation technique and number of 

analogies do matter. On the other hand, it is widely acknowledged that for large data 

sets the choice of one analogy is quite sufficient because it is more likely to find similar 

projects within large case-base. This was the case for ISBSG and Desharnais data sets 

where the use of FGRA-1 was notably superior to FGRA-2 and FGRA-3 in terms of 

MMRE. In general, we can conclude that all results for FGRA-1, FGRA-2 and FGRA-3 

were good, and corroborate that if we handle uncertainty associated with similarity 

measurement we can obtain accurate estimates.  

Table 5.1 FGRA-1 prediction accuracy results 

Evaluation Criterion ISBSG Desharnais COCOMO Kemerer Albrecht 

MMRE% 13.3   10.42 19.7  48.83  54.5 

MdMRE%  5.6  6.73  16.9  31.95 36.2 

PRED(25)%  82  92.2  71.7  40.0 41.7 

 

Table 5.2 FGRA-2 prediction accuracy results 

Evaluation Criterion ISBSG Desharnais COCOMO Kemerer Albrecht 

MMRE% 18.3   13.9 17.3  44.5  50.5 

MdMRE%  10.7  8.21  14.4  28.7 30.0 

PRED(25)%  79.0  88.5  73.3  48.1 44.7 

 

Table 5.3 FGRA-3 prediction accuracy results 

Evaluation Criterion ISBSG Desharnais COCOMO Kemerer Albrecht 

MMRE% 16.7   16.42 17.6  41.7  51.8 

MdMRE%  9.6  13.54  15.4  27.3 33.2 

PRED(25)%  79.0 82.0  71.7 50.0 44.7 
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Although the Evaluation criteria are useful to indicate the relative prediction 

accuracy of our model, they cannot confirm whether the results are significant or not. 

Therefore we used Boxplot of absolute residual and one sample Wilcoxon signed rank 

test (Wilcoxon, 1945) of residuals to statistically investigate the significance of FGRA 

model, using best variants for each data set. Figure 5.5 shows Boxplot of absolute 

residuals for each data set which throws up a number of interesting results: 

1. Except for Kemerer data set all medians are very close to zero, indicating that 

the absolute residuals of estimates were biased towards the minimum value 

where they have tighter spread. The median and range of absolute residuals of 

FGRA are small which revealed that at least half of the predictions of FGRA are 

accurate. The box of FGRA overlays the lower tail especially for COCOMO and 

ISBSG data sets which also presents accurate predictions.  

2. Although the range of absolute residuals for Desharnais is large, it seems that its 

median is skewed towards the minimum value which indicates the FGRA 

produced good prediction for Desharnais data set. In addition, the outlier of 

Desharnais is less extreme.   

 

 

Figure 5.5 Box-plots of absolute residuals for each data set 

 

To investigate the statistical significance of FGRA on each data set we applied one-

sample Wilcoxon signed rank test of residuals as shown in Table 5.4, setting test value 
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to zero. In this test if the resulting p-value is small (p-value < 0.05), then the sample 

data are not symmetrical about the test value and therefore a statistically significant 

difference can be accepted between the sample median and the test value. Table 5.4 

shows that the residuals obtained using the FGRA models were not significantly 

different from the test value zero. This suggests that the data do not give any reason to 

conclude that the residuals median differs from the hypothetical median (test value). So 

we can safely conclude that the medians of residuals generated by FGRA are not 

different from zero but it is not exactly same. Thus, there is advantage to these data sets 

obtaining their effort estimations using our proposed FGRA model. 

 

Table 5.4 FGRA Statistical results using one-sample Wilcoxon signed rank test  

Statistical measure ISBSG Desharnais COCOMO Kemerer Albrecht 

P-value 0.522  0.13 0.125 0.858  0.44 

Sum of signed ranks (W)  39203  1204  520.5  56.5 123 

 

5.4.3 Comparison of FGRA to Case-based reasoning, 

Artificial neural networks and Stepwise regression 

This section presents the results obtained when compared FGRA model to artificial 

neural networks, stepwise regression, and case-based reasoning. We should note here 

that both artificial neural networks and stepwise regression are applied only to 

numerical attributes.  

To determine the prediction accuracy for other prediction techniques we also used 

leave one out cross validation approach as explained in section 5.4.2 except for ISBSG 

data set where 10-Fold cross validation is applied because the size of ISBSG that is 

considered too large because it requires a lot more time to compute. However, for the 

comparison purpose, we use ANGEL tool (Shepperd & Schofield, 1997) and its 

exhaustive attribute selection algorithm in order to generate predictions for CBR. We 

also used Boxplot of absolute residuals to statistically measure the distribution of 

absolute residuals. Further, to confirm that whether difference between two prediction 

models is truly significant at 05.0 or could have occurred by chance, we conducted 

Mann-Whitney U test of absolute residuals to test the statistical significant. 
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5.4.3.1 Comparison over ISBSG data set 

The processed ISBSG data set as mentioned in chapter four, comprising 532 projects 

from a variety of different organizations, was very rich in predictor attributes in that 9 

useful attributes were carefully selected for the purpose of prediction. However, unlike 

small data sets, the performance figures for FGRA and other compared prediction 

techniques were generated using 10-Fold cross validation due to size of the ISBSG data 

set.  

During empirical validation we have noticed that the stepwise regression rejected 

most of the attributes as not contributing significantly to its initial model, only two 

significant attributes namely, AFP and ADD were involved in the model as shown in 

Table 5.5. The ordinal attribute RSL was converted into two dummy variables. The 

adjusted R
2
 values suggest that the models were not good with only 19-22% of the 

variation in effort being explained by variation in „AFP‟ and „ADD‟. The attributes 

identified by KFS algorithm based on our similarity measure presented in chapter four 

were “AFP” and „”ADD” attributes, which similar to those selected by SR model. The 

next step is to use the selected attributes in order to build a similar stepwise regression 

models for each training data set throughout cross-validation iterations, and accordingly 

predict test projects. 

   

Table 5.5 Formula for stepwise regression models 

Version Formula R
2 

adj 

1
st
 Fold )(067.0)(247.098.5)( ADDLnAFPLnEffortLn   0.215 

2
nd

 Fold )(071.0)(255.094.5)( ADDLnAFPLnEffortLn   0.203 

3
rd

 Fold )(0587.0)(273.091.5)( ADDLnAFPLnEffortLn   0.204 

4
th
 Fold )(067.0)(275.086.5)( ADDLnAFPLnEffortLn   0.22 

5
th
 Fold )(0589.0)(267.093.5)( ADDLnAFPLnEffortLn   0.204 

6
th
 Fold )(0642.0)(264.091.5)( ADDLnAFPLnEffortLn   0.21 

7
th
 Fold )(0642.0)(27.090.5)( ADDLnAFPLnEffortLn   0.198 

8
th
 Fold )(072.0)(26.090.5)( ADDLnAFPLnEffortLn   0.225 

9
th
 Fold )(0712.0)(255.096.5)( ADDLnAFPLnEffortLn   0.202 

10
th
 Fold )(064.0)(25.001.6)( ADDLnAFPLnEffortLn   0.196 

 

By analyzing ISBSG results, Table 5.6 summarizes the accuracy of the respective 

models. From the results we can observe that FGRA produced superior prediction 
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accuracy than other prediction techniques. The results also revealed that CBR produced 

accurate results than stepwise regression and artificial neural network which shows in 

general analogy based estimation techniques tend to be more accurate than others for 

ISBSG data set. However, we should not overlook some important factors that 

contribute to these superior results including our attribute subset selection algorithm, 

attribute weighting, similarity measure and adaptation technique. However, it is not 

surprisingly that stepwise regression performed better than artificial neural network as it 

assesses the fitness of relationship between dependent attribute and independent 

attributes based on significance of association. Unlike other prediction techniques, 

FGRA is less sensitive to the existence of outliers. For example, the distance measure 

used in ANGEL is somewhat sensitive to extreme values which produce bigger 

similarity difference and result in ignoring predictor projects (Shepperd & Schofield, 

1997). The use of Fuzzy modelling based on Fuzzy Clustering is an indicative of the 

possibility of being able to treat uncertainty in similarity measurement efficiently. 

 

Table 5.6 Comparison on ISBSG Data set 

Evaluation Criterion FGRA ANN SR CBR 

MMRE% 13.3 70.74 57.96 59.2 

MdMRE% 5.6 46.3 47.05 34.2 

PRED(25)% 82.0 25.6 26.53 43.4 

 

The results of Mann-Whitney U test are presented in Table 5.7, Unsurprisingly, 

predictions based on FGRA model present statistically significant accurate estimations, 

measured using absolute residuals, confirmed by the results of Boxplot of absolute 

residuals shown in Figure 5.6. The figure shows that CBR produced the worst 

individual estimates with many extreme values of absolute residuals. One reason for this 

very poor result is almost certainly due to the structure of the ISBSG data set that is 

scattered as it has been collected from different worldwide companies with dissimilar 

experience and maturity level. Further, this problem may be caused by using 

unrepresentative training and noisy data. If the observed project has many outliers, the 

corresponding estimate will definitely be an outlier and produce outlying absolute 

residual. However, the box of FGRA overlays the lower tail which shows that the 

absolute residuals are skewed towards the minimum value and also presents accurate 
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estimation than other three models. The range of absolute residuals of FGRA is smaller 

than absolute residuals of others which also presents smaller variance. The median of 

FGRA is smaller than the median of other models which revealed that at least half of the 

predictions of FGRA are more accurate than other models. The selected attributes and 

their corresponding weights have also a major impact on the accuracy of prediction. It 

would be seem that the attribute identified by our proposed model contribute to better 

estimation results than the attributes identified by CBR and stepwise regression.  

 

Table 5.7 Mann-Whitney test of absolute residuals for ISBSG data set 

Models Mann-Whitney test Models Mann-Whitney test 

FGRA vs. CBR -10.4** CBR vs. SR -5.5** 

FGRA vs. SR -21.8** CBR vs. ANN -4.0** 

FGRA vs. ANN -19.6** ANN vs. SR 2.61 

Note: *statistically significant at 95%, ** statistically significant at 99% 

 

 

Figure 5.6 Boxplot of absolute residuals for ISBSG 

 

5.4.3.2 Comparison over Desharnais data set 

Applying KFS algorithm on Desharnais data set using our similarity measure resulted in 

identifying only two attributes (RawFP and AdjFP). Those attributes were also 

identified when using Euclidean distance, which thus is an indication of the importance 

of that attributes to effort estimation.  Another observation is that the size attributes are 
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the more influential ones. On the other hand, for stepwise regression model, the 

categorical attribute („Dev.Env‟) was converted into two dummy variables (L1and L2). 

The resulted model as represented in Eq. (5.16) involved only three attributes for which 

two of them are the dummy variables. The dependent attribute (Effort) and independent 

attribute (AdjFPs) were both transformed to natural logarithmic scale as they are not 

normally distributed as confirmed by D-P normality test. The goodness of fit for 

regression model was 0.77 which suggests that the regression model is relatively good. 

 

237.1134.1)(97.04.4)( LLAdjFPLnEffortLn   (5.16) 

 

Like ISBSG, the results in Table 5.8 suggest that FGRA tends to be more accurate than 

all other prediction techniques in terms of accuracy indicators. Again the worst 

estimates have been generated by artificial neural network as it is easily influenced by 

not representative data. Regarding the PRED(25) evaluation criterion, the FGRA 

produced significantly better results than artificial neural networks and stepwise 

regression.  

Concerning the statistical test based on Mann-Whitney U, we found statistical 

significance between FGRA and other prediction techniques as shown in Table 5.9. 

Suggesting that, there is difference if the predications generated using FGRA or other 

prediction techniques. We also noticed that there is no statistical significance between 

CBR, artificial neural network and stepwise regression. Suggesting that, there is no 

difference if the predictions generated using any one of them. 

 

Table 5.8 Comparison on Desharnais Data set 

Evaluation Criterion FGRA ANN SR CBR 

MMRE% 10.42 57.65 33.3 38.2 

MdMRE% 6.73 41.74 26.7 30.8 

PRED(25)% 92.2 31.6 48.1 42.9 
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Table 5.9 Mann-Whitney test of absolute residuals for Desharnais data set 

Models Mann-Whitney test Models Mann-Whitney test 

FGRA vs. CBR -5.87** CBR vs. SR -1.14 

FGRA vs. SR -6.82** CBR vs. ANN -0.87 

FGRA vs. ANN -6.97* ANN vs. SR 0.22 

Note: *statistically significant at 95%, ** statistically significant at 99% 

 

Figure 5.7 depicts the Boxplot of absolute residuals of Desharnais data set. The 

Boxplot unsurprisingly revealed that the box length for FGRA is smaller than others 

which indicate reduced variability of absolute residuals. The median value for artificial 

neural networks, CBR and stepwise regression are quite similar which revealed that at 

least half of predictions of them at the same accurate level. This result has been 

confirmed by statistical significance test that show the differences between these 

techniques are not significant. The lower tails of FGRA is much smaller than upper tails 

which mean that the absolute residuals are skewed towards the minimum value. 

Regarding the dispersion of the absolute residuals we can observe that artificial neural 

networks, CBR and stepwise regression have the same dispersion.    

 

 

Figure 5.7 Boxplot of absolute residuals for Desharnais 

 

5.4.3.3 Comparison over COCOMO’81 data set 

The COCOMO data (Boetticher et al., 2009) set is interesting due to nature of attributes 

available at the time estimation is required. All 16 independent attributes are numerical 

irrespective of that those attributes started out as categorical. Three attributes were 
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identified by KFS, namely: LOC, TOOL and CPLX. On the other hand, the general 

model of stepwise regression model is represented in Eq. 5.17 which again rejected 

most of the attributes as not significantly contributing to the regression model. This 

model was built after running appropriate test to check whether the transformation to 

natural logarithmic scale is necessary. Only KLOC and Effort attributes required 

transformation. The adjusted R
2
 of 0.97 suggests that the general stepwise regression 

model is excellent. 

 

VEXPACAPTURN

STORTIMEKLOCLnEffort





18.266.155.1

97.071.2)(056.146.1)ln(
 (5.17) 

  

The results in Table 5.10 seem to follow the same pattern as those before it (i.e. FGRA 

produces superior prediction accuracy than other techniques) with strategy of taking 

adaptation of two analogies being the most fruitful approach. The results demonstrate 

that FGRA outperforms other prediction techniques with lower MMRE and MdMRE 

value. Unlike ISBSG and Desharnais, artificial neural network produced the worst 

estimate over COCOMO data set because the range of each attribute values are 

somewhat limited which provided a great learning challenge for neural network. On the 

other hand, CBR shows better performance figures on COCOMO data set because we 

are more likely to find in the COCOMO data set at least one attributes for which the 

associated numeric values are the same for the two projects. 

Table 5.10 Comparison on COCOMO Data set 

Evaluation Criterion FGRA ANN SR CBR 

MMRE% 17.3 439.5 32.3 29.4 

MdMRE% 14.4 243.6 22.4 25.8 

PRED(25)% 73.3 10.17 63.7 50.0 

 

Table 5.11 Mann-Whitney test of absolute residuals for COCOMO data set 

Models Mann-Whitney test Models Mann-Whitney test 

FGRA vs. CBR -1.1 CBR vs. SR -3.1** 

FGRA vs. SR -4.9** CBR vs. ANN -6.0** 

FGRA vs. ANN -7.72** ANN vs. SR -4.5** 

Note: *statistically significant at 95%, ** statistically significant at 99% 
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Concerning the statistical test based on Mann-Whitney U, we found statistical 

significance between FGRA and other prediction models except CBR as shown in Table 

5.11, Suggesting that, there is a difference if the predications generated using FGRA or 

stepwise regression and neural network. Another interesting result, obtained by 

statistical significance test, indicates that the differences between other prediction 

techniques are also significant. Figure 5.8 revealed that the box length of FGRA is much 

smaller than others which demonstrate reduced variability in absolute residuals. The box 

of FGRA overlays the lower tail and presents accurate estimates than other techniques 

because the absolute residuals are skewed towards the minimum value. The median of 

FGRA is smaller than median of other models which shows that at least half of the 

predictions of FGRA are more accurate than other techniques. According to the 

Boxplot, the artificial neural networks gave the worst absolute residual value because 

learning from discrete data become complex for neural network especially when these 

values have limited range.    

 

 

Figure 5.8 Boxplot of absolute residuals for COCOMO 

 

5.4.3.4 Comparison over Kemerer data set 

Two core attributes were identified by KFS: AdjFP and Language, which demonstrates 

the ability of the proposed attribute selection algorithm to detect important categorical 

attributes. However, the Kemerer data set contains two categorical attributes (Language 

and Hardware) that cannot be exploited by stepwise regression and neural networks 
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unless we convert them into dummy variables. The “Language” attribute was converted 

into two dummy variables (L1 and L2) whereas The “Hardware” attribute was 

converted into 3 dummy variables (H1, H2 and H3), but none of them were selected.  

 

)(9.0057.1)( AdjFPLnEffortLn   (5.18) 

 

The developed stepwise regression model as shown in Eq. (5.18) involved 

transformation of Effort and AdjFP. This model presents moderate adjusted R
2 

value of 

0.667. Nevertheless, the results of Kemerer data set as shown in Table 5.12 revealed 

that FGRA outperforms other prediction techniques in terms of MMRE, MdMRE and 

PRED(25), despite the size of Kemerer data set being very much smaller than other data 

sets.  This lends support to the notion that using GRA is effective on small data sets. 

The results suggest that FGRA is capable of producing acceptable estimates in 

situations where categorical data is also available. Stepwise regression produced the 

worst individual estimates because two projects in the data set have an effort which is 

twice as large as the smallest project and the number of projects is small. Our FGRA 

shows less sensitive to the extreme values. The results show that FGRA is suitable for 

small size data set. It was surprising that, according to the statistical test of absolute 

residuals, we did not find any statistical significance between prediction generated by 

FGRA and those generated by CBR and artificial neural networks, even though the 

performance figures of FGRA are better than CBR and artificial neural networks. 

Suggesting that, based on the Kemerer data set characteristics it would make no 

difference if predictions were generated using FGRA or other techniques (CBR and 

artificial neural networks). But we found significant difference between FGRA and 

stepwise regression predictions. 

 

Table 5.12 comparison on Kemerer Data set 

Evaluation Criterion FGRA ANN SR CBR 

MMRE% 41.7 68.6 161.73 63.8 

MdMRE% 27.3 19.0 74.88 33.3 

PRED(25)% 50.0 53.3 6.7 40.0 
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Table 5.13 Mann-Whitney test of absolute residuals for Kemerer data set 

Models Mann-Whitney test Models Mann-Whitney test 

FGRA vs. CBR -1.25 CBR vs. SR -2.0* 

FGRA vs. SR -3.2** CBR vs. ANN -0.21 

FGRA vs. ANN -1.2 ANN vs. SR 1.8 

Note: *statistically significant at 95%, ** statistically significant at 99% 

 

 Figure 5.9 revealed that FGRA and CBR have similar box length and still smaller 

than others which shows reduced variability of absolute residuals. The box of FGRA 

overlays the lower tail which indicates that the absolute residuals are skewed towards 

the minimum value and also presents accurate estimation than others. The Boxplots 

demonstrate that at least half of predictions for FGRA and CBR at the same accurate 

level. The larger inter-quartile of stepwise regression indicates a high dispersion of the 

absolute residuals.   

 

Figure 5.9 Boxplot of absolute residuals for Kemerer 

 

5.4.3.5 Comparison over Albrecht data set 

For Albrecht data set, two attributes were selected by KFS: AdjFP and KLOC. These 

attributes have not been identified by stepwise regression. The stepwise regression 

model as shown in Eq. (5.19) involved only one significant independent attribute 

(RawFP) without need for natural logarithmic transformation. The resulted model gives 
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an excellent R
2 

value of 0.902, but still leads to a poor level of accuracy in terms of 

MMRE (61.24%) because the model is not very good for small effort values. 

 

RawFPEffort  06.0203.16  (5.19) 

 

Table 5.14 depicts the obtained results for Albrecht data set. The results 

demonstrate that FGRA produces better estimates than others methods in terms of lower 

MMRE and MdMRE. Regarding PRED(25), which measure the number of individual 

estimates that has MRE value less than 25% , FGRA had the highest value among other 

models, these results are also confirmed by Boxplot of residuals. Regarding statistical 

significant, we did not find any statistical significance between FGRA and other 

prediction techniques, except stepwise regression. This suggests that there is no 

difference if predictions are generated by FGRA, artificial neural network or CBR, but 

the predictions generated by FGRA is statistically different from those generated by 

stepwise regression. 

Figure 5.10 shows that the box length of FGRA is much smaller than others which 

revealed reduced variability in absolute residuals. The median of FGRA is smaller than 

median of other models which shows at least half of the predictions of FGRA are more 

accurate than others. The residuals obtained using the FGRA model were generally 

smaller than those obtained using artificial neural networks, indicating that estimates 

based on a FGRA model provided better accuracy than those based on the median 

effort. Stepwise regression produced many extreme absolute residual values because it 

suffers from outliers and is sensitive to the small number of observations, thus it is hard 

to learn from training data.  

 

Table 5.14 Comparison on Albrecht Data set 

Evaluation Criterion FGRA ANN SR CBR 

MMRE% 50.5 65.34 61.24 63.5 

MdMRE% 30.0 34.4 32.3 38.9 

PRED(25)% 44.7 43.5 37.5 33.3 
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Table 5.15 Mann-Whitney test of absolute residuals for Albrecht data set 

Models Mann-Whitney test Models Mann-Whitney test 

FGRA vs. CBR 0.25 CBR vs. ANN -1.6 

FGRA vs. ANN -1.4 CBR vs. SR -0.2 

FGRA vs. SR -0.11* ANN vs. SR 1.2 

Note: * statistically significant at 95%, ** statistically significant at 99% 

 

5.4.4 Discussion 

From the empirical analysis it can be observed that, at least for the sample of data sets 

investigated, FGRA is superior in terms of prediction accuracy and statistical 

significance results, to estimation based on CBR, artificial neural networks and stepwise 

regression. Although it must be remembered that the FGRA can be optimised on the 

appropriate choose of number of clusters, the results obtained have shown that careful 

attribute selection and weighting have considerable impact on the prediction accuracy of 

FGRA. Further, from the results, FGRA would seem to throw up number of interesting 

advantages. First, FGRA remains viable when using categorical features (e. g. the 

Kemerer data set). Second, FGRA remains accurate for small data sets (e. g. the 

Albrecht (24 projects), Kemerer (15 projects)), and for large data sets as well (e.g. 

ISBSG). Third, FGRA remains accurate where the number of features is limited (e. g. 

the Kemerer data set).  

 

 

Figure 5.10 Boxplot of Absolute residuals for Albrecht 
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Another interesting point is that, for all of the data sets under consideration, the 

algorithm to search for the best subset of attributes improved the prediction accuracy 

upon the result of using all the attributes together. This indicates the importance of 

removing noisy features during prediction process. This analysis has also highlighted a 

couple of issues with FGRA model. First, the use of Fuzzy modelling can cause a 

problem when number of projects is under certain numbers; therefore, it should be 

above five observations. Even so, the fact remains that estimates from very small data 

sets should be treated with caution. Second, the use of distinguishing coefficient   to 

adjust similarity degrees should be not consistent for all data sets; therefore an empirical 

investigation should be performed once before running prediction model.   

This analysis also permits an empirical evaluation of a number of questions relating 

to the most effective use of FGRA: First, “What is the optimum number of clusters for 

FGRA to search for? Figure 5.11 shows the impact of number of clusters to use in 

developing FGRA for each data set. The most striking feature of this analysis is the 

similarity of the five lines. For ISBSG data set, the prediction accuracy reaches a poor 

level of accuracy on 2 Fuzzy clusters, the trend is again a steady increase in accuracy 

after using 4 clusters.  The general trend for Desharnais data set is less turbulent than its 

ISBSG. Starting off with a poor level of accuracy (The MMRE being over 45%) until 

reaching 7 clusters, FGRA slowly improves and reaches a consistent level, at 

approximately between 11% and 15%. The line of COCOMO data set is approximately 

similar to that of Desharnais except with a bit of turbulent at cluster number 5 where 

suddenly the MMRE decreased again to 48%. In contrast, the general trend of Kemerer 

data set shows inconsistent behaviour, specifically at 12 clusters and after 13 clusters. 

Similarly, line of Albrecht data set is far less consistent but the remarkable point is the 

stability of MMRE after 7 clusters and remains markedly consistent between 50% and 

57%.  

Overall Findings show that there is a tendency for the MMRE level to improve as 

the number of clusters increase. Exception to this can be seen in both Kemerer and 

Albrecht that FGRA backs to generate bad prediction after certain point. The principal 

reason behind that is due to the size of both data sets which is relatively small. For all 

data sets, there is a point at which the level of accuracy begins to stabilise, which 

indicates that estimation by FGRA is less favourable below this number of clusters. 
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However, the criteria by which the cut off point in the suitable number of clusters to be 

used is judged, remains unclear even with using XB formula.  

The second raised question is “What is the optimum number of analogies for FGRA 

to search for? The answer to the question appear to be subjective in that 'One Analogy' 

is the most commonly accurate estimation method for large data sets (e.g. ISBSG), 

being selected for 2 out of the 5 data sets. 'Two Analogies' is the most accurate 2 times, 

for medium data sets (e.g. COCOMO), whilst 'Three Analogies' are most accurate for 

small data set (e.g. Kemerer). The main assumptions made early on in this chapter was 

that the selection of just one analogy would be suitable choice for large data sets while a 

smaller data set would favour the selection of more analogies. This however, has been 

ascertained in the results, with for example, the two smallest data sets, Albrecht and 

Kemerer finding respectively two and three analogies to be the optimum number to 

search for. Even though the selection of 'One Analogy' seems to be superior for large 

data sets, it must be remembered that for many of the data sets the use of three different 

FGRA methods returned remarkably predictive accuracy levels. 

 

 

Figure 5.11 The investigation into the sensitivity of FGRA to number of Clusters 
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Perhaps the only conclusion that can be drawn on this question is that, the larger the 

data set, the more consistent the results are likely to be. This question needs further 

investigations and will be looked at again from a different view point in the future 

works, where individual data sets will be examined to see if accuracy improves as data 

points are added. 

 

5.5 Chapter summary 

This chapter has described a novel approach to software effort estimation by searching 

for similar or analogues examples from sets of historical software dataset. By 

combining techniques of Fuzzy set theory and Grey Relational Analysis with existing 

estimation by analogy method, new flexible effort estimation by analogy method, 

FGRA, is proposed in this chapter. FGRA is very similar to case-based reasoning and 

has capability to overcome the main limitations in former estimation by analogy 

methods. This is achieved through providing more flexibility in terms of 

1. Identify best predictive attributes and their weights based on efficient statistical 

analysis using Kendall row-wise correlation. 

2. Tolerating uncertainty in similarity measurement that is inherited from attribute 

measurement. 

3. Supporting non-quantitative data by defining various local similarity measures and 

aggregating them by using Grey Relational Analysis. 

4. Taking into the proposed similarity measure account the structure of dataset by 

using Fuzzy C-means that helps in constructing Fuzzy model.   

5. Presenting Local and Global adaptation based on linear similarity adjustment to 

derive a new estimate.  

In this chapter we investigated the impact of integration of GRA and Fuzzy set theory 

within an analogy-based effort estimation model that resulted in FGRA software effort 

estimation model. The Fuzzy model is employed in GRA to reduce uncertainty and 

improving the way to handle both quantitative and non-quantitative data in similarity 

measurement.  
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The proposed FGRA model produced encouraging results with lower MMRE, 

MdMRE and higher PRED(25) on all of the  data sets under consideration. From 

empirical analysis, it can be seen that, FGRA is superior in terms of results when 

compared to three well known estimation techniques: CBR, artificial neural networks 

and stepwise regression. Based on two samples Mann-Whitney U test using absolute 

residuals, FGRA is statistically significant than other models such as artificial neural 

networks, CBR and stepwise regression over most of the comparable data sets. Based 

on one-sample Wilcoxon signed rank test of residuals; we observed that FGRA 

produced statistically accurate predictions as their medians of residuals are not 

statistically different from the hypothetical median which is zero. Further, the absolute 

residuals for FGRA are not extreme which shows that the model is not sensitive to the 

outliers and produce good estimates.  

 

Although better results were obtained by FGRA, we should not overlook the 

importance of choosing the optimal number of fuzzy clusters that is used to construct 

appropriate Fuzzy model for each continuous attributes. Moreover, the proposed 

attribute selection and weighting algorithms seem to work especially well for FGRA 

model and contributes to best accuracy over the used data sets. The FGRA provides 

sound statistical analysis through attribute identification and weighting, and sound 

uncertainty tolerance through proposed similarity measure.     

 On the other hand, there is some discussion about using default value of 

distinguishing coefficient   which should not be same for all data sets and must be 

varied to fit each data set and each individual prediction. Therefore it should be there a 

learner to find best value of  for each data set. 



 

 

CHAPTER SIX 

Analogy-Based Software Effort 

Estimation Using Fuzzy 

Numbers 
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6.1 Introduction 

In section 2.8 we highlighted the primary challenge of early stage effort estimation, so 

to provide better estimates at early stage of software development lifecycle using all 

available early information, in this part of research we employ Fuzzy numbers and 

related concepts in analogy-based software effort estimation model. Integrating Fuzzy 

numbers in CBR process has potential to reduce sensitivity to uncertainty in similarity 

measurement and explicitly model uncertain relations between effort attributes. 

Particularly, we propose a new software project similarity measure and a new 

adaptation technique based on the concept of Fuzzy numbers.  

In this chapter, a new similarity measure between two generalized Fuzzy numbers 

has been proposed. It combines the concepts of geometric distance, the centre of gravity 

of generalized Fuzzy number and height of generalized Fuzzy numbers. We also prove 

three properties of the proposed similarity measure. Later on, Fuzzy numbers are also 

utilised to develop a new adaptation technique. The proposed similarity measure and 

adaptation technique have been used to develop a new analogy software effort 

estimation model called "Generalized Fuzzy Number Software Estimation" (GFNSE) 

model. This part of the thesis shows that it may offer a promising direction for research 

using Fuzzy numbers in analogy-based software estimation. 

  

6.2 The proposed similarity measure  

In this section, we propose a similarity measure which aims to capture the vagueness 

present in attribute values in that each value will be represented as Fuzzy number to 

express its degree of fuzziness. The proposed similarity measure computes degree of 

similarity between two generalized Fuzzy numbers which combines the concepts of 

geometric distance, centre of gravity (COG) and height of generalized Fuzzy number. 

The similarity degree between two generalized Fuzzy numbers is affected by many 

factors such as: area of Fuzzy number, COG of Fuzzy number, shape of the Fuzzy 

number, position of Fuzzy number and height of Fuzzy number (Wei & Chen, 2009a, 

2009b).  
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Suppose there are two generalized Fuzzy numbers  AhaaaaA ;,,, 4321  and 

 BhbbbbB ;,,, 4321 , where 10 4321  aaaa , 10 4321  bbbb  are boundary 

of Fuzzy number, and  1,0, BA hh represent the height of generalized Fuzzy numbers A  

and B . The degree of similarity S( A , B ) between two generalized Fuzzy numbers is a 

composition of three elements, namely, Height Adjustment Ratio (HAR), Geometric 

Distance (GD), and Shape Adjustment Factor (SAF) as shown in Eq. (6.1).  

 

SAF

G
HARBAS

D-1
),(   (6.1) 

 

The HAR as shown in Eq. (6.2) is used to assess the degree of difference in height 

between two generalized Fuzzy numbers. This ratio decreases as difference between 

Ah and Bh increases and therefore reduces the similarity degree when there is a 

substantial difference between them. However, it may appear that consideration of HAR 

without square root may lead to the HAR being too insensitive to small differences 

between Ah and Bh . For example, assume Ah =0.4 and Bh =0.6 then the ratio will be 

0.4/0.6=0.6667 which has great influence on the similarity degree even though the 

difference is not too high. But if we consider the square root the ratio will be lower  and 

equal to 0.8165, which in this case has a moderate influence on the similarity degree. 

 

 )/,/min( ABBA hhhhHAR   (6.2) 

 

The GD as shown in Eq. (6.3) is used to measure the geometric distance between 

two generalized Fuzzy numbers including the distance between their x-axis centroid. 

This distance increases as the difference between their elements increases.  
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The SAF as shown in Eq. (6.4) is used to adjust the geometric distance, for 

example, if the two Fuzzy numbers have different shapes such as in case of one of the 

Fuzzy numbers is triangular and the other is trapezoidal or in case of unsymmetrical 

Fuzzy numbers, the similarity degree should decrease. This factor increases as the 

difference between Ay  and By  increases which means that two Fuzzy numbers have 

different shapes.  

 

|-|1 BA yySAF   (6.4) 

 

The ),( AA yx and ),( BB yx  points in Eq. (6.5) and (6.6) represent the COG points of 

generalized Fuzzy numbers A  and B respectively that are calculated as follows:  
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In general, the similarity degree decreases as SAF increases and HAR decreases 

which mean that two generalized Fuzzy numbers have different shapes and different 

heights.  

Example 6.1: suppose A =[0.1, 0.3, 0.3, 0.5; 1] , B =[0.2, 0.4, 0.4, 0.7; 1] and 

C =[0.5, 0.7, 0.7, 0.9; 1] are three generalized triangular Fuzzy numbers as shown in 

Figure 6.1. First, COG point for each generalized Fuzzy number is calculated according 

to Eq. (6.5) and Eq. (6.6). The obtained COG points are: COG( A )=(0.3,1/3), 

COG( B )=(0.4333,1/3), COG( C )=(0.7,1/3). 

The similarity degree between each pair of generalized Fuzzy numbers is computed 

as seen below. The conclusion can be drawn from this example that Fuzzy number B  is 

closer to Fuzzy number A  than Fuzzy number C  to Fuzzy number A . 
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Figure 6.1 Three generalized triangular Fuzzy numbers 

 

6.2.1 Properties of the similarity measure 

Below we consider some properties of such a measure in an attempt to motivate it 

further: 

Property 1: Two generalized Fuzzy numbers A and B are identical iff S( A , B )=1 

Proof: Let  AhaaaaA ;,,, 4321 ,  BhbbbbB ;,,, 4321 ,  1,0, BA hh ,  

(I) if A and B are identical this implies: 

BABA yyhhbabababa  ,,,,, 44332211 , then  

)/,/min( ABBA hhhh =1,  |)-|1( BA yy  =1, and 


4

1

-
i

ii ba =0, 
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Since BA xx  then |-| BA xx =0, then S( A , B )= 1
1

)00(
5

1
1

*1 



 

(II) Now let us prove that if S( A , B )=1 then A and B are identical. This should be 

equivalent with: if A and B are not identical then S( A , B ) 1: Let us suppose 

A  B then at least one of the elements in both Fuzzy numbers is different 

(i.e. iii ba  or BA hh  . Then 1)/,/min( BAAB hhhh , or because 

iii ba  then 0|-|-
5

1 4

1
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1|-|1  BA yySAF . Thus, this implies that: 1),( BAS , and 1),(0  BAS . 

Property 2: S( A , B )=S( B , A ) 

Proof: Since )/,/min( ABBA hhhh = )/,/min( BAAB hhhh ,   
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|)-|1( BA yy = |)-|1( AB yy , 

|-| BA xx = |-| AB xx , then S( A , B )=S( B , A ) 

Property 3: if  AwaaaaA ;,,, ,  BwbbbbB ;,,, are two real value numbers then 

S( A , B )=1-|a-b|. 

Proof: since BA hh  , then )/,/min( ABBA hhhh =1. Since BA yy  then |)-|1( BA yy  

=1, since axA  and bxB  then |||-| baxx BA  .  

Since 
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6.2.2 Comparison between the proposed similarity measure and other 

similarity measures based on Fuzzy numbers. 

This section presents comparison between the proposed similarity measure and existing 

similarity measures based on Fuzzy numbers. Figure 6.2 shows sample of fifteen sets of 
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generalized Fuzzy numbers (Wei & Chen, 2009a), are used for the sake of comparison. 

For each set the similarity degree between two Fuzzy numbers A and B is computed 

using different similarity measures as shown in Table 6.1. 

 

   
Set 1:  A=[0.1, 0.2, 0.3, 0.4; 1]  

            B=[0.1, 0.25, 0.25, 0.4; 1] 

Set 2:  A=[0.1, 0.2, 0.3, 0.4; 1]  

             B= [0.1, 0.2, 0.3, 0.4; 1] 

Set 3: A=[0.1, 0.2, 0.3, 0.4; 1]  

           B=[0.1, 0.25, 0.25, 0.4; 1] 

   
Set 4:  A=[0.1, 0.2, 0.3, 0.4; 1]  

            B=[0.4, 0.5, 0.6, 0.7; 1] 

Set 5:  A=[0.1, 0.2, 0.3, 0.4; 1]  

            B=[0.1,  0.2, 0.3, 0.4; 0.8] 

Set 6:  A=[0.3, 0.3, 0.3, 0.3; 1]  

            B=[0.3, 0.3, 0.3, 0.3; 1] 

   
Set 7:  A=[0.2, 0.2, 0.2, 0.2; 1]  

            B=[0.3, 0.3, 0.3, 0.3; 1] 

Set 8:  A=[0.1, 0.2, 0.2, 0.3; 1]  

            B=[0.3, 0.3, 0.3, 0.3; 1] 

Set 9:  A=[0.1, 0.2, 0.2, 0.3; 1]  

            B=[0.2, 0.3, 0.3, 0.4; 1] 

   
Set 10:  A=[0.1, 0.4, 0.4, 0.7; 1]  
               B=[0.3, 0.4, 0.4, 0.5; 1] 

Set 11:  A=[0.2, 0.3, 0.5, 0.6; 1]  
               B=[0.3, 0.4, 0.4, 0.5; 1] 

Set 12:  A=[0.4, 0.4, 0.4, 0.8; 1]  
               B=[0.3, 0.4, 0.4, 0.5; 1] 

   
Set 13:  A=[0.2, 0.3, 0.4, 0.5; 1]  

              B=[0.3, 0.4, 0.5, 0.6; 1] 

Set 14:  A=[0.1, 0.2, 0.2, 0.3; 1]  

              B=[0.1, 0.2, 0.2, 0.3; 0.7] 

Set 15:  A=[0.1, 0.2, 0.2, 0.3; 1]  

              B=[0.2, 0.2, 0.2, 0.2; 0.7] 

 

Figure 6.2 Fifteen sets of generalized Fuzzy numbers 
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Table 6.1 Comparison between the proposed similarity method and existing similarity 

methods 

 Methods 

Sets Lee's 

(1999) 

Hsieh 

(1999) 

Chen's 

(1996) 

Chen & 

Chen's (2003) 

Wei's 

(2009a) 

The proposed 

Method 

Set 1 0.9617 1 0.975 0.8357 0.95 0.928 

Set 2 1 1 1 1 1 1 

Set 3 0.5 0.7692 0.7 0.42 0.6820 0.663 

Set 4 0.5 0.7692 0.7 0.49 0.7 0.7 

Set 5 1 1 1 0.8 0.8248 0.83 

Set 6 * 1 1 1 1 1 

Set 7 0 0.9091 0.9 0.81 0.9 0.9 

Set 8 0.5 0.9091 0.9 0.54 0.8411 0.7714 

Set 9 0.6667 0.9091 0.9 0.81 0.9 0.9 

Set 10 0.8333 1 0.9 0.9 0.7833 0.92 

Set 11 0.75 1 0.9 0.72 0.8003 0.85 

Set 12 0.8 0.9375 0.9 0.8325 0.8289 0.89 

Set 13 0.75 0.9091 0.9 0.81 0.9 0.9 

Set 14 1 1 1 0.7 0.7209 0.7606 

Set 15 0.75 1 0.95 0.9048 0.6215 0.733 

*: means cannot be calculated 

 

Figure 6.2 and Table 6.1 throw up some drawbacks related to the existing similarity 

measures:  

If we compare our method to that of Lee's (1999) method: 

 Sets 3 and 4 are two different sets in which Fuzzy numbers in set 4 appear visually 

more similar than in set 3, but the similarity degree of set 3 given by Lee‟s method 

is equal to the similarity degree of set 4. Our method differentiates appropriately 

between sets 3 and 4.  

 In sets 5 and 14, the two generalized Fuzzy numbers are different but the similarity 

degree given by Lee‟s method is equal to 1 whereas our method gives similarities 

less than 1. 

 The similarity degree between two different generalized numbers in set 6 cannot be 

calculated. 

 In set 7, the similarity degree between two real numbers is given as 0 using Lee‟s 

method in violation of property 3 (so that slightly different and very different point 

values cannot be differentiated). 
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If we compare our measure to that of Hsieh's (1999) method: 

 In sets 1, 5, 10, 11, 14 and 15 the two generalized Fuzzy numbers are visually 

different but Hsieh‟s method gives similarity degree equal to 1 whereas our method 

gives a lesser value. 

 Sets 8 and 9 are two different sets of Fuzzy numbers where set 9 appears visually 

more similar than set 8. The similarity degree of set 8 and set 9 is given as the same 

value by Hsieh‟s method whereas our method can differentiate between them. The 

same is true for sets 14 and 15, and sets 3 and 4.  

If we compare our method to that of Chen's (1996) method:   

 Sets 3 and 4 are two different sets of Fuzzy numbers where set 3 appears visually 

more similar than set 4. The similarity degree of set 3 and set 4 is given as the same 

value by Chen‟s method whereas our method can differentiate between them. The 

same is true for sets 8 and 9.  

 In sets 5 and 14, the two generalized Fuzzy numbers are different but the similarity 

degree equals to 1, whereas our method yields similarity less than 1. 

 Sets 7, 8, 9, 10, 11, 12 and 13 are different sets of Fuzzy numbers but the similarity 

degree is same for all sets, but our method provides a clearer ranking of similarity. 

When comparing our method to Chen & Chen's (2003) method we can see that:  

 In set 7, the similarity degree between two real numbers did not respect property 3. 

 Sets 14 and 15 are two different sets of Fuzzy numbers where set 14 appears 

visually more similar than set 15. The similarity degree of set 14 and set 15 is given 

as the same value by Hsieh‟s method whereas our method can differentiate between 

them.  

In summary, from Figure 6.2 and Table 6.1 we can observe that the proposed similarity 

measure between generalized Fuzzy numbers is able to overcome most of the 

limitations presented in the existing similarity measures, confirmed by the following 

findings: Sets 2 and 6 give similarity degree equals to 1 according to property 1 which is 

correct. Set 14 is more similar than set 15 and set 10 is more similar than set 9 which is 

corroborated by our results. Set 7 presents a similarity degree between two real numbers 

which also respects property 3. Finally, the proposed similarity measure does respect all 
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properties 1, 2 and 3 as shown in Table 6.1. Later we will show that this similarity 

measure also proves to very effective in our application to software project effort 

estimation. 

 

6.3 GFNSE software prediction model 

This chapter presents Fuzzy numbers as mean to model uncertainty in software effort 

estimation. In section 2.8 we mentioned different sources of uncertainty in early 

software estimation such as: measurement error, model error, assumption error and 

scope error. In this thesis we are concerned about uncertainty in the measurement and 

model because they are more likely related to the analogy-based estimation method. The 

first source of error is caused by measurement error during data collection as a result of 

human judgement, which is often imprecise and vague. The second source of error is 

caused by the inability of the model to capture all details of the problem. For example, it 

might be found that two projects are similar in terms of input domain (attributes) but 

their efforts are completely different. One principal reason appears to be that no effort 

estimation model can include all the factors required to accomplish the software project 

(Idri et al., 2001). When explicitly excluding such factors, this will inevitably lead to 

uncertainty in the similarity measurement. 

The proposed GFNSE model uses analogy together with the concept of generalized 

Fuzzy numbers. Using Fuzzy numbers enable us to explicitly model uncertainty in 

attribute values (in an effort to handle uncertainty in the final estimate), and support 

early effort estimation. The proposed similarity measure and adaptation technique are 

employed to develop GFNSE model. The procedure of prediction is explicitly explained 

in the following subsections.  

 

6.3.1 Fuzzy numbers construction 

The use of Fuzzy numbers in analogy-based software estimation requires determination 

of their spreads (degree of fuzziness). Fuzzy numbers can be constructed from either 

expert opinion or from data (Jowers et al., 2007). The former is totally subjective and 

depend on identifying pessimistic, optimistic and most likely values for each Fuzzy 
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number, where the latter constructs Fuzzy numbers based on the structure of data (as we 

do in this chapter). One principal reason behind using the second approach is to model 

uncertainty explicitly during similarity measurement (Jorgensen, 2004). 

Each ith
 real value at the jth

 attribute should be replaced by its corresponding Fuzzy 

number. In this regard the systematic triangular generalized Fuzzy numbers is our 

special interest in our study. Although the symmetric Fuzzy number does not take into 

account all kinds of estimation uncertainty (Yen et al., 1997), we still prefer to use it 

because it is rather simpler to find elements for when compared with the non-symmetric 

case. In this chapter we propose a new approach to derive the spread of Fuzzy number 

based on Fuzzy C-means (FCM) (Bezdek, 1981).  

Because the information given in the data set is insufficient to empirically 

determine spreads of Fuzzy numbers (i.e. the uncertainty interval is not defined), we 

suggest the use of the Fuzzy modelling based on FCM clustering algorithm to assess the 

degree of fuzziness in each real value. To build Fuzzy modelling based on Fuzzy C-

means we followed the same procedure presented in section 3.1.2. 

We assume that the Fuzzy sets obtained by FCM are a general form of Fuzzy 

number if it respects convex and normal properties, therefore we suggest making 

scaling between Fuzzy sets and real numbers in each attribute dimension. Figure 6.5 

shows the process of spread determination of a Fuzzy number. Each Fuzzy set (e.g. C1) 

is associated with centre and spread ( 1 ), based on that we compute spread ij for each 

ith
 value at the jth

 attribute as given in Eq. (6.7). The rationale behind this equation is to 

avoid small or too flat spread of Fuzzy number because some of Fuzzy clusters are too 

small or too flat. 
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where ))(( jpik is the membership value of ith
 project at the jth attribute in the kth

 

Fuzzy cluster. kj and kjCenter  are the spread and centre of kth
 Fuzzy cluster at the jth 
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attribute. After determining the spread of a Fuzzy number the corresponding elements 

are given in Eq. (6.8) where b and c equal to the actual value, a=b-
2

ij
, and d= b+

2

ij
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Figure 6.3 Fuzzy number coefficient determination 

 

Example 6.2:  suppose there are three Fuzzy clusters C1, C2 and C3 represented at 

the jth
 attribute as shown in Figure 6.3 The centre and spread of each Fuzzy cluster is 

given as follows:  

C1: (Centre1=0.2,  1.01   ), C2: (Centre2=0.4,  15.02   ), C3: (Centre3=0.5, 

1.03  ), Given that the membership values of numeric data (Pi=0.32): 3.0)(1 iC P , 

7.0)(2 iC P  and 1.0)(3 iC P . The spread of corresponding Fuzzy number is calculated 

according to Eq. (6.8): 
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As consequence, the parameters of the Fuzzy number Pi should be represented in the 

following sequence: [0.2969, 0.32, 0.32, 0.3431] according to Eq. (6.8).  
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6.3.2 Finding similarity between target project and each comparative 

project. 

In this section we employed the proposed similarity measure between Fuzzy numbers 

into software project similarity measurement. The similarity between the target project 

Po and the comparative project Pi at the jth
 attribute is defined as shown in Eq. (6.9):  
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(6.9) 

where:  

 
~

)(kpo  and 
~

)(kpi are Fuzzy numbers. 

 
~

)( jpod : is the dth
 parameter of the jth

 attribute (Fuzzy number) of target project. 

 ))(
~

id jp : is the dth
 parameter of the jth attribute (Fuzzy number) of ith 

comparative 

project. 

The aggregated similarity between target project and comparative project on M 

attributes is computed as shown in Eq. (6.10). 
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6.3.3 Ranking closest projects 

After calculating the aggregated similarity measure between target project and each 

individual comparative project, the similarity results are ranked to retrieve the closest 

project. The project with highest similarity has the greatest opportunity to contribute in 

the final estimate. 

   



Ch. 6- Analogy-Based Software Effort Estimation Using Fuzzy Numbers 

 

Page | 151  

 

6.3.4 Deriving a new estimate for target project. 

As discussed in section 5.3.3, using only the closest project to derive new estimate is 

not often sufficient (Idri et al., 2001; Mendes et al., 2003a). It may lead to bad 

estimation accuracy because it is not likely that two similar projects that agreed on all 

attribute values should have the same effort value. Therefore, the estimation should be 

made by involving the projects that have high similarity degrees with the target project 

in order to contribute to better estimation accuracy.  The proposed adaptation technique 

is based on generalized Fuzzy number operations. Assume the similarity degree 

between two projects is expressed as generalized Fuzzy number as depicted in Eq. 

(6.11): 
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The normalized closest actual effort value iE is converted into a generalized Fuzzy 

number 
~

iE  as shown in Eq. (6.12), Following the same procedure presented in section 

6.4.2: 
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The generalized Fuzzy number of predicted effort 
~

oE  is calculated as shown in Eq. 

(6.13): 
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where K is the number of involved analogies. 
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The COG of
~

oE  is computed to determine ),( oo yx , then real value of predicted effort 

value 
^

oE  is calculated according to Eq. (6.14) (de-normalization). This equation is used 

to convert normalized value to original value based on the current set of effort E. 

 

)min())min()(max(
^

EEExE oo   (6.14) 

 

Example 6.3:  suppose a data set has effort values range from 1000 to 3500 (i.e. 

min and max effort values). Assume we want to predict a project p, Table 3 depicts the 

most similar projects effort and their associated similarity degree. The similarity degrees 

and effort values are replaced by their corresponding Fuzzy numbers as explained 

previously. The calculation procedure that is used to estimate the effort of the target 

project is given below:     

 

Table 6.2 Example of adaptation technique 

Effort Similarity 

degree 

Effort as Fuzzy number  Similarity degree as Fuzzy 

number 

3100 0.9 [0.62, 0.65, 0.65, 0.7; 1] [0.9, 0.9, 0.9, 0.9; 1] 

2620 0.85 [0.43, 0.46, 0.46, 0.5; 1] [0.85, 0.85, 0.85, 0.85; 1] 

3440 0.8 [0.71, 0.73, 0.73, 0.75; 1] [0.8, 0.8, 0.8, 0.8; 1] 

 

  )]1,1min(;7.09.0,65.09.0,65.09.0,62.09.0[
~

oE  

             )]1,1min(;5.085.0,46.085.0,46.085.0,43.085.0[  

            )]1,1min(;75.08.0,73.08.0,73.08.0,71.08.0[  Ø 

)]1,1min(;8.085.09.0,8.085.09.0,8.085.09.0,8.085.09.0[   

2.55],55.2,55.2,55.2[

]6.0,584.0,584.0,568.0[]425.0,391.0,391.0,3655.0[]63.0,585.0,585.0,558.0[~ 
oE  

1];2.55,55.2,55.2,55.2[

]1;655.1,56.1,156.0,4915.1[~

oE = ]1;649.0,6118.0,6118.0,5849.0[  
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The COG point of the obtained Fuzzy number )333.0,6152.0(),( oo yx  

The final estimate monthsmanEo  25381000)10003500(6152.0
^

 

 

6.4 Experimental Results  

6.4.1 Design of Experiments 

The proposed software effort estimation model GFNSE has been empirically examined 

through a series of evaluation studies with the same used data sets mentioned in 

previous chapters: ISBSG, Desharnais, COCOMO, Kemerer, and Albrecht. It is 

important to note that the proposed similarity measure is applicable only for normalized 

numerical data, because categorical attributes are not clearly suitable to be represented 

by Fuzzy numbers based on FCM. Therefore, the numerical attributes should be 

normalized to the same range in order to facilitate their comparison. In this regard, all 

numerical attributes were normalized to [0, 1] in which the degree of influence of ith
 

value at the jth attribute is calculated according to Eq. (6.15). Moreover, some of 

attributes in each data set that are not readily available at early stage (e.g. KLOC) were 

also left out.  
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  (6.15) 

where },...,2,1{},,...,2,1{ niMj   

The empirical analysis has been conducted by applying leave one out cross 

validation for validating the error of the prediction procedure employed (Mendes et al., 

2003a). The complete procedure is described below: 

Step 1: Project number i is removed from data set as test project (i.e. for which the 

estimate is required). 

Step 2: The Fuzzy numbers are generated based on the remaining projects. 

Step 3: GFNSE makes prediction for the test project, and MRE and residuals of test 

project is recorded.  
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Step 4: Project i, which had been removed from the data set, is added back. 

We also used non-parametric statistical significance test to compare between the 

median of two samples based on absolute residuals, setting the confidence limit at 0.05. 

Since all absolute residuals were not normally distributed as confirmed by one-sample 

D'Agostino-Pearson test for non-normality, we used Mann Whitney U test to investigate 

the statistical significance between different prediction models and Wilcoxon signed 

rank test to compare between paired absolute residuals. 

To show the performance of GFNSE against other prediction methods, we 

conducted a number of experiments with reference to prediction accuracy in order to 

compare between GFNSE and two other popular existing prediction methods: CBR and 

Stepwise Regression (SR). The choice of such prediction methods is based on the 

different strategies they use to make estimate. To assess the accuracy of the predictions 

generated by SR and CBR, a Jackknife validation strategy was used as for GFNSE. The 

attributes that are considered not readily available at early stage are left out for both 

CBR and SR. 

 

6.4.2 ISBSG data set 

The results presented in this section have been obtained by applying Jackknife 

validation strategy, excluding “RSL” attribute for GFNSE as is not readily available at 

early stage. Particularly, the analysis part of this investigation show that the appropriate 

number of Fuzzy clusters is varying in each Jackknife iteration according to training 

data set structure, but approximately 6 clusters is the most influential value among all 

iterations. The performance figures of GFNSE in terms of MMRE, MdMRE, and PRED 

(25)% are presented in Table 6.3 with varying the number of respective analogies (i.e. 

K=1, 2, 3, 4, 5). Upon results analysis of the empirical validation, GFNSE(K=3) shows 

slightly better estimation accuracy than GFNSE(K=2) in terms of MMRE and MdMRE, 

but GFNSE(K=2) produces remarkable accuracy in terms of PRED(25)%. The 

GFNSE(K=1) produces slightly the worst results, suggesting that at least for ISBSG 

data set, using one analogy is unlikely to be the most adequate choice. Among the 

various numbers of analogies, we noticed in general that using 2 and 3 analogies based 

on our proposed adaptation technique would be the best choice for ISBSG and produced 
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better results than using only closest analogy. In general, all results for GFNSE were 

relatively good, if we consider that MMRE   25% and PRED(25)%  75% suggest 

good accuracy level. Further, the difference between best and worst accuracy is 

remarkable and indication of the performance of our proposed adaptation technique. 

The values in bold represent the best accuracy obtained when using 3 analogies which 

will be used later to compare GFNSE to CBR and SR methods as shown in Table 6.5. 

 

Table 6.3 Performance figures for ISBSG with different number of analogies 

Model MMRE MdMRE PRED(25)% 

GFNSE (K=1) 37.86 25.99 54.06 

GFNSE (K=2) 29.54 18.29 61.98 

GFNSE (K=3) 28.55 17.80 59.80 

GFNSE (K=4) 33.88 21.78 54.65 

GFNSE (K=5) 32.82 21.46 55.64 

 

To confirm the obtained performance figures and show whether the predictions 

generated by any GFNSE model (i.e. according to the number of analogies used) are 

significantly different from another, we used Wilcoxon signed rank test of paired 

absolute residuals. The results in Table 6.4 indicate that even though GFNSE (K=2) and 

GFNSE (K=3) obtained relatively similar prediction accuracy, surprisingly there is a 

statistical significance between them. We also noticed a statistical significance between 

GFNSE(K=3) and other GFNSE models, suggesting that, there is difference if the 

predications generated using GFNSE(K=3) than those compared models. On the other 

hand, we did not find any statistical significance between GFNSE(K=1) and 

GFNSE(K=2), or between GFNSE(K=1) and GFNSE(K=5), even though their relative 

prediction accuracy is remarkable.    

Table 6.4 Wilcoxon signed rank test for paired absolute residuals over ISBSG 

Model 
Wilcoxon 

test 
Model 

Wilcoxon 

test 

GFNSE(K=1) vs. GFNSE(K=2) 1.58 GFNSE(K=2) vs. GFNSE(K=4) -1.60 

GFNSE(K=1) vs. GFNSE(K=3) 3.72** GFNSE(K=2) vs. GFNSE(K=5) -0.92 

GFNSE(K=1) vs. GFNSE(K=4) 0.064 GFNSE(K=3) vs. GFNSE(K=4) -3.7** 

GFNSE(K=1) vs. GFNSE(K=5) 0.534 GFNSE(K=3) vs. GFNSE(K=5) -3.2** 

GFNSE(K=2) vs. GFNSE(K=3) 2.44* GFNSE(K=4) vs. GFNSE(K=5) 0.6225 

Note: *statistically significant at 95%, ** statistically significant at 99% 
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Table 6.5 shows results of comparing GFNSE to CBR and SR using best variants 

from Table 6.3, following up the similar validation strategy using Jackknife validation. 

Before building stepwise regression model, the D-P test found that most of the size 

attributes should be transformed to natural logarithmic scale. The resulted general 

stepwise regression model rejects the majority of the attributes as not contributing 

significantly to a model, only two significant attributes namely, „AFP‟ and „ADD‟ were 

involved in the model as shown in Eq. (6.16). The adjusted R
2
 of 0.21 suggests that the 

model was not good with only 21% of the variation in effort being explained by 

variation in „AFP‟ and „ADD‟. The next step is to use the identified attributes in order to 

build a similar stepwise regression models for each training data set throughout 

Jackknife iterations, and accordingly predict each test project.   

   

)(066.0)(261.09318.5)( ADDLnAFPLnEffortLn   (6.16) 

 

The results of comparisons revealed that the GFNSE produced superior prediction 

accuracy in terms of all performance figures. This comes as no surprise as CBR uses 

Euclidean distance to assess the similarity degree between two project values, which as 

far as we know it is influenced by uncertainty (Idri et al., 2001) and extreme outliers. 

The similarity degree is amplified when a project with extreme values is assessed 

against observed project. Later this project will be excluded from similarity order in 

spite of its effort is more predictor. Moreover, each attribute in similarity measurement 

has the same degree of impact. Therefore the more correlated attribute will have the 

same influence as less correlated attribute. If we look at the worst accuracy obtained by 

GFNSE, it still outperforms SR and CBR with MMRE of 37.86%. Therefore we can 

conclude that the most accurate effort predictions are obtained from GFNSE model. 

These results are also confirmed by Mann Whitney U test as depicted in Table 6.6. The 

test shows, unsurprisingly, predictions based on GFNSE model presented statistically 

significant accurate estimations, measured using absolute residuals, suggesting that, 

based on the ISBSG data set characteristics it would make difference if predictions were 

generated using GFNSE or other models. 
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Table 6.5 Performance figures of comparing GFNSE to CBR and SR over ISBSG 

Model MMRE% MdMRE% PRED(25)% 

GFNSE 28.55 17.80 59.80 

CBR 52.32 30.23 42.71 

SR 48.75 38.29 36.80 

 

Table 6.6 Comparison of techniques over ISBSG, using Mann Whitney U test  

Models Mann Whitney U test 

GFNSE vs. CBR -4.8** 

GFNSE vs. SR -10.22** 

CBR vs. SR -3.09* 

 

 

Figure 6.4 Boxplots of absolute residuals of GFNSE, CBR and SR over ISBSG 

 

The results of statistical significance test are also confirmed by the results of 

Boxplot of absolute residuals as suggested by Kitchenham et al. (2001). The Boxplot of 

absolute residuals as shown in Figure 6.4 may provide a better insight on the 

effectiveness of a prediction model. Figure 6.4 shows that CBR produced the worst 

estimates with many extreme values of absolute residual. This problem may be caused 

by using irrelevant information (not representative training data), unrelated attributes 

and noisy data. However, the box of GFNSE overlays the lower tail which shows that 

the absolute residuals are skewed towards the minimum value and also presents accurate 

estimation than other three models. The range of absolute residuals of GFNSE is much 
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smaller than absolute residuals of CBR which also presents smaller variance. The 

median of GFNSE is smaller than median of other models which revealed that at least 

half of the predictions of GFNSE are more accurate than other models. 

 

6.4.3 COCOMO data set 

Applying GFNSE on COCOMO with using the same validation strategy as for ISBSG 

indicates that approximately 9 Fuzzy clusters are the influential value throughout 

Jackknife iterations. Note that „LOC‟ attribute has been left out, because it is not 

generally available at early stage. The performance figures in Table 6.7 show that 

GFNSE produced good estimates with MMRE touches minimum acceptable accuracy 

(i.e. MMRE of 25%). Like ISBSG data set, the worst accuracy has been obtained when 

using one and four analogies. This does not assume that the adaptation technique is not 

efficient but it confirms that the choice of number of analogies is a matter. However, 

regarding the effect of number of analogies on the prediction accuracy we can generally 

observe that the adaptation technique works well when two or three analogies are used. 

The difference between best and worst accuracy is also remarkable and confirmed by 

statistical significance tests that are shown in Table 6.8. This illustrates that the 

adaptation technique based on Fuzzy numbers performs better than classical adaption 

used in CBR such as mean and median or linear size adjustment (Mendes et al., 2003a). 

The values in bold represent the best obtained accuracy for which the comparisons 

between GFNSE with CBR and SR are performed. 

 

Table 6.7 Performance figures for COCOMO with different analogy numbers 

K MMRE MdMRE PRED(25)% 

GFNSE (K=1) 60.39 50.54 26.67 

GFNSE (K=2) 48.30 22.47 51.67 

GFNSE (K=3) 33.37 20.36 62.33 

GFNSE (K=4) 56.97 44.34 30.00 

GFNSE (K=5) 53.89 31.00 31.67 

 

The significance test based on Wilcoxon signed rank test revealed that difference 

between GFNSE(K=2) and GFNSE(K=3) is not statically significance. Suggesting that 
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it would make no difference if predictions were generated using GFNSE(K=2) or 

GFNSE(K=3), Even though their prediction accuracy are very close. We also noticed 

statistical significance between GFNSE(K=3) and (GFNSE(K=1), GFNSE(K=4) and 

GFNSE(K=5)), which confirm that predictions generated by GFNSE(K=3) are 

significantly different from those generated by GFNSE(K=1) or GFNSE(K=4) or 

GFNSE(K=5), and relatively similar for those generated by GFNSE(K=2).   

 

Table 6.8 Wilcoxon signed rank test for paired absolute residuals over COCOMO 

Model 
Wilcoxon 

test 
Model 

Wilcoxon 
test 

GFNSE(K=1) vs. GFNSE(K=2) 1.81 GFNSE(K=2) vs. GFNSE(K=4) -1.45 

GFNSE(K=1) vs. GFNSE(K=3) 2.61** GFNSE(K=2) vs. GFNSE(K=5) -1.12 

GFNSE(K=1) vs. GFNSE(K=4) 0.428 GFNSE(K=3) vs. GFNSE(K=4) -1.91** 

GFNSE(K=1) vs. GFNSE(K=5) 0.7243 GFNSE(K=3) vs. GFNSE(K=5) -1.83* 

GFNSE(K=2) vs. GFNSE(K=3) 0.126 GFNSE(K=4) vs. GFNSE(K=5) 0.40 

Note: *statistically significant at 95%, ** statistically significant at 99% 

 

The general model of stepwise regression model is represented in Eq. (6.17) which 

again rejected most of the attributes as not significantly contributing to the regression 

model. This model was built after running appropriate test to check whether the 

transformation to natural logarithmic scale is necessary. Only Effort attribute required 

transformation. The adjusted R
2
 of 0.18 suggests that the general stepwise regression 

model is very poor. However, the obtained results of comparison show that GFNSE 

produced relatively better estimation accuracy than CBR and SR in respects of MMRE, 

MdMRE, but not in terms of PRED(25)%. It also seems that CBR yielded better results 

than SR in terms MMRE in spite of the COCOMO model was originally built on 

regression model. The results are also confirmed by statistical significance test using 

Mann Whitney U test which indicates that the absolute residuals of GFNSE are 

statistically significant and different from those of SR, and not significantly different 

from CBR.    

 

TURNPCAPEffortLn  94.5813.393.2)(  (6.17) 
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Table 6.9 Performance figures of comparing GFNSE to CBR and SR over COCOMO 

Model MMRE% MdMRE% PRED(25)% 

GFNSE 33.37 20.36 62.33 

CBR 47.3 33.8 35.0 

SR 96.6 82.4 23.1 

 

Table 6.10 Comparison of techniques over COCOMO, using Mann Whitney U test 

Models Mann Whitney U test 

GFNSE vs. CBR -0.5 

GFNSE vs. SR -4.067** 

CBR vs. SR -1.5* 

 

 

Figure 6.5 Boxplots of absolute residuals of GFNSE , CBR and SR over COCOMO 

 

From Figure 6.5 we can come to conclude that GFNSE generated relatively 

accurate predictions than others, and corroborated by the following figures: (1) the box 

length of GFNSE is smaller than others which demonstrates reduced variability in 

absolute residuals. (2) The box of GFNSE and CBR overlay the lower tails which also 

present accurate estimation than SR model because the absolute residuals are skewed 

towards the minimum value. (3) The median of GFNSE and CBR are smaller than 

median of SR which confirms that at least half of the predictions of GFNSE and CBR 

are more accurate than others. Lastly, according to the Boxplot, the SR gave the worst 

absolute residual value with many extreme outliers. 
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6.4.4 Desharnais data set 

For Desharnais data set, the results obtained in Table 6.11 are relatively similar to those 

obtained for COCOMO and ISBSG data sets. Two attribute namely, „Duration‟ and 

„Dev.Env‟ have been left out for GFNSE as they are not available at early stage of 

software development. Initially, the appropriate number of Fuzzy cluster is 

approximately 9 clusters which indication of the need for sufficient number of clusters 

to clearly represent data. MMRE evaluation criterion suggests that GFNSE(K=2) tends 

to be more accurate than other GFNSE models. Similar to ISBSG and COCOMO data 

set, among all number of analogies involved in this experiment the worst estimate was 

obtained when applying only one analogy. As an aside, the difference between best 

accuracy (GFNSE(K=2)) and worst prediction accuracy (GFNSE(K=1)) is relatively  

significant. To conclude, the adaptation technique works particularly well over 

Desharnais data set especially for 2, 3, and 5 analogies, as it does for COCOMO and 

ISBSG.  

 

Table 6.11 Performance figures for Desharnais with different analogy numbers  

K MMRE MdMRE PRED(25)% 

GFNSE (K=1) 40.86 23.08 55.84 

GFNSE (K=2) 26.89 19.32 64.94 

GFNSE (K=3) 31.93 23.82 55.84 

GFNSE (K=4) 35.91 24.77 50.65 

GFNSE (K=5) 32.67 20.44 59.74 

 

Table 6.12 Wilcoxon signed rank test for paired absolute residuals over Desharnais 

Model 
Wilcoxon 

test 
Model 

Wilcoxon 
test 

GFNSE(K=1) vs. GFNSE(K=2) 2.87* GFNSE(K=2) vs. GFNSE(K=4) -1.32 

GFNSE(K=1) vs. GFNSE(K=3) 1.056* GFNSE(K=2) vs. GFNSE(K=5) -0.051 

GFNSE(K=1) vs. GFNSE(K=4) 0.01 GFNSE(K=3) vs. GFNSE(K=4) 0.09 

GFNSE(K=1) vs. GFNSE(K=5) 0.83 GFNSE(K=3) vs. GFNSE(K=5) 0.63 

GFNSE(K=2) vs. GFNSE(K=3) -0.763 GFNSE(K=4) vs. GFNSE(K=5) 0.7625 

Note: *statistically significant at 95%, ** statistically significant at 99% 

 

Before we constructed stepwise regression model for Desharnais data set, the 

categorical attribute („Dev.Env‟) was converted into two dummy variables (L1and L2). 
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The attribute „Duration‟ has been left out for both CBR and SR as it is not readily 

available at early stage of software development. The resulted regression model as 

represented in Eq. 6.18 involved only four attributes for which two of them are the 

dummy variables. The dependent attribute (Effort) and independent attribute (AdjFP) 

were both transformed to natural logarithmic scale because they are not normally 

distributed, as confirmed by D-P normality test. The goodness of fit for regression 

model was 0.77 which suggests that the regression model is relatively good. However, 

Table 6.13 summarizes the aggregated results of applying GFNSE, SR and CBR on 

Desharnais data set. The results show that all prediction models produced good 

accuracy, but GFNSE is somewhat better especially in terms of PRED(25)%.  

The performance of GFNSE is also confirmed by Mann Whitney U test. The 

significance test results indicate that there is statistical significance between predictions 

generated by GFNSE and other prediction models. But we did not find any statistical 

significance between CBR and SR which confirms that both models generate roughly 

equivalent predictions. 

 

237.1134.1)(97.04.4)( LLAdjFPLnEffortLn   (6.18) 

 

Table 6.13 Performance figures of comparing GFNSE to CBR and SR over Desharnais 

Model MMRE% MdMRE% PRED(25)% 

GFNSE 26.89 19.32 64.94 

CBR 38.2% 30.8% 42.9% 

SR 34.6% 28.6% 45.5% 

 

Table 6.14 Comparison of techniques over Desharnais, using Mann Whitney U test 

Models Mann Whitney U test 

GFNSE vs. CBR -2.42* 

GFNSE vs. SR -2.15* 

CBR vs. SR -1.81 

 

Figure 6.6 throws up some interesting results: (1) CBR and SR have relatively 

similar box length which demonstrates that at least half of predictions for CBR and SR 

at the same accurate level. (2) The larger inter-quartile of CBR and SR indicates a high 
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dispersion of the absolute residuals. (3) The median of GFNSE is smaller than median 

of other models which shows that at least half of the predictions of GFNSE are more 

accurate than others. (4) The box length of GFNSE is much smaller than others which 

demonstrate reduced variability in absolute residuals. 

 

 

Figure 6.6 Boxplots of absolute residuals of GFNSE, CBR and SR over Desharnais 

 

6.4.5 Albrecht data set 

The attribute „KLOC‟ has been left out as it was not readily available at early stage of 

software development. The analysis part of this examination show that in almost all 

Jackknife iterations the corresponding training data sets require approximately 7 to 9 

clusters to derive spreads of Fuzzy numbers, even though the size of data set is too 

small. This suggests that when number of clusters increases, the possibility of an 

observation to belong to more than one cluster is high, so the width of Fuzzy number 

becomes smaller because the width of Fuzzy clusters will be small and more compact as 

well.  

However, the prediction accuracy results are not entirely superior and especially 

when using one and four analogies. One principal reason may be related to the existing 

of irrelevant or redundant attributes. This can be often solved by involving suitable 

attribute subset algorithm such as exhaustive search algorithm that is implemented in 
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ANGEL tool (Shepperd & Schofield, 1997). We will leave this issue for further 

experiments in future work. Particularly, the predictions generated by GFNSE(K=2)  

and GFNSE(K=3) tend to be more accurate than other GFNSE models, suggesting that 

the use of adaptation technique with 2 or 3 analogies outperforms GFNSE without 

adaptation. Further, the difference between best and worst prediction accuracy is also 

remarkable. The best variant from Table 6.15 is selected to compare GFNSE with SR 

and CBR.   

 

Table 6.15 Performance figures for Albrecht with different analogy numbers 

K MMRE MdMRE PRED(25)% 

GFNSE (K=1) 81.40 33.17 37.50 

GFNSE (K=2) 54.75 31.47 41.67 

GFNSE (K=3) 50.08 30.75 50.00 

GFNSE (K=4) 81.37 30.49 33.33 

GFNSE (K=5) 76.88 30.01 41.67 

 

The statistical significance test results between GFNSE models are presented in 

Table 6.16. The results obtained confirm that the predictions generated by 

GFNSE(K=3) are significantly different from those generated by GFNSE(K=1), 

GFNSE(K=4) and GFNSE(K=5). In contrast, we did not any statistical significance 

between GFNSE(K=2)  and GFNSE(K=3) which means that there is no difference if the 

predictions generated by GFNSE(K=2) or GFNSE(K=3).   

 

Table 6.16 Wilcoxon signed rank test for paired absolute residuals over Albrecht 

Model 
Wilcoxon 

test 
Model 

Wilcoxon 
test 

GFNSE(K=1) vs. GFNSE(K=2) 1.17 GFNSE(K=2) vs. GFNSE(K=4) -0.84 

GFNSE(K=1) vs. GFNSE(K=3) -3.16* GFNSE(K=2) vs. GFNSE(K=5) -1.02 

GFNSE(K=1) vs. GFNSE(K=4) 0.4227 GFNSE(K=3) vs. GFNSE(K=4) -3.81** 

GFNSE(K=1) vs. GFNSE(K=5) 0.26 GFNSE(K=3) vs. GFNSE(K=5) -2.1* 

GFNSE(K=2) vs. GFNSE(K=3) -0.44 GFNSE(K=4) vs. GFNSE(K=5) -0.13 

Note: *statistically significant at 95%, ** statistically significant at 99% 

 

Table 6.17 depicts the obtained results of comparison between GFNSE and other 

prediction techniques over Albrecht data set. The stepwise regression model involved 
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only one significant independent attribute (RawFP) without need for natural logarithmic 

transformation. The resulted model as shown in Eq. (6.19) gives an excellent R
2 

value of 

0.902, but still leads to a poor level of accuracy in terms of MMRE (61.24%) because 

the model is not very good for small effort values. However, the results demonstrate that 

GFNSE yielded better estimates than others methods in terms of lower MMRE and 

MdMRE. Regarding PRED(25), which measure the number of individual estimates that 

has MRE value less than 25%, GFNSE had the highest value among other models, these 

results are also confirmed by Boxplot of residuals. Regarding statistical significant 

using Mann Whitney U test, surprisingly, we did not find any statistical significance 

between GFNSE and other prediction models. This suggests that there is no significant 

difference if predictions were generated by GFNSE or SR and CBR.  

 

RawFPEffort  06.0203.16  (6.19) 

 

Table 6.17 Performance figures of comparing GFNSE to CBR and SR over Albrecht 

Model MMRE% MdMRE% PRED(25)% 

GFNSE 50.08 30.75 50.00 

CBR 63.5 38.9 33.3 

SR 61.24 32.3 37.5 

 

Table 6.18 Comparison of techniques over Albrecht, using Mann Whitney U test 

Models Mann Whitney U test 

GFNSE vs. CBR -1.7 

GFNSE vs. SR -1.15 

CBR vs. SR 0.34 

 

Boxplots of absolute residuals (Figure 6.7) suggest that GFNSE gives the best 

prediction accuracy, confirmed by the following findings: (1) the box length of GFNSE 

is smaller than others which revealed reduced variability in absolute residuals. (2) The 

median of GFNSE is smaller than median of other models which shows at least half of 

the predictions of GFNSE are more accurate than others. (3) The range of absolute 

residuals for SR and CBR are larger than absolute residuals for GFNSE model which 

means high dispersion.  
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Figure 6.7 Boxplots of absolute residuals of GFNSE, CBR and SR over Albrecht 

 

6.4.6 Kemerer data set 

The attribute „KSLOC‟ has been left out as not readily available before prediction is 

required at beginning of the project. Table 6.19 summarizes results obtained by 

applying GFNSE with different number of analogies on Kemerer. As in other data sets, 

the best prediction accuracy obtained when applying adaptation technique. Particularly, 

the best obtained accuracy was produced when using 3 analogies. The difference 

between best and worst accuracy are remarkable. The results obtained for Wilcoxon 

signed rank test confirm that the predictions generated by GFNSE(K=3) are not 

significantly different than those generated by GFNSE(K=1), GFNSE(K=4), and 

GFNSE(K=5).  

 

Table 6.19 Performance figures for Kemerer with different analogy numbers 

K MMRE MdMRE PRED(25)% 

GFNSE (K=1) 82.20 48.75 20.00 

GFNSE (K=2) 64.53 46.35 33.33 

GFNSE (K=3) 55.65 24.24 53.33 

GFNSE (K=4) 79.17 61.4 26.67 

GFNSE (K=5) 76.06 37.0 26.67 

 

The best variants from Table 6.19 are selected as the candidates for comparisons of 

GFNSE to CBR and SR methods as shown in Table 6.21. The developed stepwise 

regression model as shown in Eq. (6.20) involved transformation of Effort and AdjFP 



Ch. 6- Analogy-Based Software Effort Estimation Using Fuzzy Numbers 

 

Page | 167  

 

attributes. This model presents moderate adjusted R
2 

value of 0.667. Nevertheless, we 

can observe that the GFNSE generated accurate predictions than SR and CBR. These 

superior results are confirmed by Mann Whitney U test as shown in Table 6.22. 

Unsurprisingly, predictions based on GFNSE model presented statistically significant 

accurate estimations, measured using absolute residuals. Particularly, we found 

statistical significance between GFNSE and (CBR, and SR) over Kemerer, suggesting 

that, there is difference if the predications generated using GFNSE or other models. 

Further, we did not find a statistical significance between CBR and SR which indicates 

that there is no difference if predictions were generated by CBR or SR. These superior 

results are also confirmed by Boxplot of absolute residuals in Figure 6.8. 

 

Table 6.20 Wilcoxon signed rank test for paired absolute residuals over Kemerer 

Prediction models 
Wilcoxon 

test 
Model 

Wilcoxon 
test 

GFNSE(K=1) vs. GFNSE(K=2) 0.705 GFNSE(K=2) vs. GFNSE(K=4) -0.660 

GFNSE(K=1) vs. GFNSE(K=3) 0.788 GFNSE(K=2) vs. GFNSE(K=5) -0.660 

GFNSE(K=1) vs. GFNSE(K=4) 0.124 GFNSE(K=3) vs. GFNSE(K=4) -0.456 

GFNSE(K=1) vs. GFNSE(K=5) 0.540 GFNSE(K=3) vs. GFNSE(K=5)  0.166 

GFNSE(K=2) vs. GFNSE(K=3) 0.00 GFNSE(K=4) vs. GFNSE(K=5)  0.040 

Note: *statistically significant at 95%, ** statistically significant at 99% 

   

)(9.0057.1)( AdjFPLnEffortLn   (6.20) 

 

Table 6.21 comparison of GFNSE to CBR and SR over Kemerer 

Model MMRE% MdMRE% PRED(25)% 

GFNSE 55.65 24.24 53.33 

CBR 63.8 33.33 40.00 

SR 161.73 74.88 6.7 

 

Table 6.22 Comparison of techniques over Kemerer, using Mann Whitney U test 

Prediction models Mann Whitney U test 

GFNSE vs. CBR -1.62* 

GFNSE vs. SR -2.16* 

CBR vs. SR -0.66 
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Boxplots of residuals (Figure 6.8) suggest that GFNSE gives the best prediction 

accuracy, confirmed by the following figures: (1) the box length of GFNSE is much 

smaller than others which demonstrates reduced variability in absolute residuals. (2) 

The median of GFNSE is smaller than median of other models which also indicates that 

at least half of the predictions of GFNSE are more accurate than others.  

 

Figure 6.8 Boxplots of absolute residuals of GFNSE, CBR and SR over Kemerer 

 

6.5 Discussion 

The inherited uncertainty at early stage of software development process increases the 

challenge in providing good estimates. Software effort estimation has to deal with such 

uncertainty and this part of research has shown advantages in explicitly modelling this 

uncertainty. Our research produced a software effort estimation model based on the 

concept of Fuzzy numbers to directly model (and hence handle) uncertainty in software 

measurement, thus to improve estimation accuracy. The proposed similarity measure 

between Fuzzy numbers overcomes some limitations in previous similarity measures. 

Moreover, the proposed model shows it effectiveness in terms of using all available 

numerical attributes without the need for attribute selection. In this study, the variables 

selected for this kind of prediction are the same as the variables selected for predicting 

effort at any phase of software development process, except for some cases where the 

use of non-early size attribute (such as Line of Code) is not appropriate, in addition to 

excluding categorical attribute as they are not supported in GFNSE.      
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The study presented in this chapter is particularly important for analogy at early 

stage of software development, because this topic has not been the subject of analogy 

research in the past. From the results of these studies on the analyzed data sets, the 

author concludes that GFNSE is able to support and handle uncertainty of early stage 

effort estimation with using Fuzzy numbers. Although no attribute subset selection 

algorithm or attribute weighting technique have been used, GFNSE seems providing 

better prediction than the CBR and stepwise regression on the value of MMRE, 

confirmed by Mann-Whitney U test that showed that there is significant difference 

between the accuracy of the predictions of GFNSE, CBR and stepwise regression 

models. In the examples with different data sets, we investigated the impact of number 

of analogies on the prediction accuracy. Typically, we found 2 or 3 analogies are 

enough to achieve best accuracy. The results also support the claim that the proposed 

adaptation technique based on Fuzzy numbers is good alternative to other used 

adaptation techniques such as linear size adjustment, mean, median and inverse rank 

sum. It provides uncertainty modelling by using mathematical operations of Fuzzy 

numbers to ensure its resilience to early stage estimation. GFNSE mimics the 

conventional estimation by analogy procedures commonly used in estimation, putting 

GFNSE on a par with analogy estimation.  

In this chapter, we have also demonstrated that a major problem for using Fuzzy 

number is how to determine the spread (distribution) of a Fuzzy number. Although, 

there is no reliable technique that can derive the spread for a Fuzzy number, the expert 

opinion is still widely used, but it sometimes leads to large inconsistent results. 

Therefore we propose a model to derive the spreads of Fuzzy numbers based on the 

distribution of attribute values instead of relying on expert opinion which is often 

unavailable or unreliable. Our findings suggest that a good strategy for increasing 

estimation accuracy is to expand the use of Fuzzy logic and its relevant concepts to deal 

with software estimation. In this study, we have only evaluated our approach to derive 

spreads of Fuzzy numbers. However, we believe that expert opinion can also be 

integrated into Fuzzy number generation to enhance our approach where this opinion is 

available. In future, the best way to assess uncertainty is to let project managers 

determine the interval of uncertainty for each measurement during data collection.
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7.1 Research Summary and Conclusions  

Software projects are notorious for overrunning in terms of time and cost. However, 

despite the use of software project management tools, the historical records of some 

large software projects have been bad with delays in implementation, cost exceeding 

budget, and poor operating performance (Jorgensen, 2005). One principal reason behind 

that is due to the bad estimation made early in the software development process.  

However, estimating the likely software project effort with high precision has been a 

difficult problem. Among many estimation techniques, analogy based estimation 

appears to be well suited to effort estimation, especially when the data sets have 

complex structure. Analogy-based estimation, which is increasingly used in software 

engineering as well as machine learning algorithms, is concerned with finding a solution 

for a new problem based on known solutions from a set of similar problems.  

 The research reported in this thesis was devoted to improve the performance and 

efficiency of analogy-based software effort estimation. Two major areas of analogy-

based estimation have been investigated: similarity measure and attribute subset 

selection in that two new estimation models have been proposed in this thesis to 

overcome current shortcomings in conventional analogy based estimation. Those two 

important factors have been addressed in different phases of this research and have led 

to a number of novel contributions as detailed below.   

  The first phase of this research was to evaluate the appropriateness of current 

attribute subset selection algorithms and attribute weighting techniques in analogy-

based effort estimation. Analysing different attribute subset selection algorithms, it has 

been concluded that the current algorithms are dependent on the performance indicators 

used, do not provide any justification of its selection, and they may fail to identify 

spurious effects between attributes. Furthermore, Analogy-X, which is considered a 

robust approach for attribute selection, cannot directly deal with similarity matrix of 

categorical attributes. Therefore, a novel attribute subset selection algorithm for 

analogy-based estimation has been proposed, using Kendall row-wise rank correlation 

between similarity matrix based project attribute values and similarity matrix based 

project effort values. The proposed algorithm identifies predictive attributes that respect 
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to some extent the underlying assumption of estimation by analogy. Furthermore, unlike 

heuristic based searching techniques, the proposed algorithm provides sound statistical 

basis and clear justification for the procedure of attribute subset selection. In addition, it 

excludes statistically insignificant attributes. To ensure that the selected attributes are 

strongly correlated with effort, two stages have been used. The first stage excludes all 

individual insignificant attributes based on Kendall‟s row wise rank correlation and its 

test of significance. The second stage examines if any combination of the suggested 

attributes from stage one provides stronger correlation value than best individual 

correlated attribute. Using Kendall‟s row-wise rank correlation and its test of 

significance give clear picture of how ranks of closest projects to the target project is 

considered important in judging which attribute is more influential than others.      

Further investigations have shown that the degree of influence of each selected 

attribute is very important for similarity measures. Unlike existing weighting 

techniques, the proposed attribute weighting technique identifies the importance of each 

attribute by measuring the degree of agreement between similarity matrix of that 

attribute values and similarity matrix based project effort values, using Kendall‟s 

coefficient of concordance. The selected attributes and their derived weights are then 

used in effort predictions. Both approaches use strong statistical methods and 

justifications for their processes.    

The implementation and testing of these algorithms showed that they were able to 

produce an overall improvement in model accuracy for used data sets, although the 

relative improvements appeared dependent on the attributes used and most significantly, 

the procedure of selection. Performance studies on five established data sets indicated 

that KFS is highly competitive when compared with ANGEL‟s exhaustive search and 

Analogy-X algorithms in term of prediction accuracy and statistical significance. 

Furthermore, KFS scales well if compared with ANGEL‟s exhaustive searching 

algorithm with regards to computation power. However, results showed that KFS may 

take longer to compute than expected especially when dealing with large dataset such as 

ISBSG because of the Jackknife procedure which is computationally far too intensive. 

The results obtained also demonstrated the effectiveness of proposed attribute weighting 

on the prediction accuracy when it is integrated with attribute selection as presented in 

chapter four.  
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 The second phase of this research was devoted to overcome the main deficiencies in 

current similarity measures used in analogy-based effort estimation (see section 2.6). 

The proposed similarity measure is a combination of Fuzzy Set theory and Grey 

Relational Analysis. Two levels of similarity measure: Local and Global similarity 

measure have been defined to support quantitative and non-quantitative attributes. Local 

similarity measure is defined to assess the similarity degree between target project and 

each historical source project in respect of a related attribute. In this regard, four types 

of local similarity measures were defined in accordance with their data type scale (i.e. 

numerical, ordinal, nominal and SET scale). For numerical data type we used Fuzzy Set 

Theory to handle uncertainty in local similarity measures between target project and a 

historical source project at each numeric attribute. It has been concluded that the use of 

Fuzzy modelling based on FCM improved the prediction accuracy as: (1) it handles the 

uncertainty in similarity measurement. The main problem in conventional estimation by 

analogy is that we are more likely to find two projects are similar in terms of their 

features but their effort value are completely different therefore the proposed method 

mitigated this problem by handling uncertainty in the similarity measurement. (2) Using 

FCM algorithm has also the advantage to group closest projects together in the same 

Fuzzy cluster and therefore boosts project retrieval 

For other non-quantitative data type we defined appropriate similarity measures that 

comply with their scales. Accordingly, Global similarity degree is used to aggregate all 

local similarity degrees and thus is defined as function of these local similarity 

measures. To accomplish this, weighted Grey Relational Analysis method has been 

used.  The rationale behind this mechanism is to handle the uncertainty in the project 

similarity measure that is caused by human imprecision and variability of data types.  

The proposed similarity measure, attribute subset selection and attribute weighting 

technique have been employed to build new flexible effort estimation by analogy 

method called FGRA as presented in chapter five (Azzeh et al., 2009b). The proposed 

FGRA has capability to overcome the main limitations in former estimation by analogy 

methods. It also produced promising results with lower MMRE, MdMRE and higher 

PRED(25) on all of the  data sets under consideration. Based on one-sample Wilcoxon 

signed rank test of residuals, FGRA produced significantly accurate predictions as their 

medians of residuals are not significantly different from the hypothetical median which 
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is zero. Further, the absolute residuals for FGRA are not extreme which indicates that 

the model is not sensitive to the outliers and produce good estimates. Moreover, the 

performance figures of FGRA are superior when compared to three well known 

estimation techniques: CBR, artificial neural networks and stepwise regression, 

confirmed by two samples Mann-Whitney U test of absolute residuals.  

Although better results were obtained by FGRA, we should not overlook the 

importance of choosing the optimal number of fuzzy clusters that is used to construct 

appropriate Fuzzy model for each numerical attributes. Moreover, the proposed attribute 

selection and weighting algorithms seem to work especially well for FGRA model and 

contributes to best accuracy over the used data sets. The FGRA provides sound 

statistical analysis through attribute identification and weighting, and sound uncertainty 

tolerance through proposed similarity measure.     

The applicability of using Fuzzy numbers as basis for analogy-based software effort 

estimation in the early stages of software development has been investigated as part of 

this thesis and reported on in chapter six. Early stage effort estimation model should use 

only the available information at the beginning of software project which is rather 

ambiguous. Involving Fuzzy numbers in the process of analogy-based estimation can 

support early stage of software development. These Fuzzy numbers can help in 

representing uncertain information in more formal way. Particularly, Fuzzy numbers 

were used to develop new similarity measure and adaptation technique which resulted in 

new effort estimation model called GFNSE. The proposed model can help project 

manager at early stage when the available information is often vague. The most 

interesting part of this approach is the determination of Fuzzy number elements. We 

proposed a scaling approach to map between Fuzzy clusters and Fuzzy numbers because 

we believe that the degree of fuzziness of Fuzzy number is a special case of fuzziness of 

Fuzzy cluster sets. On the other hand, the proposed similarity measure based Fuzzy 

numbers has overcome the main shortcomings in previous similarity measures between 

Fuzzy numbers.   

The outcomes of this part of research have shown that GFNSE is highly applicable 

at early stages of software development. Also it may be concluded that the MMRE of 

28.55% for ISBSG, 24.7% for COCOMO and 26.89% for Desharnais are superior to 

that of well-known software estimation models such as CBR and stepwise regression 
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that were reported to generate somewhat inaccurate estimates when applied in the early 

stage of software development. Furthermore, it has been shown that the accuracy of 

GFNSE is increasingly related to the degree of fuzziness of Fuzzy numbers.  

However, all these results, lead us to conclude that the proposed approaches can be 

safely adopted by software estimators and practitioners to predict software development 

effort. 

 

7.2 Synopsis of Research Findings  

The major findings of this research have been that the proposed FGRA and GFNSE 

based estimation models can be used as alternative to conventional analogy based effort 

estimation method, and that, at least for the five data set studied, the FGRA and GFNSE 

are superior in prediction accuracy to stepwise regression and CBR. Other important 

research findings: 

1) The attribute subset selection algorithm proposed in section 4.7 is not dependent on 

the performance indicator such as MMRE and PRED. As seen in chapter four, the 

proposed algorithm does not depend on any performance indicator, but on the 

correlation between similarity matrix based project attribute and similarity matrix 

project effort. The most important part of this algorithm is the justification of the 

selection process.   

2) Section 4.9.6 demonstrated that using attribute weighting together with attribute 

selection algorithm increase possibility to obtain very good prediction accuracy. 

For each of the data sets under study, with exception of Albrecht, prediction 

accuracy in terms of MMRE and PRED(25), can be dramatically improved by 

driving the more appropriate weights. 

3) Chapter five presents a new efficient and flexible approach by combining 

techniques of Fuzzy set theory and Grey Relational Analysis with existing 

estimation by analogy method called FGRA. FGRA is also integrated with the 

attribute subset selection algorithm and weighing technique proposed in chapter 

four to provide a comprehensive procedure that is able to overcome the main 

limitations in former estimation by analogy methods. This is achieved through 

providing more flexibility in terms of: 
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i. Identify best predictive attributes and their weights based on efficient and 

robust statistical analysis using Kendall row-wise correlation. 

ii. Handling uncertainty in similarity measurement that is inherited from 

attribute measurement. 

iii. Supporting non-quantitative data by defining various local similarity 

measures and aggregating them by using Grey Relational Analysis. 

iv. Taking into the proposed similarity measure account the structure of dataset 

by using Fuzzy C-means that helps in constructing Fuzzy model.   

v. Presenting Local and Global adaptation based on linear similarity 

adjustment to derive a new estimate. 

4) Prediction accuracy of FGRA is sensitive to the number of Fuzzy clusters. Section 

5.4.4 revealed that the prediction accuracy changes according to the number of 

Fuzzy clusters. This is an important finding in that no clear pare down of MMRE 

when number of clusters reasonably increasing.  

5) Grey Relational Analysis is efficient approach to accumulate similarity degrees of 

different attribute scale types. The use of GRA showed its importance to handle 

uncertainty when different attribute types are accumulated as reported in chapter 

five.  

6) Fuzzy modelling based on Fuzzy C-means clustering help in producing accurate 

predictions since it represents close projects within the same Fuzzy set (see section 

5.2.1.1). 

7) GFNSE model that was proposed in chapter six has potential to deliver good 

estimates in the early stage effort estimation than stepwise regression and CBR. 

Our findings suggest that a good strategy for increasing estimation accuracy is to 

expand the use of Fuzzy logic and its relevant concepts to deal with software 

estimation. In this thesis, we have only evaluated our approach to derive spreads of 

Fuzzy numbers. However, we believe that expert opinion should also be integrated 

into Fuzzy number generation to enhance our approach where this opinion is 

available. In future, the best way to assess uncertainty is to let project managers 

determine the interval of uncertainty for each measurement during data collection. 

8) FGRA is less sensitive to the outlying values. Unlike other prediction models, 

FGRA shows its effectiveness with the existence of outliers (see results of Kemerer 

and Albrecht data sets).   
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9) Accurate estimates continue to be a dream for project managers, Even though good 

prediction results were obtained in this thesis, software project managers must 

recognize that software development environments are naturally different with 

respect to managerial strategies, maturity level and business goals. These factors 

cannot be easily captured using any modelling techniques and tools, therefore the 

intuition of expert should be also involved and that advanced prediction tools 

cannot replace the role of experienced estimator, but it provides help in identifying 

important issues and providing recommendations.  

 

7.3 Limitation of work 

The level of prediction accuracy that FGRA and GFNSE were consistently able to 

maintain over 5 data sets were encouraging, especially in the light of the relative 

performance figures of the conventional analogy based estimation, stepwise regression 

and artificial neural networks. However, there are still some limitations of the work 

reported in this thesis that should be identified and recognised to pave the way for future 

works. 

 

7.3.1 Analysis limitations 

1) It must be understood that some of the data sets such as Albrecht, COCOMO and 

Kemerer are very old and their relevance to recent software projects development 

environment must be considered. This does not mean that FGRA and GFNSE are 

not capable of reliably predicting effort on modern data sets because results on 

ISBSG confirmed that, but further empirical evaluation on modern data sets can be 

considered once those data sets become available.  

2) The value of distinguishing coefficient in FGRA model is always set by 0.5 for all 

data sets during empirical validations, while the best way is to optimise this value 

according to each data set individually. This kind of optimization may need extra 

computation time and its efficiency is not guaranteed.  

3) Another analysis limitation is that the optimal number of Fuzzy clusters for 

constructing Fuzzy model is optimised based on XB formula without taking into 

account the performance indicators. 
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7.3.2 Approach limitations 

1) For GFNSE model, the data set should be normalised first because the proposed 

similarity measure approach is limited for normalised numerical data. Moreover, 

unlike FGRA, The categorical data is not yet supported in GFNSE model. 

2) There is no general approach to construct or generate Fuzzy numbers; therefore we 

generated Fuzzy numbers by using mapping from Fuzzy sets to Fuzzy number for 

each real value. In defence of this approach however, it does improve the accuracy 

of analogy-based estimation (in some cases considerably) for most of the used data 

sets.     

3) The functions in FGRA and GFNSE to derive effort prediction (i.e. adaptation 

techniques) have proved to be very effective mechanism for improving estimate 

accuracy. Unfortunately, the process of determining optimal number of source 

analogies is difficult task. In this thesis we empirically investigated the effect of 

varying number of analogies on prediction accuracy, so that it was hard to guess the 

optimal number of analogies for each case individually before making effort 

estimate.      

 

7.4 Future work 

The original contributions proposed in this thesis present the opportunity for further work to 

be carried out, both as supplementary supporting evidence of the success of the various 

original algorithms, as well as offering the opportunity for new original contributions to a 

number of disciplines. The proposed future work and areas inviting new original 

contributions are discussed in this section. 

7.4.1 Software stage effort estimation 

Project managers and software developers often recognize that estimate made at the 

beginning of software development is quite sufficient to be relied on until the end of 

software project. However, in most cases this is not true because software development 

is a process of gradual refinement. Even good early estimates are only guesses, with 

inherent uncertainty and risks. In other words, the developers cannot depend on these 

estimates throughout software development without any sense of update to current 

project progress. This presses the need to dynamically predict the software effort during 
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project progress in order to update the project schedule, thus, to finish on time and 

within budget. The stage effort estimation is used to predict the effort for a particular 

phase of software development based on prior phases‟ effort records. This kind of 

prediction helps project manager to have an evolving picture about project risks and 

therefore avoiding potential risks. Since the stage effort estimation uses prior effort 

records of software development phases, the associated effort of each phase is often 

uncertain.  

Although much research have been carried out in the context of software effort 

estimation, very little research effort has been put into the area of software stage-effort 

estimation. The term stage has been used in different contexts where some of them 

considered it as phase of software development lifecycle such as requirement phase, 

design phase and so forth, while others considered as calendar month. MacDonell & 

Shepperd (2003) investigated the potential of using prior effort data of sixteen projects 

collected from a single organization records to develop stage effort estimation model. 

The main observation was that there was no improvement on estimation accuracy when 

using only regression techniques based on effort records. In contrast, they showed that 

prediction could be improved when combining regression technique with expert 

estimates. Wang and colleagues (2007) built a gray learning method based on GM(1,1) 

for stage effort prediction, where the stage in their study was a calendar month. They 

claimed it is more frequently used by managers to plan and control the progress of a 

project.   

It is the firm belief of the author that stage-effort estimation is a challenging 

problem in software project planning & monitoring, which has not been carefully 

studied. The main problem is that the current approaches rely on only prior effort 

records without taking other factors in considerations. So the key success to solve this 

problem is to use phase-based data such as number of requirements, flowcharts, number 

of test case... etc, in addition to the effort records of prior phases. For example to predict 

stage effort for design phase we can use effort records of requirements and planning 

phase in addition to data related to design phase such as number of classes, number of 

inherited classes,... etc. This emphasizes the need to make appropriate decisions 

regarding phase-based data selection. Also FGRA and GFNSE can be investigated on 

stage effort estimation data set. 
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7.4.2 Sensitivity analysis of the proposed software estimation methods 

This thesis showed other potential application of analogy based estimation such as 

supporting early stage software effort estimation, using Fuzzy number. The full 

implication of this capability needs to be investigated on a special data sets collected for 

that purpose. Moreover, in chapters five and six, two software effort estimation models 

have been proposed, and their overall prediction accuracy have also been analysed on 

number of well known effort estimation data sets. However, whilst extremely useful as 

a general indicator of predictive accuracy, this kind of investigation only provides a 

snapshot of the accuracy on a data set at a specific point in time. Future work is required 

to investigate the sensitivity of FGRA and GFNSE effort estimation models by devising 

a test that simulates the dynamic growths of a data set over time. In reality, the 

prediction models are not static and the data sets evolve over time. New software 

projects will be estimated and its successful estimation will be used later to enhance 

prediction model and do further estimates. The use of sensitivity analysis allows a more 

focused investigation of the performance and behaviour of the proposed software effort 

estimation models. Moreover, further investigation is required to validate the use of 

categorical attributes in GFNSE prediction model. 

 

7.4.3 Determining optimal number of analogies 

The decision about number of analogies that is required to derive new prediction of 

target project is still one of the critical issues in analogy-based estimation. Practically, 

there are two approaches to determine the suitable number of analogies (Idri et al., 

2002), the first approach involves all projects that fall within a particular similarity 

threshold. This approach could ignore some projects which might contribute data when 

similarity between selected and unselected projects is negligible. For example, assume 

that the similarity between target project and retrieved four projects (p1, p2, p3, p4) are 

0.9, 0.86, 0.8 and 0.79 respectively and the strategy used in effort prediction is to utilize 

only the source projects that have similarity degree over or equal to threshold 0.8. In 

this case p4 is not considered in the estimation even though the difference between p4 

and p3 is small and it may be that p4 is a better predictor than p3. From this example, it is 

clear that the careful choice of similarity threshold is difficult task and varying from 
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project to another. A typical example on this approach is the concept of “vicinity of 1” 

that was used in (Idri et al, 2002) to dynamically determine the number of analogies. 

“vicinity of 1” was represented by Fuzzy set on universe of discourse [0, 1] where 

0)( sim when sim<0.5. Unfortunately, there are certain problems in this approach in 

which it is unclear how “vicinity of 1” would be defined and how number of analogies 

relies on “vicinity of 1”. 

Another important issue is that the number of analogies in previous approaches are 

used same. But the better solution is to determine it individually for each project. A 

possible future research avenue would be to investigate some optimization techniques in 

order to help in finding optimal number of analogies for each project individually taking 

into account the information that can be driven from structure of data set.   

 

7.4.4 Improving construction of Fuzzy numbers 

In this thesis, we have only evaluated our approach to derive spreads of Fuzzy numbers. 

Even though the proposed approach is a data driven approach, it enables the GFNSE to 

obtain good prediction accuracy. The main challenge in the used data sets that there is 

no level of uncertainty associated with each measured value which can express the 

degree of estimator confidence when data has been estimated. However, we believe that 

expert opinion should also be integrated into Fuzzy number generation to enhance our 

approach where this opinion is available. In future, the best way to assess uncertainty is 

to let project managers determine the interval of uncertainty (e.g. minimum, most likely 

and maximum value) for each measurement during data collection (i.e. collecting ad hoc 

data set).  
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Appendix 1: Fuzzy C-means 

The algorithm is summarized as follows (Bezdek, 1982): 

1. Given Dataset D={X1,X2,..Xj...Xn} where Xj is an observation described by k 
features Xj={xj1,xj2...xjk}. 

 

2. Given a preselected number of clusters C (1<C<n), and a chosen value of 
weighting parameter m. 

 

3. Given an initial collection of fuzzy sets (partition matrix) A={A1,...Ac} A(0) (t=0). 

Where for each observation:  
 

 

c

i

ij 1 ,    

where i is number of clusters and j represents jth feature. 

 

4. Find centroid for each cluster as shown below 
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5. Evaluate the effectiveness of the clustering by computing Jm(A) function as 
shown below 
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6. Update the partition matrix A(t+1) by using equation below 
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7. If  )(-)1( tAtA  stop, otherwise 1 tt  and return to step 4.     
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Appendix 2: Albrecht data set 

IN OUT FILE INQ Function 
Point 

SLOC Raw FP Effort 

25 150 60 75 1750 130000 1750 102.4 

193 98 36 70 1902 318000 1902 105.2 

70 27 12 0 428 20000 535 11.1 

40 60 12 20 759 54000 660 21.1 

10 69 9 1 431 62000 478 28.8 

13 19 23 0 283 28000 377.33 10 

34 14 5 0 205 35000 256.25 8 

17 17 5 15 289 30000 262.73 4.9 

45 64 16 14 680 48000 715.79 12.9 

40 60 15 20 794 93000 690.43 19 

41 27 5 29 512 57000 465.45 10.8 

33 17 5 8 224 22000 298.59 2.9 

28 41 11 16 417 24000 490.59 7.5 

43 40 35 20 682 42000 802.35 12 

7 12 8 13 209 40000 220 4.1 

28 38 9 24 512 96000 487.62 15.8 

42 57 5 12 606 40000 550.91 18.3 

27 20 6 24 400 52000 363.64 8.9 

48 66 50 13 1235 94000 1073.91 38.1 

69 112 39 21 1572 110000 1310 61.2 

25 28 22 4 500 15000 476.19 3.6 

61 68 11 0 694 24000 694 11.8 

15 15 3 6 199 3000 189.52 0.5 

12 15 15 0 260 29000 237.68 6.1 
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Appendix 3: Kemerer data set 

Software Hardware Months KSLOC SLOC/MM AdjFP RawFP Effort 

1 1 17 253.6 884 1217.1 1010 287 

1 2 7 40.5 491 507.3 457 82.5 

1 4 15 450 406 2306.8 2284 1107.3 

1 1 18 214.4 2467 788.5 881 86.9 

1 2 13 449.9 1338 1337.6 1583 336.3 

1 3 5 50 595 421.3 411 84 

2 3 5 43 1853 99.9 97 23.2 

1 2 11 200 1535 993 998 130.3 

1 1 14 289 2491 1592.9 1554 116 

3 1 5 39 542 240 250 72 

1 1 13 254.2 983 1611 1603 258.7 

1 2 31 128.6 557 789 724 230.7 

1 5 20 161.4 1028 690.9 705 157 

1 1 26 164.8 667 1374.5 1375 246.9 

3 1 14 60.2 861 1044.3 976 69.9 
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Appendix 4: COCOMO data set 
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1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 2.2 8.4 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 3.5 10.8 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 5.5 18 

1 0.94 1.15 1 1 0.87 0.87 0.86 0.82 0.86 1 0.95 1 1 1 6 24 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 9.7 25.2 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 7.7 31.2 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 8.2 36 

1 0.94 1.15 1 1 0.87 0.87 0.86 0.82 1 1 1.07 1 1 1 11.3 36 

1.15 1 1.15 1 1 1 1 1 1 1 1 1 1 1 1 6.5 42 

1 1 1.15 1 1 1 1 1 1 1 1 1 1 1 1 8 42 

1 1 1 1 1 1 1 1 0.91 0.86 1 1 1 1 1 10 48 

1 0.94 1.15 1 1 0.87 0.87 0.86 0.82 0.86 1 0.95 1 1 1 15 48 

1 0.94 1.15 1 1 0.87 0.87 0.86 0.82 0.86 1 0.95 1 1 1 20 48 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 10.4 50 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 19.7 60 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 14 60 

1 1 1.15 1 1 1 1 1 1 1 1 1 1 1 1 13 60 

1 0.94 1.15 1 1.56 0.87 0.87 0.86 0.91 1 1 0.95 1 1 1 32.5 60 

1 0.94 1.15 1 1 0.87 0.87 0.86 0.91 0.86 1 0.95 1 1 1 31.5 60 

1 1.16 1.15 1.3 1.21 0.87 1.07 0.71 0.91 1 1.1 0.95 0.82 0.83 1.08 12.8 62 

1 1.16 1.15 1.3 1.21 0.87 1.07 0.71 0.91 1 1.1 0.95 0.82 0.83 1.08 15.4 70 

1 0.94 1.15 1 1 0.87 0.87 0.86 0.82 0.7 1 0.95 1 1 1 20 72 

1.15 0.94 1.15 1.66 1.56 0.87 1.07 0.86 0.91 0.86 1 0.95 0.91 0.91 1 7.5 72 

1 1.16 1.15 1.3 1.21 0.87 1.07 0.71 0.91 1 1.1 0.95 0.82 0.83 1.08 16.3 82 

1.15 1 1 1.11 1 1 1 1 0.91 0.86 1 1 1 1 1 15 90 

1 1.08 1.15 1.3 1 1 1.07 0.86 0.91 0.86 1 0.95 1.1 1.1 1.04 11.4 98.8 

1.4 1 1.65 1.11 1.06 0.87 0.87 1 0.91 1 1 1 1.1 0.91 1 21 107 

1 1 1.15 1.11 1 1 1 1 1 1 1 1 1 1 1 16 114 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 25.9 117.6 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 24.6 117.6 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 29.5 120 

1 1.08 1.15 1.3 1 1 1.07 0.86 0.91 0.86 1 0.95 1.1 1.1 1.04 19.3 155 

1 1.16 1.15 1.3 1.21 0.87 1.07 0.71 0.91 1 1.1 0.95 0.82 0.83 1.08 32.6 170 

1 1.16 1.15 1.3 1.21 0.87 1.07 0.71 0.91 1 1.1 0.95 0.82 0.83 1.08 35.5 192 

1.15 1 1.15 1 1 1 1 1 0.91 0.86 1 1 1 1 1 38 210 

1 0.94 1.15 1 1 1.15 0.87 0.86 0.91 0.86 1.1 1.14 1 1 1 100 215 

1 1.16 1.15 1.3 1.21 0.87 1.07 0.71 0.91 1 1.1 0.95 0.82 0.83 1.08 48.5 239 

1 1 1.15 1 1.06 1 1 0.86 0.91 1 1 0.95 0.91 1 1.04 47.5 252 

1 1.08 1.3 1 1 0.87 1 0.86 1 0.7 1.1 1 0.91 1 1.08 70 278 
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1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 66.6 300 

1 0.94 1.15 1 1.56 0.87 0.87 0.86 0.82 0.7 1 0.95 1 1 1 150 324 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 66.6 352.8 

1 0.94 1.15 1 1 0.87 0.87 0.86 1 1 1 1.14 1 1 1 100 360 

1 0.94 1.15 1 1 0.87 0.87 0.86 0.82 0.7 1 0.95 1 1 1 100 360 

1.15 1 1.15 1.11 1.06 0.87 1.07 1 0.91 1 1 1 1.1 0.83 1 50 370 

1.15 1.08 1 1 1 0.87 0.87 1 0.91 0.86 1 0.95 1 1 1 79 400 

1 1 1 1 1 0.87 1 0.86 0.82 0.7 1.1 0.95 0.91 1 1 190 420 

1 1 1.15 1 1 1 1 1 1 0.86 1 0.95 0.91 0.91 1 90 450 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 1 1 0.95 0.91 1 1.08 115.8 480 

1 1.08 1.15 1.3 1 1 1.07 0.86 0.91 0.86 1 0.95 1.1 1.1 1.04 78 571.4 

1.15 1 1.3 1.11 1.06 0.87 1.07 0.86 1 1 0.9 0.95 1.1 0.83 1.04 101 750 

1 1.16 1.15 1.3 1.21 0.87 1.07 0.71 0.91 1 1.1 0.95 0.82 0.83 1.08 161.1 815 

1.15 1.08 0.7 1 1 1 1.07 0.86 0.91 1 1 1 0.91 1 1 284.7 973 

1.4 1.08 1.15 1.3 1.21 1 1 0.71 0.82 0.7 1 0.95 0.91 0.91 1.08 227 1181 

1 1.08 1.15 1.3 1.06 0.87 1.07 0.86 1 0.86 1.1 0.95 0.91 1 1.08 177.9 1248 

1 1.08 0.7 1 1 1.15 1 0.86 0.91 1 1 1 0.91 0.91 1 282.1 1368 

1.15 1 1.15 1.11 1.06 0.87 1.07 1 0.91 1 1 1 1.1 0.83 1 219 2120 

0.88 1 1 1 1 0.87 0.87 0.86 0.91 0.7 1 0.95 1.1 1.1 1.04 423 2300 

1.15 0.94 1.15 1 1 0.87 0.87 1 1 0.86 1 1 0.91 1.24 1 302 2400 

1.15 1 1.15 1.11 1.06 0.87 1.07 1 0.91 1 1 1 1.1 0.83 1 370 3240 
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Appendix 5: Desharnais data set 
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1 4 85 12 253 52 305 34 302 1 5152 

0 0 86 4 197 124 321 33 315 1 5635 

4 4 85 1 40 60 100 18 83 1 805 

0 0 86 5 200 119 319 30 303 1 3829 

0 0 86 4 140 94 234 24 208 1 2149 

0 0 86 4 97 89 186 38 192 1 2821 

2 1 85 9 119 42 161 25 145 2 2569 

1 2 83 13 186 52 238 25 214 1 3913 

3 1 85 12 172 88 260 30 247 1 7854 

3 4 83 4 78 38 116 24 103 1 2422 

4 1 84 21 167 99 266 24 237 1 4067 

2 1 84 17 146 112 258 40 271 1 9051 

1 1 84 3 33 72 105 19 88 1 2282 

3 4 85 8 162 61 223 32 216 1 4172 

4 4 85 9 223 121 344 28 320 1 4977 

3 2 85 8 119 48 167 26 152 2 1617 

4 3 85 8 57 43 100 43 108 1 3192 

4 4 86 14 68 316 384 20 326 2 3437 

3 4 87 14 9 386 395 21 340 2 4494 

4 2 86 5 58 34 92 29 86 1 840 

4 4 86 12 318 269 587 34 581 2 14973 

2 4 85 18 88 170 258 34 255 1 5180 

2 4 86 5 306 132 438 37 447 1 5775 

4 1 87 20 304 78 382 39 397 1 10577 

1 4 86 8 89 200 289 33 283 1 3983 

4 1 85 14 86 230 316 33 310 1 3164 

2 0 86 6 71 235 306 37 312 1 3542 

3 1 85 14 148 324 472 39 491 1 4277 

4 4 85 16 116 170 286 27 263 1 7252 

4 1 85 14 175 277 452 37 461 1 3948 

4 3 86 6 79 128 207 27 190 1 3927 

1 1 86 9 145 38 183 27 168 3 710 

4 4 87 9 174 78 252 41 267 3 2429 

1 1 85 5 194 91 285 35 285 1 6405 

2 2 88 3 126 49 175 38 180 3 651 

1 3 86 17 137 119 256 34 253 2 9135 

2 4 87 11 289 88 377 28 351 3 1435 

1 4 88 4 158 59 217 18 180 3 847 
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3 3 88 16 302 145 447 52 523 2 8050 

1 1 87 9 451 48 499 28 464 1 4620 

2 4 87 34 661 132 793 23 698 3 2352 

1 1 88 10 64 54 118 25 106 1 2174 

2 1 86 18 182 126 308 35 308 1 6699 

2 3 87 27 173 332 505 19 424 1 14987 

2 2 88 9 252 7 259 28 241 1 4004 

4 3 85 11 131 180 311 51 361 1 12824 

2 3 85 8 106 39 145 6 103 1 2331 

3 3 85 9 96 108 204 29 192 1 5817 

2 3 85 7 116 72 188 18 156 1 2989 

3 3 85 6 86 49 135 32 131 1 3136 

2 3 85 17 221 121 342 35 342 1 14434 

1 1 87 12 61 96 157 18 130 1 2583 

1 3 86 12 132 89 221 5 155 2 3647 

3 7 86 13 45 387 432 16 350 2 8232 

1 1 86 12 55 112 167 12 129 2 3276 

1 4 87 8 124 52 176 14 139 2 2723 

3 3 87 5 120 126 246 15 197 2 3472 

1 2 87 6 47 32 79 14 62 2 1575 

1 1 86 12 126 107 233 23 205 2 2926 

3 2 86 6 101 45 146 15 117 2 1876 

1 1 86 5 78 99 177 14 140 1 2520 

4 7 86 13 69 74 143 14 113 1 1603 

1 3 86 8 194 97 291 35 291 2 3626 

2 4 87 15 323 184 507 35 507 2 11361 

1 3 86 10 42 31 73 27 67 2 1267 

1 2 87 5 74 43 117 25 105 2 2548 

3 4 87 10 101 57 158 9 117 2 1155 

0 4 86 6 97 42 139 6 99 3 546 

2 3 84 13 134 77 211 13 165 2 2275 

4 5 86 26 482 227 709 26 645 2 9100 

0 2 84 6 213 73 286 6 203 3 595 

2 3 86 24 473 182 655 40 688 2 13860 

4 4 85 12 229 169 398 39 414 3 1400 

4 3 83 12 227 73 300 34 297 1 2800 

4 4 86 24 395 193 588 40 617 1 9520 

4 3 86 12 469 176 645 43 697 3 5880 

4 4 85 36 886 241 1127 34 1116 1 23940 
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Appendix 6: ISBSG data set 
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1587 774 260 340 128 0 1502 0 4 7490 

260 9 4 3 193 41 51 138 2 4150 

152 25 33 28 42 35 163 0 1 668 

252 151 28 8 39 0 69 153 1 3901 

292 93 0 194 20 0 0 307 1 3607 

83 63 0 24 0 0 0 87 1 1606 

79 24 0 23 30 0 0 77 1 1936 

97 0 108 7 0 5 120 0 2 1158 

116 0 23 58 14 20 81 34 1 1498 

52 39 7 0 0 0 0 46 1 4063 

465 209 129 24 83 15 460 0 1 10200 

67 32 5 16 7 0 25 35 1 2053 

199 0 115 57 0 42 214 0 2 3034 

176 13 54 54 40 7 168 0 1 3348 

391 208 26 81 25 0 38 302 1 814 

263 65 45 101 42 10 176 87 1 911 

42 12 15 3 7 15 52 0 1 2496 

190 98 20 16 63 5 160 42 1 1171 

245 105 28 18 58 0 19 190 1 3532 

77 28 0 42 0 0 0 70 1 525 

355 278 0 73 0 0 0 351 1 1095 

3156 2075 525 97 0 0 28 12 1 10957 

46 0 28 0 25 0 28 25 1 344 

56 14 12 15 7 5 53 0 4 296 

106 65 4 12 14 0 35 53 1 4220 

71 31 28 9 7 0 31 23 1 296 

306 51 105 0 105 45 306 0 2 2082 

244 68 78 22 62 14 244 0 4 191 

98 21 46 3 44 0 114 0 1 3583 

331 100 44 61 107 0 312 0 1 395 

101 16 5 39 52 0 112 0 1 406 

192 9 102 0 10 77 198 0 1 2151 

60 39 4 0 14 10 39 22 2 471 

180 74 18 33 57 0 153 29 2 700 

118 43 71 7 0 0 38 83 1 698 

73 43 10 4 15 0 6 66 1 1459 

143 63 0 27 45 0 14 121 1 1372 

2190 706 648 236 235 0 1825 0 2 16690 

9 0 10 0 0 0 5 5 1 239 

203 21 167 3 10 0 201 0 1 1520 

162 64 36 9 28 20 157 0 1 1754 

183 60 21 29 71 0 181 0 1 1824 
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59 36 21 0 0 0 6 51 1 804 

412 198 14 99 91 10 412 0 1 5864 

348 198 14 33 77 0 10 312 1 1172 

2529 554 513 66 703 220 2056 0 2 5333 

250 28 92 57 0 30 164 43 2 1775 

206 0 199 0 0 5 100 104 1 246 

617 184 136 103 133 0 377 179 1 3793 

173 0 78 10 17 72 177 0 1 10501 

286 45 156 27 37 0 265 0 1 1464 

52 13 17 6 10 5 20 16 1 1636 

45 6 28 0 0 25 59 0 2 281 

104 30 7 48 15 0 0 100 1 2796 

465 234 44 104 118 0 431 15 1 4884 

2145 862 63 491 518 300 2234 0 4 2400 

119 41 25 48 21 0 135 0 1 700 

283 20 125 39 91 17 292 0 1 5650 

109 0 84 0 17 5 47 59 1 1837 

160 0 21 72 25 40 74 68 1 575 

65 0 64 0 0 0 54 10 1 606 

366 160 27 96 72 0 260 84 1 10205 

713 137 320 20 133 5 220 362 1 4396 

63 18 10 3 28 0 16 43 1 937 

309 126 13 59 153 30 381 0 4 2597 

610 137 174 117 147 0 575 0 1 950 

562 165 125 93 119 0 502 0 3 5727 

156 21 38 39 7 41 146 0 1 2458 

75 30 5 19 21 0 40 35 1 4430 

136 42 64 0 21 0 0 127 1 687 

96 13 56 0 10 40 119 0 2 4530 

78 24 24 9 21 0 78 0 1 1084 

51 42 0 14 0 0 20 36 1 466 

1092 356 84 170 669 21 1300 0 1 5320 

134 42 11 32 35 14 134 0 1 345 

75 24 9 0 36 0 0 69 1 367 

88 18 20 0 43 0 36 45 1 155 

3088 1061 1009 772 241 5 544 2544 1 4266 

82 25 46 0 14 15 100 0 1 440 

77 45 9 19 21 5 99 0 1 1099 

110 30 66 0 7 0 18 85 1 1362 

308 153 83 0 112 10 236 122 2 2533 

143 75 32 3 62 0 172 0 1 225 

826 292 326 155 32 0 396 139 1 11045 

3460 484 1831 318 208 142 2756 227 4 32760 

73 15 32 0 28 5 80 0 1 2475 

64 4 56 0 7 0 11 56 1 252 

497 122 28 113 273 10 454 92 2 2362 

288 201 0 36 76 0 99 214 1 2963 

494 134 62 140 91 67 494 0 1 8706 

130 60 65 0 0 0 14 111 1 770 

204 47 43 6 29 104 229 0 1 8111 

17 12 5 0 0 0 17 0 1 762 
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60 10 25 0 31 5 71 0 1 164 

73 0 20 36 10 0 56 10 1 431 

169 32 14 25 28 70 169 0 1 580 

1351 379 449 271 219 20 1173 29 1 3842 

2087 862 444 303 437 0 2046 0 4 22500 

253 72 0 107 29 44 252 0 1 12601 

102 37 26 10 29 0 102 0 1 244 

115 49 39 0 15 0 53 50 1 1786 

288 18 186 21 15 60 300 0 2 1251 

199 104 7 77 0 0 0 188 1 1136 

163 49 14 33 49 10 155 0 1 3234 

97 21 41 0 49 15 16 100 2 729 

439 82 222 19 85 10 105 313 1 3630 

3113 2019 609 248 157 80 3113 0 1 42080 

153 35 7 57 24 20 143 0 2 3283 

670 346 97 122 79 0 146 498 1 6936 

129 19 93 3 10 30 0 155 2 631 

329 324 68 14 0 0 206 73 2 2184 

5684 2221 454 820 1137 311 4943 0 1 23349 

61 27 4 24 17 0 72 0 1 502 

4352 1411 1337 644 494 0 3886 0 3 34004 

267 27 133 51 34 89 70 178 2 2683 

218 78 16 56 77 0 227 0 1 6665 

919 458 236 56 58 76 884 0 1 5801 

66 27 12 6 14 0 28 31 1 296 

54 36 0 16 0 0 0 52 1 827 

245 88 105 27 79 0 299 0 1 870 

54 24 28 0 0 0 0 52 1 476 

151 40 54 15 21 0 111 19 2 1241 

103 45 4 27 29 0 105 0 2 1396 

300 95 82 27 76 0 138 142 1 2933 

249 126 4 98 21 0 58 191 1 4551 

224 156 21 0 29 10 6 210 1 3613 

1523 643 268 281 204 5 1025 189 4 61891 

1984 255 1008 192 158 0 1613 0 2 2540 

58 15 37 0 0 5 0 57 1 31 

56 50 0 3 0 0 0 53 1 540 

244 91 12 44 60 50 257 0 1 1092 

12 0 0 6 7 0 10 3 2 211 

1416 402 432 0 252 65 376 775 2 1724 

67 3 26 0 7 35 71 0 2 1821 

95 36 0 32 24 0 0 92 1 178 

2376 638 233 639 580 131 2221 0 1 30701 

442 225 102 57 91 0 82 393 1 759 

68 21 12 19 15 0 11 56 1 3037 

268 76 96 45 41 10 248 20 2 2933 

90 96 0 0 0 0 96 0 1 595 

72 23 25 7 17 0 55 17 1 486 

505 111 127 18 216 0 472 0 1 4955 

450 112 145 59 105 0 356 58 1 6138 

230 129 38 46 57 0 230 40 1 1748 
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242 97 78 4 43 0 0 222 1 375 

106 21 76 6 0 0 7 96 1 2946 

31 10 14 0 7 0 4 27 1 370 

1186 422 306 109 168 230 1235 0 3 3711 

300 105 23 45 78 35 286 0 4 2039 

82 4 4 24 45 5 82 0 1 606 

445 156 155 0 50 84 130 280 2 7423 

256 69 198 0 0 5 272 0 2 2941 

191 44 60 15 49 25 159 34 2 2430 

213 102 63 6 28 0 186 13 1 3051 

4562 1098 1278 498 1059 0 3933 0 1 26408 

141 44 33 44 17 0 5 133 1 1499 

187 23 65 17 91 5 201 0 1 677 

266 96 20 48 77 25 235 31 2 3012 

128 45 0 68 0 15 128 0 1 7180 

194 70 16 0 45 47 46 132 1 703 

869 288 300 116 230 0 934 0 3 2078 

125 51 9 33 22 0 20 84 1 2802 

477 235 117 89 46 10 172 218 1 2741 

717 716 13 10 24 0 51 712 1 4272 

25 0 28 0 0 0 0 28 1 140 

73 9 61 3 0 0 73 0 1 1404 

100 61 0 0 0 42 28 75 1 1119 

273 103 183 15 17 0 318 0 3 528 

587 108 119 94 203 0 524 0 3 3748 

1437 920 154 41 203 0 1318 0 4 4900 

97 3 101 3 0 7 108 6 2 1853 

1883 396 540 405 392 95 1828 0 1 5525 

224 110 25 6 49 5 195 0 2 3322 

321 168 46 9 77 15 315 0 4 1076 

99 6 4 19 59 10 98 0 1 2876 

416 179 40 54 109 7 318 65 1 1911 

71 21 21 4 14 5 25 40 1 1201 

120 60 48 12 0 0 12 108 1 212 

213 72 43 3 84 30 132 97 2 1278 

1634 625 387 223 399 0 1634 0 2 7060 

275 184 11 48 7 0 7 243 1 702 

458 202 66 75 115 0 458 0 1 903 

218 28 118 44 0 10 91 109 1 8151 

498 107 132 7 77 122 445 0 3 8227 

143 54 65 0 14 0 11 122 1 402 

722 163 0 202 237 20 622 0 1 4164 

236 27 192 12 37 0 268 0 2 6844 

239 39 70 18 62 55 244 0 2 1661 

2015 855 559 459 0 102 1975 0 1 9503 

1882 711 589 218 442 0 1960 0 2 6068 

1129 385 135 409 196 15 1140 0 1 6600 

291 188 29 0 69 37 323 0 2 6519 

328 124 71 61 66 0 322 0 1 665 

264 126 7 50 84 0 267 0 1 544 

270 54 42 53 91 30 270 0 1 893 



 

 

Page | 205  

32 0 7 12 0 10 29 0 1 352 

171 78 42 0 59 15 194 0 1 273 

1382 353 245 7 581 253 1439 0 4 3344 

843 158 276 45 244 30 753 0 1 5814 

98 45 5 19 28 0 94 3 1 487 

289 3 100 0 66 145 314 0 2 5732 

1059 299 234 144 217 60 954 0 2 26345 

724 331 12 189 164 0 530 142 1 11336 

40 10 22 0 17 0 49 0 4 285 

128 72 18 24 7 0 4 117 1 1558 

1828 656 382 442 399 45 1924 0 1 11037 

1248 249 262 146 423 15 1095 0 4 15165 

387 109 118 67 90 7 391 0 1 3960 

73 0 65 0 0 5 19 44 1 920 

151 22 0 68 47 0 32 105 1 2643 

465 48 162 0 196 37 443 0 1 2427 

63 29 0 9 24 0 62 0 1 996 

226 88 70 19 28 0 92 106 1 2508 

115 76 11 28 0 0 10 105 1 223 

578 294 14 4 224 42 578 0 1 5134 

189 39 112 3 28 0 0 182 2 563 

55 52 0 6 0 0 58 0 1 643 

85 12 44 0 24 0 12 68 1 1252 

2143 219 657 3 485 437 1801 0 1 52172 

520 181 160 9 55 25 430 0 2 3133 

113 25 34 16 27 0 38 64 2 2070 

264 85 17 26 133 0 157 98 1 3180 

1617 557 459 199 437 50 1702 0 1 13795 

349 162 24 18 112 30 342 4 2 2360 

229 88 5 0 17 131 241 0 2 2897 

172 88 40 4 30 7 169 0 4 1788 

323 108 57 53 74 31 323 0 1 1238 

89 15 28 17 7 30 24 73 2 442 

878 113 404 161 133 17 828 0 1 3742 

220 81 50 51 42 0 224 0 3 281 

150 125 4 20 0 0 6 143 1 828 

161 60 38 30 41 0 169 0 1 220 

804 345 334 0 236 42 957 0 1 13720 

272 63 20 61 71 30 245 0 2 11172 

33 8 7 0 10 15 32 8 2 145 

64 20 28 10 7 0 65 0 2 140 

277 48 110 47 49 0 84 170 2 1265 

322 78 100 67 54 0 179 106 1 6316 

164 52 56 18 7 20 110 43 2 2791 

145 48 10 72 14 0 144 0 1 894 

73 36 24 12 0 0 0 72 1 704 

245 42 179 24 42 15 302 0 2 893 

406 209 36 125 20 0 102 288 1 6794 

98 35 0 41 20 0 28 68 1 6666 

83 44 10 3 25 0 15 63 1 494 

557 280 173 39 141 0 633 0 2 5896 
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182 30 59 39 29 0 0 157 1 1206 

820 460 98 199 175 0 685 212 4 2552 

545 116 226 131 72 0 79 466 1 8740 

105 96 9 0 0 0 21 84 1 220 

55 12 10 14 15 0 9 42 1 2828 

62 27 4 0 31 7 69 0 1 984 

109 0 105 0 0 0 0 105 1 300 

436 27 334 15 0 60 436 0 2 7762 

179 60 44 6 38 40 188 0 1 935 

1710 932 521 233 214 0 1900 0 2 13130 

128 49 15 25 31 0 120 0 2 1890 

174 21 7 30 50 32 140 0 4 13528 

70 28 4 15 21 0 39 29 1 743 

379 159 29 57 119 15 379 0 1 2391 

258 12 16 230 0 0 26 232 2 605 

129 33 0 39 24 25 121 0 2 2372 

856 349 194 74 84 155 856 0 2 2551 

127 56 14 10 39 0 25 94 1 2010 

381 119 107 9 28 65 137 191 2 1817 

234 117 19 93 0 5 231 3 1 5103 

215 58 62 46 51 0 82 135 1 3417 

1406 541 70 290 335 90 1326 0 4 14938 

85 21 67 3 0 15 22 59 2 1049 

59 10 32 3 21 5 71 0 1 1278 

551 268 207 40 0 0 0 515 2 1321 

358 139 0 89 70 40 338 0 1 16770 

73 40 0 12 10 0 0 62 1 4428 

597 189 96 78 239 7 609 0 1 2542 

276 90 120 34 14 0 101 139 1 2244 

728 181 165 15 84 167 330 27 1 9694 

59 0 55 0 0 0 11 11 1 5958 

98 36 32 9 17 0 45 42 1 1582 

756 452 66 127 84 5 302 320 1 3571 

155 120 34 0 0 0 47 107 1 582 

544 125 104 107 133 0 107 362 1 2778 

813 27 677 34 0 100 18 820 2 1634 

75 23 0 30 27 14 94 0 1 720 

112 85 4 16 14 0 119 0 4 1073 

211 73 32 79 22 5 111 100 1 3566 

895 222 271 222 63 0 778 0 1 780 

74 18 7 37 7 5 74 0 1 3995 

1720 770 583 16 424 17 1810 0 1 9621 

3331 1049 519 399 595 360 2922 0 4 49034 

64 15 18 9 15 5 12 39 1 472 

1402 328 804 187 49 63 1431 0 1 17607 

337 128 21 86 77 25 337 0 1 657 

73 0 0 67 0 10 39 38 1 978 

64 12 28 17 7 0 47 17 1 680 

1703 186 463 0 516 316 1481 0 3 8549 

151 41 21 29 41 19 151 0 1 434 

66 27 14 6 17 0 42 22 1 2189 
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70 24 0 3 42 5 74 0 2 659 

754 301 130 204 90 0 213 512 1 8967 

325 106 49 31 80 12 136 142 1 10437 

168 84 7 45 40 22 198 0 2 4622 

226 99 50 43 63 5 260 0 4 1306 

335 83 71 71 111 17 353 0 4 25401 

76 21 51 3 0 0 63 12 1 686 

221 31 133 0 45 5 53 161 1 1822 

1010 213 224 111 212 75 758 77 2 5053 

116 46 12 22 35 15 130 0 1 1939 

39 25 0 3 14 0 11 31 2 114 

170 75 12 23 39 0 108 41 4 1532 

179 85 0 49 59 0 193 0 1 5690 

166 126 0 38 0 0 0 164 1 3580 

354 48 34 174 73 25 354 0 1 5841 

615 546 0 74 7 0 627 0 2 941 

126 46 7 18 49 15 135 0 2 1035 

1390 379 377 133 182 170 1241 0 3 5597 

129 30 59 10 39 0 94 44 1 3600 

203 35 48 6 14 100 203 0 1 3219 

125 32 40 22 35 15 144 0 1 513 

758 116 312 132 30 58 648 0 1 4630 

558 92 116 57 196 0 461 0 1 4112 

25 14 0 4 7 0 22 0 1 644 

223 108 16 9 133 0 266 0 1 3023 

850 94 348 205 45 74 320 446 1 13183 

235 78 10 123 68 0 13 82 1 1129 

58 15 0 19 22 0 26 30 1 3030 

316 14 118 14 155 0 139 151 2 2600 

7633 1240 2455 135 1732 1572 1376 5193 2 25217 

119 0 118 0 0 0 95 19 1 212 

55 12 17 6 14 10 59 0 1 411 

1644 240 858 177 91 115 1481 0 1 16357 

1193 196 667 149 115 54 516 485 1 3622 

605 155 231 91 105 0 582 0 1 2041 

389 120 94 77 63 10 198 166 2 1254 

2373 410 615 342 454 317 2138 0 2 27199 

132 56 0 27 38 7 128 0 1 1429 

132 30 50 22 24 0 39 27 1 1666 

280 92 85 8 70 25 91 185 3 4024 

151 21 24 63 21 15 144 0 1 1035 

286 94 36 44 38 55 267 0 1 1727 

305 73 87 39 63 10 272 0 3 4504 

268 73 105 0 70 0 248 0 2 5517 

110 36 15 0 49 10 110 0 2 2553 

3963 1184 616 952 1091 42 3885 0 2 16921 

397 83 252 16 58 0 409 0 1 8987 

254 90 39 3 117 0 119 100 2 3877 

134 73 0 22 14 0 33 76 1 2516 

144 40 21 6 56 20 143 0 1 4380 

266 101 70 26 56 5 258 0 1 5657 
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237 114 11 44 42 0 181 30 1 3857 

1243 555 15 245 394 10 1219 0 1 13843 

666 138 233 124 105 5 605 0 1 752 

1810 349 423 377 457 10 1616 0 3 29399 

88 56 7 15 7 0 9 76 1 2770 

62 19 8 9 15 0 51 0 1 949 

305 59 102 19 60 21 138 123 1 10484 

349 107 93 97 52 0 286 63 1 3703 

156 0 133 0 10 0 143 0 1 849 

100 24 76 3 7 0 40 70 1 1434 

222 20 5 93 73 0 47 144 1 2952 

506 54 161 43 173 80 511 0 1 3500 

448 140 55 52 91 70 408 0 1 994 

123 28 0 47 15 25 115 0 2 2179 

252 0 109 143 0 0 109 143 2 6821 

258 186 40 19 10 0 0 255 1 1678 

166 67 88 6 0 0 37 120 1 3137 

181 45 39 38 42 5 169 0 2 4088 

284 99 112 26 28 0 220 27 1 3234 

52 0 60 0 0 0 0 55 1 304 

102 72 0 18 0 7 0 97 1 1239 

58 26 29 3 0 0 22 36 1 833 

1196 626 108 56 413 5 1208 0 4 7824 

38 30 0 8 0 0 32 0 1 348 

84 33 0 21 27 0 61 20 1 3299 

73 18 14 8 44 0 40 44 1 1351 

449 352 12 12 52 0 0 428 1 19328 

551 188 116 52 114 5 223 231 1 2934 

194 48 47 28 27 35 185 0 2 1440 

185 36 14 50 32 10 142 0 1 6416 

134 43 0 77 36 0 156 0 1 1461 

1241 575 45 319 301 0 1240 0 1 10222 

99 81 0 3 15 0 6 93 1 339 

1285 685 67 133 620 7 1512 0 1 1200 

86 18 8 0 28 32 86 0 1 419 

466 164 212 12 66 7 461 0 1 2058 

77 30 0 20 22 0 7 65 1 2540 

81 11 22 0 20 21 64 10 1 547 

480 76 275 12 112 5 331 149 2 6816 

694 61 164 168 145 60 598 0 4 4086 

62 18 7 6 10 17 7 51 1 2442 

56 0 42 0 0 15 57 0 1 293 

753 289 13 0 363 7 672 0 1 4301 

421 177 22 217 0 5 421 0 1 16788 

59 30 11 3 21 0 65 0 1 682 

409 42 201 39 67 60 409 0 2 2672 

115 21 90 4 0 0 94 21 2 1869 

93 58 20 4 10 0 22 70 1 967 

71 30 15 12 7 5 0 69 1 4842 

971 345 42 249 150 10 796 0 1 5864 

74 15 7 42 0 10 74 0 1 3132 
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81 18 4 25 21 10 25 30 1 107 

106 6 33 19 0 55 113 0 1 1357 

1168 516 240 176 314 10 1256 0 3 1538 

1093 392 119 235 166 47 959 0 1 7263 

67 10 18 31 0 0 0 59 1 4642 

1256 270 121 450 90 50 981 0 1 51527 

72 67 5 0 0 0 6 66 1 1504 

777 287 159 38 147 45 676 0 2 17286 

131 30 33 18 35 12 128 0 1 5960 

134 78 0 0 63 0 141 0 1 2433 

826 255 295 72 157 0 779 0 1 5400 

3180 916 538 295 969 0 2718 0 4 33028 

324 175 108 29 17 5 334 0 1 5078 

184 126 48 3 21 0 36 162 4 3035 

220 132 45 30 7 0 49 165 1 701 

258 34 89 6 63 49 241 0 1 736 

139 25 19 6 29 60 139 0 2 976 

274 70 123 57 28 30 308 0 2 1167 

231 0 86 0 50 130 266 0 4 3762 

126 58 15 6 21 40 22 118 2 619 

550 226 104 48 101 40 519 0 1 1155 

93 0 70 0 15 10 0 95 1 1327 

1825 594 569 192 259 60 1674 0 1 1210 

500 229 31 130 60 0 170 227 1 7080 

373 129 96 21 105 50 389 12 2 2395 

330 179 26 64 110 0 379 0 1 1050 

57 27 28 0 0 0 0 55 1 2098 

127 61 0 20 44 0 13 98 1 1902 

1362 579 291 171 378 0 1419 0 3 3193 

1463 780 119 223 371 0 1493 0 4 36046 

148 12 49 36 28 15 140 0 1 4141 

474 71 24 343 21 15 41 433 1 1829 

77 24 18 21 14 0 18 59 1 492 

213 105 67 41 0 0 52 161 1 890 

175 22 53 0 100 0 59 116 2 597 

360 122 98 54 62 0 336 0 1 763 

331 84 0 12 0 284 156 96 2 1238 

285 48 187 15 35 25 310 0 2 1249 

187 72 32 10 44 5 4 159 2 15807 

502 120 32 89 83 120 444 0 1 9296 

303 0 266 0 0 25 0 291 1 396 

174 105 83 0 0 5 98 35 2 3088 

44 14 0 16 17 5 49 3 4 380 

387 88 221 37 34 0 18 362 1 2811 

406 18 374 27 0 0 21 398 2 2109 

1621 684 469 124 355 74 1706 0 1 14500 

116 34 38 4 30 0 33 73 1 666 

53 17 17 0 24 5 63 0 2 354 

209 42 145 10 43 0 225 15 1 190 

903 336 134 158 148 100 387 303 1 6605 

469 71 170 15 67 96 419 0 1 3845 
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1894 187 1241 143 156 10 966 696 2 3986 

215 108 0 94 7 0 76 133 1 560 

82 38 9 20 14 0 29 52 1 96 

1694 391 469 385 210 85 1540 0 1 7816 

81 24 22 20 10 0 64 4 1 2412 

297 150 7 132 0 0 13 264 1 1557 

280 161 91 0 10 0 262 0 4 1417 

56 19 5 16 10 0 29 21 1 1501 

492 114 97 157 49 75 248 244 1 4158 

426 127 122 54 87 20 31 352 1 778 

499 262 42 60 90 0 155 299 1 2310 

60 9 32 12 7 0 60 0 1 1102 

362 152 68 41 72 15 348 0 1 8543 

363 169 23 115 42 0 82 267 1 4134 

53 24 0 24 0 0 0 48 1 1213 

4411 1514 461 540 1208 15 3738 0 2 59809 

17518 9404 1221 0 2955 0 13580 0 1 54620 

199 82 92 13 10 0 20 100 1 1049 

2171 534 319 323 87 0 209 984 1 19699 

220 90 19 64 39 0 12 200 1 2325 

1355 535 428 58 224 10 1255 0 1 7505 

374 170 4 88 126 10 398 0 1 363 

62 51 0 0 10 5 66 0 1 420 

311 11 217 3 36 57 324 0 1 2455 

132 32 15 13 31 45 136 0 1 724 

135 60 17 0 70 0 0 147 2 667 

79 16 34 0 28 10 81 7 1 4319 

155 75 28 10 29 0 14 128 1 2308 

965 433 234 148 245 0 1060 0 1 3930 

296 27 166 48 21 50 312 0 2 5432 

56 3 19 10 24 0 56 0 2 170 

206 88 23 31 35 0 73 104 1 2196 

651 104 385 16 49 27 581 0 1 4352 

2323 804 332 0 947 240 636 1552 2 3981 

146 46 0 50 41 0 44 93 1 2390 

410 140 60 145 77 10 432 0 1 1691 

284 49 83 75 51 5 80 183 1 4393 

249 47 26 80 84 0 237 0 2 3800 

32 4 7 0 0 30 41 0 1 498 

1908 401 1216 155 107 10 1889 0 3 27000 

253 56 149 0 24 24 76 177 1 1694 

184 53 21 43 38 15 170 0 2 3393 

76 60 12 0 0 0 0 72 1 451 

276 108 5 75 56 0 177 53 1 300 

3471 1327 257 534 995 42 3155 0 4 7575 

380 67 103 77 98 20 365 0 1 4002 

155 18 0 69 14 47 148 0 1 5196 

327 64 142 21 0 100 327 0 2 2566 

171 78 42 0 59 15 194 0 1 2853 

193 82 80 50 14 0 41 182 1 2031 

1108 279 20 314 273 30 916 0 1 26940 
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363 168 10 92 77 5 0 352 1 141 

249 144 104 6 14 0 268 0 1 500 

769 265 195 235 52 0 178 557 1 12551 

137 54 42 30 7 0 97 36 1 399 

579 215 81 109 112 0 517 0 1 784 

133 39 0 41 24 20 124 0 2 2428 

78 7 34 6 21 0 22 46 2 690 

101 12 31 3 50 0 65 28 1 450 

1222 503 333 173 150 5 1164 0 1 5800 

1093 486 277 126 147 5 788 253 2 2565 

2067 1056 658 45 303 5 1510 557 2 10398 

175 65 31 22 38 0 141 15 1 4137 

230 180 12 41 14 0 247 0 1 1379 

104 32 5 40 28 10 115 0 4 512 

177 24 79 6 42 60 211 0 2 2835 

62 33 0 12 10 0 22 33 1 716 

487 146 238 53 24 12 45 428 1 1017 

177 40 12 27 38 60 177 0 1 951 

140 43 68 3 57 0 171 0 4 640 

230 81 49 37 58 0 225 0 1 500 

236 102 84 52 0 0 238 0 1 668 

846 322 56 112 234 5 729 0 1 16179 

139 18 21 30 70 0 139 0 2 2446 

51 12 27 0 0 7 7 39 1 338 

195 57 32 12 140 0 241 0 1 2152 

157 6 108 3 15 20 152 0 3 3166 

51 32 0 16 7 0 0 55 1 1083 

1106 410 267 108 152 25 962 0 2 19034 

99 13 32 3 42 5 95 0 1 634 

56 24 0 9 14 0 47 0 2 440 

213 123 91 28 0 0 36 206 1 2185 

 

 


