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ABSTRACT 

Three-dimensional non-linear finite element analysis of 
reinforced concrete beams in torsion. 

I. A. S. A1-Shaarbaf, Bsc., Msc. 

Keywords: Torsion, Non-linear, Finite element, Three-dimensional, 
Reinforced concrete, Beams, Cracking, Plasticity, Shear, Bending. 

This thesis describes a non-linear finite element model suitable 
for the analysis of reinforced concrete, or steel, structures under 
general three-dimensional states of loading. The 20 noded 
isoparametric brick element has been used to model the concrete and 
reinforcing bars are idealised as axial members embedded within the 
concrete elements. The compressive behaviour of concrete is 
simulated by an elasto-plastic work hardening model followed by a 
perfectly plastic plateau which is terminated at the onset the 

. crushing. In tension, a smeared crack model with fixed orthogonal 
cracks has been used with the inclusion of models for the retained 
post-cracking stress and the reduced shear modulus. 

The non-linear equations of equilibrium have been solved using an 
incremental-iterative technique operating under load control. The 
solution algorithms used are the standard and the modified 
Newton-Raphson methods. Line searches have been implemented to 
accelerate convergence. The numerical integration has been generally 
carried out using 15 point Gaussian type rules. Results of a study 
to investigate the performance of these rules show that the 15 point 
rules are accurate and computationally efficient compared with the 
27(3X3X3) point Gaussian rule. 

The three- dimensional finite element model has been used to 
investigate the problem of elasto-plastic torsion of homogeneous 
members. The accuracy of the finite element solutions obtained for 
beams of different cross-sections subjected to pure and warping 
torsion have been assessed by comparing them with the available exact 
or approximate analytical solutions. 

Because the present work is devoted towards the analysis of 
reinforced concrete members which fail in shear or torsional modes, 
the computer program incorporates three models to account for the 
degradation in the compressive strength of concrete due to presence 
of tensile straining of transverse reinforcement. The numerical 
solutions obtained for reinforced concrete panels under pure shear 
and beams in torsion and combined torsion and bending reveal that the 
inclusion of a model for reducing the compressive strength of cracked 
concrete can significantly improve the correlation of the predicted 
post-cracking stiffness and the comp uý ed ultimate loads with the 
experimental results. 

Parametric studies to investigate the effects of some important 
material and solution parameters have been carried out. It is 
concluded that in the presence of a compression strength reduction 
model, the tension-stiffening parameters required for reinforced 
concrete members under torsion should be similar to those used for 
members in which bending dominates. 
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NOTATIONS 

The major symbols used in the text are listed below, others 

are defined as they first appear. When duplication occurs, the 

notation used is clearly defined within the text. 

General Symbols 

A, a scalars 

A, a matrix A, and vector a 

AT, aT transpose of matrix A and vector a 

A-1 inverse of matrix A 

d, a differentiation symbols 

A denotes incremental quantity 

E denotes iterative quantity 

1I determinant of 'a matrix, or absolute value 

11 II norm symbol 

Scalars 

AO cross-sectional area bounded by centroidal line of 
equivalent compression stress block 

A, cross-sectional area bounded by centre line of a closed 
stirrup 

A2 cross-sectional area bounded by the lines connecting the 
centres of the corner longitudinal bars 

Ac cross-sectional area within the outer perimeter of 
concrete 

Al cross-sectional area of the total longitudinal bars 

As cross-sectional area of a reinforcing bar 
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At cross-sectional area of one stirrup leg 

b width of a rectangular cross-section, or width of a flange 
in a flanged section 

bw thickness of the web of a flanged section 

c material constant 

cp pasticity coefficient 

dX plastic multiplier 

E modulus of elasticity 

Es modulus of elasticity of reinforcing bars 

f function 

fc uniaxial compressive strength of concrete 

fl allowable stress of longitudinal bars 

fly yield strength of longitudinal bars 

fr modulus of rupture of concrete 

fs allowable stress of stirrups 

fsy yield strength of stirrups 

ft uniaxial tensile strength of concrete 

G shear modulus 

Gf fracture energy 

h light of a cross-section 

hf thickness of the flange 

Hý hardening parameter 

I1 first stress invariant 

I', first strain invariant 

12 second stress invariant 

13 third stress invariant 

J Jacobian 

J2 second deviatoric stress invariant 

J; second deviatoric strain invariant 
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J3 third deviatoric stress invariant 

k ratio of the average concrete compression stress to the 
peak stress 

k, concrete compressive strength reduction parameter 

1 length of a cantilever 

lc crack characteristic length 

m ratio of volumes of longitudinal bars to stirrups 

PI perimeter of the centre line of a stirrup 

pc outer perimeter of concrete cross-section 

r radius of a circular cross-section 

S surface area 

s spacing between stirrups 

T applied torque 

Tc torsional moment contributed by concrete 

Te elastic torque 

Tep elasto-plastic torque 

Tn nominal torsional strength of a cross-section 

Tp plastic torque 

To fully plastic torque in presence of warping restraint 

td depth of the equivalent compression stress block 

u perimeter of the area A, 

V volume 

W work, or weight of a sampling point 

We unit weight of concrete 

w crack width 

x shorter side of a cross-section 

x1 smaller centre to centre dimension of a stirrup 

y longer side of a cross-section 

y, larger centre to centre dimension of a stirrup 

X 



C, S direction cosines of in-plane principal stresses 

l, m, n direction cosines of principal stresses 

u, v, w displacement components 

x, y, z Cartesian coordinates 

a angle of inclination of concrete struts, or material 
constant 

al, a2 tension-stiffening parameters 

ae elastic torsion coefficient 

ap plastic torsion coefficient 

ß shear retention factor, or material constant 

Y shear strain 

Y11Y2'Y3 shear retention parameters 

e- strain 

Ecu ultimate strain 

ep effective plastic strain 

CO strain corresponding to peak uniaxial compressive stress 

Eö total strain corresponding to the parabolic part of uniaxial 
compressive stress-strain curve 

X compressive strength reduction factor of concrete 

71 step length factor 

8 angle of twist per unit length 

xs efficiency coefficient of reinforcement 

v Poisson's ratio 

a stress 

Cr. effective stress at onset of plastic deformation 

v effective stress 

r shear stress 

rn torsional stress 

total potential energy 

convergence tolerance for line search, or warping function 

xi 



E, j natural coordinates 

Matrices 

A displacement gradient matrix 

B strain displacement matrix 

D constitutive matrix 

i Jacobian matrix 

K stiffness matrix 

N shape functions 

T transformation matrix 

Tp in-plane transformation matrix 

a diagonal acceleration matrix 

Vectors 

a nodal displacement, or flow vector 

b body forces 

f external load vector 

p internal load vector 

r residual load vector 

t surface tractions 

u displacement vector 

e strain vector 

Q srtess vector 

Subscripts and Superscripts 

c. concrete 
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cr cracking 

e elastic component, or element quantity 

ep elasto-plastic 

n normal 

p plastic component 

s steel 

T tangential 

t tension 

y yielding 

x, y, z denotes cartesian coordinates 

1,2,3 denotes principal directions 

' prime denotes local quantity 
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CHAPTER ONE 

INTRODUCTION AND REVIEW OF PREVIOUS WORK 

1.1 Introduction 

Many reinforced concrete structures and parts of structures are 

subjected to large torsional moments in addition to bending and 

shear. Typical cases are space frames, spandrel beams, beams 

supporting balconies or cantilever slabs, spiral staircases, 

horizontally curved beams, skew bridges, ... etc. However, despite 

the fact that torsional stresses can frequently occur, torsion was 

generally ignored in design of reinforced concrete members before the 

1960s. The large safety factors incorporated in flexural design were 

assumed to be sufficient to accomodate the effects of torsion. This 

assumption has been responsible for many cases of torsional distress 

and failure [1]. 

Torsion has been assigned an increasingly greater importance by 

engineers since the 1960s when the new ultimate strength design 

methods were introduced. In these methods, flexural analysis of 

reinforced concrete members was refined and safety factors were more 

accurately defined so that torsion must be accounted for explicitly. 

Moreover, the rapid advances in the applications of computers to 

structural analysis allowed designers to consider torsion with a 

minimum of effort. 
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Although reinforced concrete members are rarely designed to 

resist torsion alone, most of the experimental ivestigations to 

understand the basic torsional behaviour have been carried out under 

this condition. Some experimental tests have also been conducted to 

investigate the interaction between torsion, shear and bending. As a 

result of this work design recommendations have been included in 

various national Codes of practice. In 1969, the first ACI torsion 

design criteria were formulated based on extensive experimental 

research during 1960s promoted by ACI Committee 438. The criteria 

were incorporated in the design provisions of the 1971 ACI Building 

Code [2]. The British Code [3], on the other hand, included 

recommendations for torsion design for the first time in 1972. 

Current design methods utilise the various versions of the space 

truss analogy and the skew bending theory developed to predict the 

torsional strength of reinforced concrete members. Unfortunately, 

the first space truss theory developed by Rausch [4] in 1929 

overestimates the actual torsional strength. Since then extensive 

experimental and theoretical studies have been carried out to 

investigate the behaviour of reinforced concrete members under 

torsion and to modify Rausch's theory. However, in spite of the 

extensive work, there are still aspects of torsional behaviour which 

are not well understood. In fact, the skew bending theory and most 

of the modified space truss analogies are actually based on arbitrary 

assumptions to bring design formulae in line with test results and no 

fully rational method for torsion design has been yet evolved. 

At present, the finite element method offers a powerful and 

general analytical and research tool to investigate the behaviour of 
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reinforced concrete structures. In this method, the different 

aspects of behaviour previously ignored or treated in a very 

approximate way can be modelled rationally. These aspects include 

cracking, tension-stiffening, non-linear multiaxial material 

properties, complex steel-concrete interface behaviour and so on. 

For members in which torsion or shear dominates, an important aspect 

which affects both the structural response and the ultimate strength 

is the degradation of concrete compressive strength in the presence 

of transverse tensile straining. This aspect of behaviour can be 

accurately simulated within the material model used in the finite 

element analysis 

Applications of the finite element method to reinforced concrete 

non-linear behaviour are mainly devoted to study flexure and shear. 

This is because most of the available models utilise the 

two-dimensional finite element idealisation. Such an idealisation is 

not suitable for investigating torsion once cracking of concrete 

occurs because the behaviour becomes three-dimensional. Therefore, 

full three-dimensional non-linear finite element model is required to 

study the behaviour of reinforced concrete members under torsion. 

The three-dimensional finite element idealisation can also be 

successfully used to investigate elasto-plastic torsion of 

homogeneous solid members. For this problem, the exact expressions 

are only available for circular shafts and prismatic beams with long 

narrow rectangular cross-sections 15J. Furthermore, approximate 

analytical solutions have only been obtained for prismatic members 

with relatively simple cross-sections. In this field of application, 

the finite element method can offer solutions for non-prismatic 
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members of irregular as well as regular cross-sections under general 

loading. 

1.2 Review of Previous Work 

In this section a review of the research into the elasto-plastic 

torsion of homogeneous members under torsion is given. The theories 

developed to predict the torsional strength of plain and reinforced 

concrete members are also described. A comprehensive discussion of 

these theories and their applications is given by Hsu [1]. 

1.2.1 Torsion of Homogeneous Elastic and Plastic Members 

Attempts to analyse problems involving torsion go back a long 

way. In 1784, Coulomb [6] found that the torsional moment of an 

elastic circular shaft was proportional to the twisting angle. A 

theoretical equation for torsion of an elastic circular member was 

derived by Navier [7] in 1826. Three decades later and after the 

development of the necessary mathematical tools, Fourier series and 

theory of elasticity, Saint-Venant [8] used the semi-inverse method 

to solve the problem of pure torsion of elastic non-circular members 

and predicted a precise expression for the warping of cross-sections. 

In 1903, Prandtl [9] showed the similarity between the stress 

function in the torsion problem and the deflection of a uniformly 

tensioned thin elastic membrane loaded by a uniform pressure. 

Prandtl's membrane analogy was extended to the case of plastic 
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material when Nadai [10] applied the sand heap analogy to calculate 

the fully plastic torque of solid sections. Sadowsky [11] extended 

Nadai's sand heap analogy to apply to plastic sections with holes. 

Although the analytical solutions for elastic or perfectly 

plastic sections are available, solutions for cross-sections which 

are partly elastic and partly plastic are extremely complex because 

of the difficulty of locating the elasto-plastic boundaries. The 

boundaries between the elastic and the plastic regions move with 

changes of the applied torque. Therefore, numerical methods such as 

the finite difference method and the finite element method have to 

be used to achieve solutions for this type of problem. The available 

analytical and numerical investigations for elasto-plastic members 

under torsion are summarised in the following section. 

1.2.1.1 Torsion of elasto-plastic members 

For non-circular members which have elasto-plastic material 

properties subjected to pure torsion, analytical solutions have been 

only obtained for prismatic bars of simple cross-sections. 

Sokolovsky [12] obtained an analytical elasto-plastic solution for an 

oval section and Christopherson [13] used relaxation methods to find 

the elasto-plastic solution for an I-section. Nadai [14] obtained an 

approximate solution for various elasto-plastic cross-sections by 

combining the membrane and the sand heap analogies. Smith and 

Sidebottom [5] developed an analytical solution for prismatic bars of 

rectangular cross sections which have elasto-plastic material 

properties. The analysis is based on the Rayleigh-Ritz expansion and 
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the principle of stationary complementary energy. 

In members with warping restraint, Augusti [15], Boulton [16] and 

Dinno and Merchant [17] have proposed approximate methods to 

calculate the fully plastic torque for an I-section cantilever beam. 

No analytical solutions for elasto-plastic warping torsion have been 

reported. However, an experimental study of the elasto-plastic 

behaviour of I-section cantilever beams with warping restraint has 

been carried out by Dinno and Gill [18]. 

Numerical solutions for elasto-plastic pure torsion of uniform 

square solid members using the finite differences method have been 

given by Greenberg et al (19]. Itani [20] and Yamada et al [21] 

developed solutions for solid bars under torsion using stress based 

finite elements. Johnson [22] has analysed torsion in members which 

have anisotropic material properties using stress functions. 

Zhen-Sheng [23] used the boundary element method to solve the problem 

of elasto-plastic torsion of solids of revolution. 

Baba and Kajita [24] have developed a special formulation for 

pure and warping torsion using the finite element displacement 

method. The formulation is based on a combination of a two noded, 4 

degrees of freedom, beam element for torsion analysis and a four 

noded, 12 degrees of freedom, rectangular 'section-element' for 

warping analysis of the section. Their non-linear solution strategy 

is based on the determination of the warping function according to 

the state of stress distribution, and the stress distribution is 

again determined according to the newly obtained warping function. 

Bathe and Chaudhary [25] proposed warping displacement functions for 
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beams of rectangular cross-sections, these functions were employed in 

the formulation of a2 noded Hermitian based beam element and the 

formulation of a variable number of nodes isoparametric beam element 

so as to make these elements applicable to linear and non-linear 

analysis of torsion. Rajasekaran [26] described a general 

formulation for the elasto-plastic warping torsion of a thin-walled 

beam using a one-dimensional beam element. Bathe and Wiener [27] 

used the Hermitian beam element and the 9 noded shell element to 

solve the elasto-plastic problem for I-beams with warping restraint. 

1.2.2 Torsion of Plain Concrete Members 

The torsional behaviour of plain concrete rectangular members can 

be demonstrated by the series of experimental torque-twist curves 

shown in Fig. 1.1. The behaviour is essentially linear at low 

torques becoming slightly non-linear at higher torques. Failure is 

brittle and the members fail by a bending mechanism about an axis 

parallel to the wider face at an angle of 45 degrees to the 

longitudinal axis of the member [1,28]. Three approaches have been 

developed to predict the torsional strength of plain concrete 

members. These are based on elastic theory, plastic theory and 

skew-bending theory. Each of the approaches are discussed briefly in 

the following sections. 

1.2.2.1 Elastic theory 

The elastic approach assumes that the concrete is a homogeneous 

material and the stresses are distributed according to Saint-Venant's 
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theory. Torsional failure of a plain concrete member occurs when the 

maximum principal tensile stress equals the concrete tensile 

strength, ft. For a rectangular member, the elastic failure torque, 

Te, can be expressed as: 

Te - ae x2 y ft (1.1) 

Where x and y are the shorter and the longer sides of the 

cross-section respectively and ne is Saint Venant's coefficient which 

is a function of the ratio y/x. ae varies from 0.208 for y/x - 1.0 

to 0.333 for y/x - co. Experimental tests have shown that the actual 

ultimate strength- is about 50% greater than that predicted by 

equation (1.1) [28]. 

1.2.2.2 Plastic theory 

To account for the excessive observed strength, Nylander [29] 

proposed to replace Saint Venant's elastic coefficient ae by a 

plastic coefficient ap. This approach assumes a plastic distribution 

for the torsional shear stresses throughout the section. Failure is 

assumed to occur when the concrete tensile strength is exceeded. By 

applying the sand heap analogy, the plastic failure torque, Tp, of a 

rectangular member can be expressed as: 

Tp - (o. 5 - x/6y ) x2 y ft - ap X2 y ft (1.2) 

The plastic coefficient varies from 0.333 for y/x - 1.0 to 0.5 for 

Y/k - Co. 
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Although the plastic theory is able to account approximately for 

the observed extra strength, the approach is theoretically unsound 

because no significant plastic rotation has been observed and the 

failure is quite brittle, Fig. 1.1. In addition, the theory can not 

account for size effects observed in the tests. Experimental tests 

indicate that as the size of the member becomes smaller the 

calculated plastic torques are usually smaller than test values [28]. 

1.2.2.3 Skew bending theory 

Because of the difficulties involved in applying the classical 

elastic and plastic theories to plain concrete members, Hsu [28] 

investigated the torsional failure mechanism of rectangular beams 

using a high speed movie camera. The movie showed that the first 

crack appeared at the front face of the beam at an angle of 45 

degrees to the longitudinal axis of the beam. The crack gradually 

widened and spread across the top of the beam. Finally, the concrete 

crushed on the back face. Failure was similar to that of a plain 

concrete flexural member. These characteristics were noted earlier 

by Marshal and Tembe [30]. 

Based on the use of a bending mechanism for torsional failure, 

Hsu (28] derived, for the ultimate torsional strength of a plain 

concrete member, the expression 

Tn -3 X2 y(0.85 fr ) (1.3) 

where fr is the modulus of rupture of concrete. The reduction 
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factor, 0.85, appears in the equation to account for the effect of 

the orthogonal principal compressive stress on the tensile strength 

of the concrete. It may be noted that for an element on the surface 

of a member loaded in pure torsion, the resulting state of pure shear 

is equivalent to equal tension and compression principal stresses. 

Tests by McHenry and Karni [31] have shown that the presence of 

compressive stress perpendicular to the applied tension stress will 

reduce the tensile strength by about 15%. Consequently, the modulus 

of rupture should be also reduced by a factor of 0.85. 

Comparing the elastic, plastic and skew bending theories, it can 

be seen that they all include the same geometric parameter x2y. They 

only differ in the values of the non-dimensional coefficient and the 

material strength properties. 

For the flanged sections commonly used in practice such as T, L 

and I sections, the torsional strength can be calculated 

approximately using equations (1.1-1.3). For these sections, the 

total torsional strength is taken as the sum of the torsional 

strengths of each of the component rectangles [1). 

1.2.3 Torsion of Reinforced Concrete Members 

Concrete members subjected to torsion can be reinforced either 

with longitudinal bars only or with longitudinal bars and stirrups. 

The former type was found ineffective in resisting torsional moments 

after cracking. In the case of heavy reinforcement, the ultimate 

torque may at most exceed the cracking torque by about 15% [1]. 
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Therefore, members reinforced with longitudinal steel alone do not 

have significant practical importance and can be treated as plain 

concrete members for calculating the torsional strength. 

To resist torsion, reinforcement must consist of longitudinal 

bars and closed stirrups. Fig. 1.2 shows the torque-twist curves of 

a series of rectangular beams having the same cross-sections and 

reinforced with different percentages of longitudinal and transverse 

reinforcement. Each curve can be divided into two distinct stages of 

behaviour: these are before and after cracking. Before cracking, the 

behaviour is essentially similar to that of a plain concrete member. 

The amount of reinforcement has a negligible effect on the torsional 

stiffness of the member and therefore Saint Venant's elastic theory 

can be used to predict the behaviour at this stage. 

Immediately after cracking, the angle of twist increases under a 

constant torque, Fig. 1.2. The stresses in the reinforcement 

increased suddenly and a new equilibrium configuration is established 

by transferring the load to the reinforcement. 

The cracks were inclined at 45 degrees with the longitudinal 

axis. They occurred simultaneously on the wider and shorter faces of 

the member [32]. An interesting phenomenon occurs after cracking in 

which the length of member increases as the applied torque increases. 

The lengthening of the member causes the longitudinal bars to 

stretch. This stretching is necessary to develop tensile forces in 

the longitudinal bars which are required to maintain post-cracking 

equilibrium. If a member is restrained longitudinally, which is the 

case for most edge beams in reinforced concrete buildings, a 
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compression force will be induced in the member. As a result of this 

self-generated compression a concentrically prestress force will be x 

induced and therefore the torsional strength will increase [1]. 

Referring to Fig. 1.2, it can be seen that following to the 

increase of twist under constant torque the torque-twist curve rises 

again with a torsional stiffness of only a fraction of that before 

cracking. The post-cracking torsional stiffness and the ultimate 

torsional strength are strongly dependent on the percentage of 

reinforcement provided. At the ultimate stage, the longitudinal bars 

and the stirrups can both reach yield when small percentages of steel 

were used, for example beam B2 [32]. 

The theories developed to calculate the ultimate strength of 

members reinforced with longitudinal bars and stirrups can be divided 

into two categories. These are the space truss analogy and the 

skew bending theory. In the following sections, these approaches and 

the improvements they have undergone in recent years are described. 

1.2.3.1 Space truss analogy 

The first theory to predict the torsional strength of reinforced 

concrete members was proposed by Rausch [4] in 1929. The theory 

postulates that a member with an arbitrary solid cross-section is 

assumed to act like a tube so that the external torsional moment is 

resisted by the circulatory shear flow in the wall of the tube. Each 

wall segment of the tube is assumed to act like a plane truss where 

the longitudinal bars serve as the cord members while the stirrups 
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and the concrete within the segment serve as the web members. After 

cracking, the concrete is separated by the diagonal helical cracks 

into a series of inclined struts. The cracks are assumed to be 

inclined at 45 degrees to the longitudinal axis of the member. To 

resist the shear flow caused by the external torque the concrete 

struts should be in compression, while both the stirrups and the 

longitudinal bars are in tension. 

The theory assumes that the space truss is made up of 45 degree 

diagonal concrete struts, longitudinal bars and stirrups. The 

diagonal concrete members carry only axial compression and the 

reinforcement carries only axial tension, i. e the shear resistance of 

concrete and the dowel action of reinforcement are neglected. In 

addition, the concrete core does not contribute to the ultimate 

torsional resistance. Experimental tests by Hsu [32] revealed that 

the behaviour close to failure and the ultimate capacity of a solid 

rectangular member are identical to those of a member of hollow 

section with the same overall dimensions, material properties and 

steel arrangement. These results confirmed Rausch's assumption that 

the torsional moment is carried mainly by the outer shell. 

The space truss model considered is shown in Fig. 1.3 for a 

rectangular hollow member reinforced with four longitudinal corner 

bars and close stirrups with spacing s. By considering equilibrium 

conditions for this model, Rausch derived the following expression: 

2A, Atfs 2A, Al fl 
T 

su 
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where T is the torsional strength of the member, A, is the area 

bounded by the centre line of a closed stirrup, At is the 

cross-sectional area of the stirrup leg, Al is the cross-sectional 

area of the total longitudinal bars, fs and fl are the allowable 

stresses of the stirrups and longitudinal bars respectively and u is 

the perimeter of the area A,. 

The above expression, which was based on the working stress 

design method, was adopted by several codes in the 1950s. Using the 

ultimate strength concept and assuming that both the longitudinal and 

transverse reinforcement reach yielding, the nominal torsional 

strength, Tn, can be expressed as: 

Tn 
2 A, At fsy 2 A, Al fly 

ss 

su 
(1.5) 

where fsy and fly are the yield strengths of the stirrups and the 

longitudinal bars respectively. 

Assuming that the stirrups and the longitudinal steel have the 

same yield stress, the total area of the longitudinal bars can be 

obtained from (1.5) as 

u 
Al - At - At 

s 

2 (x, + y, ) 

S 

(1.6) 

Where x, and y, are the smaller and the larger centre to centre 

dimensions of the stirrup. Equation (1.6), which is the so-called 

equal volume principle, states that the volume of all longitudinal 
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bars within the spacing s should equal to the volume of one closed 

stirrup. 

Although the space truss concept gives a clear understanding of, 

the main function of concrete and reinforcement in resisting torsion, 

Rausch's equation significantly overestimates the actual strength of 

reinforced concrete members [1,32]. For this reason, several 

approaches have been developed over the past half-century to modify 

equation (1.5). 

The first approach assumes that the reinforcement is only 

partially efficient. An efficiency factor, which is less than unity, 

to modify (1.5) was suggested by Andersen [33] in 1934. This is 

because Rausch's truss analogy assumes uniform stress along all the 

reinforcement which contradicts Saint Venant's stress distribution. 

For a rectangular member, the distribution of stresses according to 

Saint Venant's theory requires that maximum stress occurs at the 

middle of the wider face of the cross-section and zero stress occurs 

at the corners. In addition, Andersen suggested that the concrete 

also contributes to the torsional strength. Hence, in terms of 

ultimate strength, Andersensequation can be expressed as: 

Tn Te + Xs 
2 A, At fsY 

(1.7) 
s 

where Te is the torsional resistance of the concrete predicted by 

Saint Venant's theory, equation (1.1), and Xs is the efficiency 

coefficient of reinforcement which varies from about 0.667 to 1.0 

depending on the shape of the cross-section and the number of 
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reinforcing bars [1]. 

Andersen's coefficient has not been widely accepted because it 

lacks rigour in derivation and is tedious to calculate [1]. In 1950, 

Cowan [34] obtained a simple and logical efficiency coefficient using 

the strain energy method and Saint Venant's strain and stress 

distribution for rectangular cross-sections. It was shown that the 

coefficient Xs varies from 0.7898 to 0.844 for y, /x, from 1.0 to 3.0. 

Taking >s as a constant value of 0.8, equation (1.7) can be modified 

to give 

Tn - Te + 1.6 
A, At fsy 

(1.8) 
s 

It should be noted that the Saint Venant's stress and strain 

distribution is only correct before cracking. Tests have shown that 

the stresses along the longitudinal steel and stirrups are 

essentially uniform in the post-cracking range and do not vary 

according Saint Venant's distribution [32]. 

The second modification to Rausch's equation was to reduce the 

area Al by making an arbitrary definition for the centre line of the 

shear flow. In 1969, Lampert and Thürlimann [35] assumed that the 

perimeter connecting the centroids of the corner longitudinal bars 

represented the centre line of the shear flow. In this approach, the 

45 degree truss model is generalised in order for it to apply also 

for members under combined torsion and bending. It was assumed that 

the angle of inclination of the concrete struts could deviate from 45 

degrees and was taken as a variable. The approach which is known as 
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the variable-angle truss model was adopted by the CEB-FIP Model Code 

[36]. According to this model, the torsional strength of a 

reinforced concrete member is given by 

Tn - Tcv +2 
A2 At fsy 

coca (1.9) 
s 

where A2 is the area bounded by the lines connecting the' centres of 

the corner longitudinal bars, a is the angle of inclination of the 

concrete struts, 3/5 4 tana 4 5/3, and Tcv is the torsional 

resistance contributed by concrete given by 

Tcv - Tc for Tn 4 Tc 

Tcv - 0.0 for Tn 13 Tc 

(1.10) 

(1.11) 

Intermediate values for Tcv can be determined by linear 

interpolation. In the above expressions Tc can be found from 

Tc - 2.5 rr td (2 A2) (1.12) 

where td is the effective wall thickness taken as one-sixth of the 

diameter of the largest circle which can be contained within the area 

A2 and 

ft (0.124 fC)2/3 
Tr -- (1.13) 

44 

In the above expression the concrete compressive strength fc and the 

tensile strength ft are in MPa. 
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Because the longitudinal bars are always placed within the 

stirrups, the area A2 will be less than A, and therefore the 

torsional strength obtained by (1.9) will be less than that of (1.5) 

even with the inclusion of Tcv and cota [37]. 

The third approach which was suggested by Collins and Mitchell 

[38] in 1980 assumes that the centre line of the shear flow coincides 

with the centroidal line of the equivalent compression stress block. 

In this approach, the concrete cover outside the centre line of the 

stirrups is assumed to be ineffective. Hence, the following 

expression was proposed 

Ao At fsY 
Tn -2 cots 

s 
(1.14) 

where A. is the area bounded by the centroidal line of the equivalent 

compression stress block. An approximate value of A. is given by 

Ao - A, - p, td/2 (1.15) 

where p, is the perimeter of the centre line of a stirrup and td is 

the depth of the equivalent compression stress block given by 

A, Tn pi 1# 
td -1-1- tans + (1.16) 

Pi 0.85 fý A, tans 

Although the expression for the equivalent rectangular 

compression stress block has been found using both equilibrium and 

compatibility conditions, Collins and Mitchell's theory invokes the 
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crude assumption of neglecting the concrete cover. Hsu and Mo [37) 

have pointed out that the depth td calulated from (1.16) is too small 

because the standard cylinder compressive strength has been assumed 

for the strength of the concrete struts. In fact, the concrete 

compressive strength can be substantially degraded by the presence of 

diagonal cracking. Tests by Robinson and Demoriux [39] and by 

Vecchio and Collins [40] revealed that the tensile straining of 

transverse reinforcement can cause a significant reduction in the 

concrete compressive strength. 

In 1985, Hsu and Mo [37] proposed a new variable-angle truss 

model using a reduced compressive strength for the concrete struts. 

Based on both equilibrium and compatibility, a set of eight equations 

G-e4 S 
were derived to predict the torsional strength, and to determine the 

angles of twist and the strains in the steel and concrete at any 

stage of loading. These equations are not suitable for design 

purposes because they need to be solved by a trial and error 

procedure. In a second paper, Hsu and Mo [41) proposed several 

simplifications for design including a simple formula to obtain the 

depth of the compression stress block and limits on the maximum and 

minimum reinforcement and concrete cover. 

For the truss model proposed by Hsu and Mo, the torsional 

strength can be calculated using (1.14). In this case, an approximate 

value of the area bounded by the centroidal line of the equivalent 

stress block, A0, is given by 

Ao - Ac - pc td/2 (1.17) 
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where Ac is the cross-sectional area within the outer perimeter of 

concrete and pc is the outer perimeter of the concrete cross-section. 

The depth of the equivalent compression stress block is given by 

A rn 2 
td -1-1- (1.18) 

PC kX fý sin2a 

where X is the compression strength reduction factor of concrete, k 

is the ratio of the average concrete compression stress to the peak 

stress and rn is the torsional stress given by 

rn - 
Tn Pc 

Ac 
(1.19) 

Hsu and Mo [41] proposed a simplified form of (1.18) in which kX is 

taken as 0.4 

Ac. 
td - 1- 1- 

Pc 

Tn 1 

0.2 fc sin2a 
(1.20) 

This assumption was found to be unsatisfactory because the depth td 

is quite sensitive to the coefficient kX. A more logical expression 

has been obtained using a complex trial and error method for 61 

selected specimens from tests reported in the literature. For 

specimens with equal volume of longitudinal and transverse steel and 

for which a- 45 degrees, a linear regression gave the following 

simplified expression 

td pc Tn 
0.082 + 3.405 

Ac fC 
(1.21) 
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The effect of a can be incorporated by dividing the right hand side 

of (1.21) by sin2a , thus 

td Pc 
- 0.082 

Ac 

Tn 1 
+ 3.405 

fc sin2a 
(1.22) 

1.2.3.2 Skew-bending theory 

The second group of theories to determine the ultimate strength 

of reinforced concrete members under pure torsion and torsion plus 

bending use the skew-bending approach. The basic characteristic of 

this approach is the formation of a skew failure surface. The failure 

surface is initiated by a helical crack along three faces of the 

member. The ends of the helical crack are connected by a compression 

zone near the fourth face. The surface intersects both the closed 

stirrups and the longitudinal steel which are often assumed to reach 

yield at collapse. Based on this assumption, the torsional strength 

can be determined by considering the equilibrium of the internal 

forces which are transmitted across the failure surface. 

The first skew-bending theory was proposed by Lessig [42] in 1958 

for members subjected to torsion in combination with bending and 

shear. Two possible modes of failure for a rectangular reinforced 

concrete beam were suggested. Mode 1 failure, in which the flexure 

dominates, has the compression zone near the top face of the beam. 

In mode 2 failure, in which the torsional moment and shear force 

dominate, the compression zone is along a side face. For each mode 

of failure, two equilibrium conditions can be established by taking 
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moments about the neutral axis and resolving forces along the normal 

to the compression zone. A third equation was obtained by minimising 

the torsional strength of the member to determine the angle of 

inclination of the helical crack that initiates the failure surface. 

The set of the equations produced by Lessig can be solved by a trial 

and error procedure. 

Lessig's theory was simplified and incorporated in the Rus n 

Code of 1962 [43]. An empirical equation to avoid failure by shear 

was proposed and empirical limits were given in order to prevent the 

concrete crushing prior to yielding and to ensure yielding of both 

longitudinal and transverse reinforcement. 

In 1968, Hsu [32] conducted a series of tests on solid and hollow 

rectangular reinforced concrete beams under pure torsion. The 

skew-bending mechanism of the torsional failure was investigated. It 

was suggested that to simplify the analysis the failure surface could 

be taken as a plane inclined at ä 45 degrees to the longitudinal axis 

of the beam, Fig 1.4. By assuming that both the longitudinal bars 

and the stirrups yield at failure, Hsu derived an expression for the 

torsional strength of an underreinforced rectangular beam. The 

derivation is based on the equilibrium of internal forces transmitted 

across the failure plane. The equation proposed by Hsu is given by 

Tn - Tc + at 
Xý yý At fsy 

(1.23) 
S 

where Tc is the torsional resistance contributed by the concrete and 

is given by 
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X2 y Tc -(2.4fcl) 
3 

and at is a coefficient given by 

at - 0.66 m 
fly , 0.33 y 
fsy X, 

4 1.5 

(1.24) 

(1.25) 

where m is the ratio of the volume of the longitudinal bars to 

stirrups. 

It can be seen that the equation proposed by Hsu which was 

adopted by the ACI Building Codes since 1971 [2] takes the same form 

as equations (1.7-1.9) derived using the space truss analogy. The 

term Tc in (1.23) was originally assumed to be the contribution of 

the concrete core within the reinforcing cage. However, experimental 

tests by Hsu [32] revealed that, for the same overall dimensions and 

reinforcement, the failure torques of solid and hollow rectangular 

beams are equal. Therefore the term Tc can only be attributed to the 

contribution of shear resistance of the diagonal concrete struts [1]. 

The coefficient at used in Hsu's equation is considerably less 

than either Rausch's 2.0 or Cowan's 1.6. Tests by Hsu [32) showed 

that both Rausch's and Cowan's equations are unconservative. Based 

on additional experimental investigations carried out since 1968, Hsu 

[44] has updated the expression for the coefficient at to be given by 

at -m 
fly 

1+0.2 
y, 

4 1.6 (1.26) 
fsy X1 
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1.2.3.3 Finite element models 

In the previous sections, the various versions of the space truss 

analogy and the skew-bending theory have been discussed. These 

approaches have been used for the design of reinforced concrete 

members and to predict their ultimate strength. It was found that 

the first space truss model proposed by Rausch overestimated the 

actual strength of the members. The various theories suggested to 

modify Rausch's equation were actually based on arbitrary assumptions 

such as applying an efficiency factor for reinforcement, assuming an 

arbitrary definition for the centre line of the shear flow or 

deleting the concrete cover. 

Although these approaches are used for design purposes, they are, 

apart from the truss model' proposed by Hsu and Mo, theoretically 

unsatisfactory because of the arbitrary assumptions used to bring 

Rausch's equation in line with test results. The unconservative 

nature of Rausch's equation is caused by the deterioration of the 

compressive strength of concrete due to presence of the tensile 

straining of the transverse reinforcement. This deterioration causes 

the centre line of the shear flow to shift towards the interior 

regions of the cross-section. Hence, the lever arms of the internal 

couples will decrease and finally the torsional resistance will 

reduce. 

From the above it can been seen that the behaviour of reinforced 

concrete members loaded in torsion has received considerable 

attention. However, despite the numerous tests carried out on 

reinforced concrete beams and the significant developments in the 
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analysis of such members, there are still aspects of the torsional 

behaviour which are not well understood. The rapid increase in the 

power of digital computers in terms of both storage capacity and 

computational cost make it possible to investigate the response of 

reinforced concrete torsional members using the finite element 

analysis. 

Most finite element models utilise two-dimensional idealisations 

for the analysis of reinforced concrete members. Very little work 

has been done to model reinforced concrete members as 

three-dimensional solids. However, such an idealisation may be 

necessary even for prismatic members under the relatively common 

states of loading, for example pure torsion, torsion in combination 

with bending and biaxial bending. 

Mehlhorn and Gönner [45] developed a three-dimensional non-linear 

elasticity based finite element model. In this model, the 8 noded 

linear brick element was used to represent concrete. The 

reinforcement was idealised as discrete bar elements with a linear 

displacement function. The model was tested using the experimental 

results for a single reinforced concrete segment loaded in torsion. 

The finite element solution overestimated the experimental collapse 

torque. No further details were given in the study. 

To predict the torsional strength of reinforced concrete members 

and in order to understand better their behaviour throughout the 

entire loading history, Mohamed [46] used a three-dimensional 

non-linear finite element analysis. In this study, the 20 noded 

isoparametric brick element and the embedded representation of 
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reinforcement were used. A non-linear elasticity based material 

model was adopted for concrete with the inclusion of crushing and 

cracking cirteria. No attempt was made to model the degradation in 

the concrete compressive strength due /orthogonal 
cracking. The 

&> 
results of analysis of rectangular beams under pure torsion showed 

that the best fit to the experimental torque-twist curves was 

obtained by neglecting the tension-stiffening effects. 

1.3 Objectives and Layout of the Thesis 

The development of a general three-dimensional finite element 

model capable of simulating the behaviour of a variety of reinforced 

concrete structures subjected to general loading states would 

provided a valuable analytical and research tool. For such a model 

to succeed, the important material parameters governing the behaviour 

of reinforced concrete structures must be accounted for. For 

structures which fail in shear or torsional modes, special emphasis 

needs to be given to the modelling of the reduction in the concrete 

compressive strength produced by orthogonal cracking. 

The main object of this research was therefore to develop a 

finite element computer program for the non-linear analysis of 

three-dimensional reinforced concrete or steel structures under 

monotonically increasing loads. Analysis of reinforced concrete 

panels in pure shear, beams in torsion and combined torsion plus 

bending and voided slab strips in pure bending have been carried out. 

The computer program has also been used to study the effects of some 

material and numerical parameters used in the finite element model. 
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The inclusion of models for both steel and concrete allowed the 

program to be used also to analyse homogeneous beams which have 

elasto-plastic material properties and subjected to torsion. 

The basic concepts of the finite element method and the 

derivation of the governing equilibrium equations using the principle 

of virtual displacements are presented in Chapter 2. The 20 noded 

isoparametric brick element which has been used to model concrete and 

the embedded representation of reinforcement are described. The 

numerical integration rules used to determine the element stiffness 

matrices are also given. 

In Chapter 3, the plasticity model used for concrete in 

compression and the smeared crack model used for concrete in tension 

are described together with the elastic linear work-hardening model 

used for the reinforcement. 

Chapter 4 deals with the non-linear solution techniques used to 

solve the non-linear equations. The incremental-iterative 

Newton-Raphson methods and the line search technique used in this 

work are described. 

In Chapter 5, analyses of elasto-plastic homogeneous beams loaded 

in torsion are described. The finite element solutions are compared 

with exact or approximate analytical solutions. Parametric studies 

to investigate the effects of mesh refinement, different types of 

element and integration rule are also described. 

Chapter 6 deals with the analyses of reinforced concrete panels 
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loaded in pure shear and voided slab strips under pure bending. A 

study of the effect of reducing the concrete compressive strength in 

presence of orthogonal cracking is given. 

In Chapter 7, The results of analysing a series of reinforced 

concrete rectangular beams under pure torsion and torsion plus 

bending are presented. The numerical tests carried out are compared 

with experimental results. A parametric study to investigate the 

effects of some of the material and numerical parameters is also 

presented. 

Finally, Chapter 8 summarises the conclusions drawn from this 

research. Recommendations and suggestions for future work are given. 
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Fig. 1.1 Torque-twist curves of plain concrete beams (series A 
in Ref. 28). 
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Fig. 1.2 Torque-twist curves of beams with various percentages 
of reinforcement (series B in Ref. 32). 
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CHAPTER TWO 

BASIC CONCEPTS AND FINITE ELEMENT FORMULATION 

2.1 Introduction 

In the last two decades the finite element method has emerged as 

one of the most powerful techniques for the numerical solution of a 

variety of problems in engineering. The origins of the method go 

back to the lattice analogy concept of McHenry [1] and the early 

attempts of Hrenikof [2] who introduced the framework method to 

represent a plane elastic solid as a collection of discrete elements. 

In 1943, Courant [3] used an assemblage of triangular elements and 

the principle of minimum potential energy to find an approximate 

solution to the Saint Venant torsion problem. In the mid 50-s, 

Argyris and Kelsey [4] developed efficient solution techniques for 

analysing complicated structural configurations. These techniques 

were used in the aircraft industry. In the same period, Turner et al 

[5] gave the actual solution to plane stress problems using 

triangular elements. Clough [6] appears to be the first to use the 

term finite element in a paper on plane elasticity problems in 1960. 

Since then the method has received widespread use in the fields of 

engineering and mathematics. 

The finite element method gained a foundation when it was 

recognised by many researchers [7-10] that it is a form of the Ritz 

method. It is applicable to many different variational problems in 

areas outside the field of solid mechanics such as fluid mechanics, 
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heat transfer, magnetic fields, etc. 

The finite element method has been described extensively in the 

literature. A comprehensive discussion of the method and its 

applications is given in several texts [11-18] amongst which may be 

mentioned particularly that of Zienkiewicz [11]. Therefore, only a 

brief description of the finite element concept is given in section 

2.2. The formulation of the equilibrium equations governing the 

behaviour of a continuum using the principle of virtual displacements 

is presented in section 2.3 and the discretisation process of the 

equilibrium equations is given in section 2.4. Section 2.5 deals 

with the convergence requirements for a discrete model. The finite 

element representation of concrete and reinforcement bars and the 

elements used in the present study are described in section 2.6. In 

section 2.7, the numerical calculation of stiffness matrices and the 

integration rules implemented in this work are presented. 

2.2 The Finite Element Concept 

- In the context of structural mechanics, the classical analysis of 

continuous systems depends basically on consideration of the 

properties of small differential elements of the system. 

Equilibrium, compatibility and the constitutive relations associated 

with the infinitesimal element are established. Partial differential 

equations or integral equations governing the behaviour of the entire 

domain are obtained by allowing the dimensions of the element 

considered to approach zero as the number of the elements becomes 

infinitely large. 
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In practice, most of the problems are too complicated and exact 

mathematical solutions for the governing differential equations are 

only obtained for a limited class of structures of simple geometry 

and load carrying characteristics. Consequently, numerical methods 

such as the finite element method and the finite differences method 

have been used to achieve approximate solutions for realistic types 

of problem. 

In the finite element displacement method, the continuum with an 

infinite number of degrees of freedom is represented by a discrete 

model which has a finite number of degrees of freedom. The discrete 

model is composed of subregions, or elements, of finite size which 

have a simpler geometry than that of the continuum. A finite number 

of points, or nodes, are identified on the element, where the finite 

elements are to be joined and conditions of equilibrium and 

compatibility are to be enforced. Displacement functions within each 

element are assumed so that the displacements at each point within 

the element are dependent upon nodal values. An important aspect of 

the finite element concept is that an individual element may be 

considered in isolation from the assemblage of finite elements. 

Therefore the displacement functions over the element in terms of the 

nodal values can be approximated independently of the ultimate 

location of the element within the discrete model. Thus, it is 

possible to develop an assemblage of various finite elements in which 

the nodal values of the assumed local displacement functions are left 

arbitrary [12,19]. 
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2.3 Equations of Equilibrium 

This section deals with the derivation of the equilibrium 

equations governing the behaviour of a continuum. Vectors and 

matrices will be distinguished from scalar quantities by underlying 

wavey lines. Small letters will be used for vectors and capital 

letters will be used for matrices. 

Consider a general three-dimensional body, or continuum, acted 

upon by a system of external forces, let the cartesian coordinate 

system (x, y, z) be used to describe its spatial position. The 

external forces may comprise surface tractions, acting over part or 

whole of the external surface of the body, 

(2.1) c-t tx ty tz 1 

and body forces, acting through the volume of the body, 

b-( bX by bz ] (2.2) 

Due to these forces a particle of the body located initially at a 

point p(x, y, z) undergoes a displacement having components u, v and w 

in the x, y and z directions respectively. Components of the 

displacement at point p are given by the vector: 

u-[uv w)T (2.3) 

Since geometrical non-linearities are not considered in the present 

work, displacement gradients remain small throughout the loading 
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process and hence engineering components of strain can be expressed 

in terms of the first partial derivatives of the displacement 

components. Therefore, the linearised strain-displacement 

relationships may be written as: 

Ex 

Ey 

EZ 

yxy 

yyz 

Yzx 

äu 
uz 

av 
zY 

caw 
uz- 

au 
+ 

av 
dY 97 

av aw 

U-Z 07 
aw au 

The corresponding vector of stresses is given by: 

[ OrX CTy UZ T Xy T yZ T ZX 
JT 

(2.4) 

(2.5) 

The vectors of stresses and strains are related through the 

constitutive matrix, D, as: 

g-DF (2.6) 

The principle of virtual displacements of a deformable body is 

used to establish the governing equations of static equilibrium. It 

states that a deformable body is in equilibrium if the total work 

done by all the external forces plus the total work done by all the 

internal forces during any kinematically admissible virtual 

displacement is zero [20]. Symbolically the principle is expressed 
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as: 

SWint - SWext -0 (2.7) 

The external work can be expressed as the work done in moving the 

body forces b and the surface tractions t through the virtual 

displacement, äu, as: 

SWext - 
auT b dV + JauT t dS (2.8) 

VS 

where V is the volume of the body and S is that part of the surface 

of the body where the external tractions are prescribed. The change 

in the strain energy, internal work, due to a set of virtual 

strains, ae, corresponding to the virtual displacements is: 

Swint - aET g dV (2.9) 

V 

Substitution of equation (2.6) into (2.9) yields: 

5Wint -J aET De dV (2.10) 

V 

By making use of (2.8) and (2.10), equation (2.7) may be expressed 

as: 
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aET DE dV - 3uT b dV - auT t dS -0 (2.11) 

VS 

The above expression represents the equations of static equilibrium 

for a general body. 

2.4 Discretisation of the Equilibrium Equations 

In finite element analysis, the general three-dimensional body is 

approximated as an assemblage of an arbitrary number of finite 

elements, n, with the elements being interconnected at nodal points 

on the element boundaries. 

Consider a finite element, e, of the discrete model and let the 

displacement vector at any point within the element, ue, be 

interpolated as: 

ue -N ae (2.12) 

where N is a matrix containing the interpolation functions which 

relates the displacements, ue, to the nodal displacements, ae. The 

corresponding strains, fe, are obtained by the differentiation of the 

displacements such that: 

Ee - Aue (2.13) 

where A is a matrix which contains the differential operators. 

Substitution of equation (2.12) into (2.13) yields: 
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Ee -B ae 

where B is the strain-displacement matrix given by: 

B-AN 

(2.14) 

(2.15) 

The strain-displacement matrix gives values of strain, at any point 

within the element, due to unit values of nodal displacements. In 

the discrete model, the equations of equilibrium of the continuum may 

be written as the sum of the integrations over the volume and surface 

area for all the finite elements. Therefore, by making use of (2.12) 

and (2.14), equation (2.11) becomes: 

äaT{LJ BTDBdVeae -IJ NT bedVe -Z NTtedSe}-0 
nnn 
Ve Ve Se (2.16) 

Since the vector of the virtual nodal displacements, aa, is 

arbitrary, the following set of algebraic equations may be obtained: 

9a-f (2.17) 

where K is the stiffness matrix of the element assemblage and is 

given by: 

K-! BT DB dVe, 
n 

Ve 

(2.18) 
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a is the corresponding element assemblage nodal displacement vector 

and f is the element assemblage external nodal force vector given by: 

f-I NT be dVe + NT to dSe (2.19) 
nn 

Ve Se 

The summation of the element volume integrals in (2.18) implies the 

direct addition of the element stiffness matrices to obtain the 

stiffness matrix of the total element assemblage. In the same way, 

the body force vector and the surface traction vector of equation 

(2.19) are calculated by direct addition of the element body force 

vectors and the element surface traction vectors. This process is 

referred to as the direct stiffness method (5). 

2.5 Convergence Requirements of the Discrete Model 

The analysis of an elastic continuum by the method of finite 

elements must converge to the results implied by the 'exact' theory 

as the network of elements is refined. To guarantee monotonic 

convergence, the interpolation functions of (2.12) have to be chosen 

so that completeness and compatibility requirements are satisfied 

[21,22] . 

The completeness requirement ensures that the displacement field 

representation allows for the possibility of rigid body displacement 

and constant strain states within the element. Because the 

infinitesimal elements of the original continuum represent a state of 

constant strain, the finite sized elements of the discrete model must 
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therefore be able to produce this state as they get smaller [23,11). 

The compatibility requirement ensures that the displacement 

functions within the element and across its boundaries are 

continuous, i. e no interlement gaps or overlaps between adjacent 

elements are allowed to occur. Thus, the strains at the interface 

between elements must be finite [11]. In the case of 

three-dimensional elasticity, strains are defined by first 

derivatives, equation (2.4), and hence the displacements only have to 

be continuous, CO continuity [24,11). 

Elements whose interpolation functions violate compatibility 

requirement are called incompatible or non-conforming. These 

elements may be valid and good results using such elements can still 

be obtained provided that the incompatibilities disappear with 

increasing mesh refinement. This condition is always achieved, if 

the completeness requirement is satisfied and the constant strain 

condition automatically ensures displacement continuity [11,13). 

To investigate whether a group of non-conforming elements is 

complete, the patch test has been introduced by Irons [25,23]. It is 

a numerical test which extends the philosophy of the constant strain 

requirement from an individual element to an assemblage of elements. 

In this test an arbitrary group of elements is subjected to a set of 

nodal displacements corresponding to a constant state of strain 

throughout the patch. If the element strains then represent the 

constant strain state, the patch test is passed and the completeness 

requirement is satisfied by the element group. 
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2.6 Finite Element Idealisation 

Because of the large amount of computational effort involved, 

very little work has been done in modelling reinforced concrete 

members as general three-dimensional solids. However, such 

representation is necessary for the finite element application to 

reinforced concrete beams in torsion. In the present study, concrete 

is simulated by hexahedral brick elements and reinforcement bars are 

modelled as one-dimensional embedded elements built into the 

three-dimensional concrete elements. 

2.6.1 Concrete Idealisation 

Two-dimensional finite element idealisation has been widely used 

in extensive investigations carried out over the last two decades to 

model the behaviour of reinforced concrete members. This type of 

idealisation is adequate to represent the state of stress in most 

cases and it is computationally cheaper than the full 

three-dimensional idealisation. Constant strain triangular elements 

were used in the early two-dimensional finite element applications 

because of their simplicity and their ability to model structures 

with irregular boundaries [26,27]. Linear isoparametric 

quadrilateral elements have also been implemented to represent 

concrete. The use of these elements allows increased element size 

within the mesh and reduces the total number of degrees of freedom 

compared with triangular elements [28). Higher order isoparametric 

elements have also been used because of their ability to be distorted 

into more arbitrary shapes [29,11]. In particular, isoparametric 
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elements with quadratic or cubic shape functions become highly 

competitive because of their overall performance and versatility over 

simpler types of element. In spite of a high order element requiring 

more time to formulate, a considerable saving in computing effort is 

obtained due to the smaller number of elements required to conduct 

the analysis [11). 

Al+hough two-dimensional finite element modelling is adequate for 

many cases, full three-dimensional idealisation may be necessary 

even for prismatic reinforced concrete beams subjected to a 

relatively simple state of loading such as pure torsion, torsion plus 

bending and biaxial bending. In three dimensions, the elements 

equivalent to the triangle and rectangle are the tetraherdron and the 

hexahedron respectively . Simple tetrahedral elements appear to have 

been introduced in the literature by Gallagher et al [30], Melosh 

[31] and Argyris [32]. A major disdvantage of this type of element 

is the difficulty of subdividing a volume space into tetrahedral 

shapes as compared to the convenient subdivision into hexahedral 

bricks. A comparison of the numerical performance of a simple and a 

high order tetrahedra and a simple and a high order hexahedra has 

been made by Fjeld [33] using relatively simple elastic problems 

involving bending and torsion of stocky cantilever beams. It was 

concluded that for the same total number of degrees of freedom high 

order elements are superior to simple elements and hexahedral 

elements are superior to tetrahedral elements. Clough [34] has also 

considered some beam type problems using both tetrahedral and 

hexahedral elements. It was also concluded that hexahedral elements 

perform better than tetrahedral elements do. The hexahedral elements 

considered in the study were the linear eight noded element and the 
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quadratic 20 noded element. The later gave superior performance over 

the former on a solution-time basis. 

In application to torsion, a major advantage of the 20 noded 

quadratic element over the 8 noded linear element is that the 

warping displacement of beam cross section, which is a quite complex 

function, can be adequately approximated with fewer elements within 

the cross section. Therefore, the 20 noded quadratic element has 

been adopted in this study in order to minimise the number of 

elements required to conduct the computationally expensive 

three-dimensional finite element analysis. This element has been 

successfully used in many three-dimensional non-linear reinforced 

concrete studies [35-37]. 

2.6.1.1 The 20 noded isoparametric element 

The 20 noded isoparametric quadratic brick element shown in Fig. 

2.1a is used throughout the present study to represent the concrete. 

The element employs serendipity shape functions to define the 

displacement field within its boundary in terms of displacement 

values at the nodes. Each nodal point has three translational 

degrees of freedom u, v and w along the cartesian coordinates x, y 

and z respectively. A total of sixty degrees of freedom are 

therefore specified for each element. 
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a) Shape functions 

For an element, the natural local coordinate system (, 'j) is 

usually used to express the displacement components. The origin of 

the local coordinate system is the centre of the element and each of 

the local coordinate lines ranges from -1 to +1, Fig. 2.1b. 

Displacement components at a particular point p(E, 17, t) are defined 

using the nodal values at each of the twenty nodes and the quadratic 

shape functions such that: 

u(E, 71, j) -i`1 Ni(E, 77j). ui 

2 
VU -11, x) - Ni (Z . 17. t) vi 

1 -1 

zo 
WQ 71. r) -1-1 Ni (t 71,0 . wi 

(2.20) 

where Ni(Z, 77, t) is the shape function at the ith node at which the 

nodal displacements are ui, vi and wi. The serendipity shape 

functions of the 20 noded brick element are given by: 

For corner nodes ti-±1 ? li !1 ri *_1 

Ni(:.? 7. r)ý 8 (1+. E1)(1+77711)(1+rri)(: fi+77711+rri-2) (2.21) 

For mid-side nodes ti-O -qi-=1 ti-±1 
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Nii 71, t)- 4 (1-E2)(1+ppi)(1+fli) (2.22) 

For mid-side nodes Ei-! 1 qi-O ri-tl 

Ni(t 17, t)- 4 (1+EEi)(1-n2)(1+tti) (2.23) 

For mid-side nodes ti-±l 77i-±l ri-O 

Nii, i7j)- 4 (1+EEj)(1+ppi)(1-r2) (2.24) 

In order to satisfy a rigid body displacement of the element, each of 

the twenty shape functions has a value of unity at its specified node 

and the summation of all shape functions at any point within the 

element is also equal to unity. 

In the isoparametric group of elements, the interpolation shape 

functions are also used to define the geometry of the element. 

Therefore, the cartesian coordinate values of any point p(E, i, r) 

within the element may be defined as: 

0 
xU 0-:. Ni(Z, 17, t). xi 

i-i 

20 

(2.25) 
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zi . 77, r) 
i1 

Ni(E 71,0 zi 

where xi, yi and zi are the cartesian coordinates of node i. 

b) Strain-displacement representation 

For a three-dimensional finite element, cartesian component of 

strains are related to nodal displacementsby equation (2.14) which 

may be written in the expanded form as: 

ex 

Ey 

20 
EZ 

lýl 

YXy 

ryz 

Yzx 

arri 
ZR 
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ZY 
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0 

0 
aNi 
3i 

0 

aNi 
zY 

äNi 
u-z 

ui 

vi 

vi 
(2.26) 

Since the shape functions Ni, given in (2.21-2.24), are functions of 

the local coordinates rather than the Cartesian coordinates, a 

relationship needs to be established between the derivatives in the 

two coordinates systems. By using the chain rule for partial 

differentiation the relation can be expressed in matrix form as: 
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(2.27) 

The terms such as äx/3s occurring in the Jacobian matrix j can be 

obtained by differentiation of (2.25). The Jacobian matrix may be 

expressed as: 

ixi L iYi G izi 

E)Nixi 
B-n G iyi 

77-7 
7izi 

iXi iyi lzi 

(2.28) 

In order to complete the definition of the strain displacement 

matrix, derivatives with respect to cartesian coordinates appearing 

in (2.26) are obtained by the inverse relationship of (2.27) as: 

')Ni aNi 
BR 

'Ni 1 sJ 
'Ni 

BY 

äNi 
u - 

aNi 
z UF 

where J'1 is the inverse of Jacobian matrix given by: 

(2.29) 
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c) Stiffness matrix calculation 

(2.30) 

For an element of volume V, the stiffness matrix presented in 

equation (2.18) may be expressed as: 

Ke - BT DB dVe 

Ve 

(2.31) 

For three-dimensional elements, the differential volume, dVe, may be 

written as: 

dye - dx dy dz (2.32) 

Equation (2.32) can be transformed into the natural coordinates as: 

dye - IJ I dE dry dr (2.33) 

where IJI is the determinant of the Jacobian matrix. The limits of 

integration in the natural coordinates become -1 and +1 and the 

element stiffness matrix can therefore be written as: 

52 



+1 +1 +1 

Ke -f 
f 

1 BT D B 011 dt dry di' 
J 

-1 
J 

-1 -1 

(2.34) 

In general it is not possible to evaluate the element stiffness 

matrix explicitly. Thus, numerical integration techniques have been 

usually used. 

2.6.2 Reinforcement idealisation 

In reinforced concrete members, three alternative representations 

have been usually used to simulate the reinforcement in the finite 

element method [27,38,39]: 

a) discrete representation 

b) distributed representation 

c) embedded representation 

A discrete representation by using one-dimensional elements to 

idealise the reinforcement has been widely used. Axial force 

members, or bar links, may be implemented and assumed to be pin 

connected with two degrees of freedom at each nodal point. Beam 

elements may also be used and assumed to resist axial force, shear 

and bending; three degrees of freedom are assumed at each end. In 

either case, the one-dimensional elements are easily superimposed on 

the multi-dimensional finite elements representing the concrete. The 

major advantages of the discrete representation are its simplicity 

and its capability to adequately account for bond-slip and dowel 

action phenomena [40,41). In three-dimensional finite element 
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analyses of reinforced concrete beams, the locations of longitudinal 

bars and stirrups dictate mesh choice and size of the brick 

elements. Since the longitudinal bars are close to each other and 

concrete protection cover is relatively small compared with the 

dimensions of the member, a large number of brick elements would be 

required to model the member. Hence the cost of such analyses in 

terms of the computation time would be extremely expensive. Another 

serious disadvantage is that in order to keep the number of elements 

small the elements would become slender and hence the need to keep 

the aspect ratio as close to unity as possible would be violated. 

For these reasons, this approach is not used in the present study. 

For a distributed representation, reinforcement bars are assumed 

to be distributed over the concrete element in any specified 

direction. A composite concrete-reinforcement constitutive relation 

is used in this case [27]. To derive such relation, perfect bond 

between the concrete and the steel bars must be assumed. 

The embedded representation is often used with higher order 

isoparametric concrete elements [27,38]. The reinforcing bar is 

considered to be an axial member built into the isoparametric 

concrete element such that its displacements are consistent with 

those of the element, Fig. 2.2. Perfect bond between the steel and 

the concrete has been assumed in this case [42,43]. A major 

advantage of this approach is that the steel bars can be placed in 

their correct positions without imposing any restrictions on mesh 

choice and hence the finite element analysis can be carried out with 

a smaller number of brick elements compared to the discrete 

representation of reinforcement. Therefore, the embedded 
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representation is adopted in the present work. 

2.6.2.1 Embedded representation for reinforcing bars 

The concept of simulating the steel bars as line elements lie 

inside the boundary of the basic isoparametric element was first 

suggested for plane stress, plane strain and axisymmetric analyses 

[42,43] and extended to the three-dimensional case by Mohamed [37]. 

In the present study, reinforcement bars are embedded in the 20 noded 

quadratic brick element used to simulate the concrete and they are 

assumed to be capable of transmitting axial force only. It is 

further assumed that such bars are restricted to be parallel to the 

local coordinate lines f, r and t of the brick element. 

The derivation given in references [37,43] is presented in this 

section for a bar parallel to the local coordinate axis Z. A similar 

derivation can be used for bars parallel to j and t axes. 

a) Displacement representations 

Consider a bar lying parallel to the local coordinate axis E. 

with n-nc and t-rc, Fig. 2.2. The coordinates of the bar are defined 

by using the same shape functions as the main element. Hence, the 

cartesian coordinates of any point p along this bar are obtained by 

substituting the constant values nc and rc into (2.25) such that: 
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0 

x -i-0 Ni(E)"xi 

yi1 Ni«) "Yi 

20 

z-L Nj( )"zi 
i=1 

(2.35) 

Because full compatibility between the bar and the basic brick 

element is assured, displacements of the bar are obtained from basic 

element displacement field. Thus, 

u -i-1 Ni )"ui 

20 

V-L Nii )"vi 
i-1 

20 

W-G Nj(f) "Wj i-1 

b) Strain-displacement representation 

(2.36) 

Since the bar is capable of transmitting axial force only, one 

component of strain contributes to the strain energy which is defined 

locally as: 
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äu' 
E' 371 

where x', y' and z' are defined as a local coordinate system at point 

p with y' and z' being normal to the line of the bar, and u', v' and 

w' are the corresponding displacements. 

aft 
NU7 

Let a distortion matrix S at any point p be defined as: 

au av &d e 
l ui °i Wi J 37 37 9; z 

Ss 
au av aw 
z7 25; 37 

äNi 
37 (2.38) 

uz 37 az 

ýIler 

Substitution of equation (2.29) into (2.38) yields: 

äN " ui vi wi [, 

20 
J-1 

aNi 

i-ý 

(2.37) 

(2.39) 

As S is a second order tensor, it transforms on coordinate rotation 

from x, y, z to x', y', z' according to: 

S' - 

c -)u 1 0 -Iv 1 aW' 
+ý 
OX' 

` 
OX' pX' 

au , av ' aw' 

371 371 371 
au' O' aw ' 

VG 
ý dz ' dT. 

-RS RT (2.40) 
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where R is the rotation matrix of direction cosines at point p 

defined as: 

ax ay aZ 3' ZRu ZRI 

ax a y a2 Zýl * ý 

-J 
, T 

ZJ 
1 

aX ay aZ 
Z-z z' Z' 

As x' and E coincide and differ only in magnitude, 

R- 
1 

2+ ( Cay ] 2+ [ aZ ]2 ')x 

ax ay az 

ay ax ay 
ZZ 
aX 28Z az 

(2.41) 

(2.42) 

From equations (2.37), (2.40) and (2.42), it follows that: 

e'--ohg 
(cl i+C21i+c3 i)Ni 

- 
[c2-i+c4 

ay uz- 
i+c5 iI 

B-Z i-1 

[ 
c3 

Ni+ 
cs dyi+ c6 

Vii, ui (2.43) 
vi 

wi 

where 

C)Z hilý 
J2+ 1 7; J2+ L J2 

(2.44) 
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and 

C1_ [J, 

N 3y 
c2 -. UE- ZfE 

ax az c3- 'a -t . Z) 7t 

Cos 
(U J 

ay ')z C5 

C6 1-J 

Finally, equation (2.43) may be rewritten in the form: 

es - Bt ae 

(2.45) 

(2.46) 

where B' is the strain-displacement matrix of the bar element. 

c) Stiffness matrix calculation 

The stiffness matrix of an axially loaded bar element given in 

(2.18) may be expressed as: 
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Kee - B'T D' B' dVe 

Ve 

(2.47) 

The constitutive matrix D' represents the modulus of elasticity of 

steel bars in this case. For a one dimensional bar element lying in 

direction parallel to the natural coordinate line E, the volume 

differential dVe can be written as: 

dVe - AS dx' - As h dE (2.48) 

where As is the cross-sectional area of the bar. By substitution of 

equation (2.48) into (2.47), the stiffness matrix of the embedded bar 

can be expressed as: 

+1 

K'e - As B'T D' B' h dE (2.49) 

-1 

In this case, the numerical integration required to calculate the 

stiffness matrix is carried out in one direction only. 

2.7 Numerical Integration 

In general it is not possible to perform analytically the 

integration required to set up the stiffness matrices and the 

equivalent nodal loads for the elements used. Therefore, resort has 

to be made to some suitable scheme of numerical integration. In 

finite element work the Gaussian-Legendre quadrature scheme has been 
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found to be both very accurate and convenient. The scheme is 

presented in this section by considering the element stiffness matrix 

of the reinforcing bar given by equation (2.49) which is may be 

written in the form: 

+1 

I-f F(E) dE 

-J1 

(2.50) 

In the Gauss quadrature scheme, the integration is evaluated as a 

summation of m products of values of the function F(E) at particular 

sampling points and appropriate weighting factors, Wi" Therefore, 

equation (2.50) can be calculated numerically as: 

I-ý Wi F(Ej) 
i-1 

(2.51) 

By using m sampling points, equation (2.51) integrates exactly a 

polynomial of order (2m-1). 

For a hexahedral element, the required integral of (2.34) can be 

expressed formally as: 

+1 +1 +1 

I 

-1 
Jf F(Z, 7, r) dl di dr (2.52) 

J 
-1 -1 

which may be calculated numerically as: 
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mmm 
I -i1 ljX1kX1 

Wi WjWkFj, 71j 
, 
ýk) (2.53) 

In this case the scheme performs exactly the integration of a 

polynomial of order (2m-1) in each of the local directions by using 

(m xmx m) sampling points. 

2.7.1 Integration Rules Implemented in the study 

Three-dimensional finite element problems require a large amount 

of computation time when compared with two-dimensional problems. A 

considerable proportion of the total computations is used in the 

numerical integration. Therefore it is very important to choose a 

suitable integration scheme that is both accurate and computationally 

efficient. A comparison of the accuracy and the efficiency of the 

different rules considered in the present study is given in sections 

5.5.1.2 and 7.2.4.2.3. The integration rules which have been used in 

this work are, 

a) The 27 (3x3x3) and the reduced 8 (2x2x2) Gauss-quadrature 

integration rules. 

b) Three Gauss-type integration rules, first presented by Irons 

[44], with 15 sampling points. 

The later rules are designed to integrate complete polynomials 

[45,46]. They integrate correctly L Wijk xi yj zk , i+j+k-m and have 

been proved to be accurate and efficient [44,47]. Each of the three 

15 sampling points rules can be expressed in the form: 
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I -W1 f(0,0,0)+ (one term) 

W2(f(b, 0,0)+f(b, 0,0)+f(0, b, 0)+"""". )+ (6 terms) (2.54) 

W3{f(-c, -c, -c)+f(-c, -c, c)+f(-c, c, c)+""j (8 terms) 

The relative positions of the sampling points, for the 15 points 

rules, over the volume of the element are shown in Fig. 2.3, and the 

corresponding weights and abscissae are listed in Table 2.1. Details 

for Gauss-quadrature rules can be found in most finite element texts 

[11,20]. 
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Fig. 2.1 Twenty noded isoparametric brick element. 

64 

8 

s 



M- AZ-11 

a) Two-dimensional representation. 

16 19 

12 15 I 
11 20a 

4 ygg:: 
ý 

3 
7. 

8 

4 
eel bar 

. ý. 

X 

b) Three-dimensional representation. 

Fig. 2.2 Embedded representation of reinforcement. 
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Fig. 2.3 Distribution of sampling points in 15 point rules. 

Table 2.1 Weights and abscissae of sampling points in 15-point rules 

Sampling point no. Integrat- 
ion rule 1 2,3 4,5 6,7 8-15 

0.0 ±0.795822 0.0 0.0 ;0 . 758787 
0.0 0.0 0.0 ±0.795822 ±0 . 758787 

Rule 14 0.0 0.0 ±0.795822 0.0 ±0 . 758787 
Weight 0.0 0.886427 0.886427 0.886427 0.335180 

E 0.0 11.0 0.0 0.0 ±0 . 67140 

Rule 15a 0.0 0.0 0.0 ±1.0 ±0 . 67140 
r 0.0 0.0 ±1.0 0.0 ±0 . 67140 

Weight 1.564444 0.355556 0.355556 0.355556 0.537778 

0.0 ±0.848418 0.0 0.0 ±0 . 727662 
0.0 0.0 0.0 ±0.848418 ±0 . 727662 

Rule 15b 0.0 0.0 ±0.848418 0.0 ±0 . 727662 
Weight 0.712137 0.686227 0.686227 0.686227 0.396312 
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CHAPTER THREE 

MODELLING OF MATERIAL PROPERTIES 

3.1 Introduction 

One of the pieces of basic information required in any 

three-dimensional non-linear finite element analysis of reinforced 

concrete structures is the material constitutive model which 

describes the current multi-dimensional stress-strain relations 

governing the behaviour of the structure. Since the concrete and the 

reinforcing steel have very different material properties, the 

behaviour of the composite, reinforced concrete, is usually simulated 

by considering the constitutive relations of the constituents 

independently. Full interaction between the two materials has been 

assumed to exist throughout the present work. This Chapter outlines 

the constitutive models for the concrete and the steel used in the 

present study. 

Due to its complex behaviour, the concrete constitutive model is 

given special emphasis. The observed behaviour of concrete under 

different loading conditions is outlined in section 3.2. Section 3.3 

describes the different components required to model the concrete. A 

plasticity model for concrete in compression and a smeared crack 

model for concrete in tension have been adopted in the current study. 

These models are illustrated in section 3.4. The model used for the 

reinforcing steel is presented in section 3.5. 
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3.2 The Observed Behaviour of Concrete 

Concrete is a material with a grossly heterogeneous internal 

structure. It consists of inert aggregate particles embedded within 

a binding paste made from portland cement and water. Fresh concrete 

hardens as a result of chemical reactions between the cement and 

water to form a solid and durable structural material. Due to 

incomplete hydration, hardening concrete usually contains capillary 

pores filled with air or water. The presence of capillary pores, 

internal flaws in the aggregate and bond micro-cracks at interfaces 

between the cement paste and the aggregate prior to any load 

application can be viewed as a source of weakness in the structure of 

concrete [1]. Many of these micro-cracks are caused by segregation, 

shrinkage and thermal movements in the mortar. Some micro-cracks may 

develop during loading because of the difference in stiffness between 

the aggregate and mortar [2]. The gradual growth of these 

micro-cracks with further loading contributes to the non-linear 

behaviour of concrete. 

Concrete can behave as either a linear or a non-linear material 

depending on the nature and the level of the applied stresses. 

Stiffness and strength properties of concrete subjected to multiaxial 

loading conditions differ from those displayed under uniaxial 

compression. Under a low level of stresses, linear elastic behaviour 

is observed, while concrete exhibits a highly non-linear response at 

higher stress levels [3]. Many experimental studies of the behaviour 

of concrete under uniaxial and multiaxial loading conditions have 

been performed, for example see refs. [4-14]. The aims of such 

investigations have been to understand the complex response of 
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concrete for various imposed stress conditions and to provide the 

necessary data required to develop accurate numerical models for use 

in non-linear finite element analysis of concrete structures. 

In the following sections, the response of concrete under 

uniaxial and multiaxial loading states are briefly described. 

3.2.1 Uniaxial Behaviour of Concrete 

A typical uniaxial compression stress-strain curve is shown in 

Fig. 3.1. Up to a stress level of about 30 percent of its uniaxial 

compressive strength, fc, concrete behaves as a linear elastic 

material. This stress level is termed the point of 'onset of the 

localised cracking' and has been proposed as a limit of elasticity 

[15)" At stresses between 0.3 fc - 0.5 fc, the bond cracks start to 

extend due to stress concentrations at the crack tips and the 

stress-strain curve starts to show a slight non-linearity in this 

range of loading. When the stress exceeds 0.5 fc some cracks at 

nearby aggregate surfaces start to bridge in the form of mortar 

cracks with other cracks continuing to grow slowly. A gradual 

increase in the curvature of the stress-strain curve occurs up to 

about 0.75 fý. For compression stresses above this value, the rate 

of crack propagation increases rapidly and the stress-strain curve 

bends sharply until the peak stress level is reached (2,15). Beyond 

the peak stress, concrete exhibits a strain-softening response 

characterised by the descending portion of the curve. This falling 

part of the stress-strain curve is mainly dependent on testing 

machine properties 11,16). 
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The initial modulus of elasticity of concrete is highly dependent 

on the compressive strength. In lieu of actual test data, the 

initial modulus of elasticity. E, can be calculated approximately 

from the empirical formula ( ACI Code 318-77) [17): 

E- 33 W'" g'°. S (3.1) 

where We is the concrete unit weight in pounds per cubic foot and E 

and fc are expressed in pounds per square inch. 

The Poisson's ratio, P. of concrete has been observed to remain 

approximately constant and ranges from about 0.15 to 0.22 up to a 

stress level of 80 percent of fc [1.3]. Beyond this level. 

Poisson's ratio increases rapidly and values in excess of 1.0 have 

been measured by Darwin and Pecknold [181 and Maekawa and Okamura 

[12]. 

Under tensile stress. the strength of concrete, ft. is 

approximately a tenth of the compressive strength [193. A typical 

tensile stress-strain curve is shown in Fig. 3.2. Up to a stress 

level of 60 percent of ft the curve is linearly elastic [2). beyond 

this level, the bond micro-cracks starts to grow and the 

non-linearity of the curve starts to increase as the stress level 

increases until the peak stress is reached. Following this level. a 

post softening regime is observed [19.20). The elastic modulus in 

uniaxial tension is slightly greater than that in uniaxial 

compression, while the Poisson's ratio in tension is somewhat smaller 

than that in compression [10]. 
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3.2.2 Multiaxial Behaviour of Concrete 

Under multiaxial states of stress, concrete exhibits strength, 

stiffness and stress-strain behaviour somewhat different from that of 

the uniaxial state. Extensive experimental tests on concrete under 

biaxial stress states have been performed by many workers. amongst 

them Kupfer et al. [6]. Liu et al. [7], Nelissen [8], Tasuji et al. 

[10] and Maekawa and Okamura [12]. A typical biaxial strength 

envelope is shown in Fig. 3.3. When subjected to biaxial 

compression, concrete has an increased compressive strength up to 

about 1.25 fý for a principal stress ratio of 0.5 and up to about 

1.16 fý for a principal stress ratio of 1.0 [6-8,10]. Under biaxial 

tension-compression, the tensile strength decreases almost linearly 

as the applied compression increases. For biaxial tension states. 

concrete exhibits nearly constant tensile strength [6]. However, 

some investigators have reported a slight increase (10], and others 

have reported a slight decrease (21] in tensile strength. 

'hen subjected to triaxial compression stress, concrete exhibits 

strength which increases with the increasing confining pressures. 

Under very high confining stresses, extremely high strengths have 

been recorded (22). Experimental studies indicate that the 

three-dimensional failure envelope is a function of the three 

principal stresses (23). Fig. 3.4 shows a schematic failure surface 

of concrete in three-dimensional stress space. The failure envelope 

is smooth, convex and its deviatoric sections ( planes perpendicular 

to the hydrostatic axis al-a2-a3 ) become more circular in shape for 

increasing hydrostatic pressures, along the Q, -o2-o3 axis. For 

smaller hydrostatic pressures, these cross-sections are convex and 
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non-circular (2,3). Experimental studies have indicated that the 

general formulation of the three-dimensional failure surface can be 

expressed in terms of the combination of three stress invariants, I,, 

J2 and J3, where I, is the first invariant of the stress tensor and 

JI and J3 are the second and the third invariants of the deviatoric 

stress tensor [2,24-27]. However, some analyses indicate that the 

failure-envelope may be represented by two stress invariants only 

[3]. 

3.3 Numerical Modelling of Concrete 

Numerical representation of concrete properties in connection 

with the non-linear finite element modelling of reinforced concrete 

members is one of the most important aspects of any realistic 

analysis. Because concrete has a very complex behaviour, involving 

phenomena such as cracking and inelastic response in compression, the 

modelling of all the aspects of its behaviour is extremely difficult 

and a unified numerical model has not yet been achieved. Linear 

representation of concrete was utilised in the earliest finite 

element reinforced concrete models [28]. Very rapidly non-linear 

behaviour in the form of cracking and compression softening were used 

to improve the realism of the solution. At present, many typical 

aspects of the experimental behaviour of concrete can be adequately 

simulated. The numerical modelling of concrete for use in a 

non-linear finite element program should include the following 

constituents: 
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1. A stress-strain model to represent the behaviour of concrete 

prior to failure. 

2. Failure criteria to simulate cracking and crushing types of 

fracture. 

3. A method of crack representation. 

4. A post cracking stress-strain relationship. 

5. Modelling the reduction in compressive strength due to 

orthogonal cracking. 

These constituents are discussed in the following sections. 

3.3.1 Stress-Strain Models 

In general, there are several approaches for defining the 

complicated stress-strain behaviour of concrete under various stress 

states. They can be classified into: 

1. Elasticity based models. 

2. Plasticity based models, 

3. Endochronic theory models. 

Detailed discussions of these approaches are given in [2.25] and 

Pa comprehensive review of various models used in the finite element 

analysis of reinforced concrete structures are given in (3.29). In 

the following sections, the basic concepts and the limitations of 

these approaches will briefly discussed. 
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3.3.1.1 Elasticity based models 

Two different approches have been employed in the formulation of 

the non-linear elasticity based constitutive relations. These are 

the total and the incremental stress-strain formulations. In the 

total, secant, stress-strain models, the current state of stress is 

assumed to be uniquely expressed as a function of the current state 

of strain. This type of formulation is reversible and 

path-independent which is not true for concrete in general [31. 

Therefore, such models are only suitable for monotonic or 

proportional loading regimes. However, when concrete experiences 

unloading these models fail to predict inelastic deformations. In 

spite of these shortcomings, the total stress-strain models have been 

used mainly because of their simplicity to predict the non-linear 

behaviour of concrete under biaxial and triaxial compressive 

stresses. Some of these models assume an isotropic stress-strain 

relation for concrete, e. g the models of Kupfer and Gerstle 191 for 

the biaxial states of stress and the model of Cedolin et al. [24] for 

the triaxial states. Other models are based on an orthotropic form 

of the stress-strain relation with the principal stress directions 

coinciding with the direction of orthotropy, e. g the models of Liu et 

al. (7]. Tasuji et al. [10] and Cope and Rao [30]. 

The incremental, hypoelastic, stress-strain models are used to 

describe the behaviour of materials in which the state of stress 

depends on the current state of strain and the stress path followed 

to reach that state. In a hypoelastic material model, the stress and 

strain increment vector are linearly related through the tangential 

material stiffness matrix DT as: 
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do, - DT de (3.2) 

where da and de are the stress and the strain increment vectors 

respectively. This type of formulation is incrementally reversible 

and path dependent and therefore it provides a good representation of 

concrete behaviour under non-monotonic and non-proportional loading 

regimes as compared with the total stress formulation [2,3]. A 

number of useful isotropic and orthotropic incremental models have 

been developed and utilised in the finite element analysis of 

concrete structures. An example of an incrementally isotropic 

stress-strain relation is the biaxial model of Gerstle [31]. A model 

using the incrementally opthotropic relations is that of Darwin and 

Pecknold (32,33] for the biaxial states of stress and for triaxial 

states the models of Elwi and Murray [34] and Bathe et al. [35]. 

3.3.1.2 Plasticity based models 

For concrete under compression, non-linear deformations occur 

when it is stressed beyond the limit of elasticity. These 

deformations are basically inelastic since upon unloading only a 

portion of the total strain can be recovered. Therefore, the total 

strain may be separated into recoverable and irrecoverable 

components. The recoverable part is treated within the framework of 

elasticity, while the treatement of the irrecoverable part is based 

on the theory of plasticity. 

In the incremental theory of plasticity, the total strain 

increment vector de is assumed to be the sum of the elastic, dee, and 
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the plastic, dEP, components, such that 

de - dee + deP (3.3) 

In addition to the strain decomposition, three other fundamental 

assumptions are required to formulate the constitutive relations for 
S4 

a work hardening plastic material. They are: 

1. The shape of an initial yield surface and subsequent loading 

surfaces. 

2. The formulation of a suitable hardening rule that describes 

the evolution of subsequent loading surfaces. 

3. The formulation of an appropriate flow rule that specifies the 

stress-strain relation in the plastic range. 

The initial yield surface is required to mark the stress level at 

the onset of plastic deformations. It can be expressed as: 

f(o) -k (3.4) 

where f is some function of stress and k is a material parameter to 

be determined experimentaly. then a work hardening material is 

stressed beyond its limit of elasticity, the initial yield surface, a 

00. new yield surface, called the loading surface, is developed. This 

loading surface will change its configuration at any stage of plastic 

deformation and it may be expressed in terms of the plastic strain, 

EP and a hardening parameter, h, as: 

f-f (Q, cP, h) (3.5) 
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States for which f-0 represent yield states, while elastic 

behaviour occurs when fL0. 

The evolution of subsequent loading surfaces during plastic 

deformation is described by specifying an appropriate hardening rule. 

Three types of hardening rule are frequently used in connection with 

the strain-hardening plasticity models. These are; isotropic, 

kinematic and mixed hardening rules. In an isotropic hardening 

model, the subsequent loading surfaces are a uniform expansion of the 

original yield surface. The kinematic hardening rule assumes that 

the subsequent loading surfaces preserve the shape and orientation of 

the initial yield surface during plastic flow but they translate in 

the stress space as rigid bodies. In the mixed hardening rule. the 

loading surface experiences a translation and a uniform expansion in 

all directions (2,36]. 

In order to establish the stress-strain relation in the plastic 

range, the concept of a plastic-potential function g(g) is introduced 

(2]. The plastic strain increment vector is assumed to be 

proportional to the stress gradients of the plastic potential 

function, so that 

agcg) 
dEP - dX (3.6) 

where dx is a positive scalar factor of proportionality. Equation 

(3.6) is termed the flow rule since it governs the plastic flow after 

yielding. The gradient of the potential surface (ög(g)/öo) defines 

the direction of the plastic strain increment vector and the length 
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is determined by the factor dx. When the current loading surface and 

the plastic potential function coincide, f(g) = g(o). equation (3.6) 

becomes: 

af(L) 
dhP - dX (3.7) 

to 

This relationship is known as the associated flow rule, because it 

is connected with the loading surface. And it is also called the 

normality condition since ((3f(g)/k) represents a vector directed 

normal to the current loading surface at the stress point under 

consideration. 

Plasticity based models have been extensively used to describe 

the behaviour of concrete, e. g the models of Buyukozturk 137], Chen 

[2], Chen and Chen [38], Owen and Figueiras [39], Imbabi and Cope 

[40] and Cervera and Hinton [41] amongst others. In general, models 

based on the theory of plasticity assume an elastic plastic hardening 

behaviour of concrete up to the ultimate strength followed by a 

rigid plastic response until the crushing surface is reached. After 

crushing, the concrete is assumed to lose completely its resistance 

against further deformation. Since decreasing of all stress 

components is impossible for strictly plastic behaviour satsisfying 

21 Druckers stability postualte 142]. such models are not capable of 

representing the degradation of stiffness and softening due to 

unstable fracturing of the material. 

Recently a more refined approach based on plastic-fracturing 

theory has been developed and used in yodelling the post failure, 
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softening, response of concrete 143-45]. The fracturing phenomea 

are better described in terms of loading surfaces that depend on 

strains rather than stresses since micro-fracturing can lead to a 

decrease in stress at constant strain. Therefore, two loading 

surfaces are required in the plastic-fracturing theory to account for 

the strain hardening and strain softening behaviour. In addition to 

strain decomposition of (3.3), the stress increment is also 

decomposed into an elastic stress increment and a fracture stress 

decrement [43). 

3.3.1.3 Endochronic theory models 

The endochronic theory of viscoplasticity was originally proposed 

by Valanis (461 and has been applied to predict the mechanical 

response of metals under complex strain histories. The first 

application to geo-materials and concrete as well as the first 

comprehensive endochronic constitutive equation was developed by 

Bazant and Bhat (471. Unlike the elasticity and plasticity models, 

the endochronic formulation is incrementally non-linear. The basic 

concept underlying the theory is that of intrinsic time. Intrinsic 

time is a non-decreasing scalar variable that depends on the 

increments of strains as well as time (48). Although the theory is 

FIII capable of modelling many complex phenomena, the early endochronic 

formulation was subjected to serious criticisms concerning uniqueness 

of response, stability and energy dissipation during load cycles 

(49,50). These criticisms were eliminated when Bazant 151) 

introduced the concepts of loading surfaces and jump-kinematic 

hardening to give the theory features siailar to that of the theory 
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of plasticity. Valanis [52] refined the intrinsic time in terms of 

plastic strain and showed that the various versions of classical 

plasticity theories represent particular cases of endochronic 

formulation. 

3.3.2 Modelling of Concrete Fracture 

Fracture of concrete may be classified as crushing or cracking. 

Under compressive stresses, the crushing type of fracture is 

characterised by progressive degradation of the materials internal 

structure. Crushing is assumed to occur when the compression 

deformation capacity of the material is exceeded. For multiaxial 

loading, the ultimate deformation level is usually modelled by a 

failure surface in strain space. At the instant of crushing all the 

stresses at a sampling point are released completely and concrete is 

assumed to lose its stiffness in all directions. Thus, 

do -0 dc (3.8) 

47 -2! (3.9) 

The cracking, tensile, type of fracture is characterised by a 

gradual growth and continuous propagation of micro-cracks which join 

. together, eventually to form a failure plane. After crack formation 

only the normal and the shear stresses across the failure plane are 

gradually released. Because cracking is a partial and directional 

failure, the material parallel to the crack is assumed to be capable 

of carrying stress according to the prevailing uniaxial or biaxial 
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conditions. The onset of cracking is generally modelled by one of 

two fracture criteria. These are the maximum principal stress 

criterion and the maximum principal strain criterion. A crack is 

assumed to form in a plane normal to the offending principal stress 

(or strain) when the principal stress (or strain) exceeds its 

limiting value. 

For the maximum principal stress criterion, the limiting tensile 

stress is usually expressed in terms of the uniaxial tensile 

strength. Unfortunately, the magnitude of the concrete tensile 

strength can not be determined precisely. Different values may be 

obtained from the modulus of rupture, the split cylinder and the 

direct tension tests. Furthermore, a significant scatter of results 

from specimens cast from the same concrete using the split cylinder 

test has been obtained [53]. In the application of the non-linear 

finite element method to reinforced concrete members, the predicted 

response at early stages of loading can be quite sensitive to the 

specified concrete tensile strength. For slab and beam analysis, 

reasonable predictions have been obtained using the split cylinder 

tensile strength [54]. 

3.3.3 Methods of Crack Representation 

S; 
Two basically different approaches are generally used to 

represent the cracks for the finite analysis of concrete structures. 

Cracks can be modelled either as discrete individual cracks between 

concrete elements or as smeared cracks within the elements. 
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The discrete crack representation was used in the first finite 

element model for reinforced concrete beams proposed by Ngo and 

Scordelis [281. In this method the crack is simulated by a physical 

separation of preselected finite elements along their boundaries. 

The major drawback of such an approach is that the locations and 

orientation of the cracks are not known in advance. Instead of using 

predefind cracks, Nilson [551 modified the approach by tracing the 

cracks individually. The finite element solution was interrupted 

whenever an element indicated cracking, the nodes were redefined and 

the element mesh topology was regenerated for the next step. Such a 

technique is extremely complex and computationally expensive 1561. 

For this reason the use of discrete crack models has received a 

limited acceptance in the finite analysis for general structural 

applications. However, for problems involving a few dominant cracks, 

the discrete crack model, that is where the crack is represented by a 

strain discontinuity. offers a more realistic simulation of those 

cracks [2,31. 

Because of the complications involved in using discrete crack 

rep*es'ntation. most finite element models utilise the concept in 

which the local discontinuties are assumed to be distributed, or 

smeared, over the volume of the sampling point under consideration. 

The smeared crack approach, which was originally introduced by Rashid 

1 (57]. replaces the physical crack displacements by fictiouas strains. 

Therefore, cracking effects can adequately be modelled in terms of 

local modifications to the constit rive rqlationships rather than 

the restructuring of finite element topology. This representation is 

consistent with the continuum mechanics assumptions used in the 

finite element formulation. Moreover, it offers automatic generation 
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of cracks and complete generality of possible crack direction (3). 

The smeared crack representation can be divided into fixed and 

rotating crack categories. The former category uses a fixed 

orientation of the crack during the entire computational process. 

Concrete is assumed to behave as an orthotropic material with the 

local material axes being defined by the principal directions 

associated with the first principal stress that violates the cracking 

criterion. The approach has worked satisfactorily in many 

applications of the finite element method to reinforced concrete. 

However, for problems in which the axes of the principal stresses 

rotate after crack formation the fixed crack model can lead to a 

stiffer response and an overestimation of failure loads [58,59). 

In order to allow for the axes of material orthotropy to coincide 

with the axes of principal strains. Cope and Rao (601 have suggested 

the rotating, or swinging, crack approach. In this approach, the 

crack direction is always aligned normal to the direction of maximum 

principal strain, and the principal stress and strain directions are 

assumed to coincide. Application of this model to finite element 

analyses of reinforced concrete structures has produced a softer 

behaviour when compared to the fixed crack model (59,61.62]. 

Cope and Rao [631 proposed a modified version of the rotating 

crack model. In this approach. the principal strain directions may 

be inclined to the initial crack axes for a number of further load 

stages. At some load stage at which the maximum principal tensile 

strain and its inclination to the initial principal directions exceed 

prescribed values, new cracks are assumed to form and the orthotropic 

86 



material axes are set in the new crack directions. An experimental 

study of the behaviour of reinforced concrete panels loaded in pure 

shear carried out by Vecchio and Collins [ll] revealed that secondary 

cracks inclined to the initial cracks occurred in certain panels. 

These panels were reinforced with percentage of steel in the 

transverse direction considerably less than that provided in the 

-` longitudinal direction. It was found that the secondary cracks 

occurred at loading stages at which relatively large values of strain 

were recorded. These large strains did not occur until the 

transverse reinforcement had started to yield. 

Recently. de Borst and Nauta [641 proposed a multi-directional 

smeared crack model. The fundamental concept underlying this model 

is the decomposition of the total strain increment into concrete 

strain and crack strain increments. The crack strain increment may 

also be decomposed into the separate contributions from a number of 

non-orthogonal cracks which occur at a sampling point. In this 

model, new cracks are assumed to initiate whenever the angle of 

inclination between the existing crack, or cracks, and the current 

direction of the major principal stress exceeds a given value, the 

threshold angle. In this way. a system of non-orthogonal cracks can 

occur at a sampling point [65,66]. 

3.3.4 Post-Cracking Behaviour 

Cracking of plain and reinforced concrete structures is not a 

perfectly brittle phenomenon and experimental evidence shows that the 

tensile stresses normal to a cracked plane are gradually released as 
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the crack width increases. This response is usually modelled in the 

finite element analysis using either the tension-stiffening or the 

strain-softening concepts. The former concept is suitable for 

analysing reinforced concrete structures where the behaviour is 

characterised by the formation of closely spaced cracks. In 

contrast, the strain-softening concept is useful for analysing plain 

concrete structures where the behaviour is governed by the formation 

of a single macrocrack or a few dominant cracks. These concepts are 

discussed in the following sections. 

3.3.4.1 Tension-stiffening concept 

In a reinforced concrete member, primary cracks form when the 

concrete reaches its tensile strength. The number and extent of 

these cracks are controlled by the size, position and orientation of 

the reinforcing bars crossing the crack [3]. In the vicinity of a 

primary crack, the concrete stress drops to zero and the steel 

carries the full load. However, some of the tensile force is 

transferred back to the concrete between the cracks due to bond 

between the bar and the concrete. The ability of the concrete to 

retain the tension is called tension-stiffening. As the applied load 

increases, this ability progressively becoming weaker because of the 

formation of secondary systems of internal cracks around the 

reinforcing bar. Hence, concrete tensile stress drops. Test results 

for beams and one way slabs show that the effect of 

tension-stiffening decreases with the increase in the steel ratio and 

the steel strain [67]. 
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Two different approaches have been utilised to incorporate the 

tension-stiffening effect in the finite element modelling of 

reinforced concrete structures. The first method, which was 

originally proposed by Scanlon [68], is characterised by assuming a 

descending branch for the concrete average stress-strain curve in 

tension. Falling branches of linear, bilinear and curved shapes have 

been used by many researchers (35,69,70). The second method 

represents the tension-stiffening effect by increasing the steel 

stiffness [71]. In this case, the total tensile force carried by 

both the steel and the concrete between cracks is represented by the 

additional stress in the steel (3]. 

3.3.4.2 Strain-softening concept 

The response of plain concrete specimens under tension is primarly 

controlled by the formation of micro-cracks. Mien the tensile peak 

stress is exceeded somewhere in the specimen all additional 

deformation due to micro-cracks will concentrate near the crack tips. 

i. e will localise at the fracture zone. Within a fracture zone the 

stress gradually decreases as the strain increases. This phenomenon 

is known as tensile strain-softening. Outside the fracture zone the 

material experiences unloading while the cracks form, which means 

that the micro-cracks outside the fracture zone are arrested or even 

closed (72,73]. Hillerborg (72] has proposed the use of 

stress-displacement, crack width, relationship for concrete within 

the fracture zone and a stress-strain relationship for the material 

outside the cracking zone. In smeared crack models, this 

stress-displacement curve has to be converted to an equivalent 
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stress-strain curve. To do this, the fracture energy, the energy 

required to create one unit area of continuous cracked surface, is 

taken as a material constant given by the area under the 

stress-displacement curve. Recently, the strain-softening concept 

has been used in some finite element models, for example see refs. 

(73.74), to express the descending branch of the post-cracking 

stress-strain curve. 

3.3.4.3 Transfer of shear forces across the crack 

After cracking, reinforced concrete retains a significant shear 

stiffness and is able to transfer shear forces across the cracks due 

to the aggregate interlock at the crack interfaces and the dowel 

action of reinforcing bars crossing the crack. Shear forces 

transferred by means of any of these mechanisms reduces as the cracks 

widen [75,76). Experimental evidence reveals that there is a rapid 

fall in the value of shear modulus after cracking [75-78). In 

smeared crack models, the interface shear transfer is presented by a 

reduced shear stiffness modulus, ßG ( with 0Lß91), in the 

constitutive relation at a cracked sampling point. A constant value 

for the shear reduction factor, ß, has been used in many finite 

element studies after cracking has occurred, for example see refs. 

[79,80). Other studies used a gradually decreasing value for ß 

following either a linear or a non-linear curve [77,81). 
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3.3.5 Compressive Strength Reduction Due to Orthogonal Cracking 

In a reinforced concrete member. a significant degradation in 

compression strength can result due to presence of transverse tensile 

strain after cracking. Tests by Robinson and Demorieux [82] on 

panels subjected to longitudinal compressive stresses and reinforced 

with transverse bars revealed that the concrete may crush at a stress 

level considerably less than fc. The tensile straining of the 

transverse reinforcement was shown to cause a significant 

deterioration in both the strength and the stiffness in the 

longitudinal compression direction. Vecchio and Collins 1111 

confirmed these findings in their extensive experimental study on the 

behaviour of reinforced concrete panels under in-plane shear and 

direct stresses. They modelled the effects of the transverse 

cracking by modifying the commonly used parabolic uniaxial 

stress-strain curve given by. 

2EC EC 2 

ac - fC 
ED EO 

(3.10) 

where arc and Ec are the uniaxial compression stress and strain 

respectively and Eo is the strain at peak stress fc given by 

to -2 fc /E (3.11) 

Substitution of (3.11) into (3.10) yields 

E 
cc -E Ec - cj (3.12) 

2eo 

91 



For a cracked reinforced concrete member, the peak compression 

stress fc and the corresponding peak strain co are reduced to Xfc and 

'Ec respectively, Fig. 3.5a. Therefore from (3.10). the modified 

stress-strain relationship proposed by Vecchio and Collins can be 

expressed as: 

2Ec 1 EC ]2 
C-C - fc (3.13) 

to ED 

where X is the compression strength reduction factor. By relating 

the peak compressive stresses obtained from different panels to the 

corresponding strains. Vecchio and Collins showed that a suitable 

formula for the compression reduction factor is 

1 
a-61.0 (3.14) 

Et 
0.85 + 0.27 

EC 

where ct is the tensile strain in the transverse direction (both ft 

and c are given positive values). Equations (3.13) and (3.14) 

indicate that the compression stresses reduce as the transverse 

tensile strain increases. 

Cervenka [83] conducted a numerical parametric study on four of 

Vecchio and Collins panels using (3.13) and proposed a new expression 

for the compression reduction factor which is given by, 

a-1.0 - k, ßt 

where 

(3.15) 
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ßt - et / 0.005 4 1.00 (3.16) 

and k, is a parameter to be determined from the test. Cervenka 

showed that the optimum value for the compression strength reduction 

parameter k, is variable in the panels considered and suggested an 

average value of k, - 0.52. 

Recently, Vecchio and Collins [84] have proposed a new modified 

stress-strain relationship in the form 

2Ec EC i 
ac -a1. - (3.17) 

to ED 

In this model. only the peak stress fc is reduced to Xfc while the 

coressponding peak strain Eo is kept free from modifications. Fig. 

3.5b. The expression for the compression reduction factor is also 

modified to 

a- 
1 

Et 

0.8 + 0.34 
0.002 

19 1.0 (3.18) 

3.4 Concrete Models Adopted in the Analysis 

In view of the scatter of experimental results for concrete 

specimens and the variation of the material properties throughout a 

real reinforced concrete member, numerical material models are 

usually kept as simple as possible so that they can be easily 
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implemented in finite element programs. However, such models should 

accurately trace the overall behaviour of the member within 

engineering degrees of accuracy. The present material model is 

suitable for the non-linear static analysis of three-dimensional 

reinforced concrete structures under monotonically increasing load. 

The behaviour of concrete in compression is simulated by an 

elasto-plastic work hardening model followed by a perfectly plastic 

plateau, which is terminated at the onset of crushing. The 

plasticity model will be illustrated in terms of the following 

constituents: 

a) the yield criterion, 

b) the hardening rule, 

c) the flow rule and 

d) the crushing condition. 

In tension, linear elastic behaviour prior to cracking is assumed. 

The onset of cracking is governed by a maximum principal stress 

criterion. A smeared crack model with fixed orthogonal cracks is 

adopted to represent the fractured concrete. The model will be 

described in terms of 

a) the cracking criterion, 

b) the post cracking formulation, 

c) the shear retention model and 

d) the modelling of compressive strength reduction in presence 

of orthogonal cracking. 
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3.4.1 Plasticity Model for Concrete in Compression 

3.4.1.1 The yield criterion 

A yield criterion for isotropic materials must be independent of 

the choice of the coordinate system in which the stress state is 

defined and therefore it should be a function of the stress 

invariants only [2,36]. Under a triaxial state of stress, the yield 

criterion for concrete is generally assumed to be dependent on three 

stress invariants. However, a yield criterion dependent on two 

stress invariants only has been proved to be adequate for most 

practical situations [3,41). The yield criterion incorporated in the 

present model is of such a type and has been successfully used by 

many researchers [41,85-87]. It can be expressed as: 

f(Q) - f(I1. J3) - (a I+3ß J2)1 - aO (3.19) 

where a and 0 are material parameters, I, is the first stress 

invariant given by, 

II - cx + Qy + QZ, 

J2 is the second deviatoric stress invariant given by, 

(3.20) 

J2 -3l (4+Qy+4) -C x°y+UycZ +QZCX) 

+ TXy + Tyz +7 (3.21) 

and a. %0 is the equivalent effective stress at the onset of plastic 
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deformation which can be determined from the uniaxial compression 

test as: 

0o - cp fý (3.22) 

where 0 .4 cp 4 1.0 is the plasticity coefficient which is used to 

mark the initiation of the plastic deformation. 

The uniaxial compression test and the biaxial test under equal 

compression stresses are used to determine the material parameters or 

and ß. For a uniaxial compression state, the yield stress (or 

strength) is given by. 

ox - -a (3.23) 

And for the equal biaxial compression state, the yield stress (or 

strength) is given by. 

Ox - Qy --7 Qo (3.24) 

If the results obtained by Kupfer [6] for a failure envelope is 

employed for initial yield, the value of the constant 7 is equal to 

1.16. From equations (3.19-3.24) the material constants can be found 

to be 

a-0.35468 Qa and ß-1.35468 (3.25) 

Let c-a/ (2o0) - 0.17734 (3.26) 
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Therefore, equation (3.19) can be rewritten as, 

f(g) - (2 c oo I, + 3ß J2)1 -0o (3.27) 

This can be solved for o as 

f(g) -c Iý +( (c Iß)2 +3 ßJ2 }f - CC (3.28) 

The resultant yield criterion (3.28) is compared in Fig. 3.6 with the 

experimental results of Kupfer et al. [61 in the biaxial stress space 

for Qo - fe. 

3.4.1.2 The hardening rule 

When a work hardening material is stressed beyond its initial 

yielding surface .a 
hardening rule is required to describe the 

growth of subsequent loading surfaces during plastic deformation. In 

the current study an isotropic hardening rule is adopted. This rule 

implies a uniform expansion of the initial yield surface as the 

plastic deformation increaser. Therefore from (3.28). the subsequent 

loading functions may be expressed as, 

f(g) -c i1 +{ (c II)2 +3ß J2 )f -a (3.29) 

where d represents the stress level at which further plastic 

deformation will occur and is termed as the effective stress or the 

equivalent uniaxial stress. In order to define the expansion of the 

current loading surface, the incremental theory of plasticity implies 
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a relationship between the effective stress and the effective plastic 

strain to extrapolate the results of a uniaxial state of stress to 

the multiaxial states. The effective, accumulated, plastic strain, 

cp, can be calculated by integrating the effective plastic strain 

increment, dep. along the strain path as, 

Ep -J dcp (3.30) 

The effective plastic strain increment may be determined using the 

work hardening hypothesis as 

dWp o dEP 
dfp 

aa 
(3.31) 

In the present model. a parabolic stress-strain curve is used for 

the equivalent uniaxial stress-strain relationship beyond the limit 

of elasticity, cp fc. This parabolic curve represents the 

work hardening stage of behaviour. When the peak compressive stress 

is reached, a perfectly plastic response is assumed to occur. Fig. 

3.7 shows the equivalent uniaxial stress-strain curve in the various 

stages of behaviour. These are given by. 

a) for a tz- cp fc. 

U- EEc 

b) for cp fc 6aZ fc 

(3.32) 

cp fc E cp fý 2 
cp fc +E Ec cc - (3.33) 

E21 -0 E 
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c) for tc 1 (2-cp) fc/E 

a- fc (3.34) 

where Eö is the total strain corresponding to the parabolic part of 

the curve given by, 

to - 2(1-cr) fý/E (3.35) 

A value of 0.3 is assumed for the plastic coefficient cp in the 

present study and hence plastic yielding begins at a stress level 

equal to 0.3 fý. If cp - 1.0 then elastic-perfectly plastic 

behaviour is specified, Fig. 3.7. When cp -0 equations (3.33) and 

(3.35) reduce to (3.12) and (3.11) respectively. 

In order to derive the relationship between the effective stress 

and the effective plastic strain, the total strain. cc. is decomposed 

into its elastic and plastic components as. 

tý - to + (p 

where Ee is the elastic strain coaponent given by. 

Ee -d/ 

(3.36) 

(3.37) 

By substituting (3.36) and (3.37) into (3.33), the effective 

stress-plastic strain relation can be expressed as 

d- cp fc -E ep +(2 E2 Et, Ep )f (3.38) 
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The slope of the effective stress-plastic strain curve. the hardening 

coefficient, is used in the formulation of the elasto-plastic 

incremental stress-strain relationship. Therefore, by 

differentiation of (3.38) with respect to the effective plastic 

strain, the hardening coefficient. H'. can be expressed as: 

C15 
H' --E 

dfp 

Eo 
} 

- 1.0 
12 Ep 

(3.39) 

3.4.1.3 The flow rule 

In plasticity theory a flow rule must be defined so that the 

plastic strain increment can be determined for a given stress 

increment. Concrete. like other granular materials, exhibits a 

volumetric change under state of shearing stress and therefore the 

direction of plastic straining is not necessarily normal to the 

current loading surface [88). However, the associated flow rule has 

been widely used for concrete models mainly because of its simple 

formulation. This approach is adopted in the current model. 

Recalling equation (3.7), the plastic strain increment is expressed 

as: 

af(Q) dEP - dX 
ckr 

(3.40) 

The normal to the current loading surface ( mf(g)/ög ) is termed as 

the flow vector. The yield function derivatives with respect to the 

stress components define the flow vector a as: 
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of of of of of of T 
EL - (3.41) 

aax aay acz arx, aryz arzx 

These derivatives can be evaluated from (3.28) with the use of (3.20) 

and (3.21) as, 

of 
-c+[2 (c2+ß) ax + (2c2-ß) (may+O-Z) l/Q 

c8ax 

of 
c+(2 (c2+ß) ay + (2c2-ß) (CrX+OZ) l/Q 

aay 

of 
-c+[2 (c2+ß) cZ + (2c2-ß) (aX+Uy) l/Q 

aaz 

of 
-6 07Xy/Q 

aTXy 

of 
- 6RTyZ/Q 

aryl 

of 6ß rZX /Q 
aTZX 

where 

Q2[ (c2+13) (aX+cy+a2) + (2c2-0) (a a +CyaZ+aZtTX 
+ 3ß (TXy+ryi+rzx) 

(3.42) 

(3.43) 
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and c and ß are the material constants previously defined. 

3.4.1.4 Incremental stress-strain relationship 

In this section, the derivation of the incremental stress-strain 

relation is given for an elastic work hardening plastic material 

based on the associated flow rule (3.40). During the plastic 

loading, both the initial yield and the subsequent stress states must 

satisfy the yield condition, F (q, k) - 0. The yield function, first 

defined in (3.28) can be rewritten as, 

F (LT. k) - f(Q) + K(k) -0 (3.44) 

where k is the hardening parameter which governs the expansion of the 

yield surface. By differentiating (3.44) we have, 

aF 

dF _ as + 

or 

aF 
dk -0 

ak 

aT dv -A dx -0 

where 

1 aF 
A-- dk 

dX ak 

(3.45) 

(3.46) 

(3.47) 
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For the yield function adopted in the analysis, the scalar term A 

given by (3.47) can be proved to be equal to the slope of the 

effective stress-plastic strain curve, H', by using Euler's theorem 

for homogeneous functions and the work hardening hypothesis [2,36]. 

The total incremental strain vector given by (3.3) can be 

rewritten with the use of (3.40) as, 

de - dhe + dx 
of 

CNZ 
(3.48) 

The elastic strain increment is related to the stress increment by 

the elastic constitutive relation which is given by 

do -D dee 

where D is the elastic constitutive matrix given by. 

1-r 

r 

Er 
+r (1-777 

0 

0 

r r 00 0 

1-r r 00 0 

r 1-r 00 0 

0 0 1-2r 0 0 
1-2r 0 0 0 0 

0 0 00 1-2r 

Substitution of (3.49) into (3.48) yields, 

dc - D-1 do + dX a 
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Pre-multiplying both sides of (3.51) by aT D and eliminating aT da by 

making use of (3.46), the following expression for the plastic 

multiplier d% is obtained. 

da - 
aT D 

de 
H' + aT D a 

(3.52) 

By substitution of (3.52) into (3.48) and pre-multiplying both sides 

by D, the complete elasto-plastic incremental stress-strain 

relationship can be expressed as, 

Da aT D 
dc -D- de 

E 
(3.53) 

H' +aTDa 

where the second term in the bracket represents the stiffness 

degradation due to the plastic deformation. The above expression is 

valid for infinitesimal increments of stress. If a finite sized 

stress increment is considered, the final stress point may depart 

from the loading surface. In this case the stress point can be 

scaled back to the loading surface by relaxing the excess stress in 

several stages using the technique described by Owen and Hinton (36). 

This technique has been used in the present study. 

3.4.1.5 The crushing condition 

In the present model, the isotropic expansion of the subsequent 

loading surfaces is terminated when the effective stress reaches the 

peak compression stress. Beyond that a perfectly plastic response is 

104 



assumed to occur. This stage of behaviour is represented by a fixed 

loading surface in the stress space which does not depend, in any 

way, on the degree of plastification. The perfectly plastic flow 

continues until the ultimate deformation capacity of concrete is 

reached and the material eventually exhibits a crushing failure. 

After crushing, concrete stresses drop abruptly to zero and the 

material is assumed to lose its resistance completely against any 

further deformation. 

The crushing type of fracture is a strain related phenomenon and 

it may be controlled by defining a failure surface in strain space. 

Due to lack of experimental data concerning the concrete ultimate 

deformation capacity under multiaxial loading, the crushing 

criterion is obtained by simply converting the yield criterion 

(3.28), described in terms of stresses, directly into strains [2.89]. 

Thus, 

c I#, +( (c Il)2 +30 J2 0- Ecu (3.54) 

where I; is the first strain invariant. J2 is the second deviatoric 

strain invariant and Ecu is the ultimate strain value that can be 

extrapolated from the uniaxial compression test. 
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3.4.2 Smeared Crack Model for Concrete in Tension 

3.4.2.1 Determination of the principal stresses 

At any point under a general three-dimensional state of stress, 

the principal stresses and their directions can be determined from 

the cartesian stress components. A detailed procedure for the 

evaluation of the principal stresses and the principal directions is 

described in reference [90]. The roots of the following cubic 

equation represent the values of the principal stresses, a,, Q2 and 

O3 

+ I2 Qi - I3 (3.55) 

where I, is the first stress invariant previously defined and 12 and 

13 are the second and the third stress invariants given by, 

12 - QXcry + oy'7z + vzUX - ? x2 y- r) ,y- TZX (3.56) 

13 - QXOyQZ - CXry2 22 
z- Qyryx -7ZTXy + 2rxyTyZIZX (3.57) 

0 

The planes on which the principal stresses act are called "principal 

planes"; and the directions of the outer normals to these planes are 

called "principal directions". For any given state of stress, the 

principal directions can be always be found to be a set of three 

matually orthogonal directions. These directions can be expressed 

through the direction cosines as: 
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li - cos Bxi 

mi - cos Byi 

ni - cos Bzi 

(3.58) 

For example. the direction cosines of the major principal stress, o, 

with respect to the x, y and z axes are 1,, m, and n, respectively. 

These direction cosines are given by (90], 

11 -A/ ( A2 +B2+C2 )I 

m, -B / ( A2 + B2 + C2 )i (3.59) 

n, -C / ( A2 + B2 + C2 )i 

where 

A- (Cy - a, ) (Tz - o, ) - rýý, y 

s- ryz rzx - Txy (uz - al) (3.60) 

c-7 
Xy 

TyZ - TZX (ay - Q, ) 
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3.4.2.2 The cracking criterion 

In the current model, the initiation of cracking is controlled by 

a maximum tensile stress criterion. For a previously uncracked 

sampling point, the principal stresses and their directions are 

calculated. If the major principal stress, a, exceeds a limiting 

value of tensile stress a crack is assumed to form. The limiting 

tensile stress required to define the onset of cracking can be 

calculated for states of triaxial tensile stress and for combinations 

of tension and compression principal stresses as follows [35]: 

a) for the triaxial tension zone ( Q, Qz 1 a3 0) 

Qi - Qcr - ft i-1.2.3 (3.61) 

b) for the tension-tension-compression zone ( Q, 1 02 0.03 40) 

ýi - O'cr - ft 1+0.75 
c3 

i-1,2 (3.62) 

c) for the tension-compression-compression zone( Q, " 0, C3 14 Q2 14 0) 

v, - Qcr - ft 1+ 
0.75 Q2 0.75 a3 

1+ 
q fý 

(3.63) 

where Qcr is the cracking stress and both ft and fc are given 

positive values. Equation (3.62) incorporates the fact that the 

compression in one direction favours the cracking in the others and 

thus reduces the tensile capacity of the material. Fig. 3.8 shows the 

tensile failure envelope resulting from (3.61-3.63) in principal 
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stress space. 

When the major principal stress, a,, violates the cracking 

criterion, planes of failure develop perpendicular to its direction. 

Fig. 3.9a. The concrete behaviour is no longer isotropic, it becomes 

orthotropic with the direction of orthotropy coincides with the 

direction of a,. The normal and the shear stresses across the plane 

of failure and the corresponding normal and shear stiffnesses are 

reduced. However, the behaviour of the material between two adjacent 

failure planes remains linearly elastic, i. e concrete is assumed to 

be transversly isotropic with planes of isotropy being perpendicular 

to the direction of a,. Thus, the increments of strain in the local 

material axes (1,2,3) may be written in terms of stress increments 

as: 

GEi 

AE2 

QE3 

DY, 2 

x723 

X731 

1 
EI 

-r' 
EI 

-r' 
E, 00 0 

-r' 
E, 

1 
E 

-r 
E 00 0 dQ2 

-r' 
E, 

-r 
E 

1 
E 00 0 GQ 

0 0 0 l0 
ß, G 0 Ar 12 

0 0 0 0 0 är23 

0 0 0 00 
ßlß 4: 31 

(3.64) 

where E, is the reduced modulus of elasticity in the direction of c' 

61G is the reduced shear modulus across the failure plane. i. e in the 

plane normal to the plane of isotropy. and r' is Poisson's ratio 

characterising transverse strain reduction in the plane of isotropy 

109 



due to the tensile stress Q,. Because of the lack of interaction 

between the orthogonal planes caused by the cracking, the Poisson's 

ratio r' is set to zero. Therefore, the incremental stress-strain 

relationship in the local material axes may be expressed as, 

ACI 

AO-2 

403 

-dt12 

A7 
23 

4731 

E, 0 000 0 AEl 

0 iE 
PE 00 0 2 At 

0 i r 
rg 00 0 Ac3 

0 0 0 PIG 0 0 x712 

0 0 00G 0 "-1 23 

0 0 000 ß, G dß, 31 

Equation (3.65) may be written in the form: 

AZ - Dcr At 

(3.65) 

(3.66) 

where Dcr is the material stiffness in the local axes. The elastic 

material between two adjacent failure planes is presented in (3.65) 

by a plane stress constitutive relation. The reduced modulus of 

elasticity, E,, should be negative as it represents the slope of the 

tension-stiffening curve. However, a very small positive value is 

usually assigned when forming the stiffness matrix to avoid the 

numerical problems due to the formation of negative pivots in the 

stiffness matrix. An alternative method assumes a progressively 

decreasing value for E, using the current secant slope of the 

tension-stiffening curve. 
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The stress increments in the global axes (x, y, z) may be obtained 

by using the coordinate transformation matrix such that, 

%=r1 

Fýý 

Aax El 00000 Aex 

acry 
E PE 0ý000 eay 

AQZ 
TT 

0 PE Ea 
1-v7 

000 
T 

aey 

LTxy 000 BIG 00 ayxy 

Aryl 0000C0 5-yyz 

arzx 00000a, G e7ZX 

1 (3.67) 

Where T is the transformation matrix expressed in terms of the 

direction cosines as [91]: 

T-I 

z 12 z m z n 11ml m1n, n, l1 

z lz z mz z nz 12m2 mzn2 n212 

2 13 2 m3 2 n3 13m3 m3n3 n313 

21112 2mIm2 2n, nz (11mz+1zm1) (mInz+mzn, ) (n, 12+n211) 

21213 2m2m3 2n2n3 (12m3+13m2) (m2n3+m3n2) (n213+n312) 

21311 2m3m1 2n3n, (13m1+1ým3) (m3n, +m1n3) (n311+n, 13) 

(3.68) 

For the tension-tension-compression and the triaxial tension 

states of stress, the cracking criterion may be violated by the major 

principal stress, a,, and the second principal stress, a2, 

simultaneously. Thus, two sets of orthogonal failure planes develop. 

These planes are perpendicular to the principal axes 1 and 2 
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respectively. In this case, Poisson's ratio is set to zero in all 

directions and the constitutive matrix in the local material axes 

becomes a diagonal matrix, 

Dcr 

E, 00000 

Eý 0000 

E000 

ß, G 00 

sym. ß2G 0 

a, c 

(3.69) 

In the fixed crack model, the rotation of the principal stresses 

after the formation of the first crack is ignored. However, if the 

second crack initiates at a subsequent stage of loading, rotation of 

the principal stresses within the planes perpendicular to direction 

of v, may be taken into account. Magnitudes and directions of the 

new second and minor principal stresses, a' and o, may be 23 

calculated from the original principal stresses a2 and 0-3 and the 

shear stress 723 accumulated during loading stages beyond the 

formation of the first crack. Thus, 

22 

Q1 

U2 +a3*( 0'2 _ 0'3 ) 

+ 7,23 i-2,3 (3.70) 

22 

For tension-tension-compression states, the onset of the second crack 

is expressed in terms of the new principal stresses as: 

1 0.75 vý 
QZ ft vor =1+3 (3.71) 
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Failure planes corresponding to the second crack are assumed to be 

perpendicular to the direction of the second principal stress o 

Fig. 3.9b. The angle between the original and the new in-plane sets 

of principal directions, Bp, may be calculated as: 

fflmý 

ZT 
op - tall '23 

v-Q 23 

(3.72) 

After the formation of the second crack, the local in-plane 

constitutive matrix with respect to the new principal directions 

(2', 3') is expressed as: 

E2 00 

Pcr _0E0 

00 02G 

(3.73) 

This matrix may be transformed to the original principal directions 

(2,3) using the in-plane coordinate transformation matrix. 

Therefore, the in-plane incremental stress-strain relationship in the 

original principal directions can written as: 

M2 E2 

I AQ3 . TT 0 
P 

IQT23 0 

002 

E0 Tp DE3 

0 ß2G Alf 
23 

where Tp is the in-plane transformation matrix given by 
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C2 S2 CS 

Tp _ S2 C2 -CS (3.75) 

-2CS 2CS C2-S2 

1®. 

where C- cos 8p and S- sin 8p. 

In the current model, a maximum of three sets of cracks are 

allowed to form at each sampling point, Fig. 3.9c. For triaxial 

tension states, a third crack may occurred when the minor principal 

stress, 03 (or a, 3) exceeds the uniaxial tensile strength ft. 

3.4.2.3 Post-cracking models 

The gradual release of tensile stresses normal to the cracked 

I 

plane is represented by an average stress-strain curve. In the 

current study, such a relationship may be obtained using either the 

tension-stiffening or the strain-softening models 

3.4.2.3.1 Tension-stiffening model 

Test data on tension-stiffening exhibits considerable scatter 

because of the nature of the phenomenon and method of calculating 

tensile stresses in concrete. Therefore. simple models are usually 

suggested for such phenomenon. In the present work, the tensile 

stress contributed by the concrete between the cracks is expressed 

as: 
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a) for Ecr 4 En 4 a1 Ecr 

a, - 
en 

Ecr 

Qn - a2 vcr (3.76) 
1 

a, - 
1.0 J 

b) for En " a1 Ecr 

vn - 0.0 (3.77) 

where Qn and en are the stress and strain normal to the cracked 

plane, Ecr is the cracking strain assoicated with the cracking stress 

(Tcr and a, and a2 are the tension-stiffening parameters. aI 

represents the rate of stress release as the crack widens; a2 

represents the sudden loss of stress at instant of cracking, Fig. 

3.10. 

An experimental relationship between concrete force due to 

tension-stiffening and steel strains in reinforced concrete beams and 

slabs has been obtained by Clark and Speirs [67]. In non-linear 

finite element slab analysis, Cope [54] used an average stress-strain 

curve with a, - 15 which gave good predictions of the results of 

Clark and Speirs. Values in the ranges of 5-25 and 0.2-1.0 have been 

used for a, and a2 respctively by many workers [89,92-94]. A 

numerical study on the effect of tension-stiffening parameters on the 

non-linear behaviour of reinforced concrete deep beams has been 

performed by Al-Manaseer and Phillips [95]. Results of the analysis 

show that the best load deflection curve was obtained when a, - 10 

and a2 - 0.6. The variation of these parameters also influences the 
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load displacement behaviour, crack propagation and the ultimate load, 

and significantly affects the total number of iterations required to 

achieve a converged solution. 

An estimate for the value for a, may be derived by assuming that 

a, ecr is equal the yield strain of the reinforcement. This is 

likely to be a reasonable estimate if the crack is perpendicular to 

the steel. However, if cracks do not intersect the reinforcement 

perpendicularly this is a rather severe restriction. Determination of 

the value of a, is discussed in more detail in section 6.2.3. 

In the finite element analysis of reinforced concrete structures, 

average strains are considered at the sampling points. Therefore the 

tension-stiffening curve can be mesh independent for reasonable 

values of a, and mesh dimensions. Cope [69] suggested the ideal 

spacing of sampling points to be approximately equal the average 

spacing between cracks. 

3.4.2.3.2 Strain-softening model 

In the finite element modelling of plain concrete, the 

post-cracking stresses are calculated from average strains at 

discrete sampling points according to an equivalent stress-strain 

relationship. To improve the realism of the model and to obtain 

solutions insensitive to the size of the finite elements, it is 

necessary to take sampling point spacing into account when specifying 

the equivalent post-cracking stress-strain curve [96]. To do this, 

the fracture energy which represents the area under the stress-crack 
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width curve is assumed to be a constant for the material considered. 

Thus, 

Gf -J a(w) dw (3.78) 

where w is the crack width which may be expressed in the smeared 

crack representation in terms of the tensile strain normal to the 

cracked plane as 

V 
w- en - 1c en (3.79) 

S 

where V is the volume of concrete represented by the cracked sampling 

point and S is the area of the cracked plane. The ratio V/S can be 

identified as the characteristic crack length, lc, of the sampling 

point, the gauge length in an experiment. The characteristic length 

may be approximated in three-dimensional problems as the cubic root 

of the volume associated with sampling point. Thus, 

is -(v)0.33 (3.80) 

By making use of (3.78) and assuming the same linear equivalent 

post-cracking stress-strain relationship of (3.76), Fig . 
3.10, the 

parameter a, may be expressed in terms of the fracture energy as 

r2 Gf 1 
a, --+1.0 (3.81) 

a2 0cr Ecr lc Qa 

Equation (3.81) demonstrates the mesh dependence of the 

strain-softening model via the inclusion of the crack characteristic 

length. Expermental tests indicate that the average characteristic 
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crack length is of the same order as the maximum size of aggregate 

[97). Experimental results to determine the fracture energy exhibit 

considerable scatter. However for normal weight concrete, the 

fracture energy may be taken to be in the range 200 ft2/E - 400 ft2/E 

N/m [69]. 

3.4.2.4 Closing and re-opening of cracks 

Unloading of a cracked sampling point may occur as a result of 

the stress redisribution at neigbouring points. For a closing crack 

it is assumed that the orthotropy of the sampling point under 

consideration is maintained. Unloading and re-loading are assumed to 

follow a secant path, Fig. 3.10. The secant modulus, Ei, can be 

evaluated from the previously stored maximum strain developed normal 

to the cracked plane. This secant modulus may be used to calculate 

the retained stress as: 

O'n - Ei En (3.82) 

When the crack is completely closed, the effects of any residual 

strains are neglected. 

3.4.2.5 Shear retention model 

The shear stiffness at a cracked sampling point becomes 

progressively smaller as the crack widens. In the present study, a 

reduced shear modulus, ßG, has been used across the cracked plane. 
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Before cracking, a value of unity is assigned to the shear reduction 

factor, ß. As the cracks propagate, the shear reduction factor is 

taken as a linearly decreasing function of the strain normal to the 

cracked plane, which represents the crack 'width. When the cracks 

have sufficiently opened, a constant value is assigned to ß to 

account for dowel action. The shear retention model is shown in Fig. 

3.11 and is given by 

a) for en 4 Ecr 

ß-1.0 

b) for ecr 4 en 4 1/1 Ecr 

(3.83) 

Ys - Y3 En 
ß Y, -+ Y3 (3.84) 

Y, -1 Ecr 

c) for in -' 7i Ecr 

0- 73 (3.85) 

where y,. y= and y3 are shear retention parameters. y, represents 

the rate of decay of shear stiffness as the crack widens; 72 

represents the sudden loss in shear stiffness at the instant of 

cracking and y3 represents the residual shear stiffness due to the 

dowel action. In cases when a crack is totally closed, it is assumed 

that the original shear modulus is retained and a value of unity is 

assigned to the shear reduction factor. 
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3.4.2.6 Modelling the compressive strength reduction due to orthogonal 

cracks 

The deterioration of compressive strength due to orthogonal 

cracking may be taken into account using the proposals presented in 

section 3.3.5. In a plasticity based model, effects of transverse 

tensile strains on the yield criterion and the evolution of 

subsequent loading surfaces can be simulated by scaling the 

equivalent uniaxial stress-strain relationships given by (3.32-3.34) 

according to the current value of the compression reduction factor. 

The necessary modifications required for equations (3.14,3.15 and 

3.18) to be suitable for three-dimensional analysis are described in 

this section. Three different models have been incorporated in the 

current study based on the proposals of Cervenka (83] and Vecchio and 

Collins [11,84]. These models are illustrated in the following 

sections. 

a) Model A 

Cervenka's [83] proposed the use of the reduction factor to 

reduce both the peak stress and the corresponding strain. Therefore 

from (3.32-3.35), the modified stress strain relationships may be 

written as: 

a) for UT 4Xcpfc 

v-Xec (3.86) 
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b) for Xcpfc4a4Xfc 

acpfc E ýcPfý i 
cp fc +E cc -- ec - (3.87) 

E 2eo E 

c) for cN (2-cp) X fc/E 

u-X fc, (3.88) 

where 

E0 - 2(1-cp) X fc/E (3.89) 

Consequently, the effective stress-plastic strain relation (3.38) can 

be modified as 

cp fc -E eP +(2 E2 X ep )# (3.90) 

And hence, the hardening parameter can be expressed as: 

d(T 1ýXE 
E-1.0 (3,91) 

dep 2 EP 

For a singly cracked sampling point, the compression reduction factor 

is given by, 

X-1.0 - kl 6 1.0 - k, (3.92) 
0.005 

where e, is the transverse tensile strain in principal direction 1, 

the strain normal to the cracked plane. And, for a doubly cracked 
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sampling point the expression may be taken as: 

ei + (2 ) 

- 1.0 - kl 6 1.0 - kl 
0.005 

where E2 is the tensile strain normal to the second crack. 

b) Model B 

(3.93) 

Based on the model proposed by Vecchio and Collins [11], the 

reduction factor used in (3.86-3.91) may be calculated for a singly 

cracked point as, 

-X s 

1 

0.85 + 0.27 
Ci Eeq 

6 1.0 (3.94) 

where Feq is a strain equivalent to the state of strain of the 

material within the plane of isotropy which may be calculated using 

(3.54) as: 

eeq -c Ill +( (c I1)2 +30 J2 ) (3.95) 

and c, is a constant which may evaluated from (3.14) to be 

cl - ec / eeq (3.96) 

By substituting the state of uniaxial compression stress and setting 

Poisson's ratio to be 0.2, the constant c, can be calculated from 

(3.95) to be equal to 0.7725. 
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The reduction factor of a doubly cracked sampling point may be 

taken as, 

1 
a-41.0 (3.97) 

2 2+ 
e2 ) (1 

0.85 + 0.27 
E3 

where E3 is the compressive strain in the local principal direction 3 

taken as a positive value. 

c) Model C 

According to the modified proposal of Vecchio and Collins [84], 

the effect of the reduction factor results in reducing the peak 

stress only. Therefore, the modified equivalent stress-strain 

relationships may be given as: 

a) for P4 acpfc 

U- XEcc 

b) for Xcpfc4d4Afc 

(3.98) 

Cp fc E cp fc 2 
v- cp fc +E ec -- Ec - (3.99) 

E 2eö E 

c) for cc (2-cr) fc/E 
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a-a fc (3.100) 

where 

co - 2(1-cp) fý/E (3.101) 

Hence, the effective stress-plastic strain relation may be written 

as: 

v- X( cpfý-Eep+(2E2 eö (p )f ) 

And, the hardening parameter can be expressd as: 

dd ý- 
XELl 

E11- 
1.0) 

PP 

(3.102) 

(3.103) 

In this model, the reduction factor for a singly cracked point is 

expressed using (3.18) as: 

x- 
1 

0.80 + 0.34 
0.002 

4 1.0 (3.104) 

And for double cracks, 

1 

x- 41.0 
E+ E)Z 1Z 

0.80 + 0.34 
0.002 

(3.105) 
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3.4.2.7 Treatment of the compressive behaviour of cracked concrete 

In the previous section, the equivalent uniaxial stress-strain 

curves and the corresponding effective stress-plastic strain 

relations are described as functions of the compression strength 

reduction factor X. Thus, for a cracked sampling point the evolution 

of the subsequent loading surfaces can be described by a family of 

equivalent uniaxial curves depending on the current value of the 

factor a, Fig. 3.12. Consider the situation existing for the ith 

iteration of any particular loading increment where awe represents 

the elastic increment of equivalent uniaxial stress corresponding to 

the strain increment ae. Let points A and C represent the state of 

stresses at the end of the i-lth and the ith iterations respectively. 

The path followed during the ith iteration to reach point 'C is 

illustrated in Fig. 3.12c. The state of stress is assumed to 

transfer from point A, on the curve X-X,, to point B, on the curve 

X- X2, without changing the value of the current effective plastic 

strain, i. e elastic loading, Figs. 3.12b and 3.12c. Because of the 

variation in the value of X, the portion of the stress increment, 

R&Qe, to be included in the residual force vector is represented in 

the figure by the segment CF. However, for the case of no change in 

the value of X this portion is given by the segment DF. 

Because cracking is a partial and directional failure, the 

material within the planes of isotropy, planes perpendicular to the 

direction of the maximum principal tensile stress, can still 

sustained compressive stresses in directions parallel to the cracks. 

In the presence of a single set or two orthogonal sets of cracks at a 

sampling point, see Figs. 3.9a and 3.9b, the plasticity formulation is 
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assumed to apply for the concrete between the cracked planes using 

the relevant biaxial or uniaxial state of stress. 

3.5 Modelling of Reinforcement 

Compared to concrete, steel is a much simpler material to 

represent. Its strain-stress behaviour can be assumed to be 

identical in tension and compression. In reinforced concrete 

members, reinforcing bars are normally long and relatively slender 

and therefore they can be generally assumed to be 
., capable of 

transmitting axial forces only. A typical uni-axial stress-strain 

curve for a steel specimen loaded monotonically in tension is shown 

in Fig. 3.13. In the current study, the uniaxial stress-strain 

behaviour of reinforcement is simulated by an elastic linear work 

hardening model, Fig. 3.14. 
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Fig. 3.1 Typical uniaxial stress-strain curve for concrete 
in compression. 

ft 

Fig. 3.2 Typical uniaxial stress-strain curve for concrete 
in tension. 
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Fig. 3.3 Failure envelope of plain concrete in biaxial stress 
space, ( Kupfer el al. [6] ). 
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Fig. 3.4 Typical triaxial failure envelope of concrete, 
( Ref. 3 ). 
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a) Vecchio and Collins model. 
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b) Modified Vecchio and Collins model. 

Fig. 3.5 Uniaxial compressive stress-strain relationship for 

cracked concrete. 
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Fig. 3.6 Failure envelope adopted in current model compared to 
Kupfer results and Von Mises criterion. 
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Fig. 3.7 Uniaxial stress-strain curve for concrete. 
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Fig. 3.8 Triaxial tensile failure , cracking, envelope 
of concrete. 
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a) Single crack. 
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c) Triple cracks. 
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b) Double cracks. 

Fig. 3.9 Crack patterns in local material axes. 
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Fig. 3.10 Post-cracking model for concrete. 
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Fig. 3.11 Shear retention model for concrete. 
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Fig. 3.13 Typical stress-strain curve for steel bars. 
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Csu 

Fig. 3.14 Stress-strain relationship of steel bars used 
in the analysis. 
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CHAPTER FOUR 

NON-LINEAR SOLUTION TECHNIQUES 

4.1 Introduction 

One of the main objectives of the finite element analysis of 

reinforced concrete structures is to determine the response under 

loading. Fig. 4.1 shows a typical load deformation curve for a 

monotonically loaded member where the behaviour is essentially linear 

up to point A. Beyond this point a non-linear load deformation 

response occurs. Such a response is due to either non-linear 

material behaviour, material non-linearity, or large deformations in 

the structure, geometrical non-linearity, or a combination of both. 

In the analysis of reinforced concrete structures, the effect of 

large deformations can be neglected for the majority of cases. This 

is due to the early onset of material non-linearity, with large 

deformations occurring only close to structural collapse (1). The 

sources of material non-linearity considered in the present study 

are: 

1. cracking of concrete, 

2. crushing of concrete, 

3. yielding of reinforcement and 

4. plastic deformation of concrete and reinforcement. 

At the linear stage of behaviour, the solution of the discretised 
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system of the equilibrium equations can be achieved in a direct 

manner. However, at the non-linear stage it is not possible to solve 

the governing equations directly. Therefore resort has to be made to 

more sophisticated solution strategies. A combined 

incremental-iterative solution technique is usually used. In the 

present work, Newton-Raphson incremental-iterative solution 

algorithms have been implemented to trace the response of the 

structures up to failure. The solution techniques adopted are 

operated under a load control incrementation scheme. 

This Chapter describes the numerical solution algorithms used in 

this study. Section 4.2 summarises the iterative and incremental 

methods which are usually used to solve non-linear problems. A full 

description of the solution techniques adopted is given in section 

4.3. Section 4.4 deals with the schemes incorporated to accelerate 

the convergence of the solution. The convergence criteria and the 

analysis termination criteria are presented in sections 4.5 and 4.6 

respectively. An outline of the computer program developed is given 

in section 4.7. 

4.2 Solution Techniques for Non-Linear Equations 

For a non-linear structural response, the discretised system of 

algebraic equations can generally be written in the form, 

r(0 -2 (a) -f (4.1) 

where r is the out of balance, residual, force vector, a is the 
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vector of nodal displacements, f is the vector of externally applied 

nodal loads and p is the internal nodal load vector given by, 

BT Q dV 2 ia- 

V 

(4.2) 

Solution of the equilibrium equations (4.1) is based upon obtaining a 

balance between the external and internal loads vectors such that the 

residual forces are zero. Three basic solution techniques are 

usually used in this context. These are the iterative, incremental 

and combined incremental-iterative approaches. The approaches are 

diagrammatically illustrated in Fig. 4.2 for a one degree of freedom 

case. 

The purely iterative techniques imply the application of the 

total load in a single increment, Fig. 4.2a. An initial estimate of 

the vector of unknown nodal displacements a, is obtained. The 

stresses corresponding to the predicted initial solution are 

calculated using the relevant constitutive relations. These 

stresses are used to calculate the internal force vector p and then 

the out of balance force vector r. The out of balance forces are 

successively applied to the structure in order to obtain 

progressively improved solutions a2' a3 .... The total 

displacement is taken as the sum of the accumulated displacements 

from each iteration. The iterative corrections continue until the 

out of balance forces become negligibly small. This type of technique 

is not suitable for tracing the entire non-linear equilibrium path 

because it fails to produce information about the intermediate stages 

of loading. For such cases the incremental techniques are essential. 

146 



The purely incremental techniques, Fig. 4.2b, are usually carried 

out by applying the external loads as a sequence of sufficiently 

small increments. Within each increment of loading, linear 

constitutive relationships are generally assumed. Because the purely 

incremental techniques does not account for the redistribution of 

forces during the application of loading increments, they suffer from 

a progressive and uncorrected tendency to drift from the true 

equilibrium path. The drift depends on the degree of non-linearity 

and the size of loading increments. 

The combined incremental-iterative techniques, Fig 4.2c, imply 

the subdivision of the total external load into smaller increments. 

Within each increment of loading iterative cycles are performed in 

order to obtain a converged solution corresponding to the stage of 

loading under consideration. In practice the progress of the 

iterative procedure is monitored with reference to a specified 

convergence criterion. 

At present, the incremental-iterative method is the most commonly 

used technique for solving non-linear finite element problems. The 

standard and the modified Newton-Raphson methods (2-4] are usually 

used with this regard. More recently the quasi-Newton methods [5-7] 

and the secant-Newton methods [8-10] have also been used in the 

finite element structural analysis. The computer program described 

incorporates the standard Newton-Raphson method and its modified 

versions. These methods are described in the following section. 
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4.3 Standard and Modified Newton-Raphson Methods 

In these methods the external load is applied inrementally and a 

series of iterations are performed within each increment of load in 

order to eliminate the out of balance forces r, such that: 

r(a) -Q (4.3) 

If an approximate solution to a such as a exists, note that the 

subscripts i and n correspond to the number of the current iteration 

and current loading inrement respectively, an improved solution can 

be achieved using a truncated Taylor series of the form 

ar(a) 
r(ai+l) -r(an) + bau (4.4) 

as ý a. 

In the above expression , the term 

ar(a) 
- KT(an) (4.5) 

represents the tangential stiffness matrix at iteration i of 

increment n. If the approximation an+l is used in (4.3) instead of a 

then equation (4.4) can be written as: 

(an) + KT(am) ban -0 

from which the iterative displacement bau, can be found as, 

(4.6) 
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ban -- KT(an)-1 r(an) 

The improved approximation an+l can be expressed as, 

ai+l - ai + bai 

(4.7) 

(4.8) 

Equations (4.7) and (4.8) constitute the standard Newton-Raphson 

algorithm for the solution of (4.3). The procedure using (4.7) and 

(4.8) continues and for each iteration a new system of linearised 

equations has to be solved for ban until the solution converges. The 

solution process is illustrated diagrammatically in Fig. 4.3a for the 

case of a one degree of freedom system. 

In the standard, or full, Newton-Raphson method, the tangential 

stiffness matrix is updated and a new system of equations is solved 

for each iteration. This is an expensive computational procedure, 

particularly if the size of loading increments is small. To overcome 

this, the algorithm can be modified by only updating the stiffness 

matrix occasionally. 

4.3.1 Modified Newton-Raphson Methods 

The most commonly used modified forms of the standard 

Newton-Raphson method are those in which the stiffness matrix is 

updated only once for each increment of loading. Figs. 4.3b and 4.3c 

illustrate two possible modifications. In Fig 4.3b the stiffness 

matrix is updated at the begining of the first iteration of each 

increment, the KT]. method. While in Fig. 4.3c the stiffness matrix 
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is calculated at the begining of the second iteration, the KT2 

method, so that the non-linear effects are more accurately 

represented in the stiffness matrix. 

These methods are generally more economical than the full 

Newton-Raphson method since they involve fewer stiffness matrix 

reformulations. However, the convergence is slower and a large 

number of iterations is required to achieve converged solution. This 

is particularly true for an increment of loading at which a sudden 

softening may occur due to cracking, yielding or substantial 

non-linear behaviour of concrete in compression. In order to make 

the modified methods more effective at loading stages at which slow 

convergence occurs, the stiffness matrix may be updated more than 

once within the increment. The developed program incorporates a 

modified Newton-Raphson method, KT2a method, in which the stiffness 

matrix is updated at 2nd, 12th, 22nd.... etc iterations of each 

increment of loading. 

Another difficulty which can occur with the modified 

Newton-Raphson methods arises due to elastic unloading when stress 

redistribution takes place during an increment of loading. A 

possible divergence of the solution may then occur as a result of the 

elastic unloading [1]. A practical solution may be provided by using 

the initial elastic constitutive relations throughout the entire 

analysis. 
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4.3.1.1 The initial stiffness method 

This method is a version of the modified Newton-Raphson methods 

in which the initial elastic stiffness matrix is maintained 

throughout the entire analysis. The method was introduced by 

Zienkiewicz et al [11) for the solution of elasto-plastic problems. 

It offers a practical solution to some of the problems associated 

with the modified Newton-Raphson methods such as those that occur due 

to elastic unloading and the development of ill-conditioned stiffness 

matrices close to ultimate load. 

Because the stiffness matrix is formulated only once for the 

analysis, the computation cost per iteration is significantly 

reduced. However, the solution requires many more iterations 

compared with those required by the previous methods. The relative 

computational efficiency of the initial stiffness method with respect 

to the standard and other modified Newton-Raphson methods depends to 

a large extent on the degree of non-linearity inherent in the problem 

under consideration. 

4.4 Acceleration Schemes 

The onvergence characteristics of the modified Newton-Raphson 

methods can be substantially improved by the inclusion of a suitable 

acceleration technique. Several schemes have been proposed and 

introduced for finite element analyses. One such acceleration scheme 

is Aitken's method [12]. This approach introduces a diagonal matrix, 

an, containing acceleration factors. The iterative displacements are 
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multiplied by the acceleration factors at every other iteration, such 

that 

ai+l - ai + ai aati (4.9) 

The acceleration factor for each degree of freedom j is given by 

bai-1, j 
ai, j- 

bai-1, j- bai, j 
(4.10) 

Irons and Tuck [13] proposed a modification to Atiken's scheme in 

which the acceleration is applied at every iteration. Jennings [14] 

proposed replacing the diagonal acceleration matrix by scalar which 

applies equally to all terms of the iterative displacement. Cope et 

al [15] used the modified Atiken's method proposed by Jennings in the 

analysis of reinforced concrete slabs and concluded that the 

procedure did not significantly speed up the convergence of the 

analysis. 

Recently, line searches have been introduced to accelerate 

convergence for non-linear finite element analyses [10,16-20]. 

Crisfield [17] showed that the line search techniques can 

significantly improve the performence of both the modified 

Newton-Raphson and, to a lesser extent, the secant-Newton methods 

particularly for problems involving the cracking of concrete. 

Similar conclusions have been obtained by others for finite element 

analysis of reinforced concrete structures [1,21-23]. This technique 

has been incorporated in the present work and a formulation similar 

to that given by Crisfield [16] is presented in the following 
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section. 

4.4.1 Line Searches 

For an increment of loading n, the iterative displacement vector 

Eai can be premultiplied by a variable scalar, nip termed the step 

length. Therefore, equation (4.8) may be modified to, 

ai+1 - ai + 'li bai (4.11) 

If no line search has been activated then the step length parameter 

is taken as unity. 

The idea of applying such a variable step length has long been 

established in the mathematical programming literature. The concept 

of the line search is to find the optimum or near optimum value of 

77i. Effectively the procsess tries to obtain a stable equilibrium 

state by choosing a value of ni such that the residual forces in the 

next iteration are zero. If a potential energy formulation is used, 

then the out of balance force vector r represents the gradient of the 

total potential energy, 4, 

te(a) 
ýý r(a) 

as 
(4.12) 

If bai and ai of (4.11) are held fixed, an optimum scalar ni may be 

obtained by seeking a stationary value of the total potential energy 

4'i+l(ai+l) with respect to the variations in the scalar ni. Hence by 

making use of (4.11) and (4.12), 
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acDi+l aai+l 
-- r(ai+l)T Sai - si(fli) -0 (4.13) 

a']i aai+l a'ni 

The above expression can be satisfied by recalculating the residual 

force vector r(ai+i) for various values of 711. This is a rather 

expensive procedure since it requires frequent recalculations of the 

out of balance forces for each trial. Therefore instead of obtaining 

the exact solution of (4.13), it is more desirable to satisfy the 

approximate condition 

I sj (ni. j) I<01 so(f)a, o) 1 (4.14) 

where 

so - s0( ni-0) - öai r(ai) (4.15) 

In the above expression, r(Lai) is the out of balance force vector at 

the end of the previous iteration, i and j refer to the global 

solution iteration and line search trial numbers respectively and t 

is a tolerance given by, 

0.0 <0<1.0 (4.16) 

It is expected that when a small value of ý is used, the number of 

line search trials will increase and the number of iterations 

decreases. Crisfield [16] has indicated that a relatively slack 

tolerance (ý90.8 ) is optimum, in terms of computation time, for 

the modified Newton-Raphson methods. 

The approximate criterion (4.14) is likely to be satisfied by the 
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first trial value of the step length factor, nil, which is usually 

taken as unity. However if equation (4.14) is not immediately 

1 

satisfied, subsequent trials are performed to evaluate the step 

length using a linear interpolation (or extrapolation) of the form 

Ali, j+l -so 

ýIi, j Si - so 
(4.17) 

If 77i, j+l is greater than 77ij the procedure involves extrapolation 

which may lead to an overestimation of the displacements. A maximum 

value of 10 has been used for the step length in the present work. 

On the other hand, if fli, j+l was very small the change in the 

displacement would also be small and this will prevent the iterative 

procedure from making any progress. A minimum value of 0.1 has 

therefore been adopted for the step length throughout the present 

study [16]. The maximum number of line search trials allowed in an 

iteration is three, after which the line search routine is abandond 

for the current iteration. The analysis then proceeds to the next 

iteration. 

4.5 Convergence Criteria 

In the incremental iterative solution strategy, the progress of 

the iterative procedure is monitored with reference to a specified 

convergence criterion. Convergence is assumed to occur when the 

difference between the external and internal forces has reached an 

acceptably small value and the iterative process is then terminated. 

Accuracy of the approximate solution is usually specified by 
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selecting a suitable convergence tolerance. If the convergence 

tolerance is too loose, inaccurate results may obtained and if the 

tolerance is too tight, additional computation effort is spent to 

obtain needless accuracy. 

For non-linear structural analyses, several convergence criteria 

can be used to monitor equilibrium. These criteria are usually based 

on out of balance forces, displacements or internal energy. Details 

of various kinds of criteria are reviewed in [1]. The convergence 

criteria adopted are based on the Euclidean norm and may generally 

written in the form 

II X II 
X 100% 9 TOLER (4.18) 

II y II 

where 

il x II ( XT x' (4.19) 

11 y 11 - (yT y )1 (4.20) 

and TOLER is a specified convergence tolerance. For the force based 

criterion, the norms refer to the out of balance force and the 

external applied load vectors such that 

ri (4.21) 

y-f (4.22) 
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while for the displacement based criterion they refer to the 

displacement vectors as, 

x- bai (4.23) 

y- 41 (4.24) 

An internal energy based convergence criterion was introduced by 

Bathe and Cemento [24] and was used by Cope and Rao [25] in the 

analysis of reinforced concrete slabs. In this criterion, the amount 

of work done during an iteration by the residual forces and the 

iterative displacements can be compared with the initial value of 

that particular increment. Thus, convergence can be assumed to occur 

when 

Ir bai 
X 100% 6 TOLER 

1 IT bay 
(4.25) 

In the present work, a force convergence criterion has been 

adopted. 
. 
This type of criterion is favored because it monitors 

directly the redistribution of the out of balance forces. Accuracy of 

the solution is specified by setting the convergence tolerance to an 

acceptable limit. Convergence tolerances ranging form 1% to 5% have 

been used for the different numerical examples presented in the 

following three Chapters. 
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4.6 Analysis Termination Criteria 

The non-linear finite element analysis must be provided with 

criteria to detect failure of the solution. In the physical tests 

under load control, collapse of a structure takes place when no 

further loading can be sustained. This is usually indicated in the 

numerical tests by successively increasing iterative displacements 

and a continuous growth in the disspated energy. Hence, convergence 

of the iterative procedure can not be achieved and therefore it is 

necessary to specify suitable criteria to terminate the analysis and 

save wasting computation effort. 

Several criteria have been suggested to terminate the numerical 

analysis [1] for example setting a limiting value to the maximum 

deflection, specifing the maximum number of iterations, setting a 

limit to the growth of the disspated energy or the use of the current 

stiffness parameter proposed by Bergan et al [261. Satisfaction of 

any of these criteria indicates the failure of the non-linear 

solution procedure rather than the failure of the structure being 

analysed. In some cases, careful study of the numerical results by 

comparing them with any available theoretical or experimental results 

is necessary. When the numerical solution indicates unrealistic 

results, it may be useful to restart the analysis using a refined or 

a different solution strategy. 

In the present study, the non-linear analysis is terminated when 

the stiffness matrix is no longer positive definite, a steel bar has 

fractured, excessive concrete crushing at sampling points has taken 

place, the number of loading increments exceeds a preselected number 
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or the number of iterations is greater than the specified maximum 

number. The later criterion is not always sufficient to indicate 

failure because the specified maximum number of iterations may be 

exceeded while the solution is converging slowly. This may take 

place when a sudden softening has occurred due to extensive cracking 

or yielding, a very tight convergence tolerance has been selected or 

a large increments of loading has been used. In these situations, an 

adequately large maximum number of iterations must be selected. 

4.7 Outline of the Computer Program 

One of the aims of the present work was to develop a numerical 

tool suitable for three dimensional-finite element analysis of 

reinforced concrete structures under monotonically increasing loads. 

The computer program 3DNFEA has been written for this purpose. The 

program makes use of some of the standard NAGFE level 0 (27] 

subroutines. The main aspects of the program are given below. A 

more detailed description is available in reference [28]. 

1. Main objective 

The main objective of the computer program 3DNFEA is to analyse 

non-linear reinforced concrete, or steel, members under general 

three-dimensional states of loading up to failure. A special 

emphasis is given to the analyses of beams under torsion. 
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2. Concrete representation 

Concrete is simulated by brick elements. The following 

isoparametric elements are incorporated in the program 

(a) The 8 noded linear element. 

(b) The 20 noded quadratic element. 

(c) The 32 noded cubic element. 

3. Reinforcement representation 

Reinforcing bars are simulated as axial members embedded in the 

brick elements. It should be noted that the discrete representation 

of reinforcement is a special case of the embedded representation in 

which the bars are embedded along the boundaries of the brick 

elements. 

4. Integration rules used 

The following integration rules have been implemented in the 

program 

(a) The 27 (3x3x3) Gauss-quadrature rule. 

(b) The 8 (2x2x2) Gauss-quadrature rule. 

(c) The 14 sampling Gauss type point rule. 

(d) The 15a sampling Gauss type point rule. 

(e) The 15b sampling Gauss type point rule. 
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5. Material non-linearites 

The material non-linearites considered in the program are due to 

cracking and crushing of concrete, yielding of reinforcement bars and 

the plastic deformation of the concrete and the reinforcement. A 

special emphasis is placed in modelling the reduction of the concrete 

compressive strength in the presence of orthogonal cracking. 

6. Non-linear solution algorithms 

I The following incremental iterative solution algorithms are 

incorporated in the program 

(a) The standard Newton-Raphson method. 

(b) The modified Newton-Raphson method in which the stiffness 

matrix is updated at-the first iteration of each increment 

of loading, the KT1 method. 

(c) The modified Newton-Raphson method in which the stiffness 

matrix is updated at the second iteration of each increment 

of loading, the KT2 method. 

(d) The modified Newton-Raphson method in which the stiffness 

matrix is updated at the 2nd, 12th, 22nd........ iterations 

of each increment of loading, the KT2a method. 

(e) The initial stiffness method. 

Line searches may be optionally activated in each of the solution 

algorithms considered. The solution of the banded set of algebraic 

equilibrium equations is carried out using the Cholesky factorisation 

technique [27]. 

161 



7. Loading schemes 

The computer program employs a load incrementation scheme with 

the size of loading increment being specified by the user. In finite 

element analyses, the external loads are simulated by a set of 

equivalent nodal forces. For simple cases of loading such as gravity 

load or uniformly distributed loads, the equivalent nodal forces can 

be easily determined. However for complex loading, for example 

torsion, the nodal loads should be distributed amongst the nodes of 

the loaded section in a proper manner. The proportions of the nodal 

loads must represent the same configuration of shear stresses those 

induced by the original torque. An iterative scheme has been 

developed to predict the proper distribution of the nodal loads 

equivalent to an elastic torque. The scheme is described in section 

5.4. A special subroutine has been written for this purpose. 

8. Convergence criteria 

The following criteria are available in the program to monitor 

convergence of iterative procedure. 

(a) Force convergence criterion. 

(b) Displacement convergence criterion. 

The former criterion has been used for the numerical examples carried 

out in this work. 
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9. Termination of the analysis 

The finite element analysis is terminated when any of the 

following criteria is satisfied. 

(a) The stiffness matrix is no longer positive definite. 

(b) A reinforcing bar has been fractured. 

(c) Excessive concrete crushing takes place. 

(d) The number of increments exceeds a maximum specified number. 

(e) The number of iterations exceeds a maximum specified number. 
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Fig. 4.1 Typical structural response of a reinforced concrete 
member. 
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Fig. 4.2 Basic techniques for the solution of non-linear 
equations: a)Iterative, b)Incremental, c)Incremental 
-iterative. 
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CHAPTER FIVE 

ANALYSIS OF ELASTO-PLASTIC TORSION OF HOMOGENEOUS MEMBERS 

5.1 Introduction 

This Chapter deals with the problem of torsion of homogeneous 

solid members with an elasto-plastic material constitutive 

relationship. For such members, the following three stages of 

behaviour occur as the torque is increased [1,2]. 

1. The elastic stage in which all the material in any typical 

cross-section of the member is elastic. 

2. The elasto-plastic stage in which part of the cross-section 

is plastic and the remainder is elastic. 

3. The plastic stage in which all the material in the 

cross-section can be assumed to deform plastically. 

In the elasto-plastic stage of behaviour, the positions of the 

boundaries between the elastic and the plastic zones of a typical 

cross-section move with changes in the magnitude of the torque and 

therefore theoretical torque-twist' relationships are difficult to 

obtain. For this reason, the exact expressions and the approximate 

analytical solutions have only been obtained for prismatic members 

with relatively simple cross-sections (1]. Thus, it is necessary to 

resort to numerical methods for other cases and this Chapter 

describes the implementation of the finite element method for 

elasto-plastic members under torsion. Therefore, the main objectives 
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of this study are: 

1. To investigate the validity and accuracy of the proposed 

three-dimensional finite element model for the elasto- 

plastic behaviour of members subjected to pure and warping 

torsion. 

2. To conduct some numerical tests for problems in which the 

comparisons with the analytical solutions are possible in 

order partly to test the Author's computer program. 

3. To carry out parametric studies to investigate the effects 

of warping restraint, different types of finite elements, 

different integration rules and mesh refinement. 

Although the numerical examples analysed are prismatic beams of 

simple cross-sections subjected to torsion, the computer program 

could be used for non-prismatic members of irregular as well as 

regular cross-sections subjected to general states of loading. 

The available exact solutions for members under pure torsion 

which are related to the selected tests are outlined in section 5.2. 

In section 5.3 the numerical examples chosen for investigation are 

summarised. An iterative scheme has been proposed to predict an 

improved distribution of the external applied nodal loads equivalent 

to the required torque. This scheme is illustrated in section 5.4. 

In section 5.5, numerical results for members under pure torsion are 

compared against the analytical solutions. A comparison of the 

accuracy and efficiency of different integration rules has been made 

and the performance of different isoparametric brick elements has 

been examined. Results of numerical tests carried out for I-section 
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cantilever beams with and without warping restraint are illustrated. 

5.2 Theoretical Relationships for Pure Torsion 

In the case of a prismatic bar subjected to pure torsion, Fig. 

5.1, one end of the member is assumed to be restrained against 

rotation in the xy plane and the other end is acted upon by a couple 

to produce the required torque. Both ends are free to move in the z 

direction. For a typical cross-section of the twisted bar, the 

displacements in the elastic and the inelastic regions are assumed to 

consist of a rotation of the cross-section about the z-axis which 

will be directly proportional to its distance from the restrained 

end, and a longitudinal warping of the section which will be same for 

every cross-section. Therefore, the displacements of the twisted bar 

take the form: 

u--Byz 

v-Bxz 

W-e ti(x, y) 

(5.1) 

,® where 6 is the angle of twist per unit length of the member and 

W(x, y) is the warping function. 

For the elastic stage of behaviour, the torque-rotation 

relationship and the warping displacement expression have been 

obtained for various cross-sections using Saint-Venant's semi inverse 
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method. However, such a relationship has been only obtained for 

circular and narrow rectangular cross-sections for the elasto-plastic 

stage of behaviour [1]. The fully plastic torque of the 

cross-sections may be easily calculated using the sand heap analogy. 

5.2.1 Elastic Torsion 

For elastic pure torsion of prismatic members of different solid 

cross-sections, exact torque-twist relationship and the expression of 

the warping displacement, w, may be found in many texts [3-5]. These 

relationships for a member of rectangular cross-section are: 

GOb3h 
Te- 1- 

3 

192b 1 nrlh ý- 
tanh-- 

115h ns 2b 
n-I, 3,5,.. 

(5.2) 

where Te is the applied elastic torque and b and h are the width and 

the depth of the cross-section, and 

nrTy 
z 00 sinn 

B 
$b (n-1)/2 nJ1x b 

w- xy -3 (-1) sin (5.3) 
b 

n3cosh - 
nlTh 

For a circular member, the theoretical torque-rotation 

relationship is given by [1), 

Hr4GB 
Te - 

2 
(5.4) 
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where r is the radius of the cross-section. 

5.2.2 Elasto-Plastic Torsion 

The exact elasto-plastic torque-rotation relationship of a 

twisted member has been obtained for a circular shaft [6]. By using 

the Von-Mises yield criterion and assuming a linear work hardening 

material, the elasto-plastic torque, Tep, can be expressed as: 

2GQyr3 nQ Aa 
Tep --rn (1-p4) +- (1-p3) (5.5) 

E 14 43 

BrE 
where 0-I (5.6) 

o. y 

,r QE 
A- (5.7) 

3+2(1+u)H' 

2(1+v)E 
B-- and (5.8) 

3+2(1+v)H' 

2(1+v) 
p- (5.9) 

jß 

where ay is the yield stress 
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5.2.3 Fully Plastic Torsion 

The collapse torque of cross-sections with a perfectly plastic 

material can be calculated using the sand heap analogy. For a 

rectangular cross-section the fully plastic torque, Tp, is given by: 

b ay 
Tp ---- b2h y (5.10) 

2 6h r3 

And for an I-section, the collapse torque is expressed as: 

a) when bw 4 hf 

1 hf 1 bW Q 
Tp 2hfb -+- 

bW h- 2hf +-y (5.11) 
2 6b 23j 

b) when bw hf 

11 bw 0. 
Tp - bW h--+ hf b- bW y (5.12) 

2 6h j 

where hf and bw are the thicknesses of the flange and the web 

respectively, b is the width of the flange and h is the hfight of the 

section 

5.3 Numerical Examples 

Prismatic segments of square, rectangular, circular and I cross- 

section have been analysed. The various characteristics and the 
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variables isolated for each beam segment are listed in Tables 5.1 and 

5.2. The equivalent uniaxial stress-strain relationships used in the 

numerical tests for both tension and compression stresses are 

presented in Fig. 5.2. The different finite element meshes of the 

beam segments are shown in Figs. 5.3 and 5.4. 

In beams subjected to pure torsion, all the nodes at one end are 

assumed to be fully restrained in the x and the y directions and the 

nodes along the centre lines of the cross section are also restrained 

in the z direction. These boundary conditions are consistent with 

the requirements of equations (5.1). The other end of the member is 

loaded by a set of equivalent nodal loads which produce the required 

external torque. An iterative procedure, described in the next 

section, has been proposed to determine the proper distribution of 

the applied loads on the nodes at the free end prior to the analysis 

[7]. By making use of symmetry, only one quarter of the beam has to 

be analysed. The boundary and the symmetry conditions imposed at the 

fixed end and at a typical cross-section are shown in Fig. 5.5 for 

beam S1. 

For the beams with warping restraint, similar boundary, symmetry 

and loading conditions have been implemented apart from the condition 

that all the nodes at the fixed end are fully restrained in all 

directions. 

All the numerical tests have been carried out using the modified 

Newton-Raphson method in which the stiffness matrix is updated at the 

second iteration of each increment of loading. A convergence 

tolerance of 1% has been adopted. Line searches have been 
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implemented in all the numerical tests to accelerate convergence. 

The Von-Mises yield criterion has been used to monitor the stress 

level at the onset of plastic deformations. It should be noted that 

this yield criterion represents a special case of equation (3.19) in 

which 0-1.0 and a-0.0 such that 

(3 J2 )# - vo (5.13) 

5.4 Equivalent Nodal Loads for Elastic Pure Torque 

In a finite element analysis, general states of loading have to 

be represented by an equivalent set of nodal forces. In the case of 

an external torque these forces should be distributed amongst the 

nodes of the free end in such a way as to provide the same 

configuration of shear stresses as those induced by the original 

torque. In an analysis in which the loading is simple, for example a 

gravity load or a uniformly distributed load, the equivalent nodal 

forces can be easily determined [8,9]. However, in the case of 

torsion and other complex loadings it is difficult to do this. In 

the torsion case, the distribution of shear stresses at the loaded 

section, the free end, is a function of the assumed displacement 

field, number and position of elements within the section and the 

displacement values at their nodes. Hence, the relative distribution 

of nodal loads amongst the nodes of the loaded section is difficult 

to obtain. Applying the nodal loads in proportions other than the 

correct ones will lead to an incorrect distribution of stresses 

especially in the region adjacent to the loaded section. If the 

member modelled is reasonably long, the distribution of stresses at 
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sections away from the loaded end will depend only on the magnitude 

of the torque, and tend to be correct. In contrast, if only a small 

segment of the beam is considered in the finite element analysis, in 

order to minimise the computation time and the memory requirements, 

the proper simulation of nodal loads becomes of great importance. 

An iterative scheme has been used in the present work to 

determine the proper distribution of nodal loads corresponding to 

elastic pure torque. The procedure is based on the fact that the 

restrained end represents a section remote from the loaded end, 

therefore the reaction forces at the nodes of the restrained end are 

a better estimate of the correct loads than the corresponding nodal 

loads at the free end. When the applied loads are correct then the 

corresponding reaction forces at the restrained end will have the 

same magnitude and opposite directions. The iterative scheme is 

illustrated by the following steps. 

a) A set of nodal loads is applied at the free end such that 

the resulting torque equals the required applied torque. 

In general the distribution of the nodal loads will not be 

the correct one. 

b) The reactions corresponding to the above loading at the 

fixed end are determined using the finite element analysis. 

c) The reactions are then used as a new set of nodal loads at 

the free end. 

d) Steps b and c are then repeated until the difference between 

each nodal force and the corresponding reaction is 

negligibly small. 
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The scheme has been carried out for each beam analysed prior to 

the non-linear finite element analysis and the resulting set of nodal 

loads are then applied as the external torque. As an example, three 

different sets of nodal loads for the external applied couple for 

beam Si are shown in Figs. 5.6a, 5.6b and 5.6c. All these models 

converge, after applying the iterative scheme, to the proportions 

shown in Fig. 5.6d. Figs. ' 5.7a and 5.7b show the variation of the 

ratio of the computed angle of twist to the theoretical elastic angle 

of twist, equation (5.2), along the beam length for each of the 

loading patterns considered. The result for model D, Fig. 5.6d, 

coincides with the exact elastic solution in which the angle of twist 

per unit length is constant throughout the beam length. 

5.5 Numerical Results 

Numerical tests involving beam segments with simple shapes 

subjected to torsion were conducted to check the validity of the 

proposed finite element model. The outline of the numerical tests is 

illustrated in Tables 5.1 and 5.2. The numerical results and the 

parametric study carried out are discussed in sections 5.5.1 and 

5.5.2 for the cases of pure and warping torsion respectively. 

a 5.5.1 Elasto-Plastic Pure Torsion 

In members under pure torsion, the stress distribution is 

constant along the beam length and hence a small segment of the beam 

is adequate to conduct the analysis provided that the relative 
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distribution of the applied nodal loads at the loaded end is correct. 

Discussion of the numerical results and the effects of the different 

parameters considered in the finite element analyses are illustrated 

in the following sections. 

5.5.1.1 Effect of mesh refinement 

The finite element solutions are shown in Figs. 5.8 and 5.9 for 

the square and the rectangular beam segments respectively. The ratio 

of the applied torque to the theoretical maximum elastic torque is 

plotted against the ratio of the computed angle of twist to the 

theoretical maximum elastic angle of twist. The analytical solution 

proposed by Smith and Sidebottom [1] is indicated in the figures as a 

solid line; the fully plastic torque obtained by Nadai's sand heap 

analogy, equation (5.10), is also indicated. All the numerical 

results are in a good agreement with the analytical solution. The 

relatively better result, with a softer response, in the 

elasto-plastic stage of behaviour is achieved by using a more refined 

mesh, beams R2 and S2, Figs. 5.8 and 5.9. In these beams the 

position of the outer row of sampling points is closer to the beams 

surface, and hence the onset of yielding is picked up at an earlier 

stage than in beams Si and R1. 

Finite element analyses have also been carried out for a circular 

shaft with a linear work hardening material. The numerical results 

plotted in Fig. 5.10 for beams Cl and C2 coincide with the exact 

torque-twist relationships expressed by equations (5.4) and (5.5) for 

the elastic and the elasto-plastic stages respectively. The effect 
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of the mesh refinement is insignificant in this particular case 

because no warping displacement occurs in a circular cross-section. 

5.5.1.2 Effect of the integration rule 

The accuracy of the different integration rules is shown in Fig. 

5.11. Results for the 27 sampling point rule and the three 15 

sampling point rules are. in a good agreement with the analytical 

solution. When the 8 sampling point rule was used, the beam S6 

remained elastic until the applied torque was about 1.4 times the 

maximum elastic torque, Fig. 5. lla, because of the positions of the 

sampling points. Then, because yielding took place at a large number 

of sampling points in the same increment of loading, a sudden change 

in torque-rotation relationship occurred. Better results could be 

achieved by using a finer mesh. The-relative CPU. times were 4.4, 

2.2,2.8,2.5 and 1.0 for the 27, "14,15a, 15b and the 8 point rules 

respectively. In order to make the comparison as accurate as 

possible, CPU time of each test has been recorded at the end of the 

last converged increment of loading. The difference in CPU. times 

between the 14 and the 15a point rule is because the later rule has 

sampling points on the element surface and hence the non-linear 

behaviour was picked up at a relatively early stage and hence an 

increase in the run time occurred. 

5.5.1.3 Effect of the segment length 

To study the influence of the segment length used in the pure 
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torsion tests, the total length of beam Si, mesh 1', is doubled in the 

segment S7, mesh 3. The numerical results ploted in Fig. 5.12 for 

both beams are almost the same. Therefore, the small segment of beam 

Si is adequate to simulate the problem and carrying out the finite 

element analyses. This is due to the use of the proper 

representation of the nodal loads illustrated in section 5.4. 

Although the distribution of the applied loads is referred to an 

elastic torsion, the torque-rotation curve during the elasto-plastic 

stage of behaviour is still close to the analytical solution, Fig. 

5.12. 

5.5.1.4 Effect of the aspect ratio 

The influence of the element aspect ratio has been studied by 

comparing the torque-twist relationships of beam Si and beam S8. The 

ratio of the element dimensions of the former beam is 1: 1: 2, mesh 1, 

and for the later the ratio is 1: 1: 4, mesh 4. Numerical results for 

both beams are almost identical, Fig. 5.13. This is because the 

angle of twist per unit length of the beam is constant and the 

distribution of the warping displacement is the same for all the 

cross-sections of the segment considered in the analysis. 

5.5.1.5 Effect of the element type 

In order to study the performance of the 20 noded quadratic 

brick element used throughout the present study, numerical tests 

using the 32 noded cubic brick element and the 8 noded linear brick 
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element also have been conducted. Details of the shape functions for 

these elements can be found in most finite element texts [9,10). The 

finite element solutions for a square segment using the same finite 

element mesh, mesh 1, are shown in Fig. 5.14 for each type of 

element. The torque-rotation relationship obtained for both the 

cubic element, beam Sil, and the quadratic element, beam Si, are 

similar and are in good agreement with the analytical solution when 

compared with the over stiff behaviour of the linear element, beam 

S9. 

In beam S9, all the nodes within a typical cross-section are 

located at points where the value of the warping displacement is 

zero. Therefore, this beam deformed as if it was restrained against 

the warping displacement. To demonstrate this argument, the 

distribution of the elastic warping along the edge of a typical 

cross-section of the square segment considered is shown in Fig. 5.15 

for each type of element together with the exact expression given by 

equation (5.3). 

A comparison between the performance of the 20 noded element and 

the 8 noded element based on an approximately equal total number of 

degrees of freedom has been made. The segments considered in the 

study were beam Si, mesh 1, and beam S10, mesh 5, Fig 5.3. In the 

former segment two quadratic elements have been used and in the later 

eight linear elements have been used. The torque-twist curves and 

the distribution of the elastic warping along the edges of a typical 

cross-section are shown in Figs. 5.16 and 5.17 respectively. It may 

be noted that the behaviour of the linear elements is improved by 

using a more refined mesh, Figs. 5.14 and 5.16. However, results 
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obtained for beam Si is still closer to the analytical solutions than 

that of beam S10. Moreover the relative CPU times are 1.0 and 1.14 

for beams Si and S10 respectively. 

5.5.1.6 Effect of solution algorithm and line searches 

All the numerical tests have been carried out using the modified 

Newton-Raphson method in which the stiffness matrix is updated at the 

second iteration of each increment of loading. In order to study the 

efficiency of this algorithm, the initial stiffness method has been 

used for a second run of beam S2. The relative CPU times for the 

modified and initial stiffness methods were 1 and 1.1 respectively. 

In both runs the line searches have been implemented. 

To investigate the influence of the line searches on speeding up 

the convergence, two runs for beam S2 have been conducted with and 

without line searches. - The initial stiffness method has been used 

for both runs. Results show a considerable reduction in the CPU time 

when line searches are used. The relative CPU times of this study 

were 1.0 and 2.23. 

5.5.1.7 Variation of the warping displacement 

The variation of the warping displacement over a typical 

cross-section for both the elastic and the elasto-plastic stages of 

behaviour is shown in Figs. 5.18a and 5.18b for beam S2 and Figs. 

5.19a and 5.19b for beam R2. The distribution of the warping 
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displacement, w, along the edges of the cross-section during both 

stages of behaviour is illustrated in Figs. 5.18c, 5.19c and 5.19d. 

Results obtained from the finite element model during the elastic 

stage of behaviour coincide with the exact solution given by equation 

(5.3). 

5.5.1.8 Progress of the plastic Regions 

The progress of the plastic regions in typical square and 

rectangular cross-sections is shown in Figs. 5.20 and 5.21 for beams 

S2 and R2 respectively. As the applied torque is increased, the 

yielding starts at the middle of the wider face of the cross-section 

and propagates inside the section and towards the corners, Figs 5.20 

and 5.21. 

5.5.2 Elasto-Plastic Warping Torsion 

In beams with warping restraint, the stress distributions are not 

constant along the beam length. Therefore, it is necessary to 

analyse the entire length of the member. Numerical tests for thick 

I-section cantilever beams with warping restraint have been carried 

out to check the validity of the proposed finite element model for 

the case of warping torsion. The parameters considered in this study 

were the warping restraint and the integration rule. 
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5.5.2.1 Effect of the warping restraint 

The torque-rotation relationships of the I -beams with 'warping 

restraint, beams 12 and 14, have been compared with the pure torsion 

cases, Beams I1 and 13. The finite element solutions for all beams 

are shown in Fig. 5.22, where the ratio of the applied torque to the 

maximum elastic pure torque computed from the relevant pure torsion 

case, because no analytical solution is available for thick 

I-section, have been plotted against the ratio of the angle of twist 

to the maximum computed elastic angle of twist obtained from the 

finite element analysis of the relevant pure torsion case. 

The plastic collapse warping torque, calculated by the method 

proposed by Dinno and Merchant [11], and the fully plastic pure 

torque obtained by Nadai's sand heap analogy, equation (5.11) are 

indicated in the figure. The approximate collapse torque for an 

I-section cantilever beam restrained against the warping displacement 

at its fixed end is given by: 

(h-hf) hf b2 
To - Tp + Qy 

14 
(5.14) 

where T. is the fully plastic torque in presence of warping 

restraint, Tp is the sand heap torque given by equation (5.11) and 1 

is the length of the cantilever. 

Results from the finite element model show that the warping 

restraint at the fixed end increases the ultimate torsion capacity of 

the beam. The plastic collapse torques obtained from the present 
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work and the study by Baba and Kajita [12] converge to Merchant's 

upper bound value, equation (5.14), however the experimental value 

reported by Dinno and Gill [13] for the same beam is higher than 

Merchant's upper bound solution by 33 per cent. A stiffer 

torque-rotation relationship in both the elastic and the 

elasto-plastic stages of behaviour compared with the pure torsion 

case is obtained. Similar results have been reported by Baba 'and 

Kajita [12], however a direct comparison with their results is not 

possible due to the lack of information in their paper. 

5.5.2.2 Effect of the integration rule 

Fig. 5.22 shows that the differences in the results using the 15b 

rule and the 27 point rule are negligible. However, the ratio of the 

CPU time for the 15b and 27 point rule for pure torsion case is 1: 1.7 

and for warping torsion case the ratio is 1: 1.8. These ratios are 

similar to those obtained for the same integration rules for a 

rectangular section subjected to pure torque as discussed earlier in 

section 5.5.1.2. 

5.5.2.3 Variation of the angle of twist 

Fig. 5.23 shows the variation of the angle of twist for beam 12 

at different stages of loading. In this figure, the angle of twist 

per unit length divided by the maximum computed elastic angle of 

twist per unit length in pure torsion is plotted against the ratio 

of the distance from the fixed end to the total beam length. The 
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results show that the angle of twist per unit length increases at a 

decreasing rate as the distance from the fixed end increases, and 

that the rate of change of the angle of twist per unit length at an 

arbitrary cross-section increases with increasing applied torque. 
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Fig. 5.1 Torsion of prismatic bars. 
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Fig. 5.2 Equivalent uniaxial stress-strain relationships. 
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193 



12 0 
1 

-º 

_; T 

1` 

a) Model A b) Model B 

-ýý=ý1 ý. 
f 

-1 
i 

c) Model C d) Mode D 
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torsion in a member of square cross-section. 
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CHAPTER SIX 

ANALYSIS OF REINFORCED CONCRETE PANELS IN SHEAR AND VOIDED SLAB 

STRIPS IN BENDING 

6.1 Introduction 

In this Chapter applications to test the computer program 

developed in the course of this study are presented. Two sets of 

problems have been analysed, reinforced concrete panels loaded in 

pure shear and voided slab strips under pure bending. 

The ability of the constitutive model to simulate the behaviour 

of reinforced concrete subjected to longitudinal compression coupled 

with transverse tension is demonstrated through the analyses of 

panels tested by Vecchio and Collins [1]. The models described in 

Chapter 3 to reduce concrete compressive strength in presence of 

orthogonal cracking have been used and compared. Parametric studies 

to investigate the effects of shear retention, tension-stiffening and 

other important parameters are also presented. 

All numerical tests were carried out on Amdahl 5980-300E 

computer. Finite element solutions have been compared with the 

results of experimental tests. A brief description of the tests is 

given, further details can be found in the references given in the 

text. 
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6.2 Reinforced Concrete Panels under Pure Shear 

An extensive experimental study of the behaviour of reinforced 

concrete panels under in-plane shear and normal stresses has been 

carried out by Vecchio and Collins [1]. Results of this study 

revealed that deterioration of the concrete compressive strength is 

dependent on the transverse tensile strain after cracking. These 

findings can be used to substantially improve the capability of 

finite element models to predict the ultimate load of reinforced 

concrete members which fail in shear or torsional modes. Two of the 

panels, PV27 panel PV19, which were subjected to pure shear have been 

chosen for the present study. Both panels were tested under 

proportional monotonic in-plane shear up to failure. Panel PV27 

experienced crushing of the concrete prior to yielding of the steel, 

while in panel PV19 the transverse reinforcement yielded before 

failure. 

6.2.1 Description of the Panels 

The panels were 890 mm. square by 70 mm. thick, symmetrically 

reinforced with two layers of wire mesh of 50 mm. grid. The steel 

wires were aligned parallel to the sides of the panel. A clear cover 

of 6 mm was provided between faces of the panel and the outer layers 

of the reinforcement. The reinforcing meshes were heat-treated and 

exhibited a very ductile response. The steel ratios used for panel 

PV27 were 0.01785 in both longitudinal and transverse directions. 

For panel PV19, the ratios were 0.01785 and 0.00713 in the 

longitudinal and transverse directions respectively. Two separate 

210 



concrete mixes were used for each panel. A relatively strong 

concrete was cast in the band around the perimeter of the panel; a 

weaker mix was cast in the central regions. This was done to assure 

that the ultimate failure of the panel was initiated away from the 

load transfer regions. The dimensions and loading arrangement of a 

typical panel are shown in Fig. 6.1. 

The panels were tested in a specially designed loading rig 

capable of applying in-plane shear and direct tension or compression 

loading. The specimens were loaded by forces applied to shear keys 

uniformly distributed around the perimeter of the panel. If the 

applied forces were slightly inclined to the plane of the rig, they 

would have tended to push the panel out of the testing plane. Hence, 

a lateral support frame was provided to resist any out-of-plane 

forces and therefore the displacement perpendicular to the plane of 

the rig was restrained along the perimeter of the panel. 

6.2.2 Test Observations 

During testing of panel PV27, initial cracks inclined at 45 

degrees with the horizontal axis were formed at a shear stress level 

of 2.04 N/mm2. The crack direction did not change, nor did the steel 

reinforcement yield throughout the test. At a shear stress level of 

5.24 N/mm2, the first signs of crushing were observed. The concrete 

was extensively damaged at 6.24 N/mm2 and ultimately a sliding shear 

failure of the panel took place at a stress of 6.35 N/mm2. 

When panel PV19 was tested, initial cracks formed, also at 45 
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degrees, at a shear stress level of 2.07 N/mm2. No noticeable change 

in crack direction was observed until a stress level of 3.11 N/mm2 

above which the cracks began to change direction. At 3.45 NI=2, the 

transverse steel yielded and evidence of crushing and spalling of 

concrete was observed. Ultimately, a sliding shear failure of 

concrete occurred at 3.95 N/mm2. 

6.2.3 Finite Element Idealisation and Material Properties 

Because the stresses are uniformly distributed throughout the 

specimen, generally only the central region of the panel has been 

considered in the finite element analyses. This region has been 

modelled using four quadratic brick elements with the reinforcing 

wires being placed in their correct positions. The finite element 

mesh, boundary conditions and loading arrangement used in the 

analyses are shown in Figs. 6.2 and 6.3. The material properties and 

the additional material parameters adopted for the numerical tests 

are listed in Table 6.1 for both panels considered. 

The shear stresses have been applied, initially, in equal 

increments of 0.5 N/mm2. Smaller increments were used at stress 

levels near the ultimate load. Except where otherwise stated, the 8 

(2x2x2) point integration rule and a convergence tolerance of 2% have 

been used for the analyses. The modified Newton-Raphson method in 

which the stiffness matrix is updated at the 2nd, 12th, 22nd .... 

etc. iterations of each increment of loading has been adopted. 
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Table 6.1 Material properties and additional material parameters of 

Vecchio and Collins panels 

Concrete Panel PV27 Panel PV19 

Young's modulus, E (N/mm2) 20000 20000 
Comp. strength, fý (N/mm2) 20.5 19.0 
Tensile strength, ft (N/mm2) 2.40 2.40 
Poisson's ratio, v 0.2 0.2 
Uniaxial crushing strain 0.003 0.003 

Steel 

Young's modulus, Es (N/mm2) 200000 200000 

Longitudinal steel 
Steel ratio, ph 0.01785 0.01785 
Yield stress, fy (N/mm2) 442.0 458.0 

Transverse steel 
Steel ratio, pv 0.01785 0.00713 
Yield stress, fy (N/mm2) 442.0 229.0 

Hardening parameter, H' 0.00 0.00 

Tension-stiffening parameters 

al 65.0 45.0 
az 1.0 1.0 

Shear retention parameters 

y1 10.0 10.0 

72 0.50 0.50 

73 0.10 0.10 

Comp. strength reduction, Model A 

Comp. reduction parameter, k, 0.50 0.55 

Note: Where different material parameters have been used these are 

given in the text. 
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For panel PV27, the tension-stiffening parameter a, may be 

calculated from the experimental values of the principal tensile and 

compressive strains obtained by Vecchio and Collins [1]. Because 

equal percentages of steel have been used in both directions, cracks 

do not change direction during loading and they cross the 

reinforcement at 45 degrees. Thus, the tensile strain in the steel 

bars, es, may be calculated for this particular panel from the 

principal values obtained from Mohr's circle for strains, Fig. 6.4, 

as 

ES -( El + E2 )ý2 (6.1) 

From the experimental results given in [1], the ratio between the 

compressive and tensile principal strains for the last three stages 

of loading were -0.301, -0.333 and -0.328 respectively. Therefore, 

the principal compressive strain can be taken as, 

Eý -- el /3 

Substitution of (6.2) into (6.1) yields, 

Es - El /3 

(6.2) 

(6.3) 

When the steel wires yield, the tensile stre5$ carried by the 

concrete between the cracks is assumed to fall to zero. From Fig. 

3.10, the corresponding principal tensile strain may be expressed as, 

EI - al Ecr (6.4) 
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Therefore, equation (6.3) may be rewritten as, 

Cs - Ey - a1 Ear /3 (6.5) 

where Ey is the yield strain of the reinforcement given by, 

ey - fy / ES (6.6) 

and Ecr is the cracking strain of concrete given by, 

ear - vor /E (6.7) 

Substitution of (6.6) and (6.7) into (6.5) yields, 

a, -3E fy / Es acr (6.8) 

By making use of the material properties given in Table 6.1 and 

taking the experimental value of the cracking stress, 2.04 N/mm2, the 

tension-stiffening parameter a, is found from (6.8) to be equal to 

65. 

6.2.4 Results of the Analyses, Panel PV27 

Graphs of the experimental and numerical shear stress-shear 

strain relationship for panel PV27 are shown in Fig. 6.5. The finite 

element solution is in good agreement with the experimental results 

throughout the entire behaviour of the panel. In the numerical test, 

the compressive strength has been reduced according to Cervenka's 

proposal, Model A. As in the experimental test, cracks occurred at 
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45 degrees with the horizontal axis at a shear stress level just 

above 2.0 N/mm2. The predicted collapse stress was 6.25 N/mm2 which 

is very close to the experimental value, 6.35 N/mm2, and the 

predicted failure mode was crushing of concrete prior to yielding of 

the reinforcement. 

To study the effect of reducing the compressive strength on the 

prediction of the collapse stress, a second analysis has been carried 

out with the compression strength reduction factor, X, was set to 

unity, i. e k, - 0.0. The predicted failure stress was 8.0 N/mm2 

which is about 26% higher than the experimental value, Fig. 6.5. 

Milford and Schnobrich [2] analysed some of the panels tested by 

Vecchio and Collins using a rotating crack model. No attempt was 

made to model the degradation in compressive strength due to 

orthogonal cracking. However, results obtained by the Author and 

other researchers [3,4] for panel PV27, in which the principal 

directions did not change with increasing load, indicate that the 

inclusion of a compression strength reduction model is necessary to 

improve the finite element solutions, Fig. 6.5. 

6.2.4.1 Effect of the boundary conditions 

v 

The numerical tests presented in the previous section have been 

carried out by considering the central region of the panel, Fig. 6.2. 

In these tests, the nodes along the perimeter of the finite element 

model were kept free to allow movement in the z-direction, Fig. 6.3. 

In order to simulate the effect of the lateral support frame used in 

the experimental work, the whole panel has been analysed using 16 
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quadratic brick elements, Fig. 6.6, with the nodes along the 

perimeter being restrained in the z-direction, w=0. As in the 

experimental work, a stronger concrete with a compressive strength of 

31.2 N/mm2 has been assumed for the elements in the outer. band. The 

compressive strength for the inner four elements was 20.5 N/mm2. 

Results of this analysis are compared with the experimental work 

and the finite element analysis of the central region, Fig. 6.7. The 

figure shows that the effect of restraining the nodes along the 

perimeter in the z-direction may be neglected and therefore the rest 

of the finite element analyses can be carried out by only considering 

the central region of the panel. 

6.2.4.2 Effect of the compression reduction parameter, k, 

The reduction in compressive strength due to transverse tensile 

strain has been taken into account using model A. In this model, the 

compression reduction factor X is dependent on the parameter k, 

according to equation (3.15). Cervenka [4] showed that the value of 

k, which gave the best fit varied in the panels analysed and 

suggested an average value of 0.52. Three tests have been conducted 

in the present study with different values of k,, Fig. 6.8. The 

predicted failure stresses were, 6.5,6.25 and 6.0 N/mm2 for k, equal 

to 0.45,0.50 and 0.55 respectively. Results of the analyses confirm 

Cervenka's conclusion that the variation of the parameter k, has a 

negligible effect on the overall behaviour of the panel and only 

affects the collapse stress, Fig. 6.8. 
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6.2.4.3 Effect of compression strength reduction models 

Three different models for reducing the compressive strength have 

been incorporated in the current study. These models are described 

in sections 3.3.5 and 3.4.2.6. Fig. 6.9 shows the finite element 

solutions obtained using Cervenka's proposal [3], model A with k, 

equal to 0.5, Vecchio and Collins's- model [1], model B, and the 

modified Vecchio and Collins's model [5], model C. The predicted 

failure stresses for models AB and C were 6.25,7.0 and 6.5 N/mm2 

respectively. The shear stress-shear strain curves obtained using 

models A and C are similar and in good agreement with the 

experimental results compared with the softer response obtained from 

model B. 

Graphs of the compression reduction factor X versus the applied 

shear stress are presented in Figs. 6.10,6.11 and 6.12 for models A, 

B and C respectively. For each model, the numerical results are 

compared against the corresponding graphs obtained by substituting 

the experimental principal strains listed by Vecchio and Collins into 

the expression for the reduction factor. Figs. 6.10 and 6.12 show 

that the compression reduction factor of models A and C decreases 

almost linearly as the applied shear stress increases. This is 

because the reduction factor is a decreasing function of the tensile 

strain which increases with increasing shear stress, equations (3.15) 

and (3.18). For model B, the reduction factor decreases at a 

decreasing rate for shear stresses less than 4.0 N/mm2. Above this 

level of stress, the reduction factor increases slightly as the 

applied stress increases, Fig. 6.11. This is because the reduction 

factor expressed by (3.14) is a function of the ratio between the 
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tensile and compression strains rather than the tensile strain only. 

6.2.4.4 Effect of integration rule and element size 

The central region of the panel shown in Fig. 6.2 has been 

analysed using the 27 (3x3x3) point integration rule. Because the 

stresses are uniformly distributed throughout the panel, the shear 

stress-shear strain curve obtained is very close to that of the 8 

point rule, Fig. 6.13. When the size of the brick elements used was 

reduced from 200x200x70 mm. to lOOxlOOx7O mm., see Fig. 6.14, the 

results obtained for both rules are also similar and in good 

agreement with experimental results, Fig. 6.15. 

6.2.5 Results of the Analyses, Panel PV19 

The finite element solutions obtained for panel PV19 are compared 

with the experimental results in Fig. 6.16. The finite element mesh 

and the additional material parameters adopted are shown in Fig. 6.2 

and given in Table 6.1 respectively. Good agreement with the 

experimental results has been obtained throughout the entire 

behaviour. As in the experimental test, initial cracks formed at 45 

degree at an applied stress level just above 2.0 N/mm2. The 

transverse reinforcement yielded at a stress level between 3.5 and 

3.75 N/mm2 which is close to the experimental value, 3.45 N/mm2. 

Although a fixed crack model has been used in the present work, the 

collapse stress can be reasonably predicted by reducing the concrete 

compressive strength according to model A. The failure stresses 
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obtained from the numerical tests were 4.05 and 4.25 N/mm2 for a 

compression reduction parameter k, of 0.55 and 0.5, Fig. 6.16. These 

values were higher than the experimental collapse stress, 3.95 N/mm2, 

by 3% and 8% respectively. When k, was set to 0.0, X-1.0, the 

failure stress was 5.0 N/mm2 which is higher than the actual value by 

about 27%. In all cases, ultimate failure of the panel occurred due 

to concrete crushing. 

In all the numerical tests, the variation of the parameter k, has 

a negligible effect on the behaviour before and during yielding of 

the transverse reinforcement, Fig. 6.16. Following yielding of the 

transverse reinforcement, the shear strain increased significantly 

with small changes in shear stress. At the end of this stage, the 

panel started to carry additional load. Finally, a crushing failure 

of concrete took place at a load level dependent on the value of the 

parameter k,, Fig. 6.16. This stage of behaviour only occurred in 

the numerical tests probably because a fixed crack model has been 

used in the study. In the physical tests, the crack directions 

changed after yielding [1]. 

6.2.5.1 Effect of the tension-stiffening parameter, a, 

For panel PV19, an analysis similar to that presented in section 

6.2.3 for panel PV27 to calculate the tension-stiffening parameter a, 

is not possible because the principal strain direction varies after 

cracking. Therefore, a relationship between the tensile strains in 

the reinforcement and the principal strains can not be precisely 

determined. In order to select a suitable value for a,, four 
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numerical tests have been carried out with values of a, ranging from 

40 to 55. The finite element solutions are compared with the 

experimental results in Fig. 6.17. A response softer than the 

experimental results has been obtained for a, - 40 and the collapse 

stress was smaller than the experimental value. A stiffer behaviour 

has been obtained for a, - 55. A value of a, - 45 represents a 

reasonable estimation, Fig 6.17. 

It is worth noting that the tension-stiffening parameter a, may 

affect the reduction factor X. When a, decreases, the tensile strain 

increases and therefore the compression reduction factor will 

decrease correspondingly, equations (3.15) and (3.16). 

6.2.5.2 Effect of the shear retention parameters 

All the numerical tests described up to this point have been 

conducted by setting the values of the parameters y,, 72 and 73 to 

10.0,0.5 and 0.1 respectively, Table 6.1. Because the principal 

directions of the strains and stresses can change after cracking, 

panel PV19 has been chosen to study the effects of these parameters. 

Therefore, numerical tests with different values for the shear 

retention parameters were conducted. One parameter is considered to 

vary in each test, the other two parameters being set constant in 

order to isolate the effects of the parameter considered. 

Fig. 6.18 shows that the variation of the parameter Y,, which 

represents the rate of decay of shear stiffness, from 10 to 20 has 

negligible effect on the behaviour of the panel. At a stress level 
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of 3.5 N/mm2, just before yielding of steel, the tensile strain was 

found to be greater than twenty times the cracking strain. Therefore 

for both values of y, considered, the value of the shear reduction 

factor ß was 0.1. A similar conclusion can be drawn from Fig. 6.19 

for the variation of the parameter y2, which represents the sudden 

loss in shear stiffness at the instant of cracking, from 0.5 to 1.0. 

To study the effects of the parameter y3, which represents the 

residual shear stiffness due to dowel action, three tests have been 

carried out with y3 equal to 0.2,0.1 and 0.01. Results of the 

analyses are shown in Fig. 6.20. A relatively stiffer response has 

been obtained for Y3 - 0.2. When 113 was set to 0.01 a premature 

failure occurred at applied stress level of 3.3 N/mm2. This failure 

was due to the inadequacy of the assumed residual shear stiffness to 

provide enough stress to equilibrate the external shear forces. 

For panel PV27, the variation of the parameter 73 has a 

negligible effect on the overall behaviour of the panel. Fig. 6.21 

shows that all the finite element solutions are similar for the 

values of y3 considered. The collapse load is the same, even for a 

value of y3 equal to 0.01, because the principal directions did not 

change after cracking. 

6.3 Reinforced Concrete Voided Slab Strips under Pure Bending 

Concrete slabs containing longitudinal circular voids to reduce 

self weight are a common form of construction for bridges 
, and are 

also used in buildings. The structural response of such slabs and 
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the stiffening effect of concrete between major cracks have been 

investigated experimentally by Oduyemi and Clark [6,7]. A total of 

fifteen 1 to 3.33 scale model simply supported slab strips have been 

tested. Each of these strips, which represents a single internal 

cell of a bridge section, had a centrally placed circular void 

running in the longitudinal direction. The main variables considered 

in the investigation were the steel percentage, the void ratio, 

diameter and spacing of reinforcing bars and minimum cover to the 

reinforcement [8). 

Although the strips were subjected to uniaxial bending, a full 

three-dimensional finite element idealisation is required to model 

the strip because of the presence of the circular void. Three strips 

have been chosen for this study. The selected strips which were 

designated as L9, L10 and L11 had the same dimensions, void ratio, 

bar diameter and concrete cover. They only differed with each other 

in the amount of reinforcement provided. 

6.3.1 Description of the Strips and Test Observations 

The strips had a 300 mm. square cross-section and were 3400 mm. 

long. The voids were formed from 1500 mm. long polystyrene 

cylinders. Each strip was tested under a four point loading system 

which gave a constant moment zone of 1200 mm. and two shear spans of 

975 mm. each. The reinforcement consisted of longitudinal bars and 

closed stirrups uniformly distributed over the shear spans. There 

were no stirrups in the pure bending zone. The minimum clear cover 

to the main bars was 16 mm and the reinforcing steel was hot-rolled 
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deformed bars. The dimensions, loading arrangement and reinforcement 

details for a typical strip, L9, are given in Fig. 6.22. 

The strips were tested in an inverted position to facilitate 

crack width measurements on the tension face. The load was applied 

to a spreader beam by means of hydraulic jack. The spreader beam 

applied the loads by way of rollers at the two points shown in Fig. 

6.22. Concrete surface strains were measured, within the constant 

zone only, on the tension face and at two levels on each side of the 

strip. The strains were measured over a 101.6 mm. (4 in. ) gauge 

length using a Demec mechanical gauge. 

The data from the experimental tests carried out have revealed 

that the distribution of the average strains across the cross-section 

is linear and the actual neutral axis depth, with reference to the 

compression face, decreases after cracking as the applied load 

increases. Before cracking, the moment-curvature curves obtained for 

all strips were approximately linear and the experimental curvature 

increased faster when cracking occurred [8]. 

6.3.2 Finite Element Idealisation and Material Properties 

By taking advantage of symmetry, only one quarter of the strip 

has been used in the finite element analyses. The quarter considered 

was modelled using twenty quadratic brick elements. The finite 

element mesh, boundary and symmetry conditions and loading 

arrangement used are shown in Fig. 6.23. The external forces and the 

corresponding reactions were modelled as line loads uniformly 
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distributed across the width of the strip. The material properties 

and the additional material parameters adopted in the analyses are 

given in Table 6.2. 

The external loads have been applied in equal increments. The 

resulting increment of moment, at the constant bending zone, was 5 

kN. m. The numerical tests have been carried out using the 15b point 

rule. A convergence tolerance of 5% and the modified Newton-Raphson 

method in which the stiffness matrix is updated at the 2nd, 12th, 

22nd 
... etc. iterations of each loading increment have been adopted. 

Line searches have been implemented in all tests to speed up 

convergence. 

6.3.3 Results of, the Analyses 

The numerical moment-curvature relations obtained for strip L9, 

L10 and L11 are compared with test results in Figs. 6.24,6.25 and 

6.26 respectively. The figures show that both the initial and 

post-cracking stiffnesses are reasonably predicted. As in the 

experimental tests, the predicted moment-curvature relations were 

approximately linear before cracking and the curvature increased 

faster after the cracking moment is exceeded. The computed failure 

moment for all the strip considered was only slightly higher than the 

experimental one. For strips L9 and L10, where amount of 

reinforcement was relatively small, the numerical tests show that the 

reinforcement bars have yielded at failure. However, for strip Lll, 

which was heavily reinforced, the predicted mode of failure was 

crushing of concrete prior to yielding of reinforcing steel. 
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Table 6.2 Material properties and additional material parameters of 

Oduyemi and Clark voided slab strips. 

Concrete Strip L9 Strip L10 Strip L11 

Young's modulus, E (N/mm2) 24500 26500 25800 
Comp. strength, fc (N/mm2) 26.3 29.9 29.4 
Tensile strength, ft (N/mm2) 2.55 3.16 2.90 
Poisson's ratio, r 0.2 0.2 0.2 
Uniaxial crushing strain 0.003 0.003 0.003 

Steel 

Young's modulus, Es (N/mm2) 201000 201000 201000 

Tension reinforcement 
Bar diameter, mm 16 16 16 
No. of bars 2 3 8 
Yield stress, fy (N/mm2) 502.0 502.0 502.0 
Area of steel, mm2 402.0 603.0 1608.0 

Compression reinforcement 

Bar diameter, mm - - 8 
No. of bars - - 2 
Yield stress, fy (N/mm2) - - 491.0 
Area of steel, mm2 - - 100.0 

Hardening parameter, H' 0.00 0.00 0.00 

Tension-stiffening parameters 

a1 15.0 15.0 15.0 
a2 0.6 0.6 0.6 

Shear retention parameters 

71 10.0 10.0 10.0 

72 0.50 0.50 0.50 

73 0.10 0.10 0.10 

Comp. strength reduction, Model A 

Comp. reduction parameter, k, 0.55 0.55 0.55 

Note: Where different material parameters have been used these are 

given in the text. 
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All the numerical results have been obtained with the compression 

reduction parameter k, set to 0.55. To investigate the effect of 

reducing the compressive strength of concrete on the post-cracking 

behaviour and predicting the ultimate moment, numerical tests with k, 

was set to 0.0 have also been carried out. As expected for members 

under pure bending, results of the analyses revealed that the 

reduction of concrete compressive strength has a negligible effect on 

the overall behaviour and collapse moment, Figs. 6.24 - 6.26. 

Variation of the compression zone depth after cracking has been 

analytically investigated for the three strips considered. Fig. 6.27 

show that the neutral axis shifts at a decreasing rate towards the 

compression face as the applied moment increases. It can be also 

seen that the depth of compression zone decreases with decreasing 

amount of reinforcement. 

In reinforced concrete flexural members, variation of the 

tension-stiffening parameter a, can strongly affect the predicted 

post-cracking response. To investigate this effect, numerical tests 

have been carried out for strips L9 and L10 with values of a, equal 

to 10,15,20 and zero. In these tests, a2 was set to 0.6. Results 

of the analyses show that the variation of the parameter a, can 

considerably affect the behaviour at early post-cracking stages, 

Figs. 6.28 and 6.29. A response softer than the experimental 

moment-curvature relation has been obtained for a, equal to zero, i. e 

the no tension-stiffening case. When a, was set to 20, the behaviour 

was relatively stiff compared with the experimental results. The 

finite element solutions show that as the curvature increases, the 

tension-stiffening effect becomes progressively insignificant and can 

be neglected at very high curvatures, Figs. 6.28 and 6.29. 
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Fig. 6.4 Mohr's circle for average strains. 
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CHAPTER SEVEN 

ANALYSIS OF REINFORCED CONCRETE BEAMS WADED IN TORSION AND TORSION 

AND BENDING 

7.1 Introduction 

This Chapter deals with the problem of torsion of reinforced 

concrete beams. Two sets of example have been considered, the first 

set analysed are six rectangular beams subjected to pure torsion from 

the series of tests conducted by Hsu [1]. The second set includes 

two rectangular beams loaded with torsion and bending and tested by 

Collins et al [2]. The examples were chosen so that a wide range of 

parameters affecting different aspects of behaviour could be 

considered. The finite element solutions are compared with the 

results of the experimental tests. 

It should be noted that for reinforced concrete beams loaded in 

pure torsion, the resulting state of stress on the wider and shorter 

faces is a pure shear. Therefore, similar to the panels subjected to 

pure shear presented in the previous Chapter, the inclusion of a 

model for reducing the concrete compressive strength can 

substantially improve the prediction of a finite element analysis of 

members which fail due to torsional loads. The models incorporated 

in the computer program to reduce the compressive strength of 

concrete due to presence of the tensile straining of transverse 

reinforcement have been compared. Parametric studies to investigate 
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the effect of some important material and solution parameters on the 

non-linear finite element analysis have also been carried out. 

7.2 Reinforced Concrete Beams Under Pure Torsion 

Hsu [1,3] conducted a series of tests on plain and reinforced 

concrete rectangular beams subjected to pure torsion. A total of 10 

plain and 53 reinforced concrete beams were tested to cover the 

effects of a wide range of parameters including the amount of 

reinforcement, spacing of stirrups and longitudinal bars, the ratio 

of the volume of longitudinal bars to volume of stirrups, concrete 

strength, depth to width ratio of the cross-section and scale 

effects. Results of the tests were used to calibrate the first ACI 

torsion design criterion [4]. Six of these beams have been chosen 

for the present study because the detailed information of all the 

aspects of behaviour was available. The selected beams were 

designated as B2, B3, B4, B5, G3 and G4. Beams B2, B3, B4 and B5 had 

the same cross-section with a depth to width ratio of 1.5. These 

beams were identical except that the amount of reinforcement was 

different in each beam. Beams G3 and G4 were of a larger depth and 

had a depth to width ratio of 2.0. They each had different 

percentage of reinforcement. In all the beams considered, the 

provided steel was equally divided between the longitudinal bars and 

stirrups. 
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7.2.1 Description of the Test Specimens 

A typical test beam, B3, is shown in Fig. 7.1. The total length 

of all beams considered was 3099 mm. (122 in. ). At each end of the 

beam, a length of 635 mm. (25 in. ) was reinforced with about 30% 

additional stirrups to avoid local failure, close to the clamping 

heads, due to the stress concentration. The effective length was 

therefore reduced to 1829 mm. (72 in. ). The cross-section used for 

beams B2, B3, B4 and B5 was 254 mm. X381 mm. (10 in. X15 in. ), Fig. 

7.1. For beams G3 and G4, the cross-section was 254 mm. X508 mm. (10 

in. X20 in. ). The reinforcement was intermediate grade deformed bars 

with modulus of elasticity of about 196.5 kN/mm2. The reinforcing 

cages consisted of four longitudinal corner bars and closed stirrups 

uniformly distributed over the effective length of the beam. 

Dimensions of the cross-sections, centre-to-centre distances between 

stirrup legs, steel ratios for the longitudinal bars and stirrups and 

the strength properties of the reinforcement are given in Table 7.1 

for all the beams considered. 

The specimens were tested in a specially designed torsion test 

rig [5]. The torsional moments were applied through clamping heads 

at both ends of the specimen. At each end, a length of 356 mm. (14 

in. ) of the beam was placed into the clamping head. The angle of 

twist was measured at the middle of the wider face of the beam over a 

length of 1346 mm. (53 in. ). 
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7.2.2 Test Observations 

During the testing of all specimens, two different types of 

behaviour were observed: these occurred before and after cracking of 

concrete. Before cracking the beams behaved essentially as plain 

concrete members. The stresses in the reinforcement were small and 

torque-twist curves were identical to those of plain concrete beams 

[1.3]. 

When cracking occurred, the angle of twist significantly 

increased under a constant torque and the stresses in the 

reinforcement increased suddenly. The behaviour indicates that the 

equilibrium condition that existed in the beam was upset by the 

cracking so that the beam sought a new equilibrium configuration by 

transferring the load to the reinforcement. At the end of this stage 

of behaviour, the torque-twist curve began to rise again with a 

torsional stiffness, measured as the slope of the torque-twist curve, 

of only a fraction of that before cracking. As the applied torque 

increased, the slope of the curve decreased at an increasing rate 

until the peak torque was reached. The ultimate torque of the beams 

depends, to a large extent, on the amount of reinforcement. At the 

ultimate stage, the stresses in the longitudinal bars and the longer 

legs of the stirrups can both reach yield when small amount of 

reinforcement were used, for example beams B2 and G3. Furthermore, 

principal compressive strains exceeding 0.004 were measured in the 

concrete at the centre of the wider faces [1]. 

Cracks, inclined approximately 45 degrees to the axis of the 

beam, occurred on the wider and shorter faces almost simultaneously. 
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With increasing torque, additional cracks occurred and some of the 

cracks on the wider faces turned into the shorter faces with a 

direction almost perpendicular to the longitudinal axis. These 

cracks combined with existing 45-degree cracks at the shorter faces 

so that some cracks on the shorter faces looked like S-shaped curves. 

This pattern of cracks did not change until failure. Fig. 7.2 shows 

the crack pattern after failure for beam B3. An important phenomenon 

that was observed after cracking of the concrete where the length of 

the beam increased with increasing torque [1]. 

7.2.3 Finite Element Idealisation and Material Properties 

Because the beams were tested under pure torsion, a segment of 

914.4 mm. in length, half the effective length of the beam, has been 

considered in the finite element analyses. Except where otherwise 

stated, the segments were generally modelled using twelve quadratic 

brick elements, Fig. 7.3a. The longitudinal bars and the stirrups 

were embedded into the brick elements and were placed in their 

correct positions. At both ends of the segment, a set of equivalent 

nodal forces was applied to produce the required torque. The 

proportions of these forces were obtained using the technique 

described in section 5.4. The equivalent nodal forces and the 

boundary conditions imposed at both ends of the segment are shown in 

Figs 7.4 for beams B2 to B5. These boundary conditions maintain the 

stability of the beam and allow the post-cracking extension of the 

beam in the z direction to occur. In addition, the imposed boundary 

conditions allow any possible post-cracking extensions in the x and y 

directions that may occur at the restrained cross-sections. 
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The external torque was initially applied in equal increments of 

about 10% of failure torque. These increments were reduced at stages 

close to the ultimate torque. The numerical tests have been 

generally carried out using the 15b point integration rule. Unless 

otherwise stated ,a convergence tolerance of 5% and the modified 

Newton-Raphson method, KT2a, in which the stiffness matrix is updated 

at the 2nd, 12th, 22nd.. etc iteration of each loading increment have 

been used. Line searches have been implemented in all the numerical 

tests to accelerate convergence. The material properties and the 

additional material parameters adopted for the beams analysed are 

outlined in Tabels 7.2,7.3, and 7.4. 

7.2.4 Results of the Analyses, Beam B4 

The experimental and numerical torque-twist curves obtained for 

beam B4 are shown in Fig. 7.5. The finite element solutions are in 

good agreement with the experimental results throughout the entire 

range. The post-cracking torsional stiffness and ultimate torque 

were predicted reasonably well using the reduced concrete compressive 

strength according to model A. The predicted collapse torques were 

51.9,49.9 and 46.1 kN. m for values of the compressive reduction 

parameter k, of 0.50,0.55 and 0.60 respectively. These values were 

close to the experimental ultimate torque, 47.4 kN. m. However, when 

k, was set to zero, i. e X-1.0, a very stiff post-cracking response 

was obtained and the predicted ultimate torque was 65.5 kN. m, about 

40% higher than the experimental value. 
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Table 7.2 Material properties and additional material parameters 

of Hsu's beams B2 and B3 

Concrete 

Young's modulus, E (N/mm2) 
Comp. strength, f& (N/mm2) 
Tensile strength, ft (N/mm2) 
Poisson's ratio, v 
Uniaxial crushing strain 

Steel 

Young's modulus, Es (N/mm2) 

Beam B2 

25500 
28.6 
2.43 
0.2 
0.005 

196500 

Beam B3 

25500 
28.1 
2.30 
0.2 
0.005 

196500 

Longitudinal bars 
Steel ratio, pl 
Yield stress, fly (N/mm2) 

Stirrups 
Steel ratio, ps 
Yield stress, fsy (N/mm2) 

Hardening parameter, H' 

Tension-stiffening parameters 

a, 
a2 
Shear retention parameters 

0.00827 
316.0 

0.01785 
320.0 

2.10 

10.0 
0.6 

7i 10.0 

y2 0.50 

73 0.10 

Comp. strength reduction, Model A 

Comp. reduction parameter, K, 0.60 

0.0117 
328.0 

0.00713 
320.0 

2.10 

15.0 
0.6 

10.0 
0.50 
0.10 

0.55 

Note: Where different material parameters have been used these are 

given in the text. 
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Table 7.3 Material properties and additional material parameters 

of Hsu's beams B4 and B5 

I Concrete Beam BL- Beam B5 

Young's modulus, E (N/mm2) 25500 25500 
Comp. strength, fc (N/mm2) 30.6 29.1 
Tensile strength, ft (N/mm2) 2.62 2.54 
Poisson's ratio, v 0.2 0.2 
Uniaxial crushing strain 0.005 0.005 

Steel 

Young's modulus, Es (N/mm2) 196500 196500 

Longitudinal bars 
Steel ratio, pl 0.0160 0.0211 
Yield stress, fly (N/mm2) 320.0 332.0 

Stirrups 
Steel ratio, ps 0.0161 0.0213 
Yield stress, fsy (N/mm2) 323.0 321.0 

Hardening parameter, H' 2.10 2.10 

Tension-stiffening parameters 

a1 15.0 15.0 
az 0.6 0.6 

Shear retention parameters 

71 10.0 10.0 
72 0.50 0.50 
73 0.10 0.10 

Comp. strength reduction, Model A 

Comp. reduction parameter, K, 0.55 0.50 

Note: There different material parameters have been used these are 

given in the text. 
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Table 7.4 Material properties and additional material parameters 

of Hsu's beams G3 and G4 

Concrete Beam &3 Beam G9 

Young's modulus, E (N/mm2) 24800 24800 
Comp. strength, fý (N/mm2) 26.8 28.3 
Tensile strength, ft (N/mm2) 2.58 2.54 
Poisson's ratio, v 0.2 0.2 
Uniaxial crushing strain 0.005 0.005 

Steel 

Young's modulus, Es (N/mm2) 196500 196500 

Longitudinal bars 
Steel ratio, pl 0.0088 0.0120 
Yield stress, fly (N/mm2) 339.0 326.0 

Stirrups 
Steel ratio, ps 0.00882 0.0120 
Yield stress, fsy (N/mm2) 328.0 321.0 

Hardening parameter, H' 2.10 2.10 

Tension-stiffening parameters 

aI 20.0 20.0 
a2 0.60 0.60 

Shear retention parameters 

y1 10.0 10.0 

72 0.50 0.50 

73 0.10 0.10 

Comp. strength reduction, Model A 

Comp. reduction parameter, K, 0.50 0.45 

Note: Where different material parameters have been used these are 

given in the text. 
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The experimental and all the numerical post-cracking torsional 

stiffnesses are similar, Fig. 7.5, for applied torque values below 35 

kN. m. Therefore, the effects of reducing the concrete compressive 

strength are insignificant at this stage. Above this torque level, 

the slope of the torque-twist curve decreases as the applied torque 

increases. At this stage of the behaviour, different torsional 

stiffnesses were obtained from the numerical tests for each of the 

values of k,. 

All the numerical tests have been carried out with the 

tension-stiffening parameters a, and a2 set to 15 and 0.6 

respectively. Mohamed [6] analysed this beam with various values for 

a, and az. The torque-twist curves obtained were appreciably stiffer 

than the experimental results. The best fitting was obtained by 

setting the values of a, and a2 to zero. It was suggested that for 

pure torsion analysis the tension-stiffening affects should be 

neglected altogether. The Author believes that part of the cause of 

the stiff response in the study was probably because the reduction in 

concrete compressive strength due to transverse tensile strain was 

not considered. 

7.2.4.1 Variation of the displacements 

The distributions of the displacements in the x, y and z 

directions at various cross-sections of beam B4 have been 

investigated using the finite element mesh of Fig. 7.3a and the 

boundary conditions shown in Fig. 7.6, by which the middle 

cross-section of the beam was restrained against twisting. Fig. 7.7 
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compares the distribution of the displacements in the x and y 

directions along typical longer and shorter edges of the middle 

cross-section, section A-A, at loading stages just after cracking, 

T-20.5 kN. m, and close to failure, T-46.1 kN. m. The figure shows that 

the restrained cross-section can extend in both x and y directions as 

a result of concrete cracking, curves A. 

At the free end, section B-B, the beam experienced both an 

extension due to the cracking and a rotation due to the applied 

torque. Fig. 7.8 shows the resulting distribution of the u and v 

displacements along the edges of the free end, curves B, at applied 

torque level of 46.1 kN. m. The displacements occurred due to 

twisting of the beam, curves B-A, may be obtained by subtracting the 

extension occurred at the middle section, curves A, from the total 

displacements, curves B. Finally, variations of the total u and v 

displacements over both cross-sections considered are shown in Figs. 

7.9 and 7.10 for applied torque of 46.1 kN. m. 

A similar analysis has been carried out for the displacement in 

the z direction. Fig 7.11 shows the distribution of the w 

displacement along a typical longer edge of the middle section at 

applied torques of 20.5 and 46.1 kN. m. It can be seen that the edge 

of the restrained section was only warped. This warping increases as 

the applied torque increases. - 

Because of cracking, the length of the beam increases with 

increasing torque. The longitudinal extension is proportional the 

distance from the restrained cross-section. Fig 7.12 shows the 
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distribution of the w displacement along a typical longer edge of the 

free end at applied torque of 46.1 kN. m, curve B. The curve 

represents the resultant of the longitudinal extension of the beam 

and warping of the edge. The extension due to cracking is 

represented in the figure by the curve B-A. This curve reveals that 

the extension in the z direction was partially arrested at the 

corners by the longitudinal bars. 

The variation of the total w displacement over the middle 

section, sec. A-A, and the free end, sec. B-B, is shown in Figs 7.13a 

and 7.13b for an applied torque of 46.1 kN. m. Fig 7.13c Represents 

the longitudinal extension occurring at the free end. The figure 

shows that, apart from the corners where the extension is arrested by 

the longitudinal steel, the extension that occurred along the edges 

of the section is larger than that which occurred at the centre of 

the section. 

7.2.4.2 Parametric study 

To investigate the effects of some of the material and solution 

parameters on the non-linear finite element analysis of reinforced 

concrete beams in torsion, beam B4 has been chosen to carry out a 

parametric study. The parameters considered were the compressive 

strength reduction models, tension-stiffening parameters a, and a., 

integration rule, convergence tolerance, solution algorithm and 

element aspect ratio. In each numerical test, one parameter has been 

considered to vary, the other parameters being held constant in order 

to isolate the effects of the parameter considered. For the sake of 
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consistency, the CPU time recorded at the last converged increment of 

loading has been considered in the comparisons between the different 

numerical tests. 

7.2.4.2.1 Effect of concrete compressive strength reduction models 

Three different models to reduce the concrete compressive 

strength after cracking have been incorporated in the present work. 

These models are examined in this section for the case of pure 

torsion. Fig. 7.14 shows the finite element solutions obtained using 

Cervenka's proposal [7], model A with k, - 0.55, Vecchio and 

Collins's model B [8] and the modified Vecchio and Collins's model C 

[9]. The predicted collapse torques were 49.9,53.1 and 50.6 kN. m 

respectively. Failure torques of models A and C were slightly higher 

than the experimental value, 47.4 kN. m, by about 5% and 7% 

respectively. For model B, the collapse torque was overestimated by 

about 12%. The overall behaviour obtained by the different models is 

in good agreement with the experimental curve. However, the 

torque-twist curve of model A is closer to the experimental results 

compared with the relatively stiffer curves of models B and C. 

7.2.4.2.2 Effect of the tension-stiffening parameters 

The variation of the tension-stiffening parameters a, and a2 can 

strongly affect the post-cracking behaviour of reinforced concrete 

members. It was mentioned in section 3.4.2.3.1 that values in the 

range of 5- 25 and 0.2 - 1.0 have been used for a, and az 
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respectively in the finite element analysis of flexural members and 

deep beams. However for beams under torsion, Phillips and Mohamed 

[10] suggested neglecting the tension-stiffening parameters in order 

to predict reasonable post-cracking response. In the present study, 

the variation of these parameters has been considered in presence of 

a concrete compressive strength reduction model. 

Numerical tests with values of or, equal to 10,15,20,25 and 

zero, i. e no tension-stiffening, have been carried out. In these 

tests, a= was set to 0.6. Fig. 7.15 shows that the variation of the 

parameter a, has a negligible effect on the collapse torque and only 

affects the post-cracking torsional stiffness at applied torque 

levels below 40 kN. m. Beyond this level, the variation in the 

torsional stiffness for different values of a, is very small. The 

overall behaviour obtained from these tests ranges from the very soft 

response when a, was set to zero to the relatively stiff response for 

a, - 25. The best fit to the experimental results was obtained for 

a, - 15. 

To study the effects of the parameter a2, which represents the 

sudden loss in the tensile stress at instant of cracking, numerical 

tests have been carried out with a2 equal to 0.0,0.5,0.6,1.0. In 

these tests or, was set to 15. Results of the analyses also revealed 

that the variation of a2 has insignificant effects on the behaviour 

at loading stages beyond 40 kN. m, Fig. 7.16" Good agreement with the 

experimental torque-twist curve has been achieved for a2 equal to 0.5 

and 0.6. When a2 was set to zero, the cracking torque was 

underestimated and the post-cracking response was very soft. For a2 

- 1.0, the cracking torque was overestimated and the post-cracking 
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response was relatively stiff compared with the experimental results. 

the best fitting was obtained when a2 was set to 0.6. 

During the numerical tests, it has been observed that most of the 

sampling points had cracked in two orthogonal directions. At the 

concrete core, some of the sampling points had three orthogonal 

cracks. At a sampling point, orthogonal cracks may have different 

tension-stiffening relationships according to the size and number of 

reinforcing bars crossing the crack and their orientation with 

respect to the cracked plane under consideration. Moreover, 

positions of the cracked sampling points with respect to reinforcing 

cage may affect the rate of stress release as the crack; widen. 

Therefore, the selected values for the tension-stiffening 

parameters, a, - 15.0 and a2 - 0.6, represent the average 

stress-strain relationship for all cracks. 

Results obtained from this study and those of sections 7.2.4 and 

7.2.4.2.1 revealed that the predicted post-cracking torque-twist 

curve can be divided into two regions according to the parameters 

dominating the behaviour. At early stages after cracking, the 

response is significantly affected by the tension-stiffening 

parameters, while the reduction in concrete compressive strength has 

a negligible effect. However, at stages close to the ultimate torque 

the behaviour is strongly affected by reducing the compressive 

strength, while the tension-stiffening parameters have insignificant 

effects. 
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7.2.4.2.3 Effect of the integration rule 

In order to confirm the conclusions drawn from section 5.5.1.2 

concerning the accuracy and efficiency of the 15 point rules, beam B4 

has been analysed using the three different 15 points rules and the 

27 point rule. The resulting finite element solutions for different 

rules are shown in Fig. 7.17. The predicted torque-twist curves are 

generally in good agreement with the experimental results. A 

slightly stiffer response has been obtained for the 27 and the 14 

point rules. This may be attributed to the relative distribution of 

the sampling points within the cross-section of the beam. The 

computation time required to carry out the analysis using the 27 

point rule was substantially greater than those required for the 15 

point rules. The relative CPU times recorded at the last increments 

of loading were 1.94,1.18,1.20 and 1.0 for the 27,15a, 15b and 14 

point rules respectively. Therefore, it may be concluded that for 

the finite element applications to reinforced concrete beams in 

torsion the 15 sampling point integration rules are accurate and 

computationally efficient when compared with the 27 point integration 

rule. 

7.2.4.2.4 Effect of the convergence tolerance 

A force convergence criterion has been adopted throughout the 

present work. This type of criterion, which is favoured by 

engineers, monitors equilibrium by setting the out-of-balance forces 

to be within an acceptable limit. Bergan and Holand [11) argued that 

the unbalanced forces often form equilibrium groups which does not 
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have much influence on the overall structural behaviour. To 

investigate this and in order to select a suitable convergence 

tolerance for the analyses of reinforced concrete beams under 

torsion, beam B4 has been tested for tolerances of 1%, 2%, 5% and 

10%. These values ranging from a relatively tight tolerance to a 

slack one. All the tests have been conducted using the modified 

Newton-Raphson stiffness method Kt2a. 

Results of the study are compared against the experimental curve 

in Fig. 7.18. The analytical solutions obtained for the tolerances 

considered are almost similar. However, a large difference in the 

computation time was observed for the different tests carried out. 

The relative CPU times recorded at the last converged increments of 

loading were 2.31,1.86,1.35 and 1.0 for convergence tolerances of 

1%, 2%, 5% and 10% respectively. It may be concluded therefore that 

acceptable solutions of a relatively cheap cost can be obtained using 

a moderate convergence tolerance. A 5% tolerance has been selected 

for the present work. 

7.2.4.2.5 Effect of the solution algorithm 

To study the efficiency and accuracy of different non-linear 

solution algorithms, beam B4 has been analysed using the algorithms 

incorporated in the present finite element model. In these analyses, 

a constant convergence tolerance of 5% has been used. Results of the 

analyses revealed that there is no significant difference between the 

finite element solutions obtained, Fig. 7.19. However, a large 

difference between the recorded computation times has been observed. 
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The relative CPU times were 1.62,1.80,1.58,1.51, and 1.0 for the 

initial, tangential, KTl, KT2 and KT2a stiffness methods 

respectively. 

The KT2a stiffness method, which has been adopted in this work, 

updates the stiffness matrix more than once during increments of 

loading which require a large number of iterations to achieve 

convergence. These increments represent stages of loading at which 

large deformation occurs due to either cracking, yielding or 

substantial non-linear behaviour of concrete in compression. 

7.2.4.2.6 Effect of the element aspect ratio 

To investigate the effect of the element aspect ratio in 

application to reinforced concrete beams under pure torsion, three 

different finite element meshes has been considered in this study, 

Fig. 7.3. The analytical solution obtained for beam B4 using the 

finite element mesh shown in Fig. 7.3a, 12 elements, is compared with 

those obtained for the 18 elements meshes shown in Figs. 7.3b and 

7.3c. The ratios of the element dimensions were 1: 1: 3.6,1: 1: 2.4 and 

1: 1.5: 3.6 for mesh A, mesh B, and mesh C, respectively. Fig. 7.20 

shows that the numerical torque-twist curves of all meshes considered 

are almost similar. These results confirm the conclusion drawn from 

section 5.5.1.4 where the element aspect ratio does not seem to 

significantly affect the predicted finite solutions of beams under 

pure torsion. Therefore, the numerical tests can be carried out 

using the 12 element mesh of Fig. 7.3a. 
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7.2.4.3 Steel stresses 

The variations of tensile stresses in the reinforcing steel of 

beam B4 have been investigated using the finite element mesh of Fig. 

7.3b. Figs. 7.21a, 7.22a and 7.23a compare the theoretical 

torque-steel stress relations obtained for the longer and shorter 

legs of a typical stirrup and for a typical longitudinal bar with the 

corresponding experimental curves obtained from averaging the 

stresses from a number of bars.. The tensile stresses were measured 

at central regions of the bars considered. The figures show that 

neither the stirrup nor the longitudinal bar carry any significant 

stresses prior to cracking. On cracking, the tensile stresses in the 

stirrups and the longitudinal bar increased suddenly. The predicted 

response for the longer stirrup leg and the longitudinal bar is in 

good agreement with the experimental results throughout the entire 

range. Figs 7.21a and 7.23a show that both the theoretical and the 

experimental stresses increase almost linearly with increasing 

torque. 

For the shorter leg of stirrup, the experimental results show an 

irregular variation of tensile stresses as the applied torque 

increases. Fig 7.22a. Hsu [11 argued that this phenomenon cannot be 

explained by present theories. However, the finite element results 

revealed that, similar to the longer leg, the stresses at the shorter 

leg increased steadily with increasing torque. 

The predicted distribution of tensile stresses at different 

stages of loading along the longer and shorter stirrup legs and along 

the longitudinal bar are shown in Figs. 7.21b, 7.22b and 7.23b 
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respectively. Finally, it can be seen from the figures that for the 

beam under consideration neither the stirrup nor the longitudinal bar 

yielded at failure. 

7.2.5 Results of the Analyses, Beam B2 

This beam was similar to beam B4 except that the amount of 

reinforcement provided was much smaller than that used in beam B4. 

The steel ratios for the longitudinal bars and stirrups were 0.00827 

and 0.00823 respectively. The analytical torque-twist curves 

obtained for beam B2 are compared with the experimental curve in Fig. 

7.24. The figure show that the cracking torque and the horizontal 

plateau caused by the sudden increase in the angle of twist during 

cracking have been reasonably predicted. Also, good agreement with 

the experimental results for the post-cracking behaviour and the 

predicted collapse torque has been achieved when the reduction of 

the concrete compressive strength due to transverse tensile strain is 

included. The experimental ultimate torque was 30.0 kN. m, while the 

analytical failure torques were 33.6 and 32.6 kN. m for values of k, 

equal to 0.55 and 0.6 respectively. When k, was set to zero, a 

relatively stiffer post-cracking response was obtained and the 

predicted collapse torque was 38.4 kN. m, about 28% higher than the 

experimental value. The numerical tests show that both the 

longitudinal steel and the longer legs of stirrups have been yielded 

prior to failure. 

Referring to Fig. 7.24, the parameter k, has a negligible effect 

on the behaviour for applied torque levels below 25 kN. m. Above this 
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value, the torsional stiffness starts to decrease as the applied 

torque increases. These results are similar to those obtained for 

beam B4, see section 7.2.4. 

The influence of the tension-stiffening parameter a, has been 

investigated by comparing the numerical results obtained for a, equal 

to 10 and 15. Fig 7.25 shows that for underreinforced beams such as 

beam B2 the variation of the parameter a, can slightly affect the 

torque-twist curve at stages close to the ultimate torque. 

7.2.6 Results of the Analyses, Beam B3 

Apart from the difference in the percentage of steel used, see 

Table 7.1, this beam was identical to beam B4. Fig 7.26 compares the 

experimental and analytical torque-twist curves. The figure show 

that the predicted response is similar to that of beam B4. The 

variation of the parameter k, has a negligible effect on the 

torque-twist curve just after cracking. The computed failure torques 

were 40.8 and 38.9 kN. m for k, equal to 0.55 and 0.6 respectively. 

These values are in reasonable agreement with the experimental 

ultimate torque, 37.6 kN. m. For k, equal to zero the computed 

collapse torque was 51.5 kN. m which is higher the experimental value 

by about 36%. The numerical tests show that both the longitudinal 

bars and the longer legs of stirrups yielded before failure of the 

beam. 

To investigate the analytical crack pattern, beam B3 has been 

analysed using the finite element mesh of Fig. 7.3b. The cracks 
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first appear at sampling points close to the middle of the wider and 

shorter faces of the beams at applied torque level of 17.9 kN. m. 

These cracks were inclined approximately at 45 degrees to the 

longitudinal axis of the beam, Fig. 7.27a. When the applied torque 

was increased to 22.4 kN. m, additional cracks occurred, on the wider 

and shorter faces, close to the top and bottom edges of the beam. As 

in the experimental pattern, these cracks were inclined at angles 

substantially greater than 45 degrees to the longitudinal axis, Fig. 

7.27b. The predicted pattern of cracks was almost similar to the 

experimental crack pattern shown in Fig. 7.2. 

7.2.7 Results of the Analyses, Beam B5 

This beam was reinforced with a relatively large amount of steel 

compared to beam B4. The provided ratios for the longitudinal bars 

and stirrups were 0.0211 and 0.0213 respectively. The numerical 

solutions for different values of k, are compared in Fig. 7.28 with 

the experimental results. The solutions obtained were in good 

agreement with the experimental curve. The computed collapse torques 

were 55.8 and 53.1 kN. m for k, equal to 0.5 and 0.55 respectively. 

These values are close to the experimental collapse torque, 56.2 

kN. m. When k, was set to zero, a very stiff post-cracking response 

was obtained and the collapse torque was overestimated by about 45%, 

the computed torque was 81.6 kN. m. As in the experimental test, the 

predicted mode of failure was crushing of concrete prior to yielding 

of steel. 
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7.2.8 Results of the Analyses, Beam G3 

Compared with the previous beams, beam G3 had a larger depth of 

508 mm., the depth of the previous beams was 381 mm., see Table 7.1. 

The percentage of reinforcement provided was similar to beam B2, the 

steel ratios were 0.0088 and 0.00882 for the longitudinal bars and 

stirrups. Fig. 7.29 compares the experimental torque-twist curve and 

the finite element solutions obtained for k, equal to 0.45,0.5 and 

zero. The computed ultimate torques were 49.7,48.6 and 56.6 kN. m 

respectively. For k, equal to zero, the collapse torque was 

overestimated by about 15%, the experimental failure torque was 49.2 

kN. m, and the predicted post-cracking behaviour was stiffer than the 

experimental torque-twist curve. In the numerical tests, both the 

longitudinal bars and the stirrup longer legs yielded before failure. 

The effect of the tension-stiffening parameter a, has been 

studied for this underreinforced beam by setting a, equal to 15 and 

20. Fig. 7.30 confirms the results obtained for beam B2, where for 

underreinforced concrete beams in torsion the variation of the 

parameter a, can slightly influence the post-cracking response close 

to failure. 

7.2.9 Results of the Analyses, Beam G4 

This beam was identical to beam G3 apart from a larger amount of 

steel being provided, the steel ratio was 0.012 for both the 

longitudinal bars and stirrups. Fig. 7.31 shows that the numerical 

results obtained were in good agreement with the experimental 
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torque-twist curve. The predicted collapse torques were 66.4 and 

65.6 kN. m for k, equal to 0.4 and 0.45 respectively. When k, was set 

to zero. a relatively stiff post-cracking response was obtained and 

the computed failure torque was 78.4 kN. m which is about 21% higher` 

than the experimental value. The finite element solutions show that 

the longer legs of the stirrups yielded before, failure while the 

longitudinal bars were about to yield when the concrete crushed. 

7.3 Reinforced Concrete Beams under Combined Torsion and Bending 

Collins et al [2] tested two series of rectangular reinforced 

concrete beams under combined bending and torsional loads. All the 

test specimens contained both longitudinal and transverse 

reinforcement. The beams in the first series had equal amount of 

tension and compression longitudinal steel, while in the beams of the 

second series the area of tension steel was greater than that of the 

compression steel. Two beams, designated RE2 and RE4, from the first 

series were chosen for the present study mainly because their 

experimental torque-twist curves were available. Both of the 

selected beams had the same dimensions and amount of reinforcement. 

They only differed in the ratio of the applied torque to the bending 

moment, which was 0.88 for beam RE4 and 2.61 for beam RE2. 

7.3.1 Description of the Beams and Test Observations 

The beams had a 165X254 mm. (6.5X10 in. ) cross-section, Fig. 

7.32, and were tested over a 2438 mm. (8 ft. ) span. Each beam was 
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tested with one end being clamped against torsion and the other end 

being free to twist. The bending load was applied at the one-third 

points by means of a hydraulic jack and a spreader beam. The torsion 

was applied by a jack at the end of an outrigger arm [2j. The jacks 

were hydraulically interconnected so that during the test the ratio 

of torsion to bending moment remained constant. The load was applied 

in about 10 increments up to failure. 

The behaviour of the specimens with lower ratios of torsion to 

bending, such as beam RE4, were influenced primarily by flexure. 

Cracks appeared first at the bottom face of the beam and then 

extended to the side surfaces. For the beams with high ratios of 

torsion to bending, e. g beam RE2, cracks were first visible on the 

side surfaces. They formed at about 45 degrees to the longitudinal 

axis of the beam and gradually extended, at almost constant 

inclination, to the top and bottom of the member. Both beam RE4 and 

RE2 failed by yielding of the bottom steel and the formation of the 

compression hinge on the top surface. 

7.3.2 Finite Element Idealisation and Material Properties 

By taking advantage of symmetry, a segment representing one half 

of the beam was used for the numerical tests. The finite element 

meshes used in the analyses are shown in Fig. 7.33. At each end of 

the segment, the external torque was modelled by a set of equivalent 

nodal forces using the technique described in section 5.4. For 

flexural loading, the concentrated force applied at the one-third 

point was modelled as a line load uniformly distributed across the 
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width of the top face. The equivalent nodal forces and the boundary 

conditions imposed at both ends of the segment are shown in Fig. 

7.34. 

The reinforcement cages were prefabricated from plain round bars 

and then they spot welded. The cages consisted of four longitudinal 

corner bars and closed stirrups uniformly distributed over the beam 

at 76 mm. (3 in. ) spacing. The properties of reinforcing bars and 

concrete and the additional material parameters used in the analyses 

are given in Table 7.5.1 

7.3.3 Results of the Analyses 

Graphs of the experimental and theoretical torques versus the 

total twist of the test length, 2438 mm., are shown in Figs. 7.35 and 

7.36 for beams RE4 and RE2 respectively. The figures show that both 

the initial and post-cracking torsional stiffnesses and the cracking 

torque were reasonably predicted. As expected for beam RE4, in which 

the influence of bending was relatively large (T/M - 0.88), the onset 

of cracking and hence the departure from the initial, uncracked, 

behaviour took place at a lower torque compared to beam RE2, T/M - 

2.61. As in the tests, cracks formed first at sampling points close 

to the bottom face of beam RE4 almost perpendicular to the 

longitudinal axis of the beam and they gradually extended to the side 

surfaces. In beam RE2, the cracks appeared first on the side 

surfaces at about 45 degrees to the axis of the beam and they 

gradually propagated towards the top and bottom of the beam. 
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Table 7.5 Material properties and additional material 

parameters of Collins et al beams 

Concrete 

Young's modulus, E (N/mm2) 26700 
Comp. strength, f& (N/mm2) 31.7 
Tensile strength, ft (N/mm2) 3.15 
Poisson's ratio, v 0.2 
Unixaial crushing strain 0.003 

Steel 

Young's modulus, Es (N/mm2) 200000 

Longitudinal bars 
Bar diameter, mm 12 
No. of bars 4 
Yield stress, fly (N/mm2) 307 
Steel ratio, pl 0.0123 

Stirrups 

Bar diameter, mm 10 
Spacing, mm 76 
Yield stress, fsy (N/mm2) 338 
Steel ratio, ps 0.0151 

Hardening parameter, H' 0.00 

Tension-stiffening parameters 

al 15.0 
a2 0.6 

Shear retention parameters 

71 10.0 
72 0.50 
73 0.10 

Comp. strength reduction, Model A 

Comp. reduction parameter, k, 0.55 

Note: Where different material parameters have been used 

these are given in the text. 
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The numerical tests have been carried out using a reduced 

concrete compressive strength according to model A. For beam RE4, 

TIM - 0.88, the predicted collapse torque was 9.0 kN. m for values of 

the compression reduction parameter k, of 0.5 and 0.55, Fig 7.35. 

This value is close to the experimental ultimate torque, 8.5 kN. m. 

The numerical solutions show that the bottom longitudinal bars 

yielded prior to failure and that ultimately the beam failed by 

crushing of the concrete. When k, was set to zero, the computed 

failure torque was 10.5 kN. m, about 24% higher than the experimental 

value. 

For beam RE2, T/M - 2.61, the computed collapse torque was 11.0 

kN. m for k, equal to 0.55 which is slightly higher than the 

experimental value, 9.5 kN. m. The tensile longitudinal bars yielded 

at failure and the beam failed by crushing of the concrete. When k, 

was set to zero, the predicted ultimate torque was 15 kN. m which is 

higher than the experimental value by about 53%. Finally, it can be 

seen from Fig 7.36 that that predicted response close to the ultimate 

stage was stiffer than the experimental behaviour. This is probably 

because a fixed crack model has been used in this study. 

It is worth noting that the post-cracking response and the 

prediction of the ultimate torque of beams with large torque to 

bending ratio can be significantly affected by reducing the concrete 

compression strength compared to beams with small torque to bending 

ratio, Figs 7.35 and 7.36. 

To study the effect of element size and number of elements within 

the cross-section of the beam, the numerical solution obtained for 
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beam RE2 using the finite element mesh shown in Fig 7.33a, which has 

4 elements in the cross-section, is compared with that obtained for 

the finite element mesh shown in Fig. 7.33b, which has 6 elements in 

the cross-section. Fig. 7.37 shows that the analytical torque-twist 

curves obtained for both meshes are almost identical. Therefore, the 

numerical examples can be carried out using 4 elements in the 

cross-section. 
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Fig. 7.3 Finite element meshes used for Hus's beams. 
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over the middle and free end cross-sections for applied 
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CHAPTER EIGHT 

SUMMARY AND CONCLUSIONS 

8.1 Summary 

A computer program suitable for the non-linear finite element 

analysis of three-dimensional reinforced concrete, or steel, 

structures under monotonically increasing load has been developed. 

The 20 noded isoparametric brick element has been used to model the 

concrete and reinforcement bars are simulated as axial members 

embedded within the concrete elements. The numerical integration has 

been generally carried out using the 15 point Gaussian type 

integration rules. Efficiency and accuracy of these rules have been 

compared with the 27(3X3X3) point Gaussian rule. 

In view of the scatter of experimental results for concrete and 

the variation of material properties throughout a reinforced concrete 

member, the numerical material models are kept as simple as possible 

so they can be simply implemented in finite element programs. 

However, such models should be able to simulate the main aspects of 

the behaviour. In the present study, a plasticity model for concrete 

in compression and a smeared crack model for concrete in tension have 

been used. 

In compression, the behaviour of concrete is simulated by an 

elasto-plastic work hardening model followed by a perfectly plastic 

plateau which is terminated at the onset of crushing. The growth of 
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subsequent loading surfaces is described by an isotropic hardening 

rule. A parabolic equivalent uniaxial stress-strain curve has been 

used to represent the work hardening stage of behaviour and plastic 

straining is controlled by an associated flow rule. 

In tension, linear elastic behaviour prior to cracking is 

assumed. Cracking is governed by the attainment of a maximum 

principal stress. A smeared crack model with fixed orthogonal cracks 

has been used. A maximum of three sets of orthogonal cracks are 

assumed to form at a sampling point. Closing and re-opening of these 

cracks are allowed to occur. The post-cracking tensile stress-strain 

relation and the reduction in shear modulus of cracked concrete with 

increasing tensile strain are modelled using bilinear curves. 

Because the present work is devoted towards the analysis of 

reinforced concrete members which fail in shear or torsional modes, 

special emphasis has been given to model the degradation in the 

compressive strength of concrete due to the presence of tensile 

straining of transverse reinforcement. Three different models have 

been have been incorporated in the developed computer program based 

on the proposals of Cervenka [1] and Vecchio and Collins [2,3]. 

Reinforcing bars are assumed to be capable of transmitting axial 

forces only. The behaviour of reinforcement is simulated by an 

elastic linear work hardening model. Perfect bond is assumed between 

steel end concrete. 

The non-linear equations of equilibrium have been solved using an 

incremental-iterative technique operating under load control. The 
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non-linear solution algorithms used in this work are the standard and 

the modified Newton-Raphson methods. Line searches have been 

implemented to speed up convergence. 

The inclusion of material models for both steel and concrete 

allowed the computer program to be used for investigating the problem 

of elasto-plastic torsion of homogeneous solid members. Numerical 

tests are described which have been carried out for beams of 

different cross-sections subjected to pure and warping torsion. 

Results of the finite element analyses have been compared with the 

available exact or approximate analytical solutions. Parametric 

studies to investigate the effects of warping restraint, different 

types of elements, different integration rules and mesh refinement 

have been carried out. An iterative scheme has been proposed to 

determine the correct distribution of the external applied nodal 

loads equivalent to the elastic pure torque. 

The program has been tested by analysing reinforced concrete 

panels loaded in pure shear and voided slab strips under pure 

bending. The numerical results obtained for these two sets of 

problems have been compraed with the experimental tests. The ability 

of the material model to simulate the behaviour of reinforced 

concrete subjected to longitudinal compression coupled with 

transverse tension is demonstrated by analysing the panels tested by 

Vecchio and Collins (2]. The models proposed to reduce the concrete 

compressive strength due to orthogonal cracking have been used and 

compared. The effects of tension-stiffening. shear retention and 

other important parameters have been also investigated. 
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The three-dimensional finite element model has also been used to 

study the behaviour of reinforced concrete beams loaded in pure 

torsion and torsion in combination with bending. The numerical 

solutions have been compared with the experimental torque-twist 

curves. The effect of reducing the concrete compressive strength in 

presence of orthogonal cracks on the post-cracking stiffness and 

ultimate strength of torsional members has been investigated. 

Parametric studies to investigate the effect of some of important 

material and solution parameters have been carried out. 

8.2 Conclusions 

Based on the numerical tests described in the previous Chapters 

the following conclusions can be drawn with regard to the results 

obtained for elasto-plastic members loaded in torsion and reinforced 

concrete members under various loading states. 

8.2.1 Elasto-Plastic Members under Torsion 

1. The three-dimensional finite element model adopted in this work 

has been successfully used to predict the elasto-plastic 

behaviour of beams subjected to torsion. Results of the 

numerical tests using the 20 noded isoparametric brick element 

demonstrate the validity of the present approach for both pure 

and warping torsion problems. The assumed quadratic displacement 

function is effective and accurate enough to represent the 

warping displacements of the cross-sections when compared with 
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the cubic displacement function. 

2. The 15 sampling point integration rules that have been used in 

the present work are predict accurately the torque-rotation 

relationship in both the elastic and the elasto-plastic stages of 

behaviour, and are computationally efficient compared to the 27 

point integration rule. 

3. The iterative scheme which has been proposed in order to 

simulate the external torque as an equivalent set of nodal loads 

has proved to be effective in determining the correct 

distribution of the applied loads on the nodes of the loaded 

cross-section. In the elasto-plastic range the elastic 

distribution of loads has been used. The results obtained from 

the finite element analysis are still close to the theoretical 

results. 

4. For I-beams with warping restraint, the finite element solution 

shows that the predicted collapse torque converges to the value 

predicted by Dinno and Merchant (4]. These results lend support 

to the finding of Baba and Kajita (5) that Merchant's upper bound 

is a reasonably accurate method for estimating the plastic 

collapse torque of I-sections beams subjected to warping torsion. 

8.2.2 Reinforced Concrete Members 

1. The three-dimensional finite element model adopted is able to 

simulate the behaviour of reinforced concrete members in which 
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shear or torsion dominates. In particular, the behaviour 

associated with the presence of longitudinal compressive stresses 

coupled with tensile straining of transverse reinforcement has 

been investigated. Results of numerical tests carried out for 

members loaded in pure torsion and torsion plus bending indicate 

that the post-cracking stiffness and the ultimate capacity of 

torsional members can be predicted reasonably well by the 

inclusion of the degradation in the compressive strength of 

cracked concrete. A similar conclusion can also be drawn from 

the analyses carried out for reinforced concrete panels loaded in 

pure shear. 

2. The unconservative nature of Rausch's equation [6] can be 

attributed to not accounting for the deterioration in the 

compressive strength of concrete struts caused by the tensile 

straining of longitudinal bars and stirrups. The reduced 

compressive stress requires that the depth of the compression 

zone to equilibrate the tensile forces in the reinforcement to be 

significantly increased. Hence, the actual lever arms of 

internal couples are considerably less than those assumed by 

Rausch's equation, (1.5), the centre-to-centre distances between 

stirrup legs. This conclusion is further supported because the 

predicted torque-twist relations obtained for a number of beams 

analysed without considering the degradation in the compressive 

strength of concrete were appreciably stiffer than the 

experimental curves and the collapse torques were considerably 

overestimated. However, the correlation of the finite element 

solutions obtained for these beams with the experimental results 

has been significantly improved by the inclusion of the reduction 
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in the compressive strength of cracked concrete. 

3. The models incorporated in the present study to reduce the 

concrete compressive strength have been compared by analysing a 

panel loaded in pure shear and a beam under pure torsion. The 

finite element solutions show that the overall behaviour obtained 

using the three different models is in good agreement with the 

experimental results. However, the best fit to the experimental 

curves was obtained using the model based on Cervenka's proposal 

Ill. 

4. For beams under pure torsion, the numerical tests revealed that 

the behaviour at early stages after cracking does not seem to be 

significantly affected by reducing the compression strength of 

cracked concrete. However at loading stages close to the 

ultimate torque, the post-cracking torsional stiffness is 

strongly affected by reducing the concrete compressive strength. 

5. The degradation in concrete compressive strength has a negligible 

effect on the stiffness of reinforced concrete panels loaded in 

pure shear but can significantly reduce the collapse loads. A 

similar conclusion was also arrived at by Cervenka (1J. 

6. For beams loaded in combined torsion and bending, the effect of 

reducing the compressive strength of cracked concrete on 

predicting the ultimate torque increases as the ratio of the 

torque to the bending moment increases. 

7. The inclusion of the reduction of the concrete compressive 
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strength does not have a significant influence on reinforced 

concrete flexural members. Results of numerical tests carried 

out for voided slab strips under pure bending show that neither 

the post-cracking response nor the ultimate moment have been 

affected by reducing the compressive strength. However, it may 

be useful to include a compression strength reduction model in 

all finite element applications for reinforced concrete since the 

mode of failure is usually not known before the analysis is 

conducted. 

8. It was found that for members in which the principal directions 

may rotate after cracking, the predicted response close to the 

ultimate stage was stiffer than the experimental behaviour. This 

is probably because a fixed crack model has been used in the 

present study. 

9. The inclusion of tension-stiffening models for the cracked 

concrete can significantly improve the correlation of the 

predicted torsional stiffness with the experimental results at 

early stages after cracking. A response softer than the 

experimental torque-twist curves was obtained when the 

tension-stiffening effects were neglected. However as the angle 

of twist increases, the tension-stiffening effect becomes 

progressively less significant and can be generally neglected at 

very high twist. A similar conclusion can be drawn from 

analysing the voided slab strips under bending. 

10. The results obtained for beams under torsion confirmed that in 

the presence of a compressive strength reduction model, the 
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tension-stiffening parameters should be similar to those used for 

members in which bending dominates. 

11. The post-cracking longitudinal extension that occurs in 

reinforced concrete beams under torsion has been predicted. The 

numerical tests show that the extension that occurred along the 

edges of the cross-section is larger than that which occurred at 

the centre of the section, and the extension is locally arrested 

at the corners by the presence of longitudinal bars. In 

addition, it was found that the member can also extend 

transversly as a result of concrete cracking. 

12. In finite element analysis of reinforced concrete members loaded 

in torsion, the 15 sampling point rules are accurate and 

computationally efficient compared with the 27(3X3X3) point rule. 

These conclusions were similar to those drawn from the analyses 

of elasto-plastic members under torsion. 

13. Acceptable results with a relatively cheap cost have been 

obtained from the analyses of reinforced beams in torsion and 

panels in pure shear using force convergence tolerances ranging 

from 2% to 5%. 

8.3 Suggestions for Further Research 

1. The program could be used to carry out full range tests of 

reinforced concrete members under torsion and torsion in 

combination with bending and shear to obtain information that 
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would help in the development of more accurate and refined design 

procedures. 

2. The three-dimensional finite element model could be used to 

investigate the behaviour of reinforced concrete slab systems and 

biaxially loaded short columns. 

3. More experimental data is needed to gain a better understanding 

of the behaviour of reinforced concrete subjected to longitudinal 

compression coupled with transverse tension. Such data would 

help in the development of more refined compression strength 

reduction models. 

4. The accuracy and versatility of the developed computer program 

could be improved with the inclusion of the following 

refinements. 

a) To implement a displacement control incrementation scheme in 

order to trace the structural response beyond the ultimate 

load. 

b) To include the effects of geometrical non-linearities in 

order to extend the versatility of the program to 

investigate the torsional behaviour of elasto-plastic 

flanged members in presence of large displacements, the 

effects of membrane forces on the behaviour of plates and 

slabs and to study the behaviour of slender columns under 

biaxial loading. 
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c) To improve the performance of the cracking model by using a 

multi-directional crack model [7,8]. 

d) To use a plastic-fracturing model [9] in order to account 

for softening of concrete in compression. 
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