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Abstract
The purpose of this thesis is the theoretical study of interference and correlation effects in multimode and continuum mode quantum systems. We are
concerned with interference effects in multiport devices which in a sense are
generalised Mach-Zehnder interferometers. It is shown how these multimode
devices can be employed for the study of negative result and interaction free
measurements.
Interference and coherence effects are also studied in relation to the radiation fields generated by atoms through the process of spontaneous emission.
Besides first order interference, higher order coherence effects are investigated
with the aid of Glauber’s photodetection theory and it is found that detectors that lie in spacelike regions may display nonclassical correlations under
certain conditions.
It is well known that the vanishing of field commutators between regions
that cannot be connected by subluminal signals reflects the locality of quantum field theory. But is it possible that these spacelike regions exhibit correlations that violate Bell type inequalities? This is the main question and
principal concern of the thesis and the answer is affirmative, nonclassical
correlations between spacelike regions are indeed possible.
A scheme of four detectors that lie in spacelike points was also studied.
In this case we do not consider the radiation field but a free scalar field
in vacuum state. Nevertheless the virtual quanta of this field may induce
nonclassical correlations if the intervals between the detectors are spacelike

but small enough. The fundamental reason for this fact is the nonvanishing
of the Feynman propagator outside the light cone. Since this propagator is
decaying expotentially with the distance it is demonstrated that for large
spacelike intervals field correlations obey classical inequalities. We should
also note that different inertial observers will agree on the violation or not
of these inequalities since the results are manifestly Lorentz invariant.
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Chapter 1
Introduction
1.1

Introductory material.

In this section we give a brief exposition of the necessary tools and concepts
used in Chapters 2-4 and in the following sections of this Chapter we illustrate
the new results presented in the thesis.

1.1.1

Linear optics and multiport devices.

Interference and coherence lie at the heart of quantum mechanics. When
an event proceeds through indistinguishable ways, interference effects always
appear. This is a manifestation of the principle of superposition which has
no classical analog, since it applies even for single particles or excitations of
the corresponding quantum field.
Linear optical devices allow us to study a great variety of quantum interference effects. One of the most versatile components in classical and
quantum optics is the beam splitter [1],[2], usually a dielectric slab which
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Figure 1.1: The beam splitter is a linear optical device which couples two
incoming beams and produces two emerging ones at the output.
reflects a fraction of the incident radiation and transmitts the rest (Fig. 1.1).
A lossless beam splitter in particular is a passive linear optical device
which conserves energy, which means that the sum of the intensities of the two
input modes should equal the sum of the intensities of the two output modes.
This four port device splits the two incoming field modes, couples them and
recombines them at the output. We also assume that both input and output
beams have a common linear polarisation. A quantum treatment of the
fields requires that they become operators which obey certain commutator
relations

[ai , a†j ] = δij , [ai , aj ] = 0,

(1.1)

where i, j represent the bosonic modes of the device (incoming and emerging).
The most common devices of this type are optical so usually we deal with
photons but there also beam splitters for other type of bosons (e.g BoseEinstein Condensates [3]). It should be noted however that it is also possible
to construct beam splitters for fermions and in that case the commutators
of (1.1) are replaced by anticommutators [4]. The action of a beam splitter
can be described by the following Hamiltonian [1]

2

Ĥint = −h̄

g(t) −iφ †
(e a1 a2 + e+iφ a†1 a2 ),
2

(1.2)

where the function g(t) describes the coupling between the incident modes
and

θ=

Z

τ
0

g(t)dt,

(1.3)

so the integral is carried over the duration of interaction τ . The operation
then of the beam splitter is to transform the input operators a1 , a2 to the
output ones a1′ , a2′ according to the relations

a1′ = U † a1 U

(1.4)

a2′ = U † a2 U,

(1.5)

where U is the evolution operator

− h̄i

U =e

Rτ
0

Hdt

.

(1.6)

Using the operator expansion theorem [5]

eA ae−A = a + [A, a] +

1
1
[A, [A, a]] + [A, [A, [A, a]]] + ..
2!
3!

(1.7)

we prove the Baker-Haudsorff lemma [5]

eA+a = eA ea e−1/2[A,a] ,

3

(1.8)

provided that [A, [A, a]] = [a, [A, a]] = 0. It is then straightforward to obtain
the relations

a1′ = cos(θ/2)a1 + ieiφ sin(θ/2)a2 ,

(1.9)

a2′ = ie−iφ sin(θ/2)a1 + cos(θ/2)a2 .

(1.10)

The inverse operation is given by the relations

a1 = cos(θ/2)a1′ + ie−iφ sin(θ/2)a2′ ,

(1.11)

a2 = ieiφ sin(θ/2)a1′ + cos(θ/2)a2′ .

(1.12)

The above formulas describe the operation of a beam splitter (we usually set
φ = π/2 for simplicity) and they can also be used to find its transfromation
matrix:



T =


iφ

cos(θ/2)
−iφ

ie

sin(θ/2)



ie sin(θ/2) 
cos(θ/2)

.


(1.13)

There is also a relevant description in group theory terms (the SU(2) group
in particular) but we will not employ it in this thesis. For a symmetrical (or
√
50/50) beam splitter θ = 1/ 2. It is intructive to consider a few specific
examples in Schröedinger’s picture where the input state of the field is given
and we try to find the output state. According to (1.11),(1.12) a one particle
state |1, 0i incident to a beam splitter transforms as

4

|1, 0i −→ (cos(θ/2)|1, 0i + ie−iφ sin(θ/2)|0, 1i).

(1.14)

It is impossible to write this state in a product form. We note that the
output is entangled and the input is a nonclassical state (number state).
This is not a coincidence, since nonclassicality at the input is a prerequisite
for entanglement at the output [6]. It should also be remembered that even
unused ports are important in quantum optics because they allow vacuum
fluctuations to enter the device and also preserve unitarity [2] and this is the
reason for writing explicitly in (1.14) the vacuum of one of the inputs. A
more general number state is transformed as

[cos(θ/2)a1 + ie−iφ sin(θ/2)a2 ]n
(a†1 )n
√
|0, 0i.
|n, 0i −→ √ |0, 0i =
n!
n!

(1.15)

so the state at the output takes the entangled form

|ψi =

n
X

n!
[cos(θ/2)](n−n1 ) [ie−iφ sin(θ/2)]n1 |n − n1 , n1 i. (1.16)
n1 =0 n1 !(n − n1 )!

Coherent states have statistical properties quite similar to classical radiation [2]. If we send a coherent state |β, 0i the output will be
|β, 0i −→ |cos(θ/2)β, ie−iφ sin(θ/2)βi,

(1.17)

which is a factorised state, not an entangled one. This suggests that coherent states have classical properties which also allows them to be robust
[7], in other words a coherent state remains coherent even in the presence of
relaxation or damping (at zero temperature at least) [7].
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Figure 1.2: A Mach-Zehnder interferometer is built by two succesive beam
splitters and a phase shifter between its two arms.
Having presented the basic characteristics of the beam splitter we move
to one of its most important applications, namely the Mach-Zehnder interferometer (Fig. 1.2). This device is made of two beam splitters in series
(we suppose that the second one performs the inverse transformation) and a
phase shifter between them. A phase shifter (or retarder plate) is a dielectric
medium which performs a unitary transformation of the form eiφn̂ where n̂ is
the number operator of the field and introduces a relative phase φ between
the paths (not to be confused with the phase shift in (1.9)-(1.12) which depends on the structure of the beamsplitter and here is set equal to π/2). It
is easy to show that the state at the output for an one photon input for a
symmetric beam splitter will be
1
|1, 0i −→ [(1 + eiφ )|1, 0i + (1 − eiφ )|0, 1i],
2

(1.18)

so even only one photon can ‘interfere with itself’ and produce an interference
pattern. We also see that using two symmetric beam splitters and a phase
shift we can implement a non-symmetric beam splitter [8].
Another famous phenomenon related to a single symmetric beam splitter
is the Hong-Ou-Mandel effect [9]. Two photons interfere at the input of
6
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Figure 1.3: An absorbing material is blocking one of the paths of a MachZehnder interferometer. This set up makes possible the detection of this
object without interaction (either by scattering or absorption).
a symmetric beam splitter and a counterintuitive effect is observed at the
output that no semiclassical theory can explain, in other words it is a purely
quantum effect [10],[7]. If we inject at the same time two photons into the
two inputs the output state will become
1
|1, 1i −→ √ (|2, 0i + |0, 2i).
2

(1.19)

This means that no coincidence counts will ever be observed, the two photons will be found at the one or the other detector but never at both. The
physical explanation for this is effect is the following. There is a probability
amplitude that both photons will be transmitted and another one that both
will be reflected. These processes are indistinguishable and the two amplitudes interfere destructively. A more detailed explanation requires to make
use of a continuum of frequency modes [5],[10],[7] and will not be given here.
The counterintuitive notion of an interaction free measurement [11] is
best illustrated with the help of a Mach-Zehnder interferometer when one
of its internal arms is blocked as in Fig. 1.3 (suppose we send the photon
through mode 1). If the absorbing material does not interrupt any of the

7
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Figure 1.4: A detector is blocking one of the paths of a Mach-Zehnder interferometer. The above set up allows us to demonstrate that even the absence
of an event may reveal information about the state of a system.
internal arms of the device then the photon will emerge from the same arm
that was injected (mode 1). If the absorbing material is present then there
is a possibility 1/2 that it will be absorbed and will not arrive at the output.
There is also 1/2 probability that will arrive at the output and one or the
other detector will click. If it is found at 1 we can not make any statement
about the presence of an object between the two beam splitters (this happens
with probability 1/4). On the other hand, if it is found at mode 2 we can
infer the presence of the object (with probability 1/4) without absorption or
any kind of interaction.
Finally, a similar concept that will be used in the thesis is the negative
result measurement [12],[3],[7]. If we put a detector between the two beam
splitters (Fig. 1.4) we can acquire information even by non-detecting the
photon (by null events in general), since this could reveal which path information (obviously that the particle followed the other way). Nevertheless,
since there is only one alternative way for the photon no interference is possible, but by employing multiport interferometers as we will see in Chapter
2 interference effects are expected to appear.
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We can move now to more general configurations of optical elements.
It has been proved in [8] that an arbitrary unitary device (which of course
preserves the number of photons) can be built by a suitable combination of
beam splitters and phase shifters. To be specific a unitary operator UN can
be decomposed as [8],[13]

UN = (TN,N −1 TN,N −2 TN,N −3 TN,1 TN −1,N −2 TN −1,N −3 T2,1 D) −1 ,

(1.20)

where Tk,l is the N dimensional identity with the k, l elements replaced with
the beam splitter transformation matrix and D is an N diagonal matrix with
elements the attached phases of unit modulus [8],[6]. We give an example of
(1.20) by decomposing the unitary matrix [13]


UN =

√
 1− 2




√1√

2

 q
√3
2

−2

√1√

q

2

1
2
1
2

−

√3
2

1
2

√

√1
2

−



−2 
√1
2

2−

1
2

We can write the matrices T3,2 , T3,1 , T2,1 , D as

T3,2 =

T3,1 =






















.




1

0

0

0

cos(θ1 /2)

ieiφ1 sin(θ1 /2)

0 ie−iφ1 sin(θ1 /2)

cos(θ1 /2)
iφ2

cos(θ2 /2)

0 ie

0

1

ie−iφ2 sin(θ2 /2) 0
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(1.21)






,






sin(θ1 /2) 
0

cos(θ2 /2)



,




(1.22)

(1.23)



T2,1 =









iφ3

cos(θ3 /2)

ie



sin(θ3 /2) 0 

ie−iφ3 sin(θ3 /2)

cos(θ3 /2)

0

0

0

1



D=









iφ4

0

0

eiφ5

0

0

e



0 



0 
.

eiφ6

It is easy to find that (1.20) becomes



,




(1.24)

(1.25)




UN = (T3,2 T3,1 T2,1 D)−1

(1.26)

and it is satisfied if θ1 = 0.142π, θ2 = 0.226π, θ3 = 0.708π, φ1 = 3π/2,φ2 =
π/2, φ3 = π/2, φ4 = π, φ5 = 0, φ6 = 0.
In particular for a Fourier multiport device [14] (see Fig. 1.5), the unitary
transformation performed by the device is


UF = exp i

d
X

M,K

where F the finite Fourier matrix



†
† 
αM
(lnF )M K αK
,

2π
1
FM K = √ ω M K , ω = ei d .
d

(1.27)

(1.28)

Using again the operator expansion theorems [5] we generalise (1.4),(1.5) and
(1.9),(1.10) as

A†M = UF† a1 UF = d−1/2

d
X

K=1
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†
ω −M K αK
,

(1.29)

2π

†
the creation operators of photons
where M = 1 to d, ω = e−i d and A†M , αM

at the input and output of the Fourier device (for an example of a four-input
device see Fig. 1.6).
The inverse Fourier transformation is [14]

†
αK
=

d
X

ω M K A†M .

(1.30)

K=1

1.1.2

Electric field operators, correlation functions and
Bell type inequalities.

The quantum vacuum also constitutes another case where quantum theory
differs fundamentally from the classical theory. Spontaneous emission of an
excited atom due to vacuum fluctuations was one of the first effects explained
using the quantum theory of radiation [15],[16],[17]. It is an irreversible process since the atom interacts with the vacuum which may be considered as
a reservoir with infinite degrees of freedom [18]. For decades it was thought
that spontaneous emission is a dissipative process which always destroys coherence and interference in atomic systems. This attitude has changed with
the seminal work of Fano [19] and other workers [20]. Today it is generally
appreciated that spontaneous emission leads to a variety of interference effects which reveal the unique properties of quantum superposition [3]. When
for example, two states are coupled through the decay to a common state
interference effects are always present [20]. We can even manipulate this kind
of interference -by using driving fields, allowing multiple dissipative channels
etc.- and exploit quantum coherence in many applications (lasing without in-
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version, electromagnetic induced transparency, coherent trapping [21],[22]).
Another very fruitful line of research started with Glauber [23],[24],[25]
who investigated intensity correlations and gave a detailed account of quantum optical coherence and detection. The motivation of his work was the
Hanbury Brown-Twiss effect and its quantum description [26],[16]. Interference in the correlation of intensity signals can be again explained using
the indistiguishability of processes discussed in the beginning. If we use two
two-level atoms as sources which emit photons we can see that the intensity
correlation function between two points exhibits interference fringes since the
detection of a photon may occur in two ways that cannot be distinguished
in principle [27].
In the present work we try to combine aspects from these two major areas
of quantum optics by proposing a scheme which shares common features with
both the Hanbury Brown-Twiss and the Young interference experiment with
atoms as sources of radiation.
At first we need to treat the radiation field in a way consistent with the
postulates of quantum mechanics. The simplest way to quantise the electromagnetic field is through the familiar procedure of canonical quantisation
[15]. Upon quantisation of the field the electric field operator is expressed as
E = E (−) + E (+) where [16]

E (+) =

s

h̄ X √
νk ak e−iνk t+ikr
2ε0 V
k

and
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(1.31)

s

h̄ X √ † +iνk t−ikr
νk ak e
,
(1.32)
2ε0 V
k
(V is the quantisation volume and νk the frequency of a photon with wavevecE (−) =

tor k).
It is desirable to be able to distinguish between different states of the
radiation field. From an operational point of view we rely on the outcome of
photon absorption measurements, since in the optical domain photon counting is based on the photoelectric effect. A detector which is broadband and
does not distinguish between different polarisations [7] can be modelled by
an atom with one ground state and a continuum of excited states. It can
been shown that the probability of absorption is [16],[7]

P (t) = κ

Z

0

t

h

i

dt1 T r ρE (−) (r, t1 )E (+) (r, t1 ) ,

(1.33)

where ρ the density matrix of the field and κ a constant proportional to the
sensitivity function of the detector [25],[7]. In the same manner the joint
probability of detection is

′

P12 = κ

Z

0

t

dt1

Z

0

t

h

i

dt2 T r ρE (−) (r1 , t1 )E (−) (r2 , t2 )E (+) (r2 , t2 )E (+) (r1 , t1 ) ,
(1.34)

where κ′ is a constant that characterises the detectors [25],[7]. The above
analysis motivates the introduction of first and second order correlation functions of the electric field defined as
h

G(1) (rt1 , rt1 ) = T r ρE (−) (r, t1 )E (+) (r, t1 )
14

i

(1.35)

or by the more general expression [2]
h

i

G(1) (r1 t1 , r2 t2 ) = T r ρE (−) (r1 , t1 )E (+) (r2 , t2 ) .

(1.36)

The second order one is given by the formula

h

i

G(2) (r1 t1 , r2 t2 ) = T r ρE (−) (r1 , t1 )E (−) (r2 , t2 )E (+) (r2 , t2 )E (+) (r1 , t1 ) .
(1.37)

Higher order correlation functions are defined similarly. For pure radiation
states |ψi (1.36) and (1.37) become
G(1) (r1 t1 , r2 t2 ) = hψ|E (−) (r1 , t1 )E (+) (r2 , t1 )|ψi

(1.38)

and

G(2) (r1 t1 , r2 t2 ) = hψ|E (−) (r1 , t1 )E (−) (r2 , t2 )E (+) (r2 , t2 )E (+) (r1 , t1 )|ψi.
(1.39)
Sometimes it is convenient to use normalised correlation functions. For
example the first and second order ones are defined respectively as
G(1) (r1 t1 , r2 t2 )
g (1) (r1 t1 , r2 t2 ) = q
[G(1) (r1 t1 , r1 t1 )G(1) (r2 t2 , r2 t2 )]

(1.40)

(which is also called the mutual coherence function) and

G(2) (r1 t1 , r2 t2 )
g (r1 t1 , r2 t2 ) = (1)
.
G (r1 t1 , r1 t1 )G(1) (r2 t2 , r2 t2 )
(2)
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(1.41)

These functions quantify the degree of coherence of the field. The second order function in particular is very important for a quantum description of the
Hanbury Brown-Twiss effect [25]. The physical meaning of coherence is much
broader in quantum optics in comparison to classical optics [23],[24] and the
correlation functions are exactly the mathematical objects that illustrate the
distinctive features of quantum radiation. Since the second order correlation function (1.37) is associated with the joint probability of detection (or
coincidence counting) which is also of crucial importance for the testing of
certain inequalities that attempt to investigate nonclassical phenomena, it is
plausible to try to establish connections between these two concepts [28],[5].
In Chapter 3 we are going to use the above relationship in order to apply
certain types of Bell type inequalities. To be more specific we will make use
of the Clauser-Horne inequality

S = P (θ1 , θ2 ) − P (θ1 , θ2′ ) + P (θ1′ , θ2′ ) + P (θ1′ , θ2 ) − P (θ1′ , −) − P (−, θ2 ) ≤ 0.
(1.42)
In Chapter 4 we make use of another form of the same inequality in a somewhat different context since we do not employ quantum optical correlation
functions.

We call it CHSH since it is a variant of the Clauser-Horne-

Shimony-Holt inequality [29] established earlier

S = P (θ1 , θ2 ) − P (θ1 , θ2′ ) + P (θ1′ , θ2′ ) + P (θ1′ , θ2 ) − P (θ1′ ) − P (θ2 ) ≤ 0. (1.43)
They both follow from the same algebric inequality
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xy − xy ′ + x′ y + x′ y ′ − x′ − y ≤ 0,

(1.44)

which holds for 0 ≤ x, y, x′ , y ′ ≤ 1, but their difference is that in (1.42) we
subtract the coincidence probabilities P (θ1′ , −),P (−, θ2 ) whereas in (1.43) the
single probabilities P (θ1′ ),P (θ2 ). The physical meaning of these probabilities
will be explained in later Chapters, in the context of the examined set ups.
Finally, another well known inequality that has found its place in the
study of quantum optical phenomena and is also used in Chapter 3 is the
Cauchy-Scwharz one [25]

hA, AihB, Bi ≥ |hA, Bi|2 ,

(1.45)

from which it follows [30],[25] that for the normalised second order correlation
functions

(2)

(2)

(2)

[g12 (0)]2 ≤ g11 (0)g22 (0).

(1.46)

For classical fields (1.46) is obeyed (for coherent states the equality holds).
A violation of this inequality is a clear sign of nonclassicality.

1.1.3

Invariant distances and elements of field theory.

Most of the needed background material is presented in section 4.2. Here we
give a brief exposition of invariant quantities that are common in the theory
of relativity and will be used in Chapter 4 and we also discuss Wick’s theorem
which is used for the calculation of the two-point and four-point correlation
functions at the same Chapter.
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It is well known that if we consider inertial frames of reference the laws of
physics should have the same form in any of them. Furthermore, the speed
of light is the same for all inertial observers according to the first postulate
of relativity. The implications of these principles are far reaching. First of
all, different inertial frames are connected by Lorentz transformations [31].
A general Lorentz transformation [32] is a linear transformation that leaves
invariant the quantity ∆s2 = ∆t2 − ∆r 2 (we set the speed of light c = 1).
This means that for all inertial frames the above quantity has the same value.
We distinguish three separate cases according to the sign of ∆s2 . If ∆s2 > 0
then the invariant interval is called timelike. If ∆s2 = 0 then the distance is
lightlike and finally for ∆s2 < 0 the distance is called spacelike. When the
invariant distance between two spacetime points is spacelike no transfer of
information from one to another is possible. The set of all lightlike points is
called the light cone. Points inside the light cone are timelike, outside of it
spacelike [32].
Moving to quantum field theory it is important to establish a general
way for calculating expectation values of time ordered field operators (for
simplicity we consider only boson fields). This is provided by Wick’s theorem
[33]

T [A1 A2 ...AN ] =: A1 A2 ...AN : + : hA1 A2 i0 A3 ..AN : + : hA1 A3 i0 A2 ..AN : +...
(1.47)
which states that the time ordered product can be written as the sum of the
involved operators in normal order (which means that the creation operators
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are to the left of all annhilation operators) plus all possible normal product
contractions. A contraction is defined as

hA1 A2 i0 = h0|A1A2 |0i.

(1.48)

For the vacuum state the normal ordered term vanishes and only the contraction terms remain (this means that the expectation value of an odd number of
time ordered fields is zero). A proof of Wick’s theorem (based on induction)
can be found in any standard text of quantum field theory [34],[33].

1.2

Summary of Chapter 2.

In Chapter 2 we study interference and correlation effects in linear optical
devices [6]. We describe Fourier multiport interferometric devices [14] and
examine negative result and interaction free measurements in this context.
The probabilities and joint probabilities of detection at the output of the
devices considered are given for a variety of input states and it is shown that
an interference pattern arises in many occasions.
The main ideas of negative result measurements and IFMs in modified
multiport interfrometers appear here for the first time and consequently the
results that follow are new. The main results are the probabilities given by
Eqs. (2.5) and (2.6) for an one photon state input, the general formula for a
number state with n photons Eq. (2.11) and the IFM probabilities given by
(2.16) and (2.17). Closed expressions for single and coincidence probabilities
are given in Eqs. (2.24)-(2.27) for a two boson/fermion input state and the
corresponding IFM probabilities (2.28)-(2.29) are also presented. It should
19

be added that single photon sources and two photon sources are readily
available and the same applies for the multiport optical devices [6] so it is
possible to check the validity of these results in the laboratory with current
technological means.

1.3

Summary of Chapter 3.

Chapter 3 begins with the application of the Wigner-Weisskopf approximation to a two-level atom that help us to obtain the first order correlation
function. The Heaviside step function also appears naturally from the formalism and ensures that no signal is moving faster than light. All these are
the building blocks which will used extensively throughout this chapter. We
give also a general discussion of the quantised electromagnetic field and the
field commutators which provided the motivation for our work.
We study theoretically two-level and three-level non-interacting atoms
that emit photons due to spontaneous emission and investigate mainly intensity correlation effects between two photodetectors. The novelty of the
proposed scheme lies in the fact that one of the atoms is allowed to interact
with both photodetectors but each of the other two atoms can influence only
one detector. In order for this condition to be fulfilled we need some specific
requirements which are explained in the main text. The second order correlation function governs the joint probability of photodetection and this allows
us to use a certain type of Bell inequalities. We show that in some cases
these inequalities are violated. This relates this treatment with another area
of research, recently very active, which deals with entanglement, violation
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of Bell inequalities and quantum information [35]. We should also note that
the second order correlation functions are calculated at equal times. Even
though they may exhibit nonclassical correlations no faster that light communication is possible and this implies another similarity with the notion of
entanglement.
The proposed scheme is presented in its simplest form of three identical
two-level atoms. In the first place the state vectors of the photons emitted do
not overlap. This is our ‘toy model’. We calculate the second order (intensity)
correlation function which decays exponentially and extend our scheme by
considering atoms which have different energy differences between the excited
and the ground state. Furthermore, we assume that there is overlap between
the photon state vectors emitted from nearest atoms. In this case we see
that quantum beats appear in the intensity correlation function.
We then introduce three level atoms in V-configuration. It is well known
that these atoms exhibit quantum beats in the first order correlation function
if initially are prepared in a coherent superposition of the upper states. Also
in this case we assume there is some overlap between the state vectors of the
photons emitted from the nearest atoms but this overlap is negligible for the
state vectors of the photons emitted from the two distant atoms. We show
again that quantum beats appear in the intensity signal.
Finally, we relate the intensity correlation functions with the ClauserHorne inequality [36] and show that it must hold for our scheme. We apply
this inequality for the two-level atoms cases and show that it is obeyed but
we show that it is violated for the V-type atoms for some specific initial
conditions. The Cauchy-Schwarz inequality is also examined [37] and it is
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shown that it is indeed violated for the two-level atoms which emit photons
with overlapping state vectors and also for the V-type atoms.
The physical interpretation we give suggests that this is a manifestation
of entanglement. We also show that if the central atom interacts with only
one or no one of the atoms no violation of the Clauser-Horne inequality is
ever possible. This suggests another possibility. If the observers at the two
photodetectors are not aware of the presence of the central atom they do not
expect any violation of the Bell type inequality. If they find one they can
infer the presence of a source of radiation that affects both detectors, so this
is a type of indirect measurement.
Sections 3.4-3.9 contain original work not presented elsewhere. In particular Eqs. (3.49),(3.50),(3.53),(3.54) constitute the main core of Chapter 3
since they provide the expressions for the second order correlation functions.
The prediction of quantum beats that follows may be verified in principle
by coincidence counts experiments. The violation of Eq. (3.84) is the most
important result of this chapter and it is possible to be confirmed experimentally by similar techniques.

1.4

Summary of Chapter 4.

In Chapter 4 we do not consider the quantised electromagnetic field as in the
previous chapters but a scalar Klein-Gordon field in four and two spacetime
dimensions (both massive and massless cases are discussed). The correlations
between four detectors in spacetime are examined and it is found that in some
cases and under certain conditions they violate the CHSH inequality.
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Nonclassical correlations between distant regions that cannot be connected with subluminal signals were first encountered in the previous chapter
and in Chapter 4 we discuss them again, but from another angle. We consider the simplest quantum field theory, that one of a free scalar field in a
vacuum state and show that even in the absence of sources correlations that
violate a Bell type inequality are possible. It turns out that the amount
of violation as it follows from the the Clauser-Horne-Shimony-Holt (CHSH)
inequality [29],[38] is a Lorentz invariant quantity. Another result is that for
large spacelike separations between the detectors it is not possible to observe
any nonclassical correlations.
The set up introduced in section 4.3.1 is novel, the connection between the
CHSH inequality and the four-point functions in 4.3.2 has not been explored
elsewhere in the literature and the same applies for the results following in
4.3.3 and section 4.4. The most important results are the conditions for the
violation of CHSH given by Eqs. (4.30)-(4.36) and (4.43)-(4.48).
Finally, in Chapter 5 we summarise our main results and their physical interpretation and suggest possible generalisations, directions of future
research and potential applications.
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Chapter 2
Interference and correlation
effects in multiport devices.
2.1

Introduction

Interference effects are ubiquitous in quantum physics in general and in quantum optics in particular [39]. In the realm of quantum optics, single photon
interference experiments [40] exhibit the nonclassical properties of quantum
radiation in a very illuminating manner. A simple Mach-Zehnder interferometer can be used for this purpose with an induced phase shift between the
two paths (this can be achieved if we insert a wave plate for example). At
the output an interference pattern will be observed as the phase shift varies.
What is startling in this kind of experiments is that the intensity of radiation may be very low so we can make sure that each photon arrives alone at
the input of the device. We are forced then to conclude that each photon
interferes with itself even though no coincidence counts are ever observed
24

and the absorbed radiation energy is always quantised. In that way it is
demonstrated the dual nature of photons in the same experiment. This is in
full agreement with the theory of quantum optical coherence.
In the scheme discussed in section 2.2 of this chapter similar interference
fringes are predicted conditionally even though no phase shifts are used.
Instead, we perform negative result measurements inside generalised MachZehnder interferometric devices with many paths. A number of these paths
are blocked by internal photodetectors and the rest of them are free. When
there are two or more interfering paths, no which path information is obtainable so interference fringes are expected. We should note that these
fringes depend on the number of blocked paths despite the fact that each
photon which arrived at the output obviously did not interact with the internal photodetectors. We derive formulas also for coincidence probabilities
and probabilities for interaction free measurements (IFMs) for a number of
different inputs.

2.2

Negative result measurements and interference in multiport interferometers.

It is well known that in quantum mechanics even the non-observance of a
specific result constitutes a measurement, called negative or ‘null’ measurement. In the present work negative result measurements and the related
concept of interaction free measurements [41, 42, 11, 43, 44, 45, 46, 47] are
studied in a linear optical context (for a review on these and related issues
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see [12]).
We use two Fourier multiport devices [8, 48, 49, 50, 51, 52, 53, 14, 4, 54,
55, 6] with d inputs and d outputs each, in series configuration. The first
Fourier device performs a unitary transformation which ‘splits’ a photon
into equal parts, so it acts like a generalised symmetric beam splitter. The
creation and annihilation operators obey the familiar bosonic commutation
relations [ai , a†j ] = δij and [ai , aj ] = 0. The action of this device is given by
the discrete Fourier transformation

A†M = d−1/2

d
X

†
ω −M K αK
,

(2.1)

K=1
2π

†
the creation operators of photons
where M = 1 to d, ω = e−i d and A†M , αM

at the input and output of the Fourier device.
The following Fourier device performs the inverse transformation. The
whole setup works as a multiport interferometer without any phase shift
between the paths, so the state of the radiation field at the output is the same
as the input. If instead, we put an opaque object inside the interferometer the
output may be different from the input. This happens because the destructive
interference of the first setup is modified. In this case we can infer the
presence of this object even though no photon is being absorbed. This is the
concept of the interaction free measurement (IFM) in brief.
In the case we study (see Fig. 2.1) a number of detectors are placed
between the two Fourier devices which block k paths of the interferometer
(k ≤ d). When a photon arrives at the output it is obvious that it was
not absorbed by the internal detectors so k negative result measurements
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Figure 2.1: A multiport Mach-Zehnder interferometer with d inputs and d
outputs. The first device performs a discrete Fourier transform to the inserted
state and the following device performs the inverse transform. Between the
two devices there are k photodetectors which block the corresponding paths.
We send single photons in the first input (the other inputs are vacua) and
monitor the photodetectors at the output. The input of the inverse device
includes also k vacua.
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have been realised. In the first part of this work we perform this kind of
measurements in Fourier interferometric devices. We keep those terms of the
state for which no photon is detected at the internal detectors and examine
the probability distribution of the photons at the output. We also note the
presence of k vacuum ports at the second Fourier device.
If we send photons one by one through the first input the state |1, 0, .., 0i
after the first Fourier device becomes

1 h
|ψ1 i = √ ω −1 |1, 0, .., 0i + ... + ω −k |0, .., 1k , .., 0i +
d
i
+ω −(k+1) |0, .., 1k+1, .., 0i + ... + ω −d |0, .., 1di .

(2.2)

From the above equation we keep those terms which are not affected by the
presence of the internal photodetectors, namely those who may contain a
photon in modes k + 1 → d. So the state after these detectors and before
the inverse Fourier device becomes

1 h
|ψin i = √ ω −(k+1) |0, .., 1k+1, .., 0i + ω −(k+2) |0, .., 1k+2, .., 0i + ..
d
i
.. + ω −(d−1) |0, .., 1d−1 , 0i + ω −d |0, .., 1di .
(2.3)
The above terms undergo the inverse transform of (2.1). By adding the
arising interfering terms, which form geometric series, we find after some
calculations that the state at the output of the second device is given by

X l(d+k+1) sin( πkl )
k
1 d−1
d
|ψ2 i = (1 − )|1, 0, .., 0i +
ω 2
πl |0, .., 1l+1 , .., 0i.
d
d l=1
sin( d )
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(2.4)

In the above formula we kept those terms for which no photon is absorbed
between the two Fourier devices. The corresponding probabilities for each
eigenstate are
k
P1 = 1 −
d

!2

(2.5)

and

Pl+1

"

)
1 sin( πkl
d
= 2
πl
d sin( d )

#2

.

(2.6)

where l = 1, ..., d − 1. We note that the amplitudes in (2.4) and the probabilities in (2.6) are similar in form with the total classical field of a linear
array of antennas radiating in phase and the corresponding intensity. In this
case however, the input field is a number state.
These probabilities are calculated with respect to the total number of
photons we have sent. The sum of them should be equal to (1 − k/d) and it
is, as can be verified by numerical examples. When only one path is blocked
so (k = 1), the average number of photons at the output is the same for all
ports except the first one. When k = d − 1, all the output ports detect the
same number of photons as expected. In general, the distribution is the same
if we replace k by d − k. It is easy to show also, that the probabilities at
the output are symmetric with respect to the inserting mode. In Fig. 2.2 we
have plotted the average numbers of photons when the inserting mode is not
the first one as in state (2.4), but an arbitrary mode M. This is to illustrate
more clearly the symmetry of the output state with respect to the inserting
mode. Finally we see that some states are ‘dark’, this means that no photons
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arrive at the corresponding detectors due to destructive interference. This
happens when l = ρ kd where ρ integer (the dark states in Fig. 2.2 are shifted
by M − 1 places). Finally, for the extreme case where k = 0, then P1 = 1
and the rest of the modes are empty so the output state is the same as the
input. When k = d the output state is the vacuum as all the internal modes
are blocked.
We have plotted the probability distribution of photons as we vary the
number of internal detectors for a multiport with d = 9 inputs (Figs. 2.22.7). Each photon enters from input mode M = 5. The symmetry of the
interference pattern with respect to the fifth mode is evident. For some
specific values of k we observe ‘dark’ states. The number of ports is d = 9
and at the beginning we have put one detector inside the interferometer so
k = 1. We send each photon through the fifth input so M = 5. We see
that all ports at the output except the fifth one are equally populated. We
continue by increasing the number of the internal detectors k.
We note that an interference pattern arises which depends on the number
of detectors k and the total number of inputs/outputs d. It is obvious that
this is not possible if d = 2 (simple Mach-Zehnder interferometer), so the
use of multiports is of crucial importance for the existence of this effect. If
we change the places of the internal detectors (for example if we move the
detector of mode k to mode k + 1) but keep the number of them fixed and
follow the same procedure as before, the interference pattern will be changed.
The reason for this is the specific phase factors of the discrete Fourier transform in (2.1). It would be desirable to find another unitary transformation
according to which the interference fringes will depend only on k and d but
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Figure 2.2: For k = 1 this is the probability distribution at the output.
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Figure 2.3: By adding one more internal detector (so k = 2) we obtain an
interference pattern.
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Figure 2.4: When the number of internal detectors is k = 3 we observe dark
states for the second and eigth port.
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Figure 2.5: In this case we add one more detector so k = 5.
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Figure 2.6: When k = 6 we observe dark states again for ports two and eight.
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Figure 2.7: When all paths except one are blocked, all the output ports are
equally populated.
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not on the specific modes where the internal detectors are placed. We repeat, that the interference pattern at the output is created by photons sent
one by one which did not interact with the internal photodetectors. The
exact position of these detectors is irrelevant and possible phase shifts in the
corresponding modes are also unimportant. Loosely speaking each photon
detects the presence, position and number of these detectors without interacting with them directly. The interference fringes then reveal information
about the internal detectors althought there is no direct interaction between
them and the photons which form these fringes. The effect may be possible to be examined from a different perspective, by using modular variables
[56]. Modular variables usually offer a more intuitive explanation of interference effects (especially nonlocal ones) so further insight may be gained.
Finally, we note that the whole scheme relies on multiport devices and single
photon sources which are available today so it seems possible to be tested
experimentally the predicted effect.
The above can be generalised for a n photon state as an input, but the
related expressions are somewhat complicated. From a calculational point of
view it is preferable to work using relations in operator form. At first
(A† )n
|n, 0, ..., 0i = √1 |vaci.
n!

(2.7)

By applying the unitary transformation (2.1), the right part of this relation
becomes

"


1 
1
√
√ ω −1a†1 + ... + ω −k a†k + ω −(k+1)a†k+1 + ... + ω −d a†d
n!
d
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#n

|vaci. (2.8)

From the above formula we keep those operators which create photons in
modes k + 1 → d and discard those which create photons in the first k
modes. This is because we want to find the output state under the condition
that the internal detectors do not click. Hence the operator acting on the
vacuum state becomes
"


1 
1
√
√ ω −(k+1) a†k+1 + ω −(k+2) a†k+2 + ... + ω −(d−1) a†d−1 + ω −d a†d
d
n!

#n

.

(2.9)

Then we take the inverse Fourier transformation for each of the above operators. By adding the resulting geometric series, raising to the nth power and
then acting on the vacuum state, we conclude after some calculations that
the state at the output of the second device is

1
|ψi = n
d

n1 ,.,nl+1 ,.,nd

"
d−1
Y

ω

l=1

X

l(d+k+1)
2

s

n!
n1 !..nl+1 !..nd !

sin( πkl
)
d
πl
sin( d )

#nl+1

(d − k)n1

|n1 , ..., nl+1 , ..., nd i.

(2.10)

In the above formula we have post-selected the states for which no photon is
observed at the internal detectors. The corresponding probabilities for the
various combinations of photon nunbers at the output are

Pn1 ,.,nl+1,.,nd

"

d−1
Y sin( πkl )
n!
1
d
(d − k)2n1
= 2n
πl
d n1 !..nl+1 !..nd !
)
sin(
l=1
d

#2nl+1

,

(2.11)

under the constraint that n1 + n2 + ... + nd = n. The sum of the above
probabilities must be equal to (1 − k/d)n . We give a brief derivation: After
the first Fourier device the output state [14] is given by
35

1
|ψ1 i = n
d2

X

ω

−(n1 +2n2 +...+dnd )

n1 ,n2 ,..,nd

s

n!
|n1 , n2 , .., nd i.
n1 !n2 !..nd !

(2.12)

The above state is normalised. We keep those terms from (2.12) which satisfy
the condition that n1 = n2 = ... = nk = 0. The resulting state is then not
normalised and the situation is like confining the same number of photons n
in d − k modes instead of d modes. The sum of probabilities for this state is
1
(d − k)n
dn

= (1 − k/d)n . For physical reasons this quantity must be equal to

the sum of probabilities given in (2.11) and this is so as verified for specific
cases. If for example, d = 2, k = 1, n = 2 then P = 1/16+1/16+1/8 = 1/4 =
(1−1/2)2 . If d = 3, k = 2, n = 2 then P = 1/81+1/81+1/81+2/81+2/81+
2/81 = 1/9 = (1 − 2/3)2 . As a last example we consider d = 3, k = 1, n = 2
for which P = 16/81 + 8/81 + 8/81 + 2/81 + 2/81 = 4/9 = (1 − 1/3)2 .
Finally we see that when n = 1 we recover (2.5)-(2.6) and the sum of the
probabilities is equal to (1 − k/d) as expected.
We also apply (2.11) when the number of input photons n is equal to the
number of dimensions d of the Fourier device and at the output one photon
arrives at each detector, so n1 = n2 = ... = nd = 1. The probability for this
distribution of photons is

P1,1,..,1

"

d−1
Y sin( πkl )
d!
d
= 2d (d − k)2
πl
d
sin(
)
l=1
d

#2

.

(2.13)

Using the well known formula [57]
n−1
Y

m=1

sin



mπ
n



=

n
2n−1

we can prove that the respective probability is
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,

(2.14)

P1,1,..,1

d
−1
k

d!
= 2d
d

!2

.

(2.15)

If the number of photons is n = 2, d = 2 and we place one internal detector
(k = 1) the probability that the output state will be |1, 1i is 1/8 as expected.
It is also straightforward to modify the setup of Fig. 2.1 in order to perform
an IFM. An opaque slab is used as a beam stopper between the two Fourier
devices, which blocks if present k paths. We want to detect the presence of
this classical beam stopper without destroying any photon. In the first place
we examine the one photon problem. The post-selected state after the first
beam splitter is not normalised as explained but the sum of probabilities is
(1 − k/d). The probability that each photon exits from the same input as
inserted is (1 − k/d)2 as results from (2.5) and the probability for an IFM is
complementary, so (1 − k/d) = (1 − k/d)2 + PIF M from which we get
PIF M

!

k
k
1−
,
=
d
d

(2.16)

so it goes to zero as the number of ports goes to infinity. We see then that
the use of multiport interferometers do not increase the probability of IFM.
For a given d the probability is maximised when k = 1. For a n photon input
state following the same reasoning we see from (2.11) that the probability
that all n photons exit from the same mode as inserted, is (1 − k/d)2n . This
probability added to the probability for IFM is equal to (1−k/d)n . It follows
then that

PIF M

k
= 1−
d

!n "

k
1− 1−
d
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!n #

,

(2.17)

so we conclude that the probability for an IFM is getting very small as the
number of photons raises. The above formula is the general expression for
the IFM probability in a multiport interferometer when the total number of
modes is d, the object which we try to detect blocks k modes if present and
the number of inserted photons is n. When n = 1, d = 2, k = 1 we find
PIF M =

1
4

as was first shown by Elitzur and Vaidman [11]. In conclusion,

if we send a |n, 0, ..., 0i photon number state through the first port and at
the output we observe again n photons but not the inserted state |n, 0, ..., 0i,
we infer the presence of an object. By repeating the experiment many times
and examining the interference pattern at the output we are also able to
infer how many paths are blocked by this object without absorption of any
photons (this happens of course probabilistically). In a more general case
we do not consider here we could also deduce the specific modes which are
possibly blocked (in the present example we assume that the object if present
blocks modes 1, .., k).
If instead of single photons as in the first discussed case, we send a coherent state |β, 0, .., 0i through the first port [14] the output after the first
device will be
βω −k βω −(k+1)
βω −d
βω −1
, ..., √ i.
|s1 i = | √ , ..., √ , √
d
d
d
d

(2.18)

The input of the second Fourier device is then

|sin i = |0, ..., 0,

βω −d
βω −(k+1)
√
, ..., √ i,
d
d

(2.19)

because the ports 1, .., k are vacua. By taking the inverse Fourier transfor-
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mation of the above state we find that the output of the second device will
be
)
1 l(d+k+1) sin( πkl
k
d
|s2 i = |(1 − )β1 , ..., ω 2
πl βl+1 , ...i,
d
d
sin( d )

(2.20)

where again l = 1, .., d − 1. To prove (2.20), we apply to (2.19) the relation
[14]

|β1 , ..., βd i = |B1 , ..., Bd i,

(2.21)

where

BM =

d 
X

d−1/2 ω M K

K=1



MK

βK .

(2.22)

We can easily verify that the average number of photons calculated from
(2.20) will be the same as in (2.5) and (2.6) but in this case the internal
detectors will always click, so it is not possible to perform negative result
measurements with coherent state input (also strictly speaking IFMs cannot
be performed with coherent light). The important difference between (2.20)
and (2.4) is that the former is factorised whereas the latter is entangled (so
it might display nonclassical correlations).
In the above we considered that all photons were inserted from the same
port. Now we assume that two photons are inserted simultaneously from
the first two ports. Furthermore, we focus on coincidence probabilities at
the output so we basically study intensity correlations (the Hanbury BrownTwiss effect) in a multiport interferometer. If we insert two photons so the
input state is |1, 1, 0, .., 0i, the output state is given by
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"

πk
d−1
X l(d+k+1) sin( πkl ) †
−(d+k+1) sin(
) †
1
†
d
d
|ψ2 i = 2 ω 2
α
+
(d
−
k)α
+
ω 2
2
πl αl+1
d
sin( πd ) 1
)
sin(
l=1
d

"

(d −

k)α1†

+

d−1
X

ω

l(d+k+1)
2

l=1

#

) †
sin( πkl
d
πl αl+1 |vaci.
sin( d )

#

(2.23)

From the above equation we can compute the coincidence counts at the first
two ports

P11 ,12 ,0,..,0

"

)
sin2 ( πk
1
d
= 4 (d − k)2 ±
π
2
d
sin ( d )

#2

.

(2.24)

The corresponding probability for the detection of one photon at the first
port and one at port l

P11 ,02 ,..1l..,0

2



sin πk
sin πk(l−2)
1 sin πk(l−1)
d
d
d
 .
= 4
(d
−
k)
±
π
π(l−1)
π(l−2)
d
sin
sin d
d sin d

(2.25)

When one photon is found at the second port and one at port l

P01 ,12 ,..1l..,0

2



πk(l−1)
sin πk(l−2)
1  sin d sin πk
d
d
 ,
= 4
π ± (d − k)
π(l−2)
d
sin
sin π(l−1)
sin
d
d
d

(2.26)

Finally the general expression for coincidence probability between ports l, m 6=
1, 2
2



πk(m−2)
πk(l−1)
sin πk(l−2)
sin πk(m−1)
1  sin d sin d
d
d
 .
±
P01 ,02 ,..1l.,1m ,..,0 = 4
π(m−2)
π(m−1)
π(l−2)
d
sin π(l−1)
sin
sin
sin
d
d
d
d
(2.27)

The above expressions apply not only for photons but for any kind of bosons
and it turns out that a minus sign applies for fermions (see also [16]). The
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original HBT effect has been extensively studied for photons but can be
easily generalised for fermion intensity correlations and the Fourier multiport
interferometer provides an excellent area for these kind of investigations. The
probability for interaction free measurement in case of a two boson state input
is

PIF M

"

sin2 ( πk
)
k
1
d
= (1 − )2 − 4 (d − k)2 +
π
2
d
d
sin ( d )

#2

.

(2.28)

#2

.

(2.29)

The corresponding expression for a two fermion state is

PIF M

"

sin2 ( πk
)
1
k 2
2
d
= (1 − ) − 4 (d − k) −
π
2
d
d
sin ( d )


We can compare (2.28), (2.29) with PIF M = 1 −

k
d

2



[1 − 1 −

k
d

2

] which

follows from (2.17) when n = 2. We see that when send two bosons through
two different ports the probability of an IFM is lower that the one when we
insert them both from the same port. On the other hand, the corresponding
probability for a pair of fermions is always higher (of couse we can not send
two fermions through the same input if all their quantum numbers are equal,
because of the Pauli exclusion principle [4]). This is reasonable since the
fermions do not exhibit the ‘bunching’ effect that is encountered for the boson
case, to the contrary they necessarily follow different paths, they emerge from
different arms at the output of the device and so there is a greater probability
that they hit the detectors that indicate the presence of the objects.
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Figure 2.8: We plot the probabilities for an interaction free measurement
when k = 0, 1, .., d and d = 100 for bosons and fermions, in the context of
the multiport device expained in the text. In both cases the input state is
|1, 1, 0, .., 0i. The relevant probability for fermions is always higher because
in that case the particles are expected to avoid each other and follow different
paths according to the Pauli principle.
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2.3

Conclusions.

We examined various interference effects in multiport devices. At first we investigated the result of negative result measurements in a generalised MachZehnder interferometer. A single photon source was used as an input and
a number of photodetectors were placed inside the interferometer which
blocked some of the paths. It was shown that an interference pattern arises
conditionally, that depends on the number of the blocked paths despite the
fact that each photon which arrived at the output did not interact with the
internal detectors. The results were generalised for a number state with n
photons as an input and the corresponding probabilities for interaction free
measurements are also given. Coincidence probabilities were also given both
for boson (e.g photons) and fermion inputs.
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Chapter 3
Intensity correlation functions
of non-interacting atoms.
3.1

Introduction

The problem of light propagation and the interaction between distant atoms
was formulated and solved by Fermi long ago [58]. He considered one excited
atom and one in the ground state (both in vacuum) and using the quantum
theory of radiation he demonstrated the causal propagation of light, in other
words that there is a probability of the unexcited atom to absorb a photon
emitted from the first atom and get excited, but this process is retarded
so no violation of causality is permitted. This problem has attracted a lot
of interest during the years (see [59] and references therein). Related issues
dealing with interference and correlation effects due to spontaneously emitted
photons have also been studied in [60],[61],[62].
Apart from the problem of light propagation and atom excitation another
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very important area of research is the intensity correlations between separated photodetectors. It could be said that the genesis of quantum optics has
its roots in the quantum description of the intensity correlations observed in
the Hanbury Brown-Twiss effect [25]. In this chapter spontaneous emission
of photons and intensity-intensity nonclassical correlations are explored. It
should be clarified that the term ‘nonclassical’ is used here in the context of
violation of Bell type inequalities and it does not refer to the properties of
the distribution functions of the field states [63].
After an exposition of the necessary background material we examine
the proposed setting which is a configuration of three non-interacting atoms
which emit radiation due to spontaneous emission and calculate the Glauber
second order correlation function between two points at equal times. One
of the atoms can influence both detectors at these two points but each of
the other two atoms influence only one of the detectors. This can be ensured by a suitable arrangement of the distances between the atoms and the
detectors and a careful choice of the time we calculate the intensity correlation function. We consider two-level atoms and three level V-type atoms
and study the dependence of this function on the initial conditions. We find
that quantum beats appear in the intensity correlation signal if there is an
overlap between the photon states emitted by near atoms. For the V-type
atoms, under certain conditions the Clauser-Horne inequality is violated. We
also examine the possibility of violation of the Cauchy-Schwarz inequality for
these cases. As a final note it must be added that we do not consider cooperative effects (superradiance) [64],[65] at any point in our treatment, the
atoms emit photons independently and do not absorb and re-emit radiation
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to the other atoms.

3.2

Spontaneous emission of a two level atom.

The problem of matter-field interaction has a long history in the quantum
theory of radiation [15]. A variety of quantum systems (atoms, quantum
dots, Josephson junctions etc.) can be described by two orthonormal states.
More specifically in atomic physics and quantum optics very often we assume
that the structure of an atom can be approximated by two energy levels [66],
which is of course an idealisation but captures the basic physics of many
effects.
In this chapter we assume that there is no driving field besides the vacuum field (which is of course quantised). A two level atom interacting with a
single mode of the quantum electromagnetic field is a problem solved analytically by Jaynes and Cummings in their celebrated paper [67]. An important
prediction of this model is the collapse and revival of the population when the
quantised mode is a coherent state [68],[2]. For a more realistic description
we must take into account an infinite number of field modes of the environment (reservoir) and this possible only if we resort to approximations. The
Weisskopf-Wigner model described is based on a Markovian approximation,
since we assume that the reservoir loses its memory of the time evolution of
the excited state probability. This is standard material that can be found
in almost any textbook of quantum optics [1],[16],[69],[7] and it is reviewed
briefly in the following subsection.
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3.2.1

The Wigner-Weisskopf theory.

The interaction of a two level atom with a continuum of modes (characterised
by a wavevector k) can be modelled by the following Hamiltonian

Ĥ = h̄ωa |aiha| + h̄ωb |bihb| + h̄

X

k

ωk a†k ak + h̄

X

k

∗
[gk
|biha|a†k + gk |aihb|ak ],

(3.1)

where |bi,|ai are the ground and excited states of the atom, a†k ,ak are the
creation and annihilation field operators and gk = − 2h̄ενk0 V nr pab cosθ is the
atom-field coupling constant with an angle θ between the atomic dipole moment pab and the electric field polarisation vector and nr a normalisation
constant. The last term of the above expression is the interaction Hamiltonian between the vacuum field and the atom
X

∗
[gk
|biha|a†k + gk |aihb|ak ].

(3.2)
k
Assuming that at t = 0 the atom is excited the state vector of the atom-field
V̂int = h̄

system at later time can be expressed as

|ψi = ca (t)|a, 0i +

X

cb,k (t)|b, 1k i.

(3.3)

k
Substituting the above state vector into the interaction picture equation
i
|ψ̇(t)i = − V̂int |ψ(t)i,
h̄

(3.4)

we obtain the following differential equations for the probability amplitudes:
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ċa (t) = −i

X
k

∗
gk
(r0 )ei(ω−νk )t cb,k (t)

(3.5)

and

ċb,k (t) = −igk (r0 )e−i(ω−νk )t ca (t).

(3.6)

We can proceed now by taking the Laplace transformation of the above
equations or [16] by integrating formally (3.6)

cb,k (t) = −igk (r0 )

Z

∞

′

dt′ e−i(ω−νk )t ca (t′ ),

0

(3.7)

and then substitute to (3.5), finally obtaining

ċa (t) = −i

X
k

∗
gk
(r0 )

Z

∞

0

′

dt′ e−i(ω−νk )(t−t ) ca (t′ ).

(3.8)

At this point the passage to the continuum mode limit is essential. We
replace the sum in (3.8) by the integral over k not forgetting to sum over
both polarisations
X
k

V
−→ 2
(2π)3

Z

2π

0

Z

dφ

π

0

dθsinθ

Z

0

∞

dkk 2 .

(3.9)

Since

|gk|2 =

νk
n2 p2 cos2 θ,
2h̄ε0 V r ab

(3.10)

then (3.8) becomes

ċa (t) = −

4p2ab
(2π)2 6h̄ε0 c3

Z

0

∞

dνk νk3

Z
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0

t

′

dt′ e−i(ω−νk )(t−t ) ca (t′ ).

(3.11)

The Wigner-Weisskopf approximation mentioned earlier is based on the
assumption that the most dominant contribution to the integral originates
from times t ≈ t′ so it can be factored out of the integral [70],[69]. Furthermore we can extend the limits of integration to infinity and get

ċa (t) = −

4p2ab
ca (t)
(2π)2 6h̄ε0 c3

Z

0

∞

dνk νk3

Z

t

0

′

dt′ e−i(ω−νk )(t−t ) .

(3.12)

With the aid of the formula [1]

lim

Z

t→∞ 0

t

′

dt′ e−i(ω−νk )(t−t ) −→ πδ(ω − νk ) − iP

1
,
ω − νk

(3.13)

we finally find [16]
Z

0

t

′

dt′ e−i(ω−νk )(t−t ) = δ(ω − νk ),

(3.14)

from which it follows
Γ
ċa (t) = − ca (t).
2

(3.15)

It is evident that under the influence of vacuum fluctuations the population
of the upper state decays expotentially in time with lifetime Γ =

3 2
1 ω pab
.
4πε0 3h̄c3

This irreversible decay process is a genuine infinite mode phenomenon in
complete contrast to the possibility of revival predicted by the single mode
Jaynes-Cummings model. It should be mentioned that we did not take into
account the principal part in (3.13) which is associated with the Lamb shift
[71],[72],[69] and since it is not relevant for our purposes we will ignore it.
The resulting frequency shift can be included by a redifinition of the initial
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energy difference between the two states. Substituting the solution of (3.15)
to (3.3) gives the following expression for the photon state vector

|γi i =

X

gk e−ikr0

[1 − ei(ω−νk )t−Γt/2 ]
|1 i.
(νk − ω + iΓ/2) k

(3.16)

k
For times much larger than the radiative decay lifetime, it becomes

|γii =

3.2.2

X

k

gk

e−ikr0
|1 i.
(νk − ω + iΓ/2) k

(3.17)

First order correlations and overlapping photon
state vectors.

This chapter deals mostly with second order correlation function but it is
worthwhile to calculate the first order ones at first, beacause it is possible
to express the former through the latter. The expression G(1) (r1 t, r2 t) =
hψ|E1− E1+ |ψi can be written inserting the completion relation
as

P

|nihn| = 1

G(1) (r1 t, r2 t) = hγ0 |E1− |0ih0|E1+ |γ0i.

(3.18)

It has been claimed by certain authors [73],[16],[74] that expressions of the
form Ψ(rt) = h0|E1+ |γ0 i may be interpreted as wavefunctions of the photon
since their absolute square G(1) (r1 t, r2 t) = |h0|E1+ |γ0 i|2 is proportional to the
probability of finding a photon at a certain position. This is an operational
definition of course, as it is well known that there is no position operator for
the photon [75] so the concept of a wavefunction is ill-defined. Now following
[16] we use (3.17) and the definition of E + to arrive at the relation
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h0|E1+ |γ0 i =

s

′
e−ik·r0
h̄ X √
|1k i,
h0| νk′ ak′ e−iνk′ t+ik r gk
2ε0 V
(νk − ω) + iΓ/2
k,k’
(3.19)

or

h0|E1+ |γi =

s

′
1
h̄ X √
νk′ e−iνk′ t+ik r gk e−ik·(r−r0 )
.
2ε0 V
(νk − ω) + iΓ/2
k,k’
(3.20)

We convert the sum into an integral using again the same prescription (3.9)
and write the wavevector in spherical coordinates

→
→
→
k = k(sinθcosφ−
x + sinθ sin φ−
y + cosθ−
z ).

(3.21)

Then

h0|E1+ |γi

icab sinη
= 2
8π ε0∆r2

Z

∞

0

dkk 2 (eik∆r − e−ik∆r )

e−νk t
,
(νk − ω) + iΓ/2

(3.22)

and following the same procedure as in the Wigner-Weisskopf method and
rejecting the unphysical advanced contibutions we finally arrive at the integral
Z

+∞

−∞

which has a pole at

1
(ω
c

dνk

e−νk t+iνk ∆r/c
,
(νk − ω) + iΓ/2

(3.23)

− iΓ/2) and can be evaluated using contour in-

tegration. Remembering the integral representation of the Heaviside step
function
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Θ(t) = −

1 Z +∞ e−st
ds,
2πi −∞ s + iǫ

(3.24)

multiplying it by e−iωt and changing s to s + ω we obtain

−iωt

Θ(t)e

1
=−
2πi

Z

+∞

−∞

e−st
ds.
s − (ω − iǫ)

(3.25)

It is easy to see then that (3.23) can be written as

h0|E + (r, t)|γ0i =

∆r −i(t− ∆r )(ω−i Γ )
ε0
c
2
Θ(t −
)e
∆r
c

(3.26)

and finally

G(1) (rt, r0 t) = |

ε0 2 −Γ(t−∆r/c)
|e
,
∆r

(3.27)

ω 2 p sinn

where ε0 = − 4πǫ0ijc2 ∆r and η the angle between the z-axis and the atomic
dipole moment. Thus, we conclude that if we have an excited atom at t = 0 a
photodetector at distance r cannot register the emitted photon at time earlier
than r/c, a result in complete agreement with the principle of causality.
Another very useful relation for later is the overlap between different photons, which takes values from zero to unity. As we will see, when this overlap
is not negligible then interesting phenomena arise, like quantum beats in
the second order correlation function and violations of classical inequalities.
According to (3.16) we have

hγ2 |γ1 i = h1k |

X
k

gk∗

X
eikr1
e−ikr2
′
|1k′ i
gk
(νk − ω) − iΓ/2 k′
(νk − ω) + iΓ/2

Again we convert the sum into an integral and obtain
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(3.28)

hγ2 |γ1i =

Z

2π

0

dφ

Z

0

π

dθsinθ

Z

0

∞

dkk 2

eik·|r2 −r1 |
.
[νk − ω) + iΓ/2][(νk − ω) − iΓ/2]
(3.29)

In spherical coordinates

eik·r = ei|k||r|cosθ ,

(3.30)

so

hγ2 |γ1 i =

Z

0

2π

dφ

Z

0

π

ik∆rcosθ

dθsinθe

Z

∞

0

dk

k2
[νk − ω) + iΓ/2][(νk − ω) − iΓ/2]
(3.31)

and substituting µ = cosθ finally we derive

hγ2 |γ1i =

(eik0 ∆r − e−ik0 ∆r ) −|r1 −r2 |Γ/(2c)
e
k0 |r1 − r2 |

(3.32)

sin(k0 |r1 − r2 |) −|r1 −r2 |Γ/(2c)
e
.
k0 |r1 − r2 |

(3.33)

from which it follows that

hγ2 |γ1 i =

It is possible also to expand this expression in spherical harmonics Υnm (r)
and spherical Bessel functions jn (k0 r) [76]

n
∞ X
X
sin(k0 |r1 − r2 |)
= 4π
jn (k0 r)Υnm (r)Υ∗nm (r ′ )jn (k0 r ′ ).
k0 |r1 − r2 |
n=0 m=−n

(3.34)

This is the overlap between different photon states or loosely speaking between different photon wave packets (as we have already mentioned there is
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no position operator for the photon so the concept of a photon wavepacket
in configuration space may be misleading). If the emitted photons are represented by different in magnitude wavevectors k1 , k2 it can be shown that
their overlap is

hγ2 |γ1i =

3.3

2
sin( k1 +k
|r1 − r2 |) −|r1 −r2 |Γ/(2c)
2
e
.
k1 +k2
|r1 − r2 |
2

(3.35)

Field commutators, measurability and invariant functions.

Since the early days of quantum electrodynamics it has been established that
the free field electric or magnetic operators do not in general commute. Instead, they obey Pauli-Jordan commutation relations of the form [71],[77],[5]

[Êi (r1 , t1 ), Êj (r2 , t2 )] = Dij (|r1 − r2 |, t1 − t2 ),

(3.36)

where

"

#

(3.37)

1
[δ(r + ct) − δ(r − ct)].
4πr

(3.38)

∂2
ih̄c δij ∂ 2
−
∆(r1 − r2 , t1 − t2 ),
D(r, t) =
ǫ0 c2 ∂t1 ∂t2 ∂r1i ∂r2j
and

∆(r, t) =

The specific form of the tensor function Dij will not be used in this chapter,
it is important nevertheless to note that it vanishes outside the light cone.
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This means that field strength operators at two spacetime points commute
if we cannot connect these points with light signals. In particular equal time
free field commutators are always zero. This is a manifestation of the causality principle since measurements in spacelike separated regions for which
(r1 − r2 )2 > c2 (t1 − t2 )2 could not possibly influence each other. It is also
evident from (3.36) that we can deduce uncertainty relations between the
free field strengths when the latter do not commute. Furthermore an elaborate measurability analysis using extended test charges and compensating
forces has been given by Bohr and Rosenfeld which indicates that there is
agreement between the uncertainty relations and the optimal measurement
of the fields we can perform [78],[79],[71],[80],[81]. This means the presence a
quantised field at a point in spacetime prevents the possibility of determining
the value of the field in another point if these are causally connected. We
will return on these and related issues in Chapter 4 where invariant functions
like (3.37),(3.38) will be of great importance.

3.4

Intensity correlations of three non-interacting
two-level atoms.

The above analysis suggests the possibility of using three sources of radiation
and assume that one of them (A) influences two spacetime points but each
of the other two sources (B,C) is causally disconnected from on of the points
but affects the other one. This is reminiscent of a problem dealt by Feynman
[82] where a harmonic oscillator interacts with two distant particles which
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do not interact with each other.
We want to find the intensity correlations between these two points and
more specifically the influence of source A on them. Correlations of normal
ordered operator products may be present even at equal times, and this is
indeed the case as for example the Hanbury Brown-Twiss effect shows and
Glauber’s photodetection theory illustrates quantitavely [83]. We will investigate this issue using atoms as sources of spontaneously emitted radiation.
In the next section we will consider this proposed scheme that constitutes
of three atoms and two photodetectors that measure intensity-intensity corelations. It will be shown that it is needed a certain overlap between photons
emitted from different atoms in order to observe interesting correlations.

3.4.1

Identical atoms, non-overlapping photon state
vectors.

We consider radiation emitted by three independent two-level atoms (ground
state |bi, excited state |ai). A weak pulse of short duration is used to prepare
each atom to a superposition of excited and ground states [16],[83]

|ψii = (sinθi |ai + cosθi |bi),

(3.39)

where i stands for atoms A,B or C. The Hamiltonian of each atom in the
Schrödinger picture is given by (3.1) and the state vector of the atomsradiation system can be expanded as

|ψi = ca (t)|a, 0i +
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X

k

cb,k (t)|b, 1k i

(3.40)

where the initial conditions are ca (0)i = sinθi and cb,k (0)i = cosθi . Within
the framework of the Wigner-Weisskopf approximation explained previously,
we find that the emitted photon state for times much longer than the radiative
decay can be written as

|γii =

X

gk

e−ikr0
|1 i.
(νk − ω + iΓ/2) k

(3.41)

k
The decay rate Γ is considered equal for all atoms. Taking into account the
initial conditions we find that the atom-field state is

|ψii = (cosθi |γii + sinθi |0i i)|bii

(3.42)

and the total atoms-photons state is then [83]

|ψi = (cosθA |γA i + sinθA |0A i)(cosθB |γB i + sinθB |0B i)
(cosθC |γC i + sinθC |0C i)|bA bB bC i,

(3.43)

which is a factorised state since the atoms do not interact with each other
and all the atoms decay to the ground state after long enough time.
Each detector can be fired by only two of the atoms. Atom A affects
both detectors 1 and 2, atom B detector 1 and atom C detector 2. We will
calculate the Glauber second order correlation function which is

G(2) (r1 t, r2 t) = hψ|E1− E2− E2+ E1+ |ψi.

(3.44)

Expectation values of this form can be obtained using operator techniques
as described in [16],[83]. It is important to note the appearance of factors of
the form
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Detector 1

Detector 2

Atom A

Atom C

Atom B

Figure 3.1: Three two-level non-interacting atoms A,B and C emit photons
due to to spontaneous emission and induce intensity correlations between
two photodetectors. Atom A influences both detectors but atom B can only
affect detector 2 and atom C only affect detector 1. This can be achieved by
adjusting the time we measure the intensity correlation function according
to the distances between the atoms and the photodetectors. Also all the
distances between the atoms and the relevant detectors are equal to R.

h0|E + (r, t)|γ0i =

ε0
∆r −i(t− ∆r )(ω−i Γ )
c
2
Θ(t −
)e
∆r
c

(3.45)

h0|E − (r, t)|γ0 i =

ε0
∆r +i(t− ∆r )(ω+i Γ )
c
2 .
Θ(t −
)e
∆r
c

(3.46)

and

The Heaviside function ensures that causality is obeyed in the involved physical processes. We should also note that we need to calculate terms of the
form hγi|γj i, e.g
hγ2 |γ1i =

sin(k0 |r1 − r2 |) −|r1 −r2 |Γ/(2c)
e
k0 |r1 − r2 |

(3.47)

At this stage we assumed that |r1 − r2 | >> λ so the the overlap between the
state vectors of the photons emitted by different atoms is very close to zero
[16],
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hγi|γj i = δij .

(3.48)

Later we will relax this condition and demonstrate the appearance of quantum beats in the second order correlation function. Also we consider for
simplicity that the distance between atom A and both detectors 1 and 2 is
R and this is also the distance between atom B and detector 2 and atom C
and detector 1. After calculations we find that

G(2) (r1 t, r2 t) =

("

|r1 − rB |
ε40 −2Γ(t− R )
|r2 − rC |
c
e
)Θ(t
−
)+
Θ(t
−
R4
c
c
|r2 − rA |
|r1 − rB |
Θ(t −
)Θ(t −
)+
c
c
#
|r2 − rC |
|r1 − rA |
Θ(t −
)Θ(t −
) cos2 θA cos2 θB cos2 θC +
c
c
|r2 − rA |
|r1 − rB |
Θ(t −
)Θ(t −
)cos2 θA cos2 θB sin2 θC +
c
c
|r2 − rC |
|r1 − rA |
)Θ(t −
)cos2 θA sin2 θB cos2 θC +
Θ(t −
c
c
)
|r2 − rC |
|r1 − rB |
2
2
2
Θ(t −
)Θ(t −
)sin θA cos θB cos θC .
c
c
As we explained the Heaviside functions Θ(t−

|rj −ri |
)
c

(3.49)

(where j is the detector

1 or 2, i stands for the atoms A,B,C and |rj − ri | is the distance between
them) express the fact that no faster than light communication is possible.
It should be emphasised that the presence of this type of functions follows
naturally from the formalism (for a detailed derivation see [16]). By careful
arrangement of the distances between the atoms and the detectors and a
careful selection of the time we measure the intensity correlation function we
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can make sure that all the relevants arguments of the above Heaviside functions are positive so t ≥ R/c but also t ≤ 2R/c in order to avoid stimulated
emission effects. Then (3.49) becomes

G(2) (r1 t, r2 t) =

3.4.2

i
ε40 −2Γ(t− R ) h 2
2
2
2
2
c
cos
θ
cos
θ
+
cos
θ
(cos
θ
+
cos
θ
)
.
e
B
C
A
B
C
R4
(3.50)

Non-identical atoms, overlapping photon state
vectors.

We consider again the same scheme as in the previous section but in in
this case the overlap between state vectors of the emitted photons is not
negligible. Furthermore the atoms are not identical, the difference between
the excited and the ground state energy is not the same for all of them but
h̄ωA ,h̄ωB and h̄ωC . Since these energies are (slightly) different we replace the
overlap given in (3.33) by (3.35) which reads if all the relevant distances are
2R

hγ2|γ1 i =

2
sin( k1 +k
2R) −2RΓ/(2c)
2
e
.
k1 +k2
2R
2

(3.51)

We can further assume that the overlap between the photons emitted by the
distant atoms B and C is negligible, e.g. hγB |γC i = 0. This is reasonable
since this overlap decreases both expotentially and inversely as distance increases. If all the atoms are initially excited the atoms-field state vector will
be after several decay times
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|ψi = |γA γB γC i|bA bB bC i.

(3.52)

As in the previous section we calculate the second correlation function, e.g
the expectation value given by (3.44). We will again find Heaviside functions
as in (3.49). When their arguments are positive we will obtain finally

(2)

−RΓ/c

G (r1 t, r2 t) = K{3+2e

where K =

ε40 −2Γ(t− R )
c ,
e
R4

B
C
sin( kA +k
sin( kA +k
)R
)R
2
[cosωab τ kA +kB
+cosωac τ kA +k2C
]},
R
( 2 )R
2
(3.53)

τ = (t −

R
).
c

We see from the above relationship

that the intensity signal exhibits quantum beats which depend on the energy
difference between atom A and atom B and atom A and atom C (see Figures
3.3-3.5). Quantum beats in intensity correlations have been also studied in
a different context in [84],[85],[86],[3].
If initially each atom had been prepared in a superposition of the ground
and excited state as in (3.42) the total photon state would be again given by
(3.43). The expectation value (3.44) would be

G(2) (r1 t, r2 t) = K[3 + 2e−RΓ/c (cosωab τ
+cosωac τ

B
)R
sin( kA +k
2
kA +kB
R
2

C
sin( kA +k
)R
2
)]cos2 θA cos2 θB cos2 θC
kA +kC
( 2 )R

+K[cos2 θA (cos2 θB sin2 θC + sin2 θB cos2 θC )
+sin2 θA cos2 θB cos2 θC ],
where K =

ε40 −2Γ(t− R )
c ,τ
e
R4

= (t −

R
).
c

Again we see quantum beats in the

second correlation function as in the previous case.
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(3.54)

3.5

Intensity correlations of three non-interacting
V-type atoms.

Three level atoms (cascade, V-type or Λ-type) have many applications in
quantum optics and atomic physics because it is possible to control and manipulate the quantum superposition of their atomic levels using external resonant fields [3]. It is possible for example to employ destructive interference to
create ‘dark states’ which are important for counterintuitive phenomena like
laser without inversion, coherent population trapping and electromagnetic
induced transparency [16]. It is also possible nevertheless to demonstrate
that interesting quantum effects arise even without any driving fields (obviously we need fields to excite the atoms in the first place) and quantum
beats is the primary example. Consider the decay of a superposition of the
upper two levels of a V-type atom. By observing the atom in the ground
state we cannot determine through which ‘channel’ was the photon emitted.
Both paths are indistinguishable and according to Feynman’s ‘dictrum’ this
leads to interference which is reflected in the quantum beats of the first order correlation function. On the other hand this is not possible for a Λ-type
atom, since the photon decays through one of the two distinguishable ways
so no interference is expected.
In this section we consider three identical atoms in V-type configuration
as in Fig. 3.2. As we said these type of atoms exhibit quantum beats in the
first order correlation function if they have been prepared in a superposition
of the upper states [87],[1]. The Hamiltonian for each atom is
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Ĥ =


X
h̄  [g ∗ |bihc|a†

k

k + gk |cihb|ak ] +

X



∗
[gk
|aihc|a†k + gk |ciha|ak ]

k
k
X
ωk a†k ak .
h̄ωa |aiha| + h̄ωb |bihb| + h̄ωc |cihc| + h̄
k

(3.55)

The atoms-field state vector is

|ψi = ca (t)|a, 0i + cb (t)|b, 0i +

X

cc,k (t)|c, 1ki.

(3.56)

k
Initially each atom has been prepared in a coherent superposition of the
upper two states with amplitudes cosθ and sinθ for states |ai and |bi respectively. We repeat the same procedure as in section 3.2 using the interaction
picture and the Wigner-Weisskopf approximation. Furthermore we assume
that [1] multiple scattering events are negligible (this means that we ignore
processes where a photon emitted during transition from an excited state
to the ground one is then reabsorbed). The equations of motion for the
probability amplitudes are then
Γ
ċa (t) = − ca (t),
2

(3.57)

Γ
ċb (t) = − cb (t).
2

(3.58)

and

The atom radiation state after several decay times will be [88]

|ψii = (cosθi |γac ii + sinθi |γbc ii )|cii
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(3.59)

|a>

|a>

|b>
|c>
Atom B

|a>

|b>
|c>

Photodetector 1

Atom A

Photodetector 2

|b>
|c>
Atom C

Figure 3.2: We have replaced the two-level atoms of Fig. 3.1 with threelevel in V-type configuration. Furthermore we assume that there is some
overlap between the state vectors of the photons emitted from atoms A and
B and also from atoms A and C but there is no such overlap between the
state vectors of the photons emitted from the distant atoms B and C. The
distance between photodetectors 1 and 2 and the near atoms (A,B) and (A,C)
respectively is R.
where i again stands for atoms A,B or C and |γi is given by (3.17). Since the
atoms are non-interacting the total state can be written in factorised form
as

|ψi = (cosθA |γac iA + sinθA |γbc iA )(cosθB |γac iB + sinθB |γbc iB )
(cosθC |γac iC + sinθC |γbc iC )|cA cB cC i .

(3.60)

We again calculate the second order Glauber function as in the previous
section. In order to do this we need the overlap between photons emitted
from different atoms. As in the previous section we suppose that there is no
overlap between the state vectors of the emitted photons from the distant
atoms B and C. In addition, since the energy difference between the excited
energy levels is considered small for V-type of atoms we can assume that
according to (3.35) all the nonzero relevant overlaps are almost equal, so
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hγi |γj i = s. After long calculations and assuming that the arguments of
Heaviside functions similar to those in (3.49) are all positive we find that

G(2) (r1 t, r2 t) = K{3 + 2s[(cos2 θB + cos2 θC )(cos2 θA + sin2 θA cos∆ωτ )
+(sin2 θB + sin2 θC )(sin2 θA + cos2 θA cos∆ωτ )]}. (3.61)
where K =

ε40 −2Γ(t− R )
c ,τ
e
R4

= t − R/c and ∆ω = ωac − ωbc . We see again that

quantum beats appear in the intensity-intensity correlations (see Figures 3.93.11).

3.6

Bell type inequalities and correlation functions.

We will investigate the possible application of Bell type inequalities (specifically, the Clauser-Horne inequality) into the problem discussed in the main
text. Normally, these type of inequalities are connected to entangled states
and vertical and horizontal photon polarisation (which are dichotomic variables) so it is not obvious that we can use them for the present problem.
Nevertheless, we will follow the logic of general ‘local realistic theories’ as explained by Clauser and Horne [36],[5],[89] and try to adopt them for our case
(very useful are also the papers by [10], especially section V, and [28]). We
make some plausible assumptions regarding the radiation emitted by each
atom which follow from the calculation of first order quantum correlation
functions. The crucial step is that we assume that the joint probability can
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be written as a product of probabilities (intensities). This is an assumption that is expected to be valid for a general class of local realistic theories.
We consider the simplest case, three non-interacting two level atoms (Section
3.4). Each atom has been prepared in a coherent superposition of the ground
and excited states. This can be accomplished with the use of Rabi pulses (of
frequency Ω) which are applied for time T . It follows that the angles θ given
in the main text are adjustable since cosθ = −isinΩT and sinθ = cosΩT . It
is evident that the first order quantum correlation of the emitted radiation by
each atom depends on the angle θi (e.g if θ = π/2 no radiation is emitted, if
θ = 0 this radiation is maximum). The probability of absorption is governed
by the first order correlation function. We have also assumed that detector
1 is influenced by atoms A and B and detector 2 by atoms A and C. It is
obvious then that

p1 (θA , θB ) = pA (θA ) + pB (θB ).

(3.62)

This means that the probability of detection for detector 1 depends on θA , θB
(it is the sum of these two probabilities) and

p2 (θA , θC ) = pA (θA ) + pC (θC ).

(3.63)

Similarly, the probability of detection for detector 2 depends on θA , θC (it
is the sum of these two probabilities). We may also note that the locality
condition requires that the probability of detection at detector 1 does not
depend on θC and the probability of detection at detector 2 does not depend
on θB . This condition is satisfied by hypothesis. We also assume that these
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probabilities depend on a hidden variable λ so the above relations become

p1 (θA , θB , λ) = pA (θA , λ) + pB (θB , λ),

(3.64)

p2 (θA , θC , λ) = pA (θA , λ) + pC (θC , λ).

(3.65)

At this point we follow the usual requirement of all local realistic theories,
that the joint probability of detection is given by the product of the corresponding probabilities at the two separate detectors

p12 = p1 (θA , θB , λ)p2 (θA , θC , λ) = [pA (θA , λ)+pB (θB , λ)][pA (θA , λ)+pC (θC , λ)]
(3.66)
from which it follows that

p12 (θA , θB , θC , λ) = p2A (θA , λ) + pB (θB , λ)pC (θC , λ)
+pA (θA , λ)[pB (θB , λ) + pC (θC , λ)].

(3.67)

We immediately see the difference between the form of this expression and
the usual form of joint probability that arises when we consider states with
entangled horizontal-vertical photon polarisations. In the latter case only
the first term appears. In our problem this is not so, since atom A affects
both detectors so the product creates other terms also. We suppose that θA
remains constant so

pA (θA , λ) = c.
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(3.68)

Then (3.67) becomes

p12 (θB , θC , λ) = pB (θB , λ)pC (θC , λ) + c[pB (θB , λ) + pC (θC , λ)] + c2 . (3.69)
Taking the average over a weight function ρ(λ), the expression for the joint
probabilities of photodetection is

P12 (θB , θC , λ) =

Z h

i

pB (θB , λ)pC (θC , λ) + c[pB (θB , λ) + pC (θC , λ)] + c2 ρ(λ)dλ.
(3.70)

If θC = 0 the above expression becomes

P12 (θB , −, λ) =

Z h

i

pB (θB , λ)pC (−, λ) + c[pB (θB , λ) + pC (−, λ)] + c2 ρ(λ)dλ.
(3.71)

If θB = 0, it follows that

P12 (−, θC , λ) =

Z h

i

pB (−, λ)pC (θC , λ) + c[pB (−, λ) + pC (θC , λ)] + c2 ρ(λ)dλ.
(3.72)

We should also mention the individual probabilities (not joint probabilities)
when θC = 0 or θB = 0 :

pC (−, λ) = 1 ≥ pC (θC , λ),

(3.73)

pB (−, λ) = 1 ≥ pB (θB , λ).

(3.74)
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So (3.71) and (3.72) become

P12 (θB , −, λ) =

Z h

P12 (−, θC , λ) =

Z h

i

(3.75)

i

(3.76)

pB (θB , λ) + c[pB (θB , λ) + 1] + c2 ρ(λ)dλ,

pC (θC , λ) + c[1 + pC (θC , λ)] + c2 ρ(λ)dλ.

Now we use the algebric inequality,

xy − xy ′ + x′ y + x′ y ′ − x′ − y ≤ 0,

(3.77)

which holds for 0 ≤ x, y, x′ , y ′ ≤ 1. By identifying the following relationships
(which are obviously consistent with the condition 0 ≤ x, y, x′ , y ′ ≤ 1 since
they represent probabilities)

x = pB (θB , λ),
y = pC (θC , λ),
′
x′ = pB (θB
, λ),

y ′ = pC (θC′ , λ),

(3.78)

and by integrating over λ with the weight function ρ(λ) and taking into
account (3.70),(3.75),(3.76) we obtain

Z

Z

pB (θB , λ)pC (θC , λ)ρ(λ)dλ = P12 (θB , θC , λ) −
pB (θB , λ)pC (θC′ , λ)ρ(λ)dλ = P12 (θB , θC′ , λ) −
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Z h

i

c[pB (θB , λ) + pC (θC , λ)] + c2 ρ(λ)dλ,

Z h

i

c[pB (θB , λ) + pC (θC′ , λ)] + c2 ρ(λ)dλ,

Z

Z

′
pB (θB
, λ)pC (θC , λ)ρ(λ)dλ

=

′
P12 (θB
, θC , λ)

−

′
′
pB (θB
, λ)pC (θC′ , λ)ρ(λ)dλ = P12 (θB
, θC′ , λ) −

Z

Z

′
′
pB (θB
, λ)ρ(λ)dλ = P12 (θB
, −, λ) −

pC (θC , λ)ρ(λ)dλ = P12 (−, θC , λ) −

Z h

i

′
c[pB (θB
, λ) + pC (θC , λ)] + c2 ρ(λ)dλ,

Z h

i

′
c[pB (θB
, λ) + pC (θC′ , λ)] + c2 ρ(λ)dλ,

Z h

i

′
c[pB (θB
, λ) + 1] + c2 ρ(λ)dλ,

Z h

i

c[1 + pC (θC , λ)] + c2 ρ(λ)dλ.
(3.79)

With the aid of inequality (3.77) we find that

′
P12 (θB , θC , λ) − P12 (θB , θC′ , λ) + P12 (θB
, θC , λ)
′
′
+P12 (θB
, θC′ , λ) − P12 (θB
, −, λ) − P12 (−, θC , λ)

+

Z

′
, λ) − pC (θC , λ)] ρ(λ)dλ ≤ 0.
c [2 − pB (θB

(3.80)

So even though the formula for the joint probability given in Eq. (3.67) is
more complicated than the one for the familiar case of linear polarisers and
entangled states, many terms cancel each other and the result is very close
to the CHSH inequality. Furthermore since the last term is non-negative, e.g
Z

′
c [2 − pB (θB
, λ) − pC (θC , λ)] ρ(λ)dλ ≥ 0

(3.81)

we conclude that

′
P12 (θB , θC , λ) − P12 (θB , θC′ , λ) + P12 (θB
, θC , λ)
′
′
+P12 (θB
, θC′ , λ − P12 (θB
, −, λ) − P12 (−, θC , λ) ≤ 0,

so the Clauser-Horne inequality is indeed valid. A few notes:
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(3.82)

i) It follows from (3.73),(3.74) that the ‘no enhacement hypothesis’ (see
[36],[10],[28]) is satisfied in our problem.
ii) In the main text we make the approximation that the inner product
of the state vectors of the photons emitted from the distant atoms B and
C do not overlap, so there is no interference between them. We may note
that also in the case of entangled photon there is a similar condition of ‘no
interference’ (see the discussion in [10] and [28]), but in that case the noninterference condition is ensured by the orthogonality of the photons arriving
at the beam splitter.
For the problem we consider there is overlap between photons emitted
from atoms A and B and atoms A and C but as it has been stated we choose
to vary only θB , θC and keep θA constant.
It is easy to show that this inequality should be also obeyed for the emission of radiation from the V-type atoms considered later. In that case the
first order quantum correlation function exhibits quantum beats that they
depend on the difference of the energies between the upper levels (which is
constant) and the corresponding angles θB and θC (again θA remains constant), Eqs.(3.64)-(3.65) hold as before and the proof follows exactly as in
the previous case so the Clauser-Horne is again valid.
So according to the plausible (local realistic) assumption that the joint
probability is the product of probabilities as it was stated quantitavely in
(3.66)-(3.69), the Clauser-Horne inequality should be obeyed. Whether it is
obeyed or violated is discussed later. In order to check this we need to calculate the second order quantum correlation function which governs the joint
probability of photodetection. Possible violation of the Clauser-Horne in71

equality for the problem we investigate means that the second order Glauber
function is not the product of first order intensity functions as we might expect and this constitutes evidence for the quantum nature of radiation. A
similar conclusion is also known from work in quantum optics in a different
context (see for example [90],[30] where it is shown that the Cauchy-Schwarz
and Bell type inequalities are violated for parametric amplifiers, four wave
mixers etc.).

3.7

The violation of the Clauser-Horne inequality.

By changing the parameters θB and θC (which physically means change of
the initial conditions) we can check whether the Clauser-Horne inequality
holds or not. As stated already these parameters are similar to the angles
of the rotators used in experiments with entangled polarised pair of photons
photons. The joint detection probabilities are governed by the second order
correlation function

P (θ1 , θ2 ) ∼ hψ|E1− E2− E2+ E1+ |ψi = G(r1 t, r2 t).

(3.83)

We will use the expressions we found previously for the correlation functions
and employ (3.82) to check whether they obey the Clauser-Horne inequality
which has the form [5]
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S = P (θ1 , θ2 ) − P (θ1 , θ2′ ) + P (θ1′ , θ2′ ) + P (θ1′ , θ2 ) − P (θ1′ , −) − P (−, θ2 ) ≤ 0
(3.84)
and the terms P (θ1′ , −) and P (−, θ2 ) correspond to the cases where θ2 and
θ1 are zero respectively. Using (3.54) we see that S is never positive so the
Clauser-Horne inequality is not violated so we conclude that two level atoms
in the setting we studied do not exhibit nonclassical properties. On the other
hand the intensity correlation function of the three non-interacting V-type
atoms given in (3.61) may violate the Clauser-Horne inequality for a suitable
choice of parameters. If for example cos∆ωτ = 1/2 and θA = π/3 we can see
that (3.61) becomes

G(2) (r1 t, r2 t) = κ + λ(sin2 θB + sin2 θC ),

(3.85)

where κ,λ positive constants. It is easy to see that (3.85) substituted to
(3.84) could become positive so it violates the Clauser-Horne inequality (if
θC ,θB′ are different from zero). Since the detectors at points r1 and r2 are
causally disconnected this seems counterintuitive. Entanglement between
disconnected parties has been explored by certain authors [91],[92] and it has
been stated that the vacuum is the source of entanglement. We will return
to these issues in the next chapter. For the set up in this chapter though,
it seems that the vacuum fluctuations just cause the spontaneous emission
of photons. Furthermore we can modify slightly our sheme by placing both
detectors out of reach of atom A (so they do not lie between of atoms A,B and
A,C but near atoms B and C). Then the second order correlation function
73

becomes

G(2) (r1 t, r2 t) =

ε40 −2Γ(t− R )
c ,
e
R4

(3.86)

which does not depend on θB , θC and clearly does not violate the ClauserHorne inequality. If we allow the interaction of atoms A and B with detector
1 and place detector 2 at the other side so it is influenced only by atom C
following the same procedure we find that

G(2) (r1 t, r2 t) =

ε40 −2Γ(t− R ) h 2
c
e
sin θA sin2 θB + cos2 θA cos2 θB +
R4
i

+cos∆ωτ (cos2 θA sin2 θB + sin2 θA cos2 θB ) ,

(3.87)

which does not depend on θC so the Clauser-Horne relation is not even applicable. It is evident then that in order to have violation of that inequality
one of the atoms should affect both photodetectors despite the fact that we
vary θB , θC in order to confirm this violation. This suggests that atom A
entangles photodetectors 1 and 2 since interacts with both of them. From a
conceptual point of view entanglement and violation of Bell type inequalities
have been related to the notion that in quantum mechanics physical variables
may be indefinite, not just unknown as in classical physics. As we mentioned
earlier this can be said for quantised fields also. In our example the fields
measured by detectors 1 and 2 are are both affected by atom A so it is not
surprising that there is some correlation between them. What is interesting
is the nonclassicality of this correlation.
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3.8

The violation of the Cauchy-Schwarz inequality.

Another very important inequality that is expected to hold for classical fields
but violated by nonclassical ones is the Cauchy-Schwarz [37] one

(2)

(2)

(2)

[g12 (0)]2 ≤ g11 (0)g22 (0),
(2)

(2)

(3.88)

(2)

where g12 (0),g11 (0),g22 (0) are the normalised correlation functions at equal
times. It is easy to show that (3.88) is violated if G(2) (r1 t, r2 t) > 4K and a
certain overlap between the state vectors of the photons emitted is needed
to exist. First we consider two-level atoms and their correlation function
(3.50) which obviously obeys the Cauchy-Schwarz. If we allow an overlap s
between the photons emitted by A-B and A-C then it is possible to violate
(3.88) using (3.54) if s ≥ 1/4 and cos∆ωτ = 1. For the case of V-type
atoms this condition becomes s ≥ 8/18 if cos∆ωτ = 1/2, θA = π/6. We
have plotted the second order correlation function for a number of cases (see
Figures 3.6-3.8 and 3.12-3.14) and illustrated its violation.
We see then that a certain overlap between the emitted photons is necessary in order to observe nonclassical correlations (for a similar requirement
in a related problem see [93]). We saw that a similar requirement is needed
for the violation of the CHSH inequality. This means that a photon detected
e.g at detector 1 should not give information about its origin. These photons
are in principle indistinguishable and this leads to genuine quantum effects
that cannot be explained by classical theories. Since this overlap depends on
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the wavelength of the photons (3.35) it follows that the distances between
the detectors and wavelengths should be comparable. In other words we
consider the near field zone and for a more rigorous treatment we should
take into account the evanescent modes of the field and quantise them [94].
Nevertheless, as stated earlier stimulated emission and cooperative radiation
can be avoided by choosing appropriate times and distances between atoms
and detectors, R/c ≤ t ≤ 2R/c. Another issue that is also related to possible
experimental observation of these correlations is that we need atoms with
very short mean life in order to emit photons sharply and this time scale is
also comparable to the time needed for a photon to reach the nearest detector R/c, which makes accurate measurements difficult. We will see that the
scheme examined in the next chapter is more abstract and does not depend
on similar preconditions.

3.9

Conclusions.

We examined a configuration of three non-interacting atoms which are the
sources of radiation and two photodetectors. The novelty of our scheme relies
on the possibility that one of the atoms interacts with both detectors. If we
permit overlapping between the state vectors of the photons emitted from
nearest atoms, we have shown that quantum beats appear in the intensity
signal. By using V-type atoms we demonstrated the violation of the ClauserHorne inequality under certain conditions. This means that we should not
attribute ontological meaning to intensity correlation function, or in EPR terminology it is not an ‘element of reality’. This function is calculated at equal
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times, no faster than light communication is permitted since observers at
detectors 1 and 2 should correlate their measurements (these are coincidence
counts). This resembles the situation between entangled systems where there
are correlations between separated particles but no violation of causality. A
master equation approach is needed for a more rigorous description of the
problem. We can also consider more general type of atoms like three-level
in cascade configuration, add resonant fields who drive transitions between
different levels etc. Another avenue of research is to investigate intensity
correlations not between two points in space but between finite regions since
it would be quite interesting if the same conclusions apply for this case also.
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Figure 3.3: We plot the quantum beats of the second order correlation function of the two level atoms, Eq. (3.53), when the overlap is s = 0.50 and
ωAB τ = 10, ωAC τ = 10.
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Figure 3.4: We plot the quantum beats of the second order correlation function of the two level atoms, Eq. (3.53), when the overlap is s = 0.50 and
ωAB τ = 15, ωAC τ = 15.
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Figure 3.5: We plot the quantum beats of the second order correlation function of the two level atoms, Eq. (3.53), when the overlap is s = 0.50 and
ωAB τ = 10, ωAC τ = 15.
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Figure 3.6: We plot the second order correlation function of the two level
atoms, Eq. (3.54), as the angles θB , θC vary, cosωAB τ = 1, cosωAC τ = 1 and
the overlap is s = 0.10. Since this function takes values smaller than 4K the
Cauchy-Schwarz inequality holds.
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Figure 3.7: We plot the second order correlation function of the two level
atoms, Eq. (3.54), as the angles θB , θC vary, cosωAB τ = 1, cosωAC τ = 1
and the overlap is s = 0.25. Since this function has a maximun at 4K the
Cauchy-Schwarz inequality holds.
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Figure 3.8: We plot the second order correlation function of the two level
atoms, Eq. (3.54), as the angles θB , θC vary, cosωAB τ = 1, cosωAC τ = 1 and
the overlap is s = 0.50. Since this function becomes larger than 4K, the
Cauchy-Schwarz inequality is violated.
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Figure 3.9: We plot the quantum beats of the second order correlation function of the V-type atoms, Eq. (3.61), when the overlap is s = 0.10 and
∆ωτ = 15.
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Figure 3.10: We plot the quantum beats of the second order correlation
function of the V-type atoms, Eq. (3.61), when the overlap is s = 0.25 and
∆ωτ = 15.
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Figure 3.11: We plot the quantum beats of the second order correlation
function of the V-type atoms, Eq. (3.61), when the overlap is s = 0.50 and
∆ωτ = 15.
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Figure 3.12: We plot the second order correlation function of the V-type
atoms, Eq. (3.61), as the angles θB , θC vary, cos∆ωτ = 1/2, θA = π/6 and
the overlap is s = 0.10. Since this function is smaller than 4K the CauchySchwarz inequality holds.

87

3.7

G2(r1t,r2t)

3.6

3.5

3.4

3.3
2
1

2
1

0

0

−1
θC

−1
−2

−2

θB

Figure 3.13: We plot the second order correlation function of the V-type
atoms, Eq. (3.61), as the angles θB , θC vary, cos∆ωτ = 1/2, θA = π/6 and
the overlap is s = 0.25. Since this function is smaller than 4K the CauchySchwarz inequality holds.
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Figure 3.14: We plot the second order correlation function of the V-type
atoms, Eq. (3.61), as the angles θB , θC vary, cos∆ωτ = 1/2, θA = π/6 and
the overlap is s = 0.50. Since this function takes values greater than 4K, the
Cauchy-Schwarz inequality is violated.
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Chapter 4
Vacuum expectation values and
the violation of Bell type
inequalities.
4.1

Introduction.

It is well known that nonlocal correlations for entangled states may violate
Bell type inequalities, nevertheless they cannot be used for transmitting signals faster than light (see for example [95],[96]). In quantum field theory
the commutator rules for the field operators incorporate the principle of relativistic causality so again no faster than light communication is possible.
This means that any local observables can be measured without any mutual
disturbance provided that they are at spacelike separation. This requirement
is the cornerstone of quantum field theory and leads to results of fundamental
importance such as the existence of antiparticles [31],[27],[97], the connection
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between spin and statistics [98],[99],[27],[100],[101],[97] and dispersion relations [102]. Nevertheless correlations between spacelike regions are not ruled
out by the microcausality axiom. In this chapter we will investigate possible
nonclassical correlations between regions causally disconnected. We examine vacuum correlation functions between four spacelike separated points
for a scalar field when we vary the invariant spacetime distances (intervals)
between them and show that under certain conditions the Clauser-HorneShimony-Holt (CHSH) inequality may be violated. This is possible as we will
see since the Feynman propagator for a scalar field in configuration space is
not zero even outside the light-cone [27],[103],[104],[105]. We examine both
massless and massive Klein-Gordon fields, show that the CHSH inequality
must be obeyed under the assumptions of local realism, nevertheless it is violated for the fields in question and this reveals their nonclassical properties.
The physical meaning of the conditions necessary for this violation is examined and it is shown that if the interval between these points is spacelike but
large then no violation is possible. To the contrary if their spacetime distance
is spacelike but small the above mentioned inequality may be violated.
The nonclassical properties of the vacuum have been studied by many authors [106],[107],[108],[109],[110],[111],[93],[112],[113] and from different points
of view. It has been argued that vacuum entanglement is the reason for the
generation of nonlocal correlations between atoms [114],[91]. Other authors
claim that the expontential tail of the Feynman propagator outside the light
cone is the reason for the violation of classicality, e.g [92], which is also the
viewpoint of the present work.
In the next section a brief exposition of propagators (or Green’s functions)
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and correlation functions is given. This is standard material that can be
found in almost every quantum field theory textbook. After this the proposed
scheme is presented, the validity of the application of the CHSH inequality is
demonstrated and the conditions for its violation are given. The same setting
is also studied in a two dimensional spacetime [115]. In the last section we
summarise our results.

4.2

Propagators and correlation functions.

4.2.1

Feynman propagator in the position representation.

Let us consider a massive scalar field that obeys the Klein-Gordon equation

(−∂ µ ∂µ + m2 )G(x − x′ ) = δ 4 (x − x′ ),

(4.1)

where the Green function G(x − x′ ) is Lorentz invariant and δ 4 (x − x′ ) =
δ(r − r ′ )δ(t − t′ ). Since we can expand this Green function as [32]
GF (x − x′ ) = (2π)−4

Z

′

d4 kG(k)e−ik(x−x )

(4.2)

and remembering that the delta function can be also written as δ(x − x′ ) =
R

′

(2π)−4 d4 ke−ik(x−x ) we find after taking the Fourier transform of the above
equation that

e
G(k)
=

−k 2
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1
.
+ m2

(4.3)

The previous expression gives the Green function of the examined scalar
field in momentum representation which is very useful in particle physics.
For our purposes however, we need to obtain the formula for the propagator
in position representation so we take the Fourier transform

′

GF (x − x ) = (2π)

Z

−4

′

e−ik·(x−x )
dk 2
,
−k + m2
4

(4.4)

where k · (x − x′ ) = k(r − r′ ) − k0 (t − t′ ), d4 k = d3 kdk0 , k 2 = |k|2 − k02 .
The above integral may be evaluated explicitely by contour integration
and the result can be expressed in terms of modified Bessel functions. The full
derivation may be found in [116],[117],[118],[119]. The final result depends
on the relative size of the space and time distances as we will see. We add
iǫ in order to avoid the poles of (4.4) and later we will take the limit ǫ → 0.
Then (4.4) becomes

GF (x − x′ ) = (2π)−4

Z

′

d4 k

e−ik·(x−x )
.
k 2 + m2 + iǫ

(4.5)

Now using the identity
Z

∞

0

ei(ξ+iǫ)s ds =

i
,
ξ + iǫ

(4.6)

(4.5) becomes

′

GF (x − x ) = i(2π)

−4

Z

0

∞

−ism2

dse

Z

d4 ke−isk

2 +ik·(x−x′ )

.

(4.7)

Another useful relation is
Z

3

−iξ|k|2 +ikR

d ke
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=

π
iξ

!3/2

e

iR2
4ξ

,

(4.8)

from which it follows

GF (x − x′ ) = (16π)−1

Z

−1

Z

∞

0

2 +i(x−x′ )2 /4s

dss−2 e−ism

,

(4.9)

or

GF (z) = (16π)

∞

0

2 +iz 2 /4s

dss−2 e−ism

.

(4.10)

The above integral yields a standard modified Bessel function representation [76], hence we obtain the following expression for the Green function
(propagator) of the Klein-Gordon field

GF (z) = −

√
mΘ(z 2 ) 2 √ 2
1
imΘ(−z 2 ) 2
√ H1 (m z ) +
√
δ(z 2 ) +
−z 2 ),
H
(−im
1
2
2
4π
8π −z
8π z
(4.11)

where a Heaviside step function with timelike argument multiplies a Hankel
function (modified Bessel) and a Heaviside function with spacelike multiplies
a Hankel with imaginary argument [120],[117]. We see then how the expression for the propagator is modified according to wether the argument is
spacelike or timelike. The expotential tail of the propagator outside the light
cone has many interesting cosequences as we will see. As mentioned before,
it has been speculated by some authors that the generation of entanglement
between distant atoms is possible because of this property of the propagator.
Still no possibility of superluminal signals is implied (for another point of
view see [121],[122] and the critisism in [123]). By taking the limit m → 0
we can find the expression for the massless propagator which is given by
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GF (z) = −

i 1
1
δ(z 2 ) + 2 2 ,
4π
4π z

(4.12)

or (as it can been verified by contour integration techniques [117])

GF (z) =

i
1
.
2
2
4π z − iǫ

(4.13)

We note the singularity of the invariant functions which diverge on the light
cone. We will avoid these singularities since we will consider only intervals for
which t2 − r 2 6= 0. Nevertheless in interacting field theories this is no longer
possible since the particle interaction is always point-like (which implies field
modes with infinite momenta) and one cannot multiply field operators at the
same point without precautions (namely regularisation and renormalisation
[124],[125],[126],[127]). Physically of course we measure fields at finite regions
as Bohr and Rosenfeld have illustrated but the mathematical formalism of
the theory is based on local operator products that diverge. In any case since,
we restrict ourselves to free fields so we will not consider such situations in
this work.
The physical interpretation of a propagator

GF (x1 − x2 ) = h0|T {φ(x1)φ(x2 )}|0i,

(4.14)

is the probability amplitude that a particle created at time t will be annhilated at a later time t′ . For timelike intervals the time ordering is Lorentz
invariant. If the events are spacelike separated the fields commute so the time
ordering is irrelevant. Hence the amplitude for a given process is Lorentz invariant. This is a subtle but important point for the rest of the work since the
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absolute square of this amplitude gives the probability for a certain process
which is a measurable quantity and it is Lorenzt invariant [126, 128, 129].
The criterion for violation of the CHSH depends on a sum of products of
such quantities so it is again a Lorentz invariant quantity.

4.2.2

Asymptotic forms.

Asymptotic expressions of the above formulas for the Feynman propagator
can be obtained for two limiting cases [34, 130, 33, 131, 117, 120] which
will be very useful. They are based on the following approximations for the
modified Bessel/Hankel functions [132, 133, 134, 76]. For small arguments
they are given by

Hν(2) (z)

"

 2 #

2
z
∼
1+
πi
2

z
ln .
2

(4.15)

For large arguments they are

Hν(2) (z)

∼

s

2 −i(z− πν − π )
2
4 .
e
πz

(4.16)

According to the above formulas we see that when the spacetime interval
t2 − r 2 is negative but very small [117]


q



m |z 2 |
i 1
im2
m2
1
+
Θ(z 2 ).
GF (z) ≈ − δ(z 2 ) + 2 2 − 2 ln 
4π
4π z
8π
2
16π

(4.17)

If this interval is very large (but spacelike again in order for the requirements
of the CHSH inequalities to be fulfilled)
√

3
2 − 4 −m

GF (z) −→ c|z |
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e

|z 2 |

.

(4.18)

For large timelike distances it is
√

− 43 −im

GF (z) −→ c|z 2 |
where c =

e

|z 2 |

,

(4.19)

m1/4
√
.
32π 3

It is possible to generalise the notion of the propagator introduced previously. We define the n-point correlation function (or Green function) as

Gn (x1 , x2 , .., xn ) = h0|T {φ(x1)φ(x2 )..φ(xn )}|0i

(4.20)

This vacuum expectation value is of great importance in the theory of quantum fields and appears in many occasions. Wick’s theorem states that this
product can be reduced to a sum of a normal ordered products and a combination of contractions of the fields [135],[120],[136],[137]. We are interested
in the vacuum expectation value so according to the above theorem only fully
contracted terms will contribute (the normal ordered terms give zero contibution). It is apparent that for odd number of fields the vacuum expectation
value is zero that is why we consider four-point functions.

4.3

Correlation functions and the violation of
Bell type inequalities.

4.3.1

Description of the setting.

We consider four points in spacetime and vary the invariant distances (intervals) between two of them. Since we will apply the CHSH inequality later we
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choose the relevant spacetime points to lie in spacelike regions so no information can travel between them. Specifically we consider x1 , x2 , x3 , x4 and
vary the invariant distances

2
x212 = t212 − r12

(4.21)

2
x234 = t234 − r34
.

(4.22)

and

Then we calculate the vacuum state four point function

G(x1 , x2 , x3 , x4 ) = h0|T {φ(x1), φ(x2 ), φ(x3 ), φ(x4 )}|0i,

(4.23)

where T stands for the Dyson chronological product explained earlier. According to Wick’s theorem

G(x1 , x2 , x3 , x4 ) = h0|φ(x1 )φ(x2 )|0ih0|φ(x3)φ(x4 )|0i
+h0|φ(x1 )φ(x3 )|0ih0|φ(x2)φ(x4 )|0i
+h0|φ(x1 )φ(x4 )|0ih0|φ(x2)φ(x3 )|0i.

(4.24)

It must be noted that we do not consider a specific model for the detectors
employed in the present scheme. The probabilities that follow from the above
formula will help us to to employ the CHSH inequality and check whether it
is violated and under which conditions this happens.

98

4.3.2

Application of the CHSH inequality for local realistic type of theories.

As it was expained earlier the physical interpretation of the four-point correlation function is that of a probability amplitude. Its absolute square is the
relevant joint probability

P (x212 , x234 ) = |G(x1 , x2 , x3 , x4 )|2 .

(4.25)

The individual probabilities are expressed as the absolute squares of twopoint correlation functions

P (x212 ) = |G(x1 , x2 )|2

(4.26)

P (x234 ) = |G(x3 , x4 )|2 .

(4.27)

and

According to a basic premise of local realistic theories the joint probability
is the product of two independent probabilities

P (x212 , x234 ) = P (x212 )P (x234 ).

(4.28)

If the events involved are spacelike it is ensured the indepedence of these
probabilities. The CHSH inequality dictates that

P (x212 , x234 )+P (x′12 2 , x′34 2 )+P (x′12 2 , x234 )−P (x212 , x′34 2 )−P (x′12 2 )−P (x234 ) ≤ 0.
(4.29)
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This is a classical inequality and must be obeyed by all classical local realistic
theories. We also note that its form is very similar (but not identical) with
the Clauser-Horne inequality used in Chapter 3. As stated before, according
to a fundamental postulate of all local realistic theories it is expected that
a coincidence probability should be equal to the product of two individual
probabilities if it is concerned with events at spacelike regions. If this is
not so, then nonclassical correlations are implied. Quantum mechanically we
need to square a probability amplitude in order to find the respective joint
probability. This introduces the possibility that the CHSH is violated and the
conditions need to be met for this will be examined in the next section. Since
(4.29) is a sum of joint and individual probabilities, which Lorentz invariant
quantities, it follows that all inertial observers will agree on its value.

4.3.3

Violation of the CHSH inequality.

Let us suppose that the intervals between the spacetime points are spacelike
-so Bell type inequalities are applicable- but very small. We use the approximate expression for position representation of the Feynman propagator for
the massive Klein-Gordon field. It follows from (4.17),(4.24) that the CHSH
inequality (4.29) is violated if x′12 2 ≥ x212 and
2

1
m
+
ln
2
x12
2

q

m |x212 |

≤ −4π 2 ,

(4.30)

m2 m |x234 |
1
+
ln
≤ −4π 2 .
x234
2
2

(4.31)

2

q

On the other hand, if the arguments are spacelike but large then (4.18) is a
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valid approximation which means that the corresponding propagators decay
exponentially and it is evident that

P (x212 , x234 ) ≪ P (x212 ), P (x234 ),

(4.32)

so the CHSH (4.29) is obeyed. We can also investigate other cases between
these two extremes. It is important to establish the possibility for nonclassical correlations when the intervals are not small spacelike (e.g outside but
very close to the light cone) since in the latter case it would be difficult
to confirm experimentally the violation. Unfortunately, they do not exist
useful approximate formulas for these cases, so we have to resort to numerical calculations of the relevant modified Bessel functions. For example,
if x212 = 1, x223 = 1, x214 = 1, x213 = 4 and we vary the spacelike distances
x234 = −7, x224 = −4 to x′34 2 = −12.25, x′24 2 = −6.25, the application of the
CHSH inequality and (4.11),(4.24) leads to the following condition for its
violation


m
S=
8π 2

4



1.2 − 1.6 · 10

−5

8π 2
m

!2 


≥ 0.

(4.33)

As another example suppose that x212 = 1, x223 = 1, x214 = −1, x213 = 4 and
x234 = −1, x224 = −2, x′34 2 = −4.25, x′24 2 = −4.25. Then the above condition
becomes


m
S=
8π 2

4



0.23 − 7.2 · 10

−5

8π 2
m

!2 


≥ 0.

(4.34)

This means that even for intermediate spacelike distances nonclassical correlations are possible. For a massless field the propagator is given by (4.12)
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and the resulting condition for the violation of CHSH are x′12 2 ≥ x212 and
1
4π

2

≤ 0,

(4.35)

1
≥−
4π

2

≤ 0.

(4.36)

x212 ≥ −

x234




We see again that for small spacelike distances the CHSH is violated but for
large spacelike intervals the massless field behaves also classically.

4.4

Scalar fields in two spacetime dimensions.

Quantum fields in two dimensions have been studied extensively mainly in
connection with conformal field theories [115]. In this section we repeat our
previous analysis for scalar massive fields in two spacetime dimensions. The
expression for the Feynman propagator is given by the solution of the KleinGordon equation

g(−∂ µ ∂µ + m2 )G(x, y) = δ(x − y),

(4.37)

(where g is a normalisation constant that is often taken as equal to 1/4).
The above equation is translationally and Lorentz invariant and the Green
function depends only on the distances between the corresponding spacetime
points. For a massive scalar field the propagator satisfies the equation
1
G′′ + G′ − m2 G = 0.
x
For a massless field this equation becomes
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(4.38)

1
G′′ + G′ = 0,
x

(4.39)

with solution (up to a constant)

G(x) = −

1
ln|x2 |,
4πg

(4.40)

where x2 = t2 −r 2 is as usual the invariant interval. The massless propagator
then in two spacetime dimensions is

h0|T {φ(x1 )φ(x2 )}|0i = −

1
ln|x212 |.
4π

(4.41)

The propagator for the massive case is a bit more involved and is given by
the expression

h0|T {φ(x1 )φ(x2 )}|0i =

q
1
K0 (m |x212 |),
2πg

where K0 is the modified Bessel function of zeroth order K0 (z) =

(4.42)
R∞
0

√
dt cos(zt)
t2 +1

and is related to the Hankel function of the second kind as K0 (z) = −iπ
(2)

H0 (−iz). At large distances this function becomes e−mz so the propagator
√
−m |x2 |
.
in terms of the invariant distance is e
As previously, we choose four spacetime points that lie in spacelike separated regions, we vary the invariant distances x212 , x234 between them and
apply the relation (4.29) to check under which conditions the CHSH is violated. It follows from (4.24) and (4.41) that for a massless scalar field we
need to choose invariant distances that satisfy the relations
h

i

ln|x234 | ln|x212 | − 4πg ≥ 0,
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(4.43)

h

i

ln|x′12 2 | ln|x234 | − 4πg ≥ 0,

(4.44)

and
h

i

ln|x′34 2 | ln|x212 | − ln|x212 | ≥ 0.

(4.45)

It follows then that for a massless field the CHSH may be violated even at
large spacelike distances. This illustrates an interesting property since in four
spacetime dimensions this is forbidden as we saw in the previous section.
For a massive scalar field the necessary conditions are
q



q



(4.46)

q



q



(4.47)

≥ K0 (m |x212 |).

(4.48)

K0 (m |x234 |) K0 (m |x212 |) − 4πg ≥ 0,

K0 (m

|x′12 2 |)

K0 (m

|x234 |)

− 4πg ≥ 0,

and
q

K0 (m

|x′12 2 |)

q

If the distances between the points are large spacelike the corresponding
propagators (4.42) fall exponentially and it is easy to confirm, as we did in
the previous section, that no violation is possible.

4.5

Conclusions.

We have considered a configuration of four spacetime points and varied the
invariant intervals between two of them under conditions that allow the ap104

plication of the CHSH inequality. We found nonclassical correlations when
the intervals are spacelike and small or intermediate, but when the spacetime
distances that separate these points are large the correlations are classical.
When a two dimensional spacetime was considered we arrived at similar conclusions except that in that case it is possible (for a massless field only) to
exhibit nonclassical properties even for large spacelike distances between the
detectors.
It is clear that there is a certain similarity between the results in this
and the previous chapter where intensity correlations were investigated since
it was again shown that causally disconnected detectors may exhibit correlations that violate classical inequalities. Nevertheless there are also differences. In the previous chapters the radiation was generated by atoms
decaying to their ground states and emitting photons. The measuring devices according to Glauber’s analysis detect real photons not virtual ones as
the rotating wave approximation best illustrates. In this chapter on the other
hand the correlations are created by virtual particles, namely the quanta of
the Klein-Gordon field. Hence the vacuum fluctuations play a different role
in those two situations. In the case of atoms they are responsible for the
spontaneous emission of real photons, in the present case their influence is
direct.
Another important difference is that in this chapter the results are manifestly Lorentz invariant since they are expressed in terms of appropriate
invariant functions. The analysis given in Chapter 3 follows the usual formalism of quantum optics where relativistic invariance of the equations is
not especially pronounced.
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It should also be added that our analysis is based on the idealisation
that the detectors are point-like. Of course realistic detectors are measuring devices extended in finite regions of spacetime. A more complete treatment should be based on an averaging function which represents the spread
of the detector in spacetime [138],[5]. Another important issue is that we
considered only free scalar fields, not interaction between different fields or
a self-interacting scalar field. For example in a φ4 model [139] the four
point correlation function that replaces (4.43) contains terms of the form
R

d4 xGF (xi − x)GF (x − x)GF (xj − x) which diverge. In order then to ob-

tain meaningful expressions in terms of measurable physical quantities -in
the case of a φ4 model the mass and the small coupling constant of the field-

we need to renormalise the infinite quantities as it is common place in high
energy and many body physics [139],[140],[141]. What complicates the whole
procedure in our case is that we need to work in position representation since
we vary spacetime intervals and the corresponding expression even for the
propagator (4.11) is cumbersome and difficult to handle.
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Chapter 5
Summary and further
prospects.
In the present thesis we examined interference and especially correlation effects in multimode and continuum mode systems. We studied these correlation effects, established their relation with the Bell type inequalities and
in many cases encountered violations of them. At the same time many new
possibilies arise out of these investigations.
In Chapter 2 we took up the examination of interference effects for bosons
and fermions in systems with finite degrees of freedom, namely multiport interferometric devices. An important element in the studied configurations is
the performance of negative result and interaction free measurements. When
two or more particles were inserted in these devices joint probability expressions were given for the output of the device. Obviously this can be extended
for general states of inserted particles, both fermions or bosons and it is desirable to explore further generalisations of the celebrated Hong-Mandel-Ou
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effect [9],[4]. In the case of electron interferometers the proposed schemes
of this chapter may be substantially enriched if we add magnetic fluxes and
exploit the Aharonov-Bohm effect.
In Chapter 3 we dealt with spontaneous emission of atoms, focusing especially on second order correlation functions. Three atoms decayed and radiated photons and two photodetectors measured their intensity correlations.
It was demonstrated the appearance of quantum beats in the second correlation function and more importantly the violation of the Clauser-Horne
and Cauchy-Scwharz inequalities. For this to happen it is necessary that
there is some non-negligible overlap between the state vectors of the photons
emitted from the nearest atoms. It is also necessary that one of the atoms
affects both photodetectors. This line of research can be extended further if
we also consider resonant driving fields in the examined schemes. It has been
shown by other studies that the relative phase between drivings fields may
be of crucial importance in the emitted radiation pattern [142],[143],[144]. It
would be interesting to confirm if the relative phase can also control the degree of violation of classical inequalities in similar atomic systems like those
discussed in the thesis. Further possibilities are open for the case of more
complicated multilevel atoms, like cascade three level atoms with correlated
spontaneous emission or Raman photon pairs [145],[146],[16],[147],[7]. These
effects are also related to the Franson interferometer [148] and multiphoton
interference effects discussed in Chapter 2 [149] .
Finally in Chapter 4 it was shown that the four-point correlation function
of the free scalar Klein-Gordon field may exhibit nonclassical properties since
it violates the CHSH inequality in a number of cases (a slightly different in108

equality from the Clauser-Horne which was applied in the previous chapter).
At similar conclusions we arrived also when we examined scalar fields in two
spacetime dimensions. As it was noted at the end of that chapter the finite
dimensions of the detectors and the proper treatment of interacting fields
are problems need to be addressed in the future. Another promising line of
research is the study of correlations in accelerated systems of reference [150]
where the vacuum state is thermalised [151].
The interference effects in multiport devices discussed in this work may
find applications in the field of linear optical quantum computing that has
attracted considerable interest since the seminal work of Knill-LaflammeMilburn [52],[6]. Linear optics in general has also applications in quantum
lithography and microscopy [152].
The other major topic discussed in this thesis is the existence of nonclassical correlations in a variety of settings, involving atom-radiation interactions
and quantised fields, may find potential applications in the general field of
Quantum Computation [35],[153] since the violation of classical inequalities
has been connected with the novelty properties of quantum information.
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