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This work aims to investigate the flexural behaviour of continuous hybrid 
reinforced concrete T-beams (HRCT). The investigations consist of three parts; 
the computational part, the experimental part and the finite element analysis. The 
computational part included two parts, the first one is developing an analytical 
programme using MATLAB software to investigate the moment-curvature 
behaviour of HRCT-beams and to design the experimental specimens. This was 
followed by the experimental part, where six full-scale reinforced concrete 
continuous T beams were prepared and tested. One beam was reinforced with 
glass fibre reinforced polymer (GFRP) bars while the other five beams were 
reinforced with a different combination of GFRP and steel bars. The ratio of GFRP 
to steel reinforcement at both mid-span and middle-support sections was the 
main parameter investigated. The results showed that adding steel reinforcement 
to GFRP reinforced concrete T-beams improves the axial stiffness, ductility and 
serviceability in terms of crack width and deflection control. However, the moment 
redistribution at failure was limited because of the early yielding of steel 
reinforcement at the beam section that did not reach its moment capacity and 
could still carry more loads due to the presence of FRP reinforcement. 

 
The second part of the computational part included the comparison between the 
experimental results with the ultimate moment prediction of ACI 440.2R-17, and 
with the existing theoretical equations for moment capacity, load capacity, and 
deflection prediction. It was found that the ACI 440.2R-17 design code equations 
reasonably estimated the moment capacity of both mid-span and middle-support 
sections and consequently predicted the load capacity of the HRCT-beams 
based on fully ductile behaviour. However, Qu's and Safan's equations 
underestimated the predicted moment and load-capacity of HRCT-beams. Also, 
Bischoff's and Yoon's models underestimated the deflection at all stages of the 
load for both GFRP and HRCT- beams. 

 
For the numerical part, a three-dimensional finite element model has been 
developed using ABAQUS software to examine the behaviour of HRCT-beams. 
The experimental results were used to validate the accuracy of the FEM, where 
an acceptable agreement between the simulated and experimental results was 
observed. Accordingly, the model was used to predict the structural behaviour of 
continuous HRCT-beams by testing different parameters. 
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1.1 Background 

Chapter 1 

INTRODUCTION 

 

Steel reinforcement corrosion is responsible for most types of failure in concrete 

structures (Böhni, 2005). The observation of steel corrosion was firstly recorded 

in marine structures and chemical industrial plants, but recently, several reports 

showed its existence in parking constructions, bridge decks and other structures 

exposed to chloride, which draws serious attention to this problem (Bremner et 

al., 2001). However, steel reinforcement typically takes place at the corner area 

of the structure because of high carbonation, moisture, oxygen entrance, and 

spalling at the concrete corners, which raises the rate of internal steel corrosion 

(Qu and Zhang, 2001). 

 

Recently, fibre reinforced polymer (FRP) bars have been presented as an 

alternative to steel reinforcement. The main advantage of FRP as a reinforcement 

material is its natural corrosion resistance. There are various resin systems 

available to the fabricator, which provide long-term resistance to almost every 

chemical and temperature environment. Properly designed FRP composites 

parts have a long service life and minimum maintenance compared to most 

competitive materials. Moreover, the low weight-to-strength ratio of FRP could 

make a significant difference in the costs of installing the reinforcement. 

Additional properties of the FRP include high tensile strength and non-magnetic 

properties. 

 

Although FRP materials have their preferred properties, the linear elastic 

behaviour of FRP under tensile stress is responsible for the brittleness of FRP- 

reinforced concrete (RC) structures. Therefore, the design condition of FRP-RC 

beams according to design codes is based on concrete crushing rather than the 

rupture of FRP bars. This means a higher reinforcement ratio, which leads to an 

increase in the cost of construction due to the high price of FRP reinforcement. 

Additionally, because of the low modulus of elasticity of the FRP bars, FRP-RC 

beams tend to show larger deflection and wider cracks in comparison with the 

steel-RC beam (Alsayed, 1998). Furthermore, since most of the concrete 

structures are continuous elements, using FRP reinforcement in continuous 
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concrete structures affects the ability of these structures to redistribute moment 

between sections in comparison to steel-RC structures. Therefore, unexpected 

failure occurs with a small or insufficient warning (Habeeb and Ashour, 2008, 

Mahroug et al., 2014). 

 

Hybrid FRP/steel reinforcement system was firstly proposed in 1995 (Arya et al., 

1995), where steel reinforcement was placed at an inner level, and FRP bars 

were located at the outer level, achieving the required strength as well as 

sufficient corrosion protection to steel reinforcement. Since then, the flexural 

behaviour of hybrid reinforced concrete beams has been investigated widely, in 

particular during the past two decades (Tan, 1997, Arya et al., 2002, Si-Larbi et 

al., 2006, Qu et al., 2009, Lau and Pam, 2010, Yoon et al., 2011, Yinghao and 

Yong, 2013, Pang et al., 2015), focusing mainly on simply supported concrete 

beams of rectangular sections. The results showed that using steel reinforcement 

in a hybrid reinforcement system improves the ductility of FRP-RC beams, and 

the contribution of FRP reinforcement increases the ultimate load capacity. 

Furthermore, using this arrangement of reinforcement offers improved 

serviceability in terms of crack width and deflection control, and longer service 

life compared to steel–RC structures. Lately, the flexural performance of hybrid 

reinforcement system in continuous RC rectangular beams was investigated 

(Araba and Ashour, 2018), considering different configurations of FRP and steel 

reinforcement ratio. It was shown that the reinforcement ratios were the main 

factor in ensuring adequate ductility of hybrid reinforced continuous concrete 

beams. 

 

1.2 Research Contribution: 
 

Previous related work on hybrid reinforcement concrete (HRC) systems focused 

mainly on simply supported structural beams rather than continuously supported 

RC beams, which are mostly used in construction in reality (Aiello and Ombres 

2002; Leung and Balendran 2003; Qu et al. 2009; Lau and Pam 2010; Safan 

2013; Yinghao and Yong 2013; El Refai et al. 2015; Ge et al. 2015; Pang et al. 

2015; Qin et al. 2017). Continuous rectangular HRC beams were recently 

explored by Araba and Ashour (2018). 

In practice, RC structural systems are almost monolithic; as a result, part of the 

slab acts together with the underlying beam to form a T- beam section, which 
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represents the reality of structures more accurately than rectangular beams. The 

behaviour of T-section beams is different from that of rectangular beams due to 

the effect of the flange part in resisting compression. In continuous beams with a 

T section, both mid-span(sagging) and middle-support(hogging) regions behave 

as a T section before cracking, while after cracking the mid-span section performs 

as a T- section and the hogging moment section acts as a rectangular section. 

Due to these dissimilarities in performance between continuous T and 

rectangular beams, and because none of the previous work in the literature has 

been done to examine the structural behaviour of continuous HRCT-beams, this 

research aimed to investigate the flexural behaviour of HRCT-beams 

experimentally and numerically. 

The test results show that adding steel reinforcement to GFRP-RCT beams 

improves the ductility and deformability of the beams by preventing the brittle 

failure of GFRP-RC beams. Also, it enhances the axial stiffness by demonstrating 

smaller deflection and reduces the crack width significantly. 

 

1.3 Aim and Objectives: 
 

The main aims of this research are to study the behaviour of the continuous 

HRCT-beams and its capability of redistributing moment between its critical 

sections before failure. To achieve these aims, a set of objectives were carried 

out through the research process, including: 

1. Develop an analytical technique program using MATLAB software to study 

the moment-curvature and the load-deflection behaviours of HRC beams 

and to design the test specimens. 

2. Conduct an experimental program to study the behaviour of HRCT-beams 

with a varying hybrid reinforcement ratio. 

3. Develop a numerical model using ABAQUS software to simulates the 

structural behaviour of continuous HRCT-beams and to study the effect of 

different parameters on the flexural behaviour of HRCT-beams. 

 

1.4 Research Methodology 
 

To achieve the aims and the objectives of this research, the following research 

strategy approaches have been employed: 

• An analytical model has been developed by MATLAB software to 

investigate the moment-curvature behaviour of the HRCT-beams based on 
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forces equilibrium and strain compatibility equations. Moreover, the model 

has been used to study the effect of different parameters on the behaviour of 

HRCT-section for both sagging and hogging moment sections. The main 

parameters included: the type of cross-section, the slab reinforcement ratio, 

the tensile reinforcement, the position of steel reinforcement, the steel 

yielding strength, and the FRP rupture strength. Then the analytical model 

was used to design the tested specimens. 

 

• Six continuously supported T- beams were constructed and tested. One 

beam was reinforced with GFRP bars and five specimens were reinforced 

with a different combination of hybrid GFRP/steel bars. The flexural 

behaviour of HRCT-beams was investigated in this research, this included 

the general behaviour of the tested specimens, the modes of failure, the 

cracks propagation, the cracks width, the strain of reinforcement, the load- 

deflection behaviour, the moment redistribution and the digital image 

correlation. 

 

• The second part of the analytical work was the evaluation of using design 

codes of FRP-RC beams and the existing theoretical equations for prediction 

the flexural behaviour of HRCT-beams. The evaluation based on a 

comparison between the experimental and the predicted results in terms of 

moment capacity, load-capacity, load-deflection and ductility index 

 

• A three-dimensional nonlinear finite element model has been developed 

using ABAQUS software to study the flexural behaviour of continuous HRCT- 

beams under the effect of different parameters. Then the model has been 

used to examine the effect of different parameters on the flexural behaviour 

of HRCT-beams. 

 

The summary of the research methodology is shown in Figure 1-1. 
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Figure 1-1: Research methodology. 

 
 

1.5 Thesis Organisation 

 
This thesis contains seven more chapters as the following description: 

 
• Chapter 2 presents the literature review of the FRP application especially 

as a reinforcement material, the structural behaviour of FRP-RC beams, 

previous research on hybrid FRP-steel reinforcement systems, the 

previous studies that have been carried out on continuous FRP-RC 

beams, and finally the concept of the effective flange width in different 

design codes. 

 

• Chapter 3 presents the analytical model that has been developed using 

MATLAB software to study the flexural behaviour of continuous HRCT- 

beams in terms of the moment-curvature, the mode of failure, and the 

ultimate moment capacity. 

 

• Chapter 4 presents the full description of the experimental programme that 

has been conducted in this research. This chapter consists of, the 

description of the tested specimens, the concepts of the specimen design, 

material properties, preparation of the test, and the details of the test 

setup. 
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• Chapter 5 presents the results of the experimental tests. This includes; the 

general behaviour of the tested specimens, the modes of failure, the crack 

prorogation, the crack width, the strain of the reinforcement, the load- 

deflection behaviour, the moment redistribution and the digital image 

correlation results for the tested beams. 

 

• Chapter 6 presents the evaluation of using design codes of FRP-RC 

beams and the existing theoretical equations for prediction the flexural 

behaviour of HRCT-beams. The evaluation is based on a comparison 

between the experimental and the predicted results in terms of moment 

capacity, load-capacity, load-deflection and ductility. 

 

• Chapter 7 presents the nonlinear finite element simulation using ABAQUS 

software to study the behaviour of continuous HRCT-beams with a set of 

different parameters. 

 

• Chapter 8 presents the main conclusion for this research and 

recommendations for future work. 
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Chapter 2 

LITERATURE REVIEW 

 
2.1 Introduction 

 

This chapter presents a summary of the application of FRP materials in civil 

engineering. It focuses more on the using of FRP as internal reinforcement 

material and methods for improving the ductility of FRP-RC structures. 

Additionally, it includes a comprehensive review of the using hybrid FRP-steel 

bars as reinforcement system, previous studies that have been carried out on 

continuous FRP-RC beams, and finally the concept of the effective flange width 

in different design codes. 

 

2.2 Brief Overview of FRP Material 

 
FRP is a type of composite materials that consist of fibres and polymer matrix 

(resin). The matrix is responsible for bind the fibres together, transfer loads to the 

fibres, and protect them against environmental conditions and damage (Agarwal 

et al., 2017). However, the fibres are significantly stronger than the matrix and 

control the final strength and modulus of elasticity of the composite. The most 

commonly used fibres are Aramid (AFRP), Glass (GFRP), Carbon (CFRP) and 

recently Basalt (BFRP) (Masuelli, 2013). 

The use of fibre reinforced polymers in construction industry emerged in the 

1960s, since that time FRP research field witnessed a significant growth 

considering FRP material as an alternative solution to steel corrosion (Bakis et 

al., 2002). The preferred properties of FRP material include its lightweight, high 

tensile strength, corrosion resistance, non-magnetic properties, and ease of 

handling in construction. However, the low modulus of elasticity and the linear 

elastic behaviour of FRP that is responsible for the brittleness of FRP-RC 

structures are the main disadvantages of using FRP as a reinforcement material. 

 

2.3 Application of FRP in Civil Engineering 

 
Using FRP composites as a construction material in civil engineering applications 

has increased in the last four decades. These materials are used for the 
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improvement of old structures and the construction of new ones. The sections 

below consider the applications of FRP material in civil engineering. 

 

2.3.1 Using FRP for Externally Strengthening of the Concrete Structures 

 
Strengthening and repairing of concrete structures are mainly required because 

of deterioration that takes place due to many reasons, like ageing, corrosion, poor 

construction, poor design, and also poor maintenance (Carse et al., 2002). There 

are two types of FRP system for strengthening RC structures, which are plate 

bonding and sheet bonding. The only difference between the two systems is that 

in sheet bonding the resin is added to the field rather than during its 

manufacturing (Balendran et al., 2001). 

 

Using fibre reinforced composite material for the strengthening of existing 

concrete structures has increased over the past few years. Different types of 

structures have been strengthened using FRP strengthening system. These 

include bridges, car parks, commercial structures, and marine structures. 

However, the main reasons for using FRP composites as strengthening materials 

are usually to enhance the flexural or shear capacity for beams and slabs, or to 

column strengthening (Arya et al., 2002). 

 

2.3.2 Near-Surface Mounted (NSM) 

 
Near-surface mounted (NSM) is another strengthening technique used for 

enhancing the flexural and shear strength of deficient reinforced concrete 

structures. In this method, FRP strips or rods are placed in a groove, which is 

prepared previously in the concrete cover. Then, FRP bars are glued in the 

groove with either epoxy or cement paste, as shown in Figure 2-1 (De Lorenzis 

and Teng, 2007). 

 

Figure 2-1: NSM system (De Lorenzis and Teng, 2007). 
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The NSM technique was used to overcome the limitation of using externally 

bonded FRP reinforcement caused by debonding failure (Hosen et al., 2015). 

Additionally, NSM does not need extensive work for surface preparation and 

require less fitting time compared to externally bonded FRP reinforcement (De 

Lorenzis and Teng, 2007, Parretti and Nanni, 2004). 

 

2.3.3 FRP as Internal Reinforcement 

 
FRP bars have gained the approval to use it as internal reinforcement in concrete 

structures. Steel corrosion is the major reason for using this material as an 

alternative reinforcement because it has high corrosion resistance, high tensile 

strength and lightweight (Carse et al., 2002). 

FRP bars are made from different types of materials. These include Carbon, 

Glass, Aramid and Basalt fibres. Figure 2-2 shows different types of fibres used 

as internal reinforcement. 
 

 

Figure 2-2: Different types of commercially available FRP rebars (Quayyum, 

2010). 

 
2.4 Structural Behaviour FRP-RC Beams 

2.4.1 Flexural Performance of FRP-RC Beams 
 

The flexural behaviour of FRP-RC structures has been examined widely in the 

literature by different researchers, such as Alsayed (1998), Benmokrane and 

Masmoudi (1996), Masmoudi et al. (1998), Sam and Swamy (2005), Habeeb 
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and Ashour (2008), and Adam et al. (2015). Different parameters were 

considered in these studies, such as reinforcement ratio, FRP type and concrete 

strength. 

The flexural behaviour of FRP-RC beams is different from that of steel-reinforced 

beams. This is due to the linear behaviour of FRP bars, which results in brittle 

and sudden tension failure in FRP-RC sections. Furthermore, beams reinforced 

with FRP bars exhibit two types of failure, which are concrete crushing or FRP 

rupture. However, the crushing of concrete is more desirable as it gives a warning 

before failure (ACI 440, .IR-06 ). 

Alsayed (1998), Benmokrane and Masmoudi (1996), Masmoudi et al. (1998), 

and Sam and Swamy (2005) have conducted experimental studies to examine 

the difference between the flexural behaviour of FRP and steel RC beams. Their 

results showed that at low levels of load the crack width spacing and pattern in 

GFRP-RC beams is similar to steel RC beams. Conversely, at higher levels of 

loads, larger numbers of wide cracks were formed in beams reinforced with 

GFRP bars compared to steel beams (Benmokrane and Masmoudi, 1996). They 

also found that the deflection of FRP-RC beams is three times larger than steel- 

RC beams at the same load level (Sam and Swamy, 2005). Moreover, their 

results showed that ACI formulas for steel-RC beams underestimate the actual 

deflection of GFRP-RC beams and it should be improved so that it can be used 

for FRP beams. From this point, several codes have been published to be used 

as guidelines for FRP-RC structures. These include ACI code by committee 440, 

the International Federation for Structural Concrete (CEB-FIB), Japan Society of 

Civil Engineers (JSCE), and Canadian Standard Association (CSA). 

The flexural behaviour of FRP-RC beams is mainly dependent on the 

reinforcement ratio of FRP bars. Therefore, the reinforcement ratio of FRP has 

been investigated widely in the literature. Theriault and Benmokrane (1998) found 

that increasing the reinforcement ratio decreases the flexural crack width and 

spacing in simply RC beams. Also, Habeeb and Ashour (2008) and Adam et al. 

(2015) found that increasing the reinforcement ratio controlled the mid-span 

deflection and the crack width in continuous beams and increased the ultimate 

flexural capacity. Furthermore, a reinforcement ratio of more than 1.4 of the 

balanced reinforcement ratio has been recommended by Kassem et al. (2011) to 

guarantee compression failure, which was agreed with ACI 440.1R-06. 
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The effect of concrete strength on the behaviour of FRP-RC beams has been 

recorded by Theriault and Benmokrane (1998) and El-Nemr et al. (2013). Their 

results showed that the ultimate strength of FRP-RC beams increased as the 

concrete strength increased while the stiffness of FRP-RC beams is independent 

of the concrete strength. Furthermore, El-Nemr et al. (2013) concluded that using 

higher concrete strength increases the cracking moment of FRP-RC concrete 

beams compared to normal strength concrete. 

 
2.4.2 Flexural Behaviour and Failure Modes of Continuous FRP-RC Beams 

 

Grace et al. (1998), Habeeb and Ashour (2008), El-Mogy et al. (2010), and 

Rahman et al. (2016) have studied the behaviour of continuous FRP-RC beams 

experimentally. Grace et al. (1998) studied the behaviour of both simple 

rectangular and continuous RCT-beams; their test included three different types 

of reinforcement. These types are steel, GFRP, and CFRP. The shear 

reinforcement included using steel stirrup and GFRP stirrup. Their test results 

showed that using GFRP stirrup changed the flexural mode of failure to shear or 

flexural shear. Besides, it is also increased the shear deformation and deflection 

compared to beams reinforced with steel stirrups. They also found that the 

deflection of FRP continuous beams was higher than their steel counterparts. 

Moreover, three modes of failure of continuous FRP-RC beams were recorded. 

These include flexure failure, shear failure, and flexural-shear failure. The shear 

failure was explained due to the use of GFRP stirrup together with FRP 

reinforcement, while the flexural-shear failure was explained because of the low 

dowel effect resistance of FRP bars. 

The flexural behaviour of continuous FRP-RC beams with steel stirrups was 

investigated by Habeeb and Ashour (2008). The main parameter in this study 

was the amount of GFRP reinforcement ratio. The results showed that wider 

earlier cracks were recorded in FRP continuous supported beams compared to 

steel RC beams. They also found that continuous FRP-RC does not show any 

moment redistribution between critical sections. Additionally, during the 

experiments, four different modes of failure were detected. These include 

concrete crushing, concrete crushing combined with shear failure, FRP bar 

rupture, and conventional ductile flexure failure. As expected, concrete crushing 

failure was observed in the over-reinforced section while bar rupture was 
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detected in the under-reinforced section. For concrete crushing combined with 

shear failure mode, the diagonal shear cracks were developed and propagated 

simultaneously with the flexure cracks, leading to the unexpected collapse of the 

beam. This behaviour was experienced when the beam was over-reinforced in 

both the bottom and top layers. 

 
The ability of continuous rectangualr FRP-RC beams to redistributed moments 

has been studied by El-Mogy et al. (2010) by considering different FRP 

reinforcement configurations. The results showed that FRP-RC concrete beams 

could achieve moment redistribution, provided that the configuration of the 

reinforcement is selected appropriately. They also found that reducing midspan 

deflections and increasing the load capacity is a result of increasing the GFRP 

reinforcement at the midspan section over the middle support section. Three 

modes of failure were recorded in their test. These include concrete crushing 

followed by FRP rupture, steel yielding followed by flexural shear failure at 

midspan, concrete crushing followed by flexural shear failure at the mid support 

section and finally concrete crushing followed by flexural shear failure in the 

middle support section. All the tested beams failed in shear failure, because of 

the existing flexural cracks grown wider and deeper, and afterwards turned into 

inclined cracks following the compression stresses. 

 
Lately, the behaviour of GFRP continuous RCT-beams has been examined by 

Rahman et al. (2016). The parameters in this study included the spacing between 

the stirrups and the lateral reinforcement spacing in the flange. Their specimens 

were designed to have 15% moment redistribution. The results showed that 

continuous concrete beams could achieve moment redistribution especially with 

closed stirrup spacing and more lateral flange bars. The modes of failure were 

recorded as the following; steel RC continuous beams failed due steel yielding 

followed by concrete crushing, FRP-RC beams failed due to concrete crushing in 

both hogging and sagging regions, or concrete crushing followed by diagonal 

shear cracks at the mid-support region. 

Generally, continuous FRP reinforced concrete beams exhibit wider cracks and 

higher deflection compared to steel reinforced beams. Also, the ability of FRP- 
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RC beams to redistributed moment was recorded in a few studies, which needs 

more investigations to confirm these results. 

2.4.3 Shear Behaviour of FRP Material 

2.4.3.1 Shear Behaviour of FRP-RC Beams 
 

Reinforced concrete beams with conventional steel reinforcement resist the 

applied shear stress with several mechanisms, these mechanisms are; 

aggregate interlock, uncracked concrete compression section, shear 

reinforcement, dowel action of the longitudinal reinforcement, and residual tensile 

stress across cracks (Razaqpur et al., 2004). The shear behaviour of FRP-RC 

beams is different from steel-RC beams. The Low modulus of elasticity of FRP 

bars leads to a deeper and wider crack in FRP-RC beams compared to beams 

reinforced longitudinally with steel (Chowdhury and Islam, 2015). Consequently, 

deeper cracks reduce the shear resistance contributions from the uncracked 

concrete section, while wider cracks decrease the shear resistance by the 

aggregate interlock. Additionally, the dowel action for FRP reinforcement is 

negligible as shown in Figure 2-3, mainly because of the low transverse stiffness 

of FRP material (du Béton, 2007). Therefore, the overall shear resistance of 

FRP–RC members is less than that of steel-RC members. 

 

 
Figure 2-3: Mechanical of dowel action of reinforcement bars (du Béton, 2007). 

 
 

The effect of the reinforcement ratio on the shear behaviour of FRP-RC beams 

has been investigated by El-Sayed et al. (2006b), Tureyen and Frosch (2002), 

Razaqpur et al. (2004), El-Sayed et al. (2006a), Alam and Hussein (2011). FRP- 

RC beams without stirrups were tested. The results showed that the shear 

capacity of FRP-RC beams is a function of the axial stiffness of the reinforcement. 

Therefore, either an enhancement in the reinforcement ratio or the modulus of 

elasticity of FRP reinforcement leads to higher shear strength. 
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The shear capacity of continuous GFRP-RC beams has been investigated by 

Mahmoud and El-Salakawy (2013). In their experiments, two beams did not 

include shear reinforcement, and four beams were reinforced with GFRP stirrups. 

Their results showed that as the longitudinal reinforcement ratio increased from 

0.8% to 1.2 (50%), the shear capacity in normal strength concrete beams 

increased; which is in agreement with the above-mentioned results of simply 

supported beams. Additionally, they also found that increasing the longitudinal 

reinforcement ratio reduced the shear capacity in high strength concrete beams 

by 8% due to the decrease of the moment redistribution percentage. An additional 

study on continuous RC beams was conducted by Mahmoud (2015). Their results 

were in a good agreement with Mahmoud and El-Salakawy (2013) in terms of 

normal concrete strength, where it showed that as the longitudinal reinforcement 

ratio increased by 50% the improvement in shear strength was 42%. However, 

this improvement was 20% for high strength concrete beams which contradicted 

the result recorded by Mahmoud and El-Salakawy (2013). 

 
The influence of concrete compressive strength on the shear strength of FRP-RC 

has been reported in the literature. Razaqpur et al. (2004) and El-Sayed et al. 

(2006a) founded that the shear capacity of simply supported FRP-RC beams 

improved as the concrete strength increased. A similar observation was recorded 

in continuous concrete beams by Mahmoud and El-Salakawy (2013) and 

Mahmoud (2015). Mahmoud and El-Salakawy (2013) found that increasing the 

concrete compressive capacity from 39 to 69 MPa improved the shear capacity 

by 12% without shear reinforcement and 56% with shear reinforcement. 

 

2.4.3.2 FRP as Shear Reinforcement 
 

Shear reinforcement is typically used as a closed stirrup. However, the 

preparation of FRP closed stirrups is not a simple process. The bending of FRP 

bars takes place when the resin is not hardened yet or by heating a straight FRP 

bar (Valivonis et al., 2015). The performance of GFRP bars as shear 

reinforcement has been studied by Ahmed et al. (2010). Considering four simply 

supported concrete beams of 7000 mm length with T-cross section beams. The 

study showed that the performance of GFRP and steel stirrups were similar, 

where they improved the contribution of concrete following the development of 
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the initial crack. Additionally, the shear resistance increased as the spacing 

decreased due to the concrete confinement, which improves the aggregate 

interlock and controls the shear cracks. Moreover, they reported that ACI 440.1R- 

06 and the CAN/CSA S6-06 could be used to calculate the shear capacity of 

beams reinforced with GFRP stirrup. 

The effect of FRP as shear reinforcement in continuous concrete beams has 

been investigated by El-Mogy et al. (2011). Seven full-scale beams were tested, 

six beams reinforced with GFRP stirrups and one beam reinforced with steel 

stirrups as a reference. The experimental results showed that the behaviour of 

GFRP stirrups is similar to steel stirrups, and either the increase in transverse 

reinforcement ratio or the decrease in the spacing of the stirrups caused a 

deflection reduction and a moment redistribution improvement. However, large 

deflections and extensive cracks were recorded before the rupture of the GFRP 

stirrups at the bent location, which caused a sudden failure. The observations 

that recorded by Ahmed et al. (2010) and El-Mogy et al. (2011) showed a good 

agreement in terms of similarity between FRP and steel stirrups. However, these 

results cannot be generalized, because the behaviour of FRP stirrups depends 

mainly on the mechanical properties of these bars, which might be different 

according to the manufacturer. 

Using straight FRP bars as a shear reinforcement has been examined by 

Valivonis et al. (2015). They concluded that the anchorage of the stirrup is the 

main issue, and it must be securely fixed to the longitudinal reinforcement to use 

it as shear reinforcement. 

To sum up briefly, compared with longitudinal reinforcement, steel stirrups would 

be more exposed to corrosion due to less concrete cover. However, the use of 

GFRP stirrups whose dimensions should be designed specifically for each project 

would incur high cost and complicated manufacturing process. GFRP stirrups at 

the location of the bend become weak, promoting local failure. . Alternatively, the 

performance of straight FRP bars as shear reinforcement cannot be guaranteed 

due to the anchorage issues. Therefore, steel stirrups were used as shear 

reinforcement in this project. 
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2.4.4 Ductility of FRP Reinforced Concrete Beams 

 
Ductility is considered to be one of the most important characteristics of structural 

members; it is defined as the ability of a material to deform permanently without 

losing its strength, which is considered to be an advantage for the users of the 

structure, as it gives a prior warning in the case of collapse. Therefore, it 

decreases the potential loss of life (Santos et al., 2013). One of the major 

drawbacks of using FRP as reinforcement material is brittle behaviour, which 

should be taken into consideration in the structural design (Duthinh and Duthinh, 

2001). Therefore, some methods have been recommended to improve the 

ductility of FRP-RC members. There are three well-known methods to enhance 

the ductility of FRP (Wang and Belarbi, 2011). The sections below discuss these 

approaches in detail: 

2.4.4.1 Improve Concrete Properties 
 

FRP–RC structures are designed to be over reinforced, such that the mode of 

failure is governed by concrete crushing, which means that the ductility of FRP- 

RC structures is dependent on the concrete properties (Wang and Belarbi, 2011). 

Accordingly, enhancement of concrete properties is one of the solution methods 

that are used to increase the ductility of FRP-RC structures. 

Adding steel fibres to concrete has been investigated in the literature by different 

researchers, such as Alsayed and Alhozaimy (1999), Li and Wang (2002) and 

Wang and Belarbi (2011). Their results showed that adding hooked steel fibres 

improved the ductility of FRP-RC beams to be equivalent to the ductility of steel 

beams (Alsayed and Alhozaimy, 1999). They also found that the ductility of FRP- 

RC beams increased after adding fibre by more than 30% compared to plain 

FRP-RC beams (Wang and Belarbi, 2011). 

Using a combination of two or more types of fibres with different lengths was also 

used to produce both improved strength and ductility properties. Combining fibres 

with different chemical or/and mechanical properties is known as Hybridization. 

This approach has been reported in several publications such as Park et al. 

(2012), Kim et al. (2011), Sivakumar and Santhanam (2007), Banthia et al. 

(2014), Fallah and Nematzadeh (2017), Afroughsabet and Ozbakkaloglu (2015), 

and Pakravan et al. (2017). General observations showed that the hybrid fibre 

reinforcement has some additional benefits in terms of physical and mechanical 
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properties compared to other additional benefits. The strongest fibre improves 

the strength of the concrete due to their high modulus strength, while the low 

modulus fibre provided the ductility of the structure. However, further 

investigations are needed to better understand of the fibre/matrix bond, since the 

latter is the key parameter in improving the ductility of fibre reinforced concrete 

structures. 

 

2.4.4.2 Hybrid FRP Bars 
 

A combination of two types of fibre or more to simulate the bilinear stress-strain 

behaviour of the steel is one of the proposed solutions to improve the ductility of 

the FRP-RC structures. Several experiments have been performed to study the 

behaviour of these bars, such as Harris et al. (1998), Saikia et al. (2005), Cheung 

and Tsang (2010), and Behnam and Eamon (2014). Harris et al. (1998) 

conducted experiments on simply supported beams reinforced with hybrid FRP 

reinforcing bars, these bars were braided Aramid around a Carbon fibre core to 

increase the initial resistance of the deformation. The test results showed that the 

reinforced beams with hybrid FRP bars were able to undergo a large deformation. 

Additionally, ductility indexes, curvature, and deformations of the tested beams 

were found to be similar to steel-RC beams. In another study, Cheung and Tsang 

(2010) conducted experimental programs to study the mechanical properties and 

the flexural behaviour of hybrid reinforcement. The hybrid bars were built by using 

carbon fibres as the outer shell followed by Aramid fibres to give corrosion 

resistance, while glass and steel fibres were randomly distributed through the 

cross-section of the core to provide ductility. It was demonstrated that the beams 

reinforced with the proposed hybrid bars had similar ductility to steel reinforced 

beams. 

The performance of the hybrid FRP/steel bars as a longitudinal reinforcement has 

been investigated by Saikia et al. (2005). In their study, the hybrid bars consisted 

of a mild steel core of 6 mm wound helically by using GFRP (2 mm) strands. Their 

tests results showed that the tensile capacity of the hybrid bars is slightly higher 

than steel bars, while the modulus of elasticity was 50 % of the steel bars. 

Behnam and Eamon (2014) tested five different hybrid polymer bars. The 

purpose of this study was to evaluate the performance of these bars in terms of 

stiffness and ductility. It was found that flexural members reinforced with hybrid 
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fibre bars could meet the particular strength and ductility requirements for steel- 

reinforced sections. 

Using a hybrid bar as reinforcement shows good results as recorded in the 

literature. However, this type of reinforcement needs special manufacture, which 

considers impractical and costly. 

2.4.4.3 Hybrid FRP/Steel Reinforcement 
 

One of the possible solutions to overcome the insufficient ductility of FRP-RC 

beams is to use a combination of FRP and steel reinforcement, which seems to 

be an effective and useful solution to this issue. Leung and Balendran (2003) 

recorded that using steel reinforcement will guarantee the ductility of RC beams 

because of yielding, while Aiello and Ombres (2002) reported that FRP strength 

increases the ultimate load capacity. Moreover, the existence of steel with FRP 

as reinforcement reduces the crack width and crack spacing values. The flexural 

behaviour HRC-beams using different type fibres have been investigated during 

the past years by Arya et al. (1995), Tan (1997), Aiello and Ombres (2002), Leung 

and Balendran (2003), Si-Larbi et al. (2006), Qu et al. (2009), Lau and Pam 

(2010), Yoon et al. (2011), Yinghao and Yong (2013), El Refai et al. (2015), Ge 

et al. (2015), and recently by Araba (2018). 

The hybrid reinforcement system was firstly proposed by (Arya et al., 1995) to 

overcome the deficiencies of RC structures caused by steel corrosion. In their 

experimental test, they considered a reinforcement system consisted of FRP 

reinforcement at the nominal concrete cover to control the crack width, while steel 

reinforcement has been elevated at a deeper depth. Their test results showed 

that using this new reinforcement system will provide the required strength and it 

was sufficient for corrosion protection of steel reinforcement. 

Later, Tan (1997) conducted an experimental program to test HRC-beams with 

AFRP and steel bars. The main variable in this study was the reinforcement ratio. 

The results showed that when the reinforcement ratio of AFRP was less than or 

equal to half of the whole reinforcement, the performance of HRC-beams was 

reasonable in terms of serviceability. In a different study, Aiello and Ombres 

(2002) studied the structural behaviour of HRC beams. Six beams were tested, 

four reinforced with both steel and AFRP bars, and two reinforced with steel bars 

or AFRP bars. The beams were simply supported with rectangular cross-sections 



19  

of 200 mm depth and 150 mm length. The authors concluded that using sufficient 

amounts of steel reinforcement in FRP-RC sections would reduce the 

deformability of beams under service conditions. Additionally, in terms of 

strength, the influence of steel to ultimate load capacity was low, which is less 

than 15%. 

Different types of FRP bars have taken place in this research area. Leung and 

Balendran (2003) tested seven rectangular concrete beams reinforced with steel 

and GFRP bars. Their results agreed with the earlier results, which confirm that 

the yielding of the steel ensures the ductility and the presence of FRP increases 

the ultimate load capacity. Moreover, they reported that increasing the GFRP 

reinforcement enhanced the load-carrying capacity. Qu et al. (2009) also 

performed another research in this area by considering eight simply supported 

rectangular beams, two control beams were reinforced with either pure GFRP or 

pure steel bars and six beams were reinforced by a combination of steel and 

GFRP bars. The variables of this test were the percentage of reinforcement and 

the ratio of GFRP to steel. The results of the test proved the previous results, 

such that the sufficient amount of steel reinforcement with GFRP showed good 

serviceability, ductility, and load-carrying capacity. A year after, Lau and Pam 

(2010) tested twelve simply supported rectangular beams consisting of plain 

concrete beams, steel-RC beams, GFRP-RC beams and HRC beams with 

arrangements at the same level. Their work aimed to study the performance of 

the HRC system as an effective solution FRP–RC beams. There test results 

indicated that the ductility improvement in the case of adding steel was higher in 

over reinforced specimens than under reinforced counterpart. Additionally, Yoon 

et al. (2011) performed a study to find the effect of a hybrid reinforcing system on 

the ductility, load-carrying capacity, cracking pattern and post-cracking stiffness. 

The experimental results showed that using hybrid-reinforcing systems could 

control the low ductility, low post cracking stiffness, high deflection, and crack 

prorogation in FRP-RC beams. 

To find the effect of rebar arrangement on the behaviour of high strength RC- 

beams, a study was performed by Yinghao and Yong (2013). Four HRC-beams 

with GFRP and steel bars were tested. Flexural strength, crack width and load- 

deflection of HRC-beams were investigated. The results showed that the 

arrangement of steel and GFRP in the same outer layer was the most effective 
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in terms of the ultimate bending moment among other arrangements. They also 

reported that as the depth of the steel bar increased the crack width decreased, 

which implies that steel bar depth controlled the crack width of HRC- beams. 

Lately, El Refai et al. (2015) conducted an experimental test to study the 

structural behaviour and serviceability of HRC-beams. Nine reinforced concrete 

beams were tested; six of them were hybrid with steel and GFRP bars placed at 

the same level, while the remaining three were reinforced with only GFRP bars, 

the beams were simply supported with the rectangular cross-section. The author 

has found that adding steel reinforcement to beams reinforced with purely GFRP 

bars, improved the flexural behaviour of FRP-RC beams in terms of deformability, 

load-carrying capacity and cracking stiffness. More recently, Qin et al. (2017) 

studied the effect of reinforcement ratio on the flexural behaviour of HRC- beams. 

Their study consisted of two parts; a three-dimensional finite element model 

followed by six reinforced concrete beams for validating the model. The effect of 

the hybrid reinforcement ratio on the performance of HRC-beams in both under 

and over reinforcement has been studied using a finite element model. They 

found that over-reinforced beam design should be used for designing of HRC- 

beams. Moreover, the reinforcement ratio of FRP over steel reinforcement (Af/As) 

should be between 1 and 2.5 to ensure strength and ductility at the same time. 

Basalt Fibre Reinforced Polymer bars (BFRP) have been recently used as 

internal reinforcement for concrete members. It has the benefit of high- 

temperature resistance, corrosion resistance, and chemical stability as recorded 

by High et al. (2015). However, limited research has been conducted on HRC- 

beams using BFRP bars. Nachiappan et al. (2014) studied the flexural behaviour 

of HRC beams with steel and BFRP bars. Three rectangular beams reinforced 

with plain concrete, plain BFRP and one with hybrid steel and BFRP. The results 

showed that adding steel bars to BFRP-RC beams could enhance the ductility of 

FRP-RC beams. Also, Ge et al. (2015) studied the flexural behaviour of HRC- 

beams with steel and BFRP. In their test, five simply supported rectangular 

beams were tested, three reinforced with hybrid steel and BFRP bars, and two 

concrete beams reinforced with either steel or BFRP bars. The results showed 

that adding steel to BFRP as reinforcement enhanced the properties of beams in 

terms of ductility, deflection and crack spacing. 
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Mixing two solutions to improve the ductility of HRC-beams was suggested by Si- 

Larbi et al. (2006). They studied HRC-beams with steel and CFRP bars, 

combined with high short metallic fibre performance concrete (FRHPC). The 

tested beams were simply supported with rectangular, inverted T and I sections. 

Their experimental results showed that HRC-beams with short metallic fibre had 

50% more flexural capacity than steel-RC beams. 

 
Up to now, the only study that included the hybrid reinforcement system in 

continuous RC rectangular beams was by Araba (2018) and Araba and Ashour 

(2018). In their study, nine continuous RC rectangular beams were tested with a 

different configuration of FRP and steel reinforcement ratio. The results showed 

that the hybrid reinforcement system is a promising method of construction to 

overcome the deficiencies of using only FRP or steel reinforcement. On the other 

hand, the reinforcement ratios are the main factor to ensure an adequate ductility. 

Additionally, the moment redistribution between the critical sections of the 

continuous beams is depended mainly on the reinforcement ratio, such that 

similar ratios in both sagging and hogging sections in rectangular beams resulted 

in limited moment redistribution while different ratios lead to remarkable moment 

redistribution. 

 
Using a hybrid-reinforced system consisting of both steel and FRP bars is one 

possible solution to increase the ductility and enhance moment redistribution in 

continuous FRC-RC beams. The importance of continuous concrete T- beams is 

that they represent the actual structural response more than rectangular simply 

supported beams. 

To date, to the best of the author’s information, no research is available to 

invesitgate the flexural behaviour and moment redistribution of continuous hybrid 

FRP-RCT beams on a measurable level. The behaviour of HRCT-beams is 

required to provide reliable guidelines that represent the actual structural 

response using this type of new reinforcement system. In this research, different 

percentages of FRP to steel reinforcement were used in both hogging and 

sagging moment sections, to study the effect of this arrangement on the flexural 

behaviour of HRCT-beams and its ability to redistributed moments. 
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2.5 Flexural Strength and Failure Mechanisms of HRC-Beams 
 

Different attempts have been done to find the flexural capacity of HRC-beams, 

such as Qu et al. (2009), Safan (2013) and Pang et al. (2015). Qu et al. (2009) 

defined the moment capacity based on one type mode of failure, which is steel 

yielding followed by concrete crushing before FRP rupture. In their work, to find 

the effective reinforcement ratio in HRC-beams, they suggested to transform FRP 

reinforcement to steel reinforcement assuming equal axial stiffness(the elastic 

modulus multiplied by the moment of inertia) of steel and HRC-beams using 

Equation 2.1, and they considered steel reinforcement ratio as the balance 

reinforcement ratio (Equation 2.2). Therefore, when the balance reinforcement 

ratio is larger than the effective reinforcement ratio, HRC-beams would fail in steel 

yielding followed by concrete crushing. 

The sectional analysis by Qu et al. (2009) based on strain compatibility and 

uniform stress distribution has been used to find the ultimate moment capacity of 

HRC-beam, which is can be calculated by using Equations 2.3, and 2.4. 
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where ρs and ρf are the reinforcement ratio of steel and FRP respectively. Es and 

Ef are the modulus of elasticity of steel and FRP respectively, ffu is the ultimate 

tensile strength of FRP bars, 𝑓𝑐` is the concrete compressive strength in MPa, fy 

is the yielding strength of steel, β is the ratio of the distance from the neutral axis 

to extreme tension fibre to distance from neutral axis to centre of tensile 
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reinforcement, Mn is the nominal moment capacity of the section, AS and Af are 

the steel and FRP area respectively. 

 
Later, Safan (2013) proposed a moment capacity equation for HRC beams based 

on the sectional analysis and strain compatibility as shown in Equation 2.5. The 

only difference between Qu's equation and Safan's is that the later take into 

accounts the depth of the FRP and steel separately, while Qu applied the concept 

of effective depth of reinforcement. 

 

( a) ( a) 
 

Where M is the moment capacity of the section, dS and df are the steel and FRP 

depth respectively. 

In a different study, Pang et al. (2015) suggested two effective reinforcement 

ratios, in the first equation they transformed FRP to steel reinforcement as shown 

in Equation 2.6, which is the same reinforcement ratio defined by Qu et al. (2009). 

In the second reinforcement ratio, they transform steel to FRP reinforcement as 

calculated in Equation 2.7. Therefore, they suggested two boundaries for the 

reinforcement ratio to guarantee steel yielding as explained in Equation 2.8, and 

prevent FRP rupture as calculated in Equation 2.9. 

EsAs + EfAf Ef 

ρsf,s = Esbd 
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Es 
ρf (2.6) 

fyAs + ffuAf fy 
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ffu 
ρs (2.7) 
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fc Efεcu (2.9) 
ρsf,s ≥ 1.4ρf,balance = 1.19βffuEfεcu + f 

 
 

 

Recently, Yang et al. (2020) studied the flexural capacity and design of hybrid 

FR-steel reinforced concrete beams. They proposed model for to predict the 

flexural capacity of hybrid reinforce beams, however, their model was similar to 

Qu et al. (2009) equation to find the moment capacity which was based on 

assumptions of perfect bonding and a plane section, the balanced equations of 

M = ASfy (2.5) 

y 

fu 
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force and strain coordination, along with the equivalent rectangular stress 

diagram. Also, they suggested that the design of the hybrid-RC beams with low 

Af/As ratios could meet the needed carrying capacity and demonstrate high 

ductility by numerical analysis. 

 
 

The modes of failure of HRC included FRP rupture before steel yielding, steel 

yielding followed by concrete crushing. However, FRP rupture takes place before 

steel yielding if the FRP reinforcement ratio is less than the FRP balance 

reinforcement ratio, while in the opposite situation there are two possible modes 

of failure; steel yielding followed by concrete crushing or concrete crushing before 

steel yielding. Steel yielding before concrete crushing takes place if the 

reinforcement ratio of steel is less than the balance steel reinforcement ratio, 

whereas concrete crushing before steel yielding takes place if the reinforcement 

ratio of steel is higher than the balanced reinforcement ratio. The three different 

modes of failure are discussed in more details in section 3.7. 

Steel yielding followed by concrete crushing is preferred to ensure ductility of 

HRC beams as recorded by Safan (2013), Qu et al. (2009), and Pang et al. 

(2015). Accordingly, the reinforcement ratio of steel and FRP should be chosen 

in such a way that steel yielding followed by concrete crushing will govern the 

mode of failure. Therefore, the design criteria of this project were based on this 

concept as shown in detail in Chapter 4. Additionally, the previously collected 

equations have been tested against experimental results of thirty-nine HRC 

specimens collected from the literature and for the test results of the current 

research as presented in chapter 6. 
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2.6 Serviceability of HRC-Beams 

2.6.1 Deflection 
 

The deflection of a beam is inversely proportional to the moment of inertia of the 

cross-section of the beam; the simple definition of the moment of inertia of an 

uncracked section is equivalent to the gross moment of inertia of the section (Ig). 

Once the section cracked, the moment of inertia decreased as a result of section 

stiffness reduction (ACI 440, .IR-06 ), which should be taken into account to find 

the deflection of the beams after cracking. For hybrid reinforced beams, the 

effective moment of inertia is equal to the gross moment of inertia, Ig, before 

cracking. However, after cracking, it can be expressed by Bischoff model for 

deflection prediction (Bischoff, 2007), Eq. (2.10) below: 

𝐼𝑒 = 
𝐼𝑐𝑟 
𝐼 

𝑀 2 
≤ 𝐼𝑔 (2.10) 
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where Icr is the cracked moment of inertia, which is found based on the elastic 

analysis of the cracked section transformed into concrete; Ig is the gross moment 

of inertia of the section neglecting reinforcement; Ma is the applied moment on 

the section; Mcr is the cracked moment of the section. 

To include the effect of steel yielding on the deflection prediction of hybrid 

reinforced beams, Yoon et al. 2011 (Yoon et al., 2011) suggested a new model 

for the effective moment of inertia based on the Bischoff model, as given by Eq 

2.11. 
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where My is the yielding moment of the section, Iy is the moment of inertia after 

steel yielding. 

Using Yoon’s model to predict the deflection of HRC-beams was tested by 

Yinghao and Yong (2013) and (Araba, 2018). In their research, they implemented 

Yoon’s model to predict the deflection of their experimental specimens, and they 

concluded that Yoon’s model could be used to calculate the deflection of HRC- 

beams. However, the collected equations for the effective moment of inertia to 
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find the deflection were tested against the experimental results of the tested 

specimens, as presented in section 6.4. 

 

2.6.2 Crack Width 
 

The focus on evaluating the crack width of HRC-beams was limited; the cracked 

width of the HRC-beams was evaluated by using ACI 440.1R-06 (2006) equation 

(Equation 2.12) to predict the crack width. Qu et al. (2009) and Yinghao and 

Yong (2013) found that the crack widths proposed by the ACI code are in good 

agreement with experimental results at the service load level. However, more 

effort should be made to find the appropriate factor kb for the HRC beams. 

 

w = 2βƐfkb (2.12) 
 
 
 

where w is the maximum probable crack width; Ɛf is the tensile strain at the 

centred of the reinforcing section; β is the ratio of the distance between the neutral 

axis and the tension face to the distance between the neutral axis and the 

centroid of the tensile reinforcing section; dc is the thickness of the cover from the 

tension face to the centre of the closest bar; s is the longitudinal reinforcement 

spacing, and kb is a coefficient that accounts for the degree of the bond between 

FRP bar and surrounding concrete. 

 

2.7 Effective Flange Width of T- Section Beams 
 

Beams are classified as T–sections when concrete is placed in the beams and 

slab in a monolithic way (MacGregor et al., 1997). Therefore, the slab works as 

a top flange of the beam as shown in Figure 2-4. T-beams have a hogging 

moment (negative) in the supported region, while it will be under a sagging 

moment (positive) in the unsupported region, which means that the higher part of 

the beam (flange) will be under compression. Due to the monolithic property of 

the system, part of the slab and the supporting beam will interact as a single unit 

to resist the flexural compressive strength (MacGregor et al., 1997, Gu et al., 

2016a). However, it is found experimentally that the flexural compressive stress 

is not uniformly distributed on the flange, such that the parts of the flange nearest 

to the web are highly stressed compared to the later parts, as shown Figure 2- 

5(a). To simplify the analysis and design of T-sections, the effective flange width 

s2 

dc + 
2
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is used for the analysis and design of T-section beams as shown in Figure 2-5 

(b). This can be explained as follows; when the stress is uniformly distributed 

over the effective flange width, it will give roughly the same magnitude of 

compressive force as that which is developed in the full width of the compression 

section (MacGregor et al., 1997). 

 
 

 

Figure 2-4: T-beams in a one-way slab (MacGregor et al., 1997). 
 
 
 
 

 

Figure 2-5: Stress distributions in the compressed flange of T-section: (a): Real 

stress distribution, (b): Equivalent stress distribution (Gu et al. 2016a). 

 
 

When stress is assumed to be distrusted equally, the value of the effective flange 

width must be specified. Different codes define the effective flange width in terms 

of span length, flange thickness, and web width. The code suggestions for the 

flange width are presented in the next sections: 
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2.7.1 ACI Code (ACI, 2005) 
 

The effective flange width is defined by ACI as the following: 
 

1. Effective flange width shall not exceed one-quarter of the span length of the 

beam 

2. The effective overhanging flange width on each side of the web shall not 

exceed 

a) eight times the slab thickness; and 

b) one-half the clear distance to the next web 

 
 

Based on this limitation the effective flange width can be defined as the minimum 

of: 

• (span )/4. 
• bw +16hf. 

• bw + c.d. 

where bw is the web width, hf is the flange depth, c.d is the clear distance 

between beams. 

 
 

2.7.2 Canadian Standard Association (CSA, 2004) 
 

The effective flange width of T-beams shall be based on overhanging flange 

widths on each side of the web, which shall not exceed the smallest of 

a) One-fifth of the span length for a simply supported beam. 

b) One-tenth of the span length for a continuous beam. 

c) 12 times the flange thickness. 

d) One-half of the clear distance to the next web. 

 
 

Based on this limitation the effective flange width can be as the minimum of: 
 

• bw + 2(span )/10. 

• bw +12hf. 

• bw +c.d. 
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2.7.3 Eurocode (EC, 2004) 
 

In euro code, the effective flange width is defined based on the distance 

between zero moments as shown in Figure 2-6. 

 

 

Figure 2-6: Definition of I0 for the calculation of the effective flange width(EC, 

2004). 

 
The effective flange width for T beam, as shown in Figure 2-6: 

beff = ∑beff,i + bw ≤ b, where beff,i = 0.2bi +0.1I0 ≤ 0.2I0 and ≤ b 
 
 
 

Figure 2-7: The effective flange width (EC, 2004). 

 
 

2.7.4 Comparison between Code Recommendations 
 

Figures 2.8 and 2.9 show the effective flange width values using different codes 

conditions. The different codes limit the effective flange width to the actual flange 

width, which is equal to the web width plus the clear distance between beams (in 

case of equal spans). In ACI and CSA the first two conditions are similar in terms 

of variables, which is limited the effective flange width to the span length and slab 

thickness. However, applying the equations for the same conditions will give 

different values of the effective flange width, as shown in Figure 2-7. Moreover, it 

can be seen from Figures 2-7 and 2-8 that Eurocode is more sensitive to the 

distance between webs than ACI and CSA, such that the effective flange width 
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increases as the clear distance between two adjacent web increases. In ACI and 

CSA the value of effective flange width depends more on the width of the beam 

and the depth of flange. However, the recommendations by different codes have 

specific limits and possibly considered as estimated, since they are dependent 

only on the beam span length, slab thickness, and distance between zero 

moments, but they completely ignore the loading condition and other parameters. 

Therefore, more studies need to be performed in this field to define the effective 

flange width for T-section beams. 

 

Figure 2-8: Effective flange width using different code conditions (𝑏𝑤=200 mm, 

ℎ𝑓=100mm). 
 
 

 

Figure 2-9: Effective flange width using different code conditions (𝑏𝑤=300 mm, 

ℎ𝑓=250mm). 
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2.8 Concluding Remarks 
 

The main conclusions of this chapter are: 

 

• The ductility of FRP reinforced beams is the main issue with using FRP as 

a reinforcement material. Therefore, several methods have been proposed 

to improve the ductility of FRP-RC members. 

 

• Using FRP reinforcement in continuous concrete structures affects the 

ability of these structures to redistribute moment between sections in 

comparison to steel-RC structures, which results in unexpected failure 

occurs with a small or insufficient warning. 

 

• The literature shows that hybrid reinforcement system could enhance the 

structural behaviour of FRP-RC beams in terms of ductility, crack width, 

and deflection. In this reinforcement system, steel yielding guarantees 

ductility and the contribution of FRP increases the ultimate load capacity. 

 

• The concept of the effective flange width has been proposed to simplify 

the analysis and design of T-sections. However, the recommendations by 

different codes have specific limits and possibly considered as estimated. 

 

• To date, there have been no tests conducted to investigate the flexural 

performance of HRCT-beams. Therefore, the main aim of the current 

research is to study the flexural behaviour continuous HRCT-beams and 

examine the existence of the moment redistribution in this type of 

structures. 
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Chapter 3 

ANALYTICAL PREDICTION OF FLEXURAL BEHAVIOUR OF 

HYBRID FRP- STEEL SECTIONS 

 

3.1 Introduction 
 

This chapter presents the analytical model that has been developed to study the 

flexural behaviour of continuous HRCT-beams. MATLAB software has been used 

to build up the moment-curvature relationship for the HRCT-beams based on 

force equilibrium and strain compatibility equations. Then a comprehensive 

sensitivity study has been conducted to investigate the moment-curvature 

behaviour of HRCT-beams due to examining a set of different variables. The 

variables included the effect of using several concrete segments and the stress- 

strain relationships of concrete under both compression and tension. 

The analytical model was then validated using experimental results from the 

literature, where a good similarity between the analytical and the experimental 

results was observed. Therefore, the adopted model was utilized to predict the 

effect of design parameters on the behaviour of hybrid FRP/steel reinforced 

concrete T-beams. The investigated parameters included the cross-section 

shape, the slab reinforcement, the tensile reinforcement proportion, the concrete 

compressive strength, the position of steel reinforcement, the steel yield strength, 

and the ultimate failure rupture of FRP bars. Finally, the model used to prepare 

the design limits charts for the HRCT-beams based on the type of failure mode. 

 

3.2 Material Models used in the Analytical Programme 

3.2.1 Concrete under Compression 
 

Different models were proposed to present the stress-strain relationship of 

concrete under compression. However, in the present study, two well-known 

models from the literature have been selected to present concrete under 

compression. Subsequently, a sensitive study was performed in section 3.4 to 

decide which model was to be adopted in the analytical calculation. 

In the following sections, a description of the examined models is presented: 
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𝑓𝑐 

[ ] 

𝜎𝑐 = 𝑓𝑐 2𝜀0 
― 

𝜀0 

𝑐 𝑐 𝜀𝑐𝑢 ― 𝜀0 𝑐𝑢 

1. Hognestad Model (1951) 
 

In this model, the author assumed that the ascending part of the concrete 

stress-strain curve could be described by a second-order equation, while the 

descending part was an oblique straight line as shown in Figure 3-1 and 

described by the following Equations (Gu et al., 2016b). 

[ 𝜀𝑐 (𝜀𝑐)
2

] 
𝜎   = 𝑓  [1 ― 0.15( 𝜀𝑐 ― 𝜀0 )] (�� 

 
< 𝜀 

 
≤ 𝜀 ) 

 
 

 

 
 

Figure 3-1: Stress-strain curve for concrete in compression suggested by 

Hognestad (Gu et al., 2016b). 

 
 

where 𝜎𝑐 is the compressive stress in the concrete, 𝑓𝑐 is the maximum axial 

compressive strength of the concrete, 𝜀𝑐𝑢 is the ultimate compressive strain, 

taking the value as 0.0038, 𝐸𝑐 is the modulus of elasticity of the concrete, ACI 

(Code, 2008). For normal-weight concrete, the recommended value was given by 

𝐸𝑐 = 4700 (3.4) 
 

 

Finally, 𝜀0 is the strain at the maximum stress, taking the value as 

 
𝑓𝑐 

𝜀0 = 1.8 
𝐸𝑐

 

 
 
 

(3.3) 

(𝜀𝑐 ≤ 𝜀0) (3.1) 

0 𝑐 (3.2) 
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𝜎𝑐 = 𝑓𝑐 2𝜀0 
― 

𝜀0 

2. Rüsch Model 
 

In this model, similar to the previous model, the author assumed that the 

ascending part was described by a second-order equation. However, the 

descending part was considered to be a straight horizontal line as shown in 

Figure 3-2 and described by the following equations. 

[ 𝜀𝑐 (𝜀𝑐)
2

] (3.5) 

 

𝜎𝑐 = 𝑓𝑐 (𝜀0  < 𝜀𝑐 ≤ 𝜀𝑐𝑢) (3.6) 
 
 

 

 

Figure 3-2: Stress-strain curve for concrete in compression suggested by Rüsch 

(Gu et al., 2016b). 

 

 
3.2.2 Concrete under Tension 

 

The concept of tension stiffening is defined as the effect of concrete acting in the 

tension between cracks on the stress of reinforcement. At a crack location, all the 

tensile force is carried by the reinforcement, while between cracks some amount 

of the tensile force is transferred through the bond to the surrounding concrete. 

As a result, stresses and strains in the reinforcement reduce and cause the 

reinforcement strain at the uncracked zone to be less than the reinforcement 

strain at the cracked sections (Allam et al., 2013). 

Generally, the stress-strain diagram for concrete in tension was assumed to be 

linear up to its ultimate tensile strength without any tension stiffening behaviour. 

(𝜀𝑐 ≤ 

𝜀0) 
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This assumption was made due to the fact that most of the testing machines 

cannot absorb energy when the specimen under test starts to decay (Carreira 

and Chu, 1986). However, the nonlinear behaviour of concrete in tension has 

been observed experimentally, which led to the proposal of the different models 

to present the stress-strain behaviour of concrete with the ascending and 

descending parts (Carreira and Chu, 1986). In this study, three different models 

from the literature have been presented, where a sensitivity study was performed 

in section 3.4 to decide which model was to be used in the analytical calculation. 

The three different models are presented in the following discussion: 

 

1. Zero Descending Branch 
 

In this model, the descending part of the stress-strain diagram for concrete in 

tension is assumed to be zero. In other words, after concrete reaches the 

maximum tensile strength will no longer be able to carry any force in tension 

(Carreira and Chu, 1986). This model is shown in Figure 3-3 and expressed in 

the following Equations: 

𝜎𝑡 = 𝐸𝑐𝜀𝑡 (0 ≤ 𝜀𝑡 ≤ 𝜀𝑐𝑟) (3.7) 

𝜎𝑡 = 0 (𝜀𝑐𝑟 < 𝜀𝑡) (3.8) 
 
 

 

 

Figure 3-3: Concrete stress-strain without tension stiffening behaviour 

 

 
where 𝜀𝑐𝑟 is the tensile strain corresponding to the maximum tensile stress, and 

𝑓𝑡 is the ultimate tensile stress of concrete, for normal-weight concrete ACI 

(Code, 2008) recommended value of : 

𝜎𝑡 = 0.62 (3.9) 𝑓𝑐 
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𝜀𝑡 

2. Non-Linear Descending Branch 
 

A non-linear relationship in the descending part of the stress-strain diagram for 

concrete in tension was proposed by Belarbi and Hsu (1994) as shown in Figure 

3-4 and expressed in the following Equations: 

 

𝜎𝑡 = 𝐸𝑐𝜀𝑡 (0 ≤ 𝜀𝑡 ≤ 𝜀𝑐𝑟) 

(𝜀𝑟)
0.4 

(3.10) 

(3.11) 

 
 
 
 

 
 

Figure 3-4: Concrete stress-strain curve under tension with nonlinear tension 

stiffening behaviour (El Meski and Harajli, 2014). 

 

 
3. Linear Descending Branch 

 

A linear stress-strain part for the concrete after the ultimate tensile strength used 

previously by Shahrooz et al. (1994) and recently by Hu et al. (2010) is shown in 

Figure 3-5. The value of the tensile strain at the tensile strength equal to zero ( 

𝜀 ∗ ) diverges significantly according to the literature, such that the assumed value 

of (𝜀𝑐𝑟 / 𝜀 ∗ ) was between 10 and 20. In this study, an average value of 15 was 

selected. 

 

𝜎𝑡 = 𝑓𝑡 (𝜀𝑡 < 𝜀𝑐𝑟) 
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( 
𝑐𝑟 

( 
𝑐𝑟 

Figure 3-5: Concrete stress-strain curve under tension with linear tension 

stiffening behaviour (El Meski and Harajli, 2014). 

 

𝜎𝑡 = 𝐸𝑐𝜀𝑡 (0 ≤ 𝜀𝑡 ≤ 𝜀𝑐𝑟) (3.12) 

 
𝜎𝑡 

𝑓𝑡 
=  

𝜀 ― 𝜀 ∗ ) 𝜀𝑡 
𝑓𝑡 

—  
𝜀 ― 𝜀 ∗ )𝜀 ∗ (𝜀�� 

 
< 𝜀 

 
 

𝑐𝑟 < 𝜀 ∗ ) 
(3.13) 

 

𝜎𝑡 = 0 (𝜀𝑡 ≥ 𝜀 ∗ ) (3.14) 

 

 
3.2.3 Steel Reinforcement 

 

The bilinear elastic-perfectly plastic model is widely adopted in the literature for 

steel bars (Gu et al., 2016b). Therefore, this model was chosen for this study. 

Figure 3-6 and Equations (3.15 & 3.16) represent the adopted model 

𝜎𝑠 = 𝜀𝑠𝐸𝑠 (𝜀𝑠 ≤ 𝜀𝑦) (3.15) 

𝜎𝑠 = 𝑓𝑦 (𝜀𝑠 > 𝜀𝑦) (3.16) 
 
 

 

 

Figure 3-6: Stress-strain relationship for steel in compression and tension (Gu 

et al., 2016b). 

 

3.2.4 FRP Reinforcement 
 

FRP bars do not show any plastic behaviour when loaded in tension due to its 

brittleness. Therefore, the stress-strain curve is represented by a linear elastic 

relationship until failure, as shown in Figure 3-7 (ACI 440, .IR-06 ) and described 

in the following Equations: 

𝑓𝑓 = 𝜀𝑓𝐸𝑓 (𝜀𝑓 ≤ 𝜀𝑓𝑢) (3.17) 

𝑓𝑓 = 0 (𝜀𝑓 > 𝜀𝑦) (3.18) 
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where 𝑓𝑓, 𝜀𝑓, 𝐸𝑓, 𝜀𝑓𝑢, and 𝑓𝑓𝑢 are the stress, strain, Young’s modulus, rupture 

strain and rupture tensile strength of FRP reinforcement respectively. 

 

 

Figure 3-7: Stress-strain curve for FRP bars in tension 

 
It is worth mentioning that the modulus of elasticity of FRP is not typical in 

compression and tension. Generally, bars with higher tensile strengths have 

higher compressive strengths, except in the case of AFRP where the fibres show 

nonlinear behaviour in compression at a relatively low level of stress. Also, 

according to literature reports, the compressive modulus of elasticity is lower than 

the tensile modulus of elasticity to a limit of 80% for GFRP bars, 85% for CFRP 

bars, and 100% for AFRP bars. There is no standard test to characterise the 

compressive behaviour of FRP bars. Therefore, the manufacturer should provide 

properties of FRP bars in compression in case of any need (ACI 440 .IR-06). 

 

3.3 Moment-Curvature Relationship 
 

The moment-curvature relationship shows the flexural behaviour of reinforced 

concrete sections, including the flexural capacity, mode of failure and curvature 

ductility. In addition, it describes the effect of changing material strength and 

section properties on the flexural behaviour of reinforced concrete beams 

(MacGregor 1992). 

Figure 3-8 and Figure 3-9 present the reinforcement details, stress-strain 

distribution, and forces of the HRCT-sections for sagging and hogging moments 

respectively. Their corresponding moment-curvature relationships are predicted 

based on the following assumptions (MacGregor, 1992): 

 
1. Plane sections before bending remain plane after bending. 

2. A perfect bond exists between reinforcing bars and concrete. 
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The following procedure describes the moment-curvature calculation: 

1. A small value of strain at the concrete extreme compression fibre Ɛ𝑐 is 

assumed between 0.0 and the maximum value of 0.0035. 

2. For each value of concrete strain, the initial depth of the neutral axis X is 

assumed within the beam depth. The exact value is iteratively obtained 

when the forces are in equilibrium by using the bi-section method as 

explained in more details in step 7. 

3. The concrete cross-section depth is divided into a number of segments, n, 

which have equal depth, t, as shown in Figure 3-8 and Figure 3-9. 

ℎ 
𝑛 = 

𝑡 
(3.19) 

where ℎ is the total depth of the beam. 

4. Using the above-mentioned assumptions, the strain in each concrete 

segment, FRP bars, and steel bars are linearly proportional to their 

distances from the neutral axis, which might be in the web part or the 

flange part for both sagging and hogging moments as shown in Figure 3-8 

and Figure 3-9. 

 

 

 

 

Figure 3-8: Reinforcement details, stress distributions, strain distribution, and 

forces of reinforced concrete T-section (the sagging moment when N.A in 

flange). 
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𝑥 

𝑥 

𝑥 

𝑥 

𝑓𝑡 𝑥 

𝑓𝑡 𝑥 

𝑠𝑡 𝑥 

𝑠𝑡 𝑥 

𝑓𝑐 𝑥 

 
 

Figure 3-9: Reinforcement details, stress distributions, strain distribution, and 

forces of reinforced concrete T-section (the hogging moment when N.A in the 

web). 

The strain in Figure 3.8 and Figure 3.9 are expressed in the following equations: 

(𝜀𝑐) 

(𝜀𝑐) 

(𝜀𝑐) 

(𝜀𝑐) 
𝜀 = 

(𝜀𝑐)(�� 

 
— 𝑥) 𝑥 > 𝑑 

 
(3.24) 

𝜀 = (𝜀𝑐)(𝑥 ― 𝑑 

 
) 𝑥 ≤ 𝑑 

 
(3.25) 

𝜀 = 

(𝜀𝑐)(�� 

 
— 𝑥) 𝑥 > 𝑑 

 
(3.26) 

𝜀 = 

(𝜀𝑐)(�� 

 
— 𝑥) 𝑥 ≤ 𝑑 

 
(3.27) 

𝜀 = (𝜀𝑐)(𝑥 ― 𝑑 

 
) 𝑥 > 𝑑 

 
(3.28) 

𝜀𝑐𝑓 = 𝑥𝑐𝑓 (3.20) 

𝜀𝑐𝑤 = 𝑥𝑐𝑤 (3.21) 

𝜀𝑡𝑤 = = 𝑥𝑡𝑤 (3.22) 

𝜀𝑡𝑓 = 𝑥𝑡𝑓 (3.23) 

𝑓𝑡 𝑓𝑡 

𝑓𝑡 𝑓𝑡 

𝑠𝑡 𝑠𝑡 

𝑠𝑡 𝑠𝑡 

𝑓𝑐 𝑓𝑐 
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𝑥 
= (𝜀𝑐)(𝑑 

 
— 𝑥) 𝑥 ≤ 𝑑 

 
(3.29) 𝑓𝑐 𝑓𝑐 
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𝑠𝑡 𝑥 

𝑥 

𝑥 

𝜀 = (𝜀𝑐)(𝑥 ― 𝑑 

 
) 𝑥 > 𝑑 

 
(3.30) 

= (𝜀𝑐)(𝑑 

 
— 𝑥) 𝑥 ≤ 𝑑 

 
(3.31) 

𝜀    = (𝜀𝑐)(𝑥 ― 𝑑 
 

 

 
) 𝑥 > 𝑑 

 
(3.32) 

𝑠𝑙 

 

 
𝜀 

𝑥 

= 

(𝜀𝑐)(�� 

𝑠𝑙 𝑠𝑙 

 

 

— 𝑥) 𝑥 ≤ 𝑑 

 

 
(3.33) 

 
 
 

where 𝜀𝑐 is the top fibre concrete compressive strain of the reinforced concrete 

section, 𝜀𝑐𝑓 and 𝜀𝑐𝑤 are the concrete compressive strain at the mid-depth of each 

segment in the flange part and the web part respectively, 𝜀𝑡𝑤 and 𝜀𝑡𝑓 are the 

concrete tensile strain at the mid-depth of each segment in the web part and the 

flange part respectively, 𝑥𝑐𝑓 and 𝑥𝑐𝑤 are the distances between the neutral axis 

and the mid-depth of compression segments in the flange and web respectively. 

𝑥𝑡𝑤and 𝑥𝑡𝑓 are the distances between the neutral axis and the mid-depth of 

tension segments in the flange and the web respectively, 𝜀𝑓𝑡 and 𝜀𝑠𝑡 are the 

strains in tension FRP and steel reinforcement respectively, 𝜀𝑓𝑐 and 𝜀𝑠𝑐 are the 

strains in compression FRP and steel reinforcement respectively,𝜀𝑠𝑙 is the strain 

in the slap reinforcement in the bottom flange, 𝑑𝑓𝑡, 𝑑𝑠𝑡 are the depth of tensile 

reinforcement FRP and steel reinforcement respectively, 𝑑𝑓𝑐, 𝑑𝑠𝑐 are the depth 

of compression FRP and steel reinforcement respectively, 𝑑𝑠𝑙 is the depth of slab 

reinforcement in the bottom flange. 

5. The next step is to find the value of stress for FRP, steel, and each of the 

concrete segments in either compression or tension by using the stress- 

strain relationships that were described previously in Equations 3.1 to 

3.18. 

6. Applying the equilibrium condition for cross-section, the summation of the 

internal forces, 𝑆, is then calculated. The summation of forces depends on 

the N.A location, for the cases shown in Figure 3-8 (c) and Figure 3-9 (c), 

the summation of forces is equal to: 

𝑆 = 𝑇𝑓 + 𝑇𝑠 + 𝑇𝑐 + 𝑇𝑠𝐿 ― 𝐶𝑐 ― 𝐶𝑓 ― 𝐶𝑠 (3.34) 

𝑠𝑐 𝑠𝑐 

𝑠𝑐 𝑠𝑐 

𝑠𝑙 𝑠𝑙 𝑠𝑙 
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Where 

 
𝑇𝐶  = 𝑇𝐶𝑓 + 𝑇𝐶𝑤 (3.35) 

𝑛𝑡𝑓 

𝑏𝑓∑ 
 
 

𝑓 = 1 
𝑛𝑡𝑓 

𝜎𝑡𝑓 (3.36) 

𝑡𝑏𝑤∑ 
 
 

𝑓 = 1 
𝜎𝑡𝑤 (3.37) 

𝐶𝐶  = 𝐶𝐶𝑓 + 𝐶𝐶𝑤 (3.38) 
𝑛𝑐𝑓 

𝐶𝐶𝑓 = 𝑡𝑏𝑓∑   
𝑓 = 1 
𝑛𝑐𝑤 

𝜎𝑐𝑓 (3.39) 

𝐶𝐶𝑤 = 𝑡𝑏𝑤∑ 
 
 

𝑤 = 1 
𝜎𝑐𝑤 (3.40) 

 
 

 

where, 𝑇𝑓 and 
 

𝑇𝑠 are the FRP and steel tensile force respectively, 𝑇𝐶 
 

is total 

concrete tensile force, 𝑇𝑠𝐿 is the tensile force of slab reinforcement (which could 

be compression depends on the neutral axis location), 𝑇𝐶𝑓 is the concrete tensile 

force for segments in the flange part, 𝑛𝑡𝑓 is the total number of concrete tensile 

segments in the flange part, 𝜎𝑡𝑤 is the tensile stress for each concrete segment 

in the web part, 𝑇𝐶𝑤 is the concrete tensile force for segments in the web part, 𝑛𝑡𝑤 

is the total number of concrete segments under tension in the web part, 𝜎𝑡𝑓 is the 

tensile stress for each concrete segment in the flange part, 𝐶𝑓 and 𝐶𝑠 are the FRP 

and steel compressive forces respectively, 𝐶𝐶 is the total concrete compression 

force, 𝐶𝐶𝑓 is the concrete compressive force for segments in the flange part, 𝑛𝑐𝑓 

is the total number of concrete segments under compression in the flange part, 

𝜎𝑐𝑓 is the compressive stress for each concrete segment in the flange part, 𝐶𝐶𝑤 is 

the concrete compression force for segments in the web part, 𝑛𝑐𝑤 is the total 

number of concrete segments under compression in the web part, 

compressive stress for each concrete segment in the web part, 

𝜎𝑐𝑤 is the 

 
 

7. Then, the N.A location is changed based on the difference between total 

compressive and total tensile forces. To change the N.A location the bi-section 

method is used as shown in Figure 3-10. If the total compression forces are 

larger than the total tension forces the N.A should be shifted to the 
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𝑤 = 1 

𝑤 = 1 

compression side by letting X2=X, while in the opposite case when tension 

larger than compression it should be shifted to the tension side by letting X1=X. 

This procedure will be repeated until a certain degree of equilibrium between 

the forces is achieved using a specific tolerance value as calculated in the 

following Equation: 

Equilibrium condition = 
𝐶 ― 𝑇 

< 10 ―7 (3.41)
 

𝐶 
 
 

where T and C are the total tension and total compression forces in the section. 
 
 
 
 

Figure 3-10: Neutral axis location using the bi-section method 

 
 

8. The next step is to find the moment calculated at the tensile FRP 

reinforcement. Equation (3.42) presents the value of moment for the cases 

represented in Figure 3-8 (c) and Figure 3-9 (c). 

 

∑𝑛𝑐𝑓 

𝑓 = 1 𝐶𝐶𝑓𝑅𝐶𝑓  + ∑
𝑛𝑐𝑤

 𝐶𝐶𝑤𝑅𝐶𝑊 + 𝐶𝑓(𝑑𝑓𝑡 ― 𝑑𝑓𝑐) + 𝐶𝑠(𝑑𝑓𝑡 ― 𝑑𝑠𝑐) 

∑𝑛𝑐𝑓 

𝑓 = 1 
𝑇𝐶𝑓𝐾𝐶𝑓 ― ∑

𝑛𝑐𝑤

 𝑇𝐶𝑤𝐾𝐶𝑊 ― 𝑇𝑠(𝑑𝑓𝑡 ― 𝑑𝑠𝑡) ― 𝑇𝑠𝐿(𝑑𝑓𝑡 ― 𝑑𝑠𝑙) (3.42) 

 
 

 

where 𝑅𝐶𝑓, 𝑅𝐶𝑊 are lever arms of compressive force for each concrete segment 

in the flange and web parts respectively, 𝐾𝐶𝑓, 𝐾𝐶𝑊 are the lever arms of the tensile 

concrete force in the flange and web parts respectively 

9. The curvature is calculated using Equation (3.43) at a certain value of concrete 

strain. 

𝑀 = 

— ― 
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Curvature = 

εc 

x 
(3.43) 

 
 

 

10. The strain value of concrete is increased using a small increment counter 

and the above procedure is repeated until the ultimate value of concrete 

compressive strain is reached. 

 
 

11. The final step is to plot the moment-Curvature diagram. The moment- 

curvature diagram presents the calculated moment and the curvature of each 

value of concrete strain until the ultimate value is reached. 

 
To achieve this purpose, an analytical model has been developed using MATLAB 

software. A flow chart to describe this programme is shown in Figure 3-11. 
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Figure 3-11: The flow chart for MATLAB programme to plot Moment-Curvature 

diagram. 

 
 

 
3.4 Sensitivity Study 

 
In this section, a comprehensive sensitivity study has been conducted to 

investigate the moment-curvature behaviour of HRCT-beams due to examining 

a set of different variables. The variables include the number of concrete 

segments and the stress-strain relationships of concrete under compression and 

tension. 

 

3.4.1 The Number of Concrete Cross-Section Segments 
 

The concrete cross-section beams were divided into a number of segments to 

obtain accurate results, which depends highly on choosing an appropriate 

number of segments. Figure 3-12 shows the variation in the number of segments 

versus the ultimate moment capacity for rectangular concrete cross-sections. It 

is obvious from the curve that the difference in the moment value as the number 

of segments changes is minor, and the moment value was the same after using 

a total 300 segments with a segment depth of 0.67 mm. Figure 3-13 presents the 

effect of the number of concrete cross-sectional segments on the predicted 

moment capacity for the T-section. It is clear from the figure that after using a 

total number of 600 elements (0.5 mm depth), the value of the moment capacity 

was similar for the three specimens. 

It can be concluded from results that the number of segments had a relatively 

negligible influence on the prediction results, such that the maximum difference 

between the moment capacities were found to be 1.43 kN.m as recorded in the 

GuE-30-4.5 specimen, which was considered to be a relatively small value. 

Based on these results, the smallest segment depth adopted in this study was 

set to be 0.5 mm, while the corresponding number of segments used are 

calculated directly by applying Equation 3.19. 



47  

 
 

Figure 3-12: Effect of the number of cross-sectional segments on the predicted 

moment –Rectangular section (Aiello and Ombres, 2002). 

 
 
 

 

Figure 3-13: Effect of the number of cross-sectional segments on the predicted 

moment –T section (Rahman et al., 2016). 
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3.4.2 Modelling Concrete under Compressive Stress 
 

In this study, the two models for concrete under compression that were 

considered previously in section 3.2.1 are examined by comparing the analytical 

and the experimental moment-curvature diagrams. The experimental moment- 

curvature diagram has been obtained by using PlotDegitizer software, which is a 

programme used to digitize scanned plots of functional data. 

Figure 3-14 through Figure 3-17 illustrate the experimental results versus the 

analytical result for the moment-curvature diagram in both rectangular and T- 

sections. The cracking moment predicted by the proposed model are larger than 

the experimental value for T-section specimens (Figures 3-15 and 3-16), this is 

due to the assumed tensile stress-strain behaviour that is discussed in the next 

section. However, the overall behaviour of the proposed model results is in good 

agreement with the experimental load-deflection curve. Moreover, there is a 

similarity between the model's behaviour for all tested specimens. This result 

indicates that both models of concrete under compression give almost the same 

result for the moment-curvature diagram. Therefore, choosing one of these 

models will be acceptable. In this analysis, the Rüsch model was adopted for the 

prediction of the moment-curvature relationship of the HRC-beams. 

Figure 3-14: Moment-curvature diagrams for a different model of concrete under 

compression (Rectangular section _ A1, Aiello and Ombres 2002). 
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Figure 3-15: Moment-curvature diagrams for a different model of concrete under 

compression (Rectangular section _ C1, Aiello and Ombres 2002). 

 
 
 

 

Figure 3-16: Moment-curvature diagrams for a different model of concrete under 

compression T- section (GuR-18-4.5, Rahman et al. 2016). 
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Figure 3-17: Moment-curvature diagrams for a different model of concrete under 

compression (T-section-Hogging- GsR-24-4.5, Rahman et al. 2016). 

 
 

3.4.3 Modelling Concrete under Tensile Stress 
 

Three different models for tension stiffening behaviour of concrete under tension 

were discussed previously in section 3.2.2. In this section, the three models were 

tested against experimental moment-curvature diagrams collected from the 

literature. The purpose of this study is to find out which model should be adopted 

in the analytical programme. The models were named according to the 

descending part of the stress-strain curve of concrete in tension. 

Figure 3-18 to Figure 3-21 shows the moment-curvature diagrams for a different 

model of concrete under tension. As seen from figures, the best match between 

the experimental and analytical results is achieved when the tension stiffening 

behaviour of concrete fibre is assumed to be zero after reaching the ultimate 

stress (red line). This is also confirmed when predicting the first cracking moment 

in most examined scenarios sufficiently. The linear and non-linear tension 

stiffening behaviour overestimate the first cracking moment as it can be seen 

from Figures 3-20 and 3-21. This is due to the assumed tensile forces values in 

concrete, which tends to increase the total tensile force of the section. 

Consequently, increases the moment capacity. 

Moreover, the value of the first cracking moment is clearer when zero tension 

stiffening behaviour is assumed in concrete. This is due to the sudden drop in the 
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concrete tension forces compared to the rest of the models, which assume that 

concrete can carry loads after reaching the maximum tensile stress. Therefore, 

as the analysis is limited to only one section, it is more realistic to use the zero- 

tension stiffening behaviour. However, this issue should be studied further in the 

longitudinal analysis of RC-beams. 

 

Figure 3-18: Moment-curvature diagrams for a different model of concrete under 

tension (Rectangular section _ C1, Aiello and Ombres 2002). 

 
 
 

 

Figure 3-19: Moment-curvature diagrams for a different model of concrete under 

tension (Rectangular section _ A1, Aiello and Ombres 2002). 
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Figure 3-20: Moment-curvature diagrams for a different model of concrete under 

tension (T-section-Hogging-GuR-18-4.5, Rahman et al. 2016). 

 
 

 

Figure 3-21: Moment-curvature diagrams for a different model of concrete under 

tension (T-section-GsR-24-4.5, Rahman et al. 2016). 

 
 

3.5 Validation 
 

Experimental results collected from literature for sixty-two specimens to validate 

the analytical model. The collected data includes rectangular and T sections 

beams. Additionally, the collected beams were HRC-beams, steel-RC beams, 



53  

FRP-RC beams, and steel-RC beams strengthened with NSM FRP 

reinforcement. All beams were selected to have a flexural failure at rupture. 

Table 3.1 presents a comparison between the predicted results from the 

proposed analytical model and the experimental results collected from the 

literature. The comparisons included moment capacities and mode of failure for 

both rectangular and T-section beams. 

Generally, the overall theoretical/experimental ratio of moment capacities found 

to be 0.994 and the standard deviation of the data was 17.6%, which indicates 

that the results of the proposed model were in a good agreement with the 

experimental results. However, it was found that the mode of failure between 

experiment and analytical results were different for nine specimens. This may be 

attributed to the uncertainty of FRP properties provided by the authors. 
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Table 3-1: Validation of the analytical model 

 
 
 

Ref 

 
 

Beam 

 
FRP 

type 

 
𝐸𝑓 

GPa 

Dimensions 

𝑏 × ℎ 

(mm 2) 

 
Type of 

loading 

 
Span 

mm 

 
𝑓′𝑐 

MPa 

 
𝐴𝑓𝑏𝑜𝑡 

mm2
 

 
𝐴𝑠𝑏𝑜𝑡 

mm2
 

 
𝐴𝑓𝑡𝑜𝑝 

mm2
 

 
𝐴𝑠𝑡𝑜𝑝 

mm2
 

 
𝑀𝑒𝑥𝑝 

kN.m 

 
𝑀𝑡ℎ𝑜 

kN.m 

 
𝑀𝑡ℎ 

 

𝑀𝑒𝑝 

Exp. 

Mode 

of 

failure 

Theoretical 

Mode of 

failure 

 
 
 
 

(Aiello and 

Ombres, 

2002) 

A1 AFRP 49 150×200 
Two 

point 
2700 45.7 88.31 100.48 _ 100.48 25.14 21.59 0.85 SY-CC SY-CC 

A2 AFRP 50.1 150×200 
Two 

point 
2700 45.7 157 100.48 _ 100.48 28.41 25.8 0.90 SY-CC SY-CC 

A3 AFRP 50.1 150×200 
Two 

point 
2700 45.7 235.5 226.08 _ 100.48 35.55 32.17 0.90 SY-CC SY-CC 

B2 AFRP 49 150×200 
Two 

points 
2700 45.7 88.31 _ _ 100.48 20.21 18.12 0.75 CC CC 

C1 AFRP 49 150×200 
Two 

points 
2700 45.7 88.31 100.48 _ 100.48 25.14 22.76 0.89 SY-CC SY-CC 

 
 

(Leung 

and 

Balendran, 

2003) 

L0 GFRP 40.8 150×200 
Two 

point 
2200 28.5 _ 157.08 _ _ 13.76 10.32 0.75 SY-CC SY-CC 

L2 GFRP 40.8 150×200 
Two 

point 
2200 28.5 142.67 157.08 _ _ 22.23 18.31 0.82 SY-CC SY-CC 

L5 GFRP 40.8 150×200 
Two 

point 
2200 28.5 214 157.08 _ _ 22.07 20.77 0.94 SY-CC SY-CC 

H2 GFRP 40.8 150×200 
Two 

point 
2200 48.8 142.67 157.08 _ _ 21.11 24.21 1.15 SY-CC SY-CC 

 
 

 
(Qu et al., 

2009) 

B1 GFRP - 180×250 
Two 

point 
1800 24.76 _ 452.16 _ 157.08 32.37 32.21 1.00 SY-CC SY-CC 

B2 GFRP 45 180×250 
Two 

point 
1800 24.76 506.45 _ _ 157.08 43.89 34.98 0.80 CC CC 

B3 GFRP 45 180×250 
Two 

point 
1800 28.14 253.23 226.08 _ 157.08 38.28 37.24  

0.97 
SY-CC SY-CC 

B4 GFRP 41 180×250 
Two 

point 
1800 28.14 396.91 200 _ 157.08 39.66 40.21 1.01 SY-CC SY-CC 
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B5 GFRP 37.7 180×250 

Two 

point 
1800 29.2 141.69 401.92 _ 157.08 36.36 37.46 1.03 SY-CC SY-CC 

B6 GFRP 45 180×250 
Two 

point 
1800 29.2 253.23 401.92 _ 157.08 42.57 43.43 1.02 SY-CC SY-CC 

B7 GFRP 37.7 180×250 
Two 

point 
1800 34.6 141.69 113.04 _ 157.08 23.55 31.22 1.33 SY-CC SY-FRPR 

B8 GFRP 41 180×250 
Two 

point 
1800 34.6 369 1205.76 _ 157.08 63.3 68.87 1.09 SY-CC SY-CC 

 
 
 
 
 

 
(Lau and 

Pam, 

2010) 

MD1.3- 

A90 
_ _ 280×380 

One 

point 
4200 39.0 _ 1256.64 _ 56.55 147.4 137.8 0.93 SY-CC SY-CC 

MD2.1- 

A90 
_ _ 280×380 

One 

point 
4200 45.9 _ 1963.5 _ 56.55 252.7 206.1 0.82 SY-CC SY-CC 

T0.2- 

A135 
_ _ 280×380 

One 

point 
4200 35.3 _ 226.19 _ 56.55 44.0 39.44 0.90 SY-CC SY-CC 

G0.8- 

A90 
GFRP 40 280×380 

One 

point 
4200 36.6 804.25 _ _ 56.55 158.8 125.4 0.79 FRPR FRPR 

G2.1- 

A90 
GFRP 38 280×380 

One 

point 
4200 41.3 1963.5 _ _ 56.55 238.0 235.4 0.99 CC CC 

G0.4- 

A135 
GFRP 40.2 280×380 

One 

point 
4200 42.3 452.39 _ _ 56.55 80.4 87.46 1.09 FRPR FRPR 

G0.5- 

A135 
GFRP 42.5 280×380 

One 

point 
4200 42.3 452.39 _ _ 56.55 107.3 88.68 0.83 FRPR FRPR 

G0.3- 

MD1- 

A90 

 
GFRP 

 
40 

 
280×380 

One 

point 

 
4200 

 
41.3 

 
283.53 

 
981.75 

 
_ 

 
56.55 

 
147 

 
156.1 

 
1.06 

SY-CC 

-FRPR 

SY-FRPR 

-CC 

G1.0- 

T0.7- 

A90 

 
GFRP 

 
38 

 
280×380 

One 

point 

 
4200 

 
39.8 

 
981.75 

 
628.32 

 
_ 

 
56.55 

 
261 

 
230.2 

 
0.88 

 
SY-CC 

SY-CC 

G0.6- 

T1.0- 

A90 

 
GFRP 

 
39.5 

 
280×380 

One 

point 

 
4200 

 
44.6 

 
567.1 

 
981.75 

 
_ 

 
56.55 

 
229 

 
243.4 

 
1.06 

SY-CC 

-FRPR 

SY-CC 

-FRPR 

(Karimi et 

al.) 
6-C 

CFRP 

strips 
136 152.4×190 

Two 

point 
2743 37.2 - 402.1 _ _ 26.6 25.7 0.97 SY-CC SY-CC 
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NSM 

6-1Fa 
CFRP 

strips 
136 152.4×190 

Two 

point 
2743 37.2 37.5 402.1 _ _ 30.4 31.7 1.04 CC SY-CC 

6-2Fa 
CFRP 

strips 
136 152.4×190 

Two 

point 
2743 37.2 75 402.1 _ _ 33.1 35.7 0.90 CC SY-CC 

9-C CFRP 

strips 
136 229×190 

Two 

point 
2743 37.2 - 398.2 _ _ 30.7 25.6 0.83 SY-CC SY-CC 

 

9-1Fa 
CFRP 

strips 

 

136 
 

229×190 
Two 

point 

 

2743 
 

37.2 
 

37.5 
 

398.2 
 

_ 
 

_ 
 

34.1 
 

33.5 
 

0.98 
 

CC 
 

SY-FRP-CC 

9-2Fa 
CFRP 

strips 
136 229×190 

Two 

point 
2743 37.2 75 398.2 _ _ 44.3 38.7 0.87 CC 

SY -FRP- 

CC 

12-C CFRP 

strips 
136 305×190 

Two 

point 
2743 37.2 - 398.2 _ _ 28.8 26.3 0.91 SY-CC SY-CC 

12-1Fa 
CFRP 

strips 
136 305×190 

Two 

point 
2743 37.2 37.5 398.2 _ _ 35.8 34.6 0.97 CC 

SY -FRP- 

CC 

12-2Fa 
CFRP 

strips 
136 305×190 

Two 

point 
2743 37.2 75 398.2 _ _ 41.1 42.7 1.04 CC 

SY -FRP- 

CC 

(Badawi 

and 

Soudki, 

2009) 

NSM 

cont 
CFRP 

rods 
136 152×254 

Two 

point 
3300 47.9 _ 402.1 _ 325.16 35.2 37.2 1.06 SY-CC SY-CC 

 
NPRE 

CFRP 

rods 

 
136 

 
152×254 

Two 

point 

 
3300 

 
47.9 

 
70.88 

 
402.1 

 
_ 

 
325.16 

 
51.7 

 
52.2 

 
1.01 

 
SY-CC 

 
SY-CC 

 
 
 

 
(Nordin 

and 

Täljsten, 

2006) 

 
NSM 

 
cont 

CFRP 

square 

rods 

 
_ 

 
200×300 

Two 

point 

 
4000 

 
61 

 
_ 

 
402.1 

 
_ 

 
402.1 

 
48.8 

 
52.1 

 
1.07 

 
SY-CC 

 
SY-CC 

 
BS1 

CFRP 

square 

rods 

 
160 

 
200×300 

Two 

point 

 
4000 

 
64 

 
100 

 
402.1 

 
_ 

 
402.1 

 
80.0 

 
91.8 

 
1.13 

SY- 

FRP- 

CC 

 
SY-FRP-CC 

 
BS2 

CFRP 

square 

rods 

 
160 

 
200×300 

Two 

point 

 
4000 

 
62 

 
100 

 
402.1 

 
_ 

 
402.1 

 
76.1 

 
91.4 

 
1.20 

SY- 

FRP- 

CC 

 
SY-FRP-CC 

 
BM1 

CFRP 

square 

rods 

 
25 

 
200×300 

Two 

point 

 
4000 

 
64 

 
100 

 
402.1 

 
_ 

 
402.1 

 
79.3 

 
81.0 

 
1.02 

SY- 

FRP- 

CC 

 
SY-FRP-CC 
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BM2 

CFRP 

square 

rods 

 
25 

 
200×300 

Two 

point 

 
4000 

 
65 

 
100 

 
402.1 

 
_ 

 
402.1 

 
79.3 

 
82.7 

 
1.04 

SY- 

FRP- 

CC 

 
SY-FRP-CC 

 
(Choi et 

al., 2011) 

 

 

T-beams 

 
Control 

 

 
_ 

 

 
_ 

 
𝑏𝑓 × ℎ𝑓 = 

400×500 

 

𝑏𝑤 × ℎ𝑤 = 

150×250 

Two 

point 

 
3300 

 
52.5 

 

 
_ 

 

 
402.1 

 

 
_ 

 

 
285 

 

 
59.5 

 

 
56.7 

 

 
0.95 

 

 
SY-CC 

 

 
SY-CC 

 

 

 
NBFB 

CFRP 

bars 

 

 

155 

 
Two 

point 

 
 

3300 

 
 

52.5 

 

 

37.5 

 

 

402.1 

 

 

_ 

 

 

285 

 

 

93.1 

 

 

87.0 

 

 

0.93 

SY- 

FRP- 

CC 

SY-FRP-CC 

(Habeeb 

and 

Ashour, 

2008) 

GcOU 

sagging 
GFRP 44.2/38.7 300×200 

Two 

point 
2750 29 380 - 794.2 397.1 60.5 56.47 0.93 FRPR FRPR 

GcOU 

hogging 
GFRP 44.2/38.7 300×200 

Two 

point 
2750 29 380 - 794.2 397.1 78.5 81.03 1.03 CC CC 

(El-Mogy 

et al. 

2010) 

GS2 

sagging 

 
GFRP 

47  
300×200 

Two 

point 
2800 26 396 - 594 - 46.3 65.62 1.42 CC CC 

GS2 

hogging 

 
GFRP 

47  
300×200 

Two 

point 
2800 26 396 - 594 - 63.4 74.76 1.18 CC CC 

 

 

 

 

 

 
(Santos et 

al., 2013) 

T-section 

R 

sagging 
- - 

 

 

 

 

 

 

𝑏𝑓 × ℎ𝑓 = 

300×400 

𝑏𝑤 × ℎ𝑤 = 

100×80 

Two 

point 
1000 28.7 - 100.53 - 56.55 7.1 6.06 0.85 SY-CC SY-CC 

R 

hogging 
- - 

Two 

point 
1000 28.7 - 100.53 - 56.55 4.1 3.45 0.84 SY-CC SY-CC 

G1-a 

sagging 

 
GFRP 

63/60 
Two 

point 
1000 21.2 100.53 - 226.19 - 8.2 8.77 1.07 CC CC 

G1-a 

hogging 

 
GFRP 

63/60 
Two 

point 
1000 21.2 100.53 - 226.19 - 8.4 6.37 0.76 CC CC 

G1-b 

sagging 

 
GFRP 

63/60 
Two 

point 
1000 24.6 100.53 - 226.19 - 7.9 9.46 1.20 CC CC 

G1-b 

hogging 

 
GFRP 

63/60 
Two 

point 
1000 24.6 100.53 - 226.19 - 8.6 7.0 0.81 CC CC 

Rahman 

et al. 

2016) 

SuR-30- 

4.5 

sagging 

 
GFRP 

 
- 

𝑏𝑓 × ℎ𝑓 = 

600×100 

Two 

point 

 
2800 

 
43 

 
- 

 
700 

 
- 

 
700 

 

 
96 

 

 
93.86 

 
0.98 

 
SY-CC 

SY-CC 
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 SuR-60- 

4.5 

hogging 

GFRP  
- 

𝑏𝑤 × ℎ𝑤 = 

200×200 

Two 

point 

2800  
43 

 
- 

 
700 

 
- 

 
700 

 
97.7 

 
80.75 

 
0.83 

 
SY-CC 

SY-CC 

GuE-30- 

4.5 

sagging 

GFRP  
65 

Two 

point 

2800  
44 

 
395.8 

 
- 

 
593.7 

 
- 

 
99.5* 

 
168.6 

 
1.7 

 
CC 

 
FRPR 

GuE-30- 

4.5 

hogging 

GFRP 65  

Two 

point 

2800  
44 

 
395.8 

 
- 

 
593.7 

 
- 

 
108.9 

 
115.5 

 
1.06 

 
CC 

 
CC 

GuR- 

18-4.5 

sagging 

GFRP 65  

 
 

𝑏𝑓 × ℎ𝑓 = 

600×100 

𝑏𝑤 × ℎ𝑤 = 

200×200 

Two 

point 

 
2800 

 
42 

 
395.8 

 
- 

 
395.8 

 
- 

 
107.9* 

 
167.3 

 
1.55 

 
CC 

 
FRPR 

GuR- 

18-4.5 

hogging 

GFRP 65 
Two 

point 

 
2800 

 
42 

 
395.8 

 
- 

 
395.8 

 
- 

 
96.3 

 
95.42 

 
0.99 

 
CC 

 
CC 

GuR- 

24-4.5 

hogging 

GFRP 60 
Two 

point 

2800  
44 

 
1164 

 
- 

 
1552 

 
- 

 
157.6 

 
175.9 

 
1.12 

CC CC 

 

𝐸𝑓 is the modulus of elasticity of FRP longitudinal bars, 𝑏𝑤 and ℎ𝑤 are web width and web depth respectively, 𝑏𝑓 and ℎ𝑓 are flange 

width and flange depth respectively, 𝑓′𝑐 is concrete compressive strength,𝐴𝑓𝑏𝑜𝑡, 𝐴𝑠𝑏𝑜𝑡,𝐴𝑓𝑡𝑜𝑝, and 𝐴𝑓𝑡𝑜𝑝are the area of FRP and steel 

reinforcement in bottom and top of section respectively. 𝑀𝑒𝑥𝑝 and 𝑀𝑡ℎ𝑜 are the experimental and theoretical moment respectively. SY- 

CC refers to steel yielding followed by concrete crushing and SY-FRPR indicates steel yielding followed by FRPR rupture modes of 

failure, CC refers to concrete crushing. 

*: partial separation of the flange resulted in the failure of the sagging moment section at a moment lower than the calculated capacity 

of the T-section 

 

Average 

𝑀𝑡ℎ  

(𝑀𝑒𝑝) 

 
 

0.997 

 
 

Standard 

deviation 

 

 

17.65 % 
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3.6 Modes of Failure for Hybrid FRP/Steel T-Beams 
 

Three different modes of failure are expected for hybrid FRP/steel beams, 

including tensile FRP rupture followed by concrete crushing, steel yielding 

followed by concrete crushing and concrete crushing before steel yielding or FRP 

rupture. The different modes of failure are discussed in detail in section 3.6.1, 

3.6.2 and 3.6.4. Moreover, Based on the technique proposed by Ashour (2002), 

Kara et al. (2015), design charts have been developed for different parameters 

based on the mode of failure for both sagging and hogging moments sections, as 

presented in section 3.4.4. The aim of these charts is to use them as a reference 

for the future design of the specimen. 

 

3.6.1 Rupture of FRP Bars 
 

Hybrid FRP/steel beams fail due to FRP rupture if the strain in the FRP bars 

reaches the ultimate value (Ɛ𝑓 = Ɛ𝑓𝑢) and the strain in the concrete is less than or 

equal to the ultimate strain (Ɛ𝑐 <= Ɛ𝑐𝑢 ). In this case, the steel bars would have 

already yielded, because the strain of the steel (Ɛ𝑠 ≈ 0.002) is much lower than the 

FRP rupture strain (Ɛ𝑓 ≈  0.02). Accordingly, when the area of the FRP bars is less 

than a certain limit, rupture of the FRP is expected to take place before concrete 

crushing. Figure 3-22 shows the strain distribution for this case. 

The maximum value for the limiting area can be found when FRP rupture and 

concrete crushing occur simultaneously (Ɛ𝑓 = Ɛ𝑓𝑢, Ɛ𝑐 = Ɛ𝑐𝑢 ). This means that using 

an FRP reinforcement area that is less than or equal to the limiting value leads to 

FRP rupture. In this case, the neutral axis depth is calculated by replacing Ɛ𝑐 

= 0.0035 and the maximum limiting area calculated using Equation 3.44 as 

follows: 

1. The neutral axis depth is calculated using triangular similarity. 

(  0.0035 ) 𝑋𝑙𝑖𝑚 = 0.0035 + εfu 
df (3.43) 

 

2. From the equilibrium condition, the area of FRP bars can be calculated 

using Equation 3.44 

Aflim = 

CC +AfcεfcEfc ― TC ― AfslεfslEfsl ― Asfy 

ff 
(3.44) 
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0.0035 + εy 

where 𝐶𝐶 is the total concrete compression force, Afc, εfc and Efc are the area, the 

strain and the modulus of elasticity of compression FRP reinforcement 

respectively, TC is the total concrete tension force, Afsl, εfsl, and Efsl, are the area, 

strain and the modulus of elasticity of bottom slab FRP reinforcement 

respectively, As is the steel reinforcement area, fy is the yielding stress for steel. 

 
 
 
 

Figure 3-22: Cross-section details and strain distribution for FRP rupture mode 

of failure (sagging section). 

 

3.6.2 Yielding of steel reinforcement 
 

The second possible mode of failure for hybrid FRP/steel beams is due to yielding 

of steel followed by concrete crushing, before FRP rupture. In this scenario, the 

neutral axis depth is larger than the depth in the previous case. Therefore, the 

area of FRP reinforcement calculated in this situation is larger than Aflim. 

Consequently, FRP rupture would not occur. Figure 3-23 shows the strain 

distribution for these conditions. 

The maximum value of FRP reinforcement area can be found when the steel 

yielding and concrete crushing occur at the same time (Ɛ𝑠 = Ɛ𝑦, Ɛ𝑐 = Ɛ𝑐𝑢 ). Using 

Figure 3-23, the area of FRP bars to meet these conditions can be calculated 

using the next steps: 

1. The neutral axis depth is calculated using triangular similarity. 

Xu = (     0.0035 )𝑑𝑠 (3.45) 

2. From equilibrium conditions, the area of FRP bars can be calculated 

using Equation 3.46 
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𝐴𝑓𝑚𝑎𝑥𝑙𝑖𝑚 = 

𝐶𝐶 +𝐴𝑓𝑐𝜀𝑓𝑐𝐸𝑓𝑐 ― 𝑇𝐶 ― 𝐴𝑠𝑓𝑦 
 

 

𝜀𝑓𝐸𝑓 

 

(3.46) 

 
 
 
 
 

 
 

Figure 3-23: Cross-section details and strain distribution for steel yielding mode 

of failure (sagging). 

 
3.6.3 Concrete Crushing Before Yielding of Steel Reinforcement 

 

The third mode of failure is due to concrete crushing before steel yielding or FRP 

rupture. This mode of failure takes place if the used area of FRP reinforcement 

is larger than 𝐴𝑓𝑢 as shown in Figure 3-24. This mode of failure is undesirable 

because it does not give any warning before crushing. 

 
 
 
 

 

Figure 3-24: Cross-section details and strain distribution for steel yielding mode 

of failure. 



61  

In the hogging section, the above procedure was used taking into consideration 

the location of the reinforcement with respect to the neutral axis depth. 

3.6.4 Boundaries for Modes of Failure 
 

In order to find the boundaries for modes of failure, the proposed model has been 

adjusted to give the boundaries area for any type of conditions. Figure 3-25 

shows the details of the T-section beams that are adopted in this investigation as 

reference beams for both the hogging and sagging sections. Table 3-2 gives the 

properties of the reinforcement bar that has been used in this analysis. 

Figure 3-25: Control specimens details used in the parametric study. 

 
 

Table 3-2: Mechanical properties of reinforcement bars used in the parametric 

study. 

 
 

Bar 

size 

Area 

(mm2) 

Tensile Elastic 
Ultimate 

strain % 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Material type strength modulus 

  (MPa) (GPa)  

10 78.5 450 200 0.23 

12 113.1 450 200 0.23 

Steel 16 201.1 450 200 0.23 

18 254.5 450 200 0.23 

10 81 880 42 2.07 

GFRP As provided by 12 

Manufacture(V-ROD, #40) 

16 

125 

 
197 

1000 

 
940 

42 

 
42 

2.35 

 
2.21 

18 259 940 42 2.21 

25 460 960 42 2.26 
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where 𝐴𝑓𝑇 and 𝐴𝑠𝑇 refer to the area of FRP and steel reinforcement in the tension 

respectively, and 𝐴𝑓𝐶 is the area of FRP in the compression. The slab 

reinforcement was chosen to be 2Ф10 FRP in the top and bottom, and 2Ф10 FRP 

were used as compression reinforcement. 

The upper and lower limits have been found for both hogging and sagging 

sections as shown in Figure 3-26 through Figure 3-29. The reinforcement ratio of 

steel and FRP for the sagging and hogging moment are defined as: 

𝜌𝑠 = 

 
𝜌𝑓 = 

𝐴𝑠 
 

 

𝑏𝑑 

𝐴𝑓 
 

 

𝑏𝑑 

(3.47) 

 

(3.48) 

where 𝐴𝑠, and 𝐴𝑓 are the area of the reinforcement of steel and FRP respectively, 

𝑏 is equal to the width of the flange in the sagging section and equal to the depth 

of the web in the hogging section, 𝑑 is the depth of the FRP reinforcement. 

 

It is clear from the figures that increasing the concrete compressive strength 

increases the boundary area of FRP reinforcement to control the mode of failure. 

This is due to the total increase compressive force of concrete. However, the 

decrease in the tensile rupture strength increases only the limiting area to control 

FRP rupture in both sagging and hogging sections, whereas it does not affect the 

boundary of over-reinforced specimens. 
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Figure 3-26: Steel vs. FRP reinforcement ratio for different concrete 

compressive strengths specifying the different modes of failure (sagging 

section). 

 

 
Figure 3-27: Steel vs. FRP reinforcement ratio for different FRP tensile rupture 

strengths specifying the different modes of failure (sagging section). 
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Figure 3-28: Steel vs. FRP reinforcement ratio for different concrete 

compressive strengths specifying the different modes of (hogging section). 

 

 

 

Figure 3-29: Steel vs. FRP reinforcement ratio for different FRP tensile rupture 

strengths (hogging section). 

 

3.7 Parametric Study 
 

As described in section 3.3, an analytical model has been developed to study the 

moment-curvature behaviour of HRCT- beams. The model has been validated 

using experimental results from literature as presented in section 3.5 where a 

reasonably good agreement between the experimental and analytical results was 

observed. In this section, the influence of a set of parameters on the behaviour 

of HRCT-beams was examined. These parameters included the shape of the 

cross-section, the slab reinforcement, the tensile reinforcement ratio, the 

concrete compressive strength, the steel yielding strength and the FRP tensile 

rupture strength. 

In this study, the dimensions and properties of the examined specimen were 

introduced in the previous section. The compressive strength was fixed to be 30 

MPa for all specimens except for evaluating the effect of compressive strength. 
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3.7.1 Effect of The Flange (T Section vs. Rectangular Section) 

 
Generally, most of the beams are cast together with the slabs, producing a 

monolithic structure. Therefore, the flexural behaviour of the T-beams is more 

realistic than the behaviour of the rectangular beams (Hassoun and Al-Manaseer, 

2012). However, to study the effect of different cross-section shapes on the 

moment-curvature behaviour, two different types of cross-section have been 

chosen for this study as shown in Figure 3-30, which are T and rectangular 

sections. The reinforcement of the selected cross-section was chosen to be the 

same in compression and tension for both hogging and sagging moments. 

 
 
 
 

 

Figure 3-30: Details of the different cross-section chosen for parametric study. 

 
Figure 3-31 show the predicted moment-curvature relationships for sagging 

moments in both T and rectangular sections. it is obvious that the T-section has 

a higher moment capacity and ductility than the rectangular section. This is due 

to the effect of the flange that is located in the compression side, which can be 

explained as follows; at the same concrete strain value, the neutral axis depth 

needed to balance the forces is less for T-section than for a rectangular section, 

which in turn increases the lever-arm between the forces to calculate the moment. 

Therefore, the moment capacity in T-section is higher than rectangular section. 

 

The moment capacity increased for both sections as the compressive concrete 

strength increased, due to the shifted up in neutral axis location, which results in 

increasing the lever-arm between the forces. However, when the concrete 
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compressive strength increased to 50 MPa, FRP rupture occurred before 

concrete crushing in the T-section, whereas in rectangular section the mode of 

failure was steel-yielding followed by concrete crushing in both cases. This is due 

to the higher value of FRP strain in the T-section compared to the rectangular 

section. FRP strain value is inversely proportional to neutral axis depth as 

calculated in Equation 3-24, which is less in the case of the T-section. 

Furthermore, since the curvature is inversely proportional to the neutral axis 

depth, as described in Equation 3.43, the curvature value of the T-section is 

expected to be higher at the same value of concrete strain. 

 
 
 

 

Figure 3-31: Moment-curvature relationship for a different type of cross-section 

(sagging moment). 

 
Figure 3-32 shows the moment-curvature relationship for a different type of cross- 

section in the hogging moment section. It can be seen that the first moment of 

cracking is higher in the case of the T-section due to the presence of the flange. 

However, after the first cracking moment, both sections tend to behave similarly 

due to the absence of a flange, which is located on the tension side. 
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Figure 3-32: Moment-curvature relationship for a different type of cross-section 

(hogging moment). 

 
3.7.2 Effect of Slab Reinforcement Ratio 

 
Since the flange is part of the T-section beam, it is important to investigate 

whether the flange reinforcement will affect the moment-curvature behaviour of 

T-sections. This effect has been investigated through using three different slab 

reinforcement ratios as explained in Table 3-3. Figure 3-33 and Figure 3-34 show 

the moment-curvature relationship for different slab reinforcement ratio in both 

sagging and hogging moments, respectively. From Figure 3-33 for the sagging 

section, it is obvious that the moment-curvature curves for the three different slab 

reinforcement ratios are similar. This result indicates that the reinforcement ratio 

of the slab does not affect the behaviour of the moment-curvature diagram in the 

sagging section, where increasing the slab reinforcement ratio slightly improved 

the moment capacity in the hogging moment section. This can be attributed to 

the total increase in the tensile forces as the slab reinforcement is located in the 

tension part. However, in the sagging section, the tensile forces remain constant 

because the slab is located in the compression part. Therefore, the moment 

capacity will remain almost constant. 
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Table 3-3: Details of the specimens used to study the effect of slab 

reinforcement ratio 

 

Slab reinforcement ratio dfc(mm) Bars Area 

ρ𝑠𝑙𝑎𝑏  = 0 33 _ _ 

ρ𝑠𝑙𝑎𝑏 = 0.65 33 4Ф10 324 

ρ𝑠𝑙𝑎𝑏  = 1 33 4Ф12 500 

ρ𝑠𝑙𝑎𝑏 = 100 × 
area of reinforcement 

area of flange 

dfc= depth of slab reinforcement 

 
 
 

 

 

Figure 3-33: Moment-curvature relationship for different slab reinforcement ratio 

(sagging section). 



69  

 
 

Figure 3-34: Moment-curvature relationship for different slab reinforcement ratio 

(hogging section). 

 
3.7.3 Effect of Tensile Reinforcement Ratio on the Moment-Curvature 

Behaviour 

 

In this section, the effect of the tensile reinforcement ratio on the behaviour of the 

HRC section was investigated. Table 3-4 shows the details of the different tensile 

reinforcement ratios that have been used in this study. For the first group, the 

area of the steel tensile reinforcement was varying while the other parameters 

remained fixed, whereas in the second group the FRP reinforcement ratio was 

varying while the other parameters were fixed. 
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Table 3-4: Details of the specimens used to study the effect of the tensile 

reinforcement ratio. 

 

Effect of tensile reinforcement ratio 
 

 

Group 

number 

 
%ρf % ρs 

 

 
Bars 

Steel 

 
Area(mm2) 

 

 
dst(mm) 

 

 
Bars 

FRP 

 
Area(mm2) 

 

 
dft(mm) 

 0.6 0 - - - 4Ф16 788 264 

 0.6 0.77 4Ф18 1018 228 4Ф16 788 264 

 0.6 0.61 4Ф16 804.4 228 4Ф16 788 264 

 
Group 1 

0.6 0.46 

0.6 0.34 

3Ф16 603.3 228 4Ф16 788 264 

4Ф12 452.4 228 4Ф16 788 264 

 0.6 0.26 3Ф12 339.3 228 4Ф16 788 264 

 0.78 0.34 4Ф12 452.4 228 4Ф18 1036 264 

 0.6 0.34 4Ф12 452.4 228 4Ф16 788 264 

 0.46 0.34 4Ф12 452.4 228 3Ф16 591 264 

 0.38 0.34 4Ф12 452.4 228 4Ф12 500 264 

Group 2 0.3 0.34 4Ф12 452.4 228 2Ф16 394 264 

 0.19 0.34 4Ф12 452.4 228 2Ф12 250 264 

 0.12 0.34 4Ф12 452.4 228 2Ф10 162 264 
As Af 

ρs = 100 ∗ bfd , ρf = 100 ∗ bfd 

 

 
Figure 3-35 through Figure 3-38 show the moment-curvature relationship for 

different steel and FRP reinforcement ratios in both sagging and hogging moment 

sections, respectively. It is clear from the curves that the increase in the tensile 

reinforcement ratio for both steel and FRP reinforcement leads to an increase of 

the section stiffness (defined as the elastic slope of the moment-curvature 

diagram) mainly after the first cracking. Furthermore, the relationship of the 

tensile reinforcement ratio and the moment capacity of the section tends to 

increase proportionally because of the total increase in the tensile force. For 

example, in the sagging section, the improvement of the moment capacity was 

29.6% for (𝜌𝑠=0.77) compared to (𝜌𝑠=0); while in the hogging moment section 

the improvement of the moment capacity was 32.1% for (𝜌𝑠=0.77) compared to ( 

𝜌𝑠=0). Additionally, adding steel reinforcement to the FRP-RC beams changes 

the mode of failure from brittle failure (concrete crushing or FRP rupture followed 

by concrete crushing) to ductile failure (steel yielding followed by concrete 

crushing or steel yielding followed by FRP rupture). However, the higher-tensile 
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reinforcement ratio causes lower ductility in terms of curvature value; this is 

attributed to the increase in the neutral axis depth that is needed to balance the 

new tensile force. 

 

 

 

Figure 3-35: Moment-curvature relationship for different tension steel 

reinforcement ratios (sagging section). 

Figure 3-36: Moment-curvature relationship for different tension steel 

reinforcement ratios (hogging section). 
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Figure 3-37: Moment-curvature relationship for different tensile FRP 

reinforcement ratios (sagging section). 

 
 
 

 

Figure 3-38: Moment-curvature relationship for different tensile FRP 

reinforcement ratios (hogging section). 

 

Figures 3-39 and 3-40 show the influence of the tensile reinforcement ratio on 

the normalized moment capacity of the section. It is obvious from the figures that 

increasing the tensile area of reinforcement tends to reduce the rate of increase 
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of the moment capacity. Therefore, after a certain limit, the increase in tensile 

reinforcement has no influence on enhancing the moment capacity of the section. 

 

 

Figure 3-39: Variation of moment capacity against steel reinforcement ratio for 

different FRP reinforcement areas (sagging). 

 
 

 

Figure 3-40: Variation of moment capacity against FRP reinforcement ratio for 

different steel reinforcement area (sagging). 
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3.7.4 Effect of Concrete Compressive Strength 

 
The effect of concrete compressive strength on the moment-curvature behaviour 

has been examined in this section. The values of concrete compressive strength 

varied from 20 MPa to 70 MPa. Figures 3-41 and 3-42 show the moment- 

curvature relationship for different concrete compressive strength values in 

sagging and hogging moment sections, respectively. From the figures, it can be 

concluded that the higher compressive strength gives higher moment capacity in 

both regions. This can be explained due to the increase in moment arm between 

the compression and tension forces when the concrete compressive force 

increased. For instance, in the sagging section, concrete with a strength of 70 

MPa has a higher moment capacity than that of specimens with strengths of 20 

MPa, 30 MPa, 40 MPa and 50 MPa by 95.5%, 56.6%, 34.4% and 19.4 %, 

respectively. Similar observations were recorded in the hogging moment section, 

the concrete with a strength of 70 MPa had a higher moment capacity than that 

of specimens with strengths of 20 MPa, 30 MPa, 40 MPa and 50 MPa by 108.3%, 

62.7%, 37.8% and 20.9 %, respectively. 
 

In addition, the higher compressive strength shows higher curvature at the same 

concrete strain value, due to the decrease in the required neutral axis depth to 

balance the tensile force. 

 

 

 

Figure 3-41: Moment-curvature relationship for different concrete compressive 

strength (sagging section). 
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Figure 3-42: Moment-curvature relationship for different concrete compressive 

strength (hogging section). 

 

3.7.5 Effect of Steel Reinforcement Position 

 
In this section, the effect of steel position reinforcement has been studied. Three 

different positions were used to study the effect of this parameter. Figures 3-43 

and 3-44 present the moment-curvature relationship for different positions of steel 

bars for both sagging and hogging moment sections, respectively. The similarity 

in behaviour was observed in both sections, such that the increase in the distance 

between FRP and steel bars caused a decrease in the moment capacity, due to 

the decrease in moment arm length between the tensile and compressive forces. 

However, the curvature value was similar for all specimens. This is attributed to 

the fact that changing the steel position does not change the summation of the 

total tensile forces. As a result, the neutral axis depth remains the same, which 

gives the same curvature value. 
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Figure 3-43: Moment-curvature relationship for different steel positions (sagging 

section). 

 
 
 

 

Figure 3-44: Moment-curvature relationship for different steel positions (hogging 

section). 

 

3.7.6 Effect of Steel Yielding Strength 

 
In this section, the effect of the steel yield strength on the behaviour of HRCT- 

beams is investigated. Three different value of steel yielding were used. These 

values are 300, 400 and 500 MPa. Figure 3-45 shows the effect of the different 

steel yield strengths on the moment-curvature behaviour of HRCT-sections. It is 

clear from the figure that increasing the steel yielding strength has no effect of 
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the stiffness of the beam before yielding, due to the fixed neutral axis location 

before yielding. However, increasing the yield strength of the steel increases the 

flexural strength of the section and reduces the ductility in terms of curvature at 

failure. This behaviour is a result of the increase in the total tensile forces of the 

section as the yield strength increases, which in turn, improves the moment 

capacity of the section. Furthermore, as the tensile forces increase, the required 

neutral axis depth needed to neutralize these forces will also increase, and 

hence, reduces the curvature at the same concrete strain value. 

 

 

Figure 3-45: Effect of different steel yield strengths on the moment-curvature 

behaviour (sagging section). 
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Figure 3-46: Effect of different steel yield strengths on the moment-curvature 

behaviour (hogging section). 

3.7.7 Effect of FRP Rupture Strength 

 
The effect of the rupture strength of FRP reinforcement bars has been examined 

in this section. Five values were considered to investigate this parameter. These 

values were 600,700, 800, 900 and 1000 MPa. Figure 3-47 illustrates the effect 

of FRP ultimate tensile strength on the moment-curvature behaviour of HRCT- 

beams in the sagging moment section. It can be seen that increasing the rupture 

strength improves the flexural strength and curvature for values of 600, 700 and 

800 MPa. However, this statement is only valid when FRP rupture occurs before 

concrete crushing. Otherwise, if concrete fails before FRP rupture, the increase 

in FRP rupture strength will not improve the moment capacity or curvature, as 

shown when using 900 MPa and 1000 MPa. 

Figure 3-48 shows the effect of the ultimate tensile strength of FRP reinforcement 

on the hogging moment section. As mentioned previously, since FRP does not 

fail before concrete crushing there is no improvement in moment capacity or 

curvature. However, it is clear from the figures that FRP bars failed in the sagging 

section but did not fail in the hogging section at the same value of ultimate rupture 

strength (600 MPa, 700 MPa and 800 MPa). This is attributed to the fact that the 

strain in FRP bars in the sagging moment section is larger than that in hogging 

moment section (provided same reinforcement ratio), hence the FRP bars 

reaches the ultimate strain at an early stage. The cause for the larger value of 

FRP strain in the sagging section is due to the effect of the flange part, which 

makes the neutral axis depth that needed to neutralize the tension force lower 

compared to the case of the hogging section (absence of flange part). 

Consequently, as the FRP strain is inversely proportional to the neutral axis 

depth, it is expected to reach the ultimate value in the sagging moment section 

before hogging section. 
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Figure 3-47: Moment-curvature for different FRP tensile rupture strengths 

(sagging). 

 
Figure 3-48: Moment-curvature for different FRP tensile rupture strengths 

(hogging). 

 
3.8 Conclusions 

 
The purpose of this analysis is to examine the moment-curvature behaviour for 

HRCT-beams. MATLAB software has been used to build the analytical model 

based on different stress-strain relationship, equilibrium, and compatibility 

conditions of the hybrid reinforced section. Then the model has been used to 

study the effect of different parameters on the moment curvature behaviour for 
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the HRCT-beams in both sagging and hogging sections. The major parameters 

included the type of cross-section, the slab reinforcement, the tensile 

reinforcement, the position of steel reinforcement, the steel yielding strength, and 

the FRP rupture strength. The following remarks can be drawn from the analytical 

study in this chapter: 

 
• The difference between rectangular and T-sections is more obvious in the 

sagging section, because of the flange part. 

 

• Increasing the slab reinforcement ratio will increase the moment capacity 

in the hogging sections, whereas it has a slight effect on the sagging 

sections. 

 

• Increasing either steel or FRP tensile reinforcement ratio will increase the 

moment capacity in both sagging and hogging sections. 

• Adding steel reinforcement to FRP beams enhance the ductility and 

stiffness of the beam. 

 

• Increasing the compressive strength of concrete increases both moment 

capacity and curvature of the section in both sagging and hogging 

sections. 

 

• Increasing the distance between the steel and FRP reinforcement 

decreases the moment capacity of the section, while does not affect the 

curvature value. 

 

• Increasing the steel yield strength has fundamentally the same effect as 

increasing the tension steel area, such that it increases the moment 

capacity and decrease the curvature value of the section. 

 

• Increasing the ultimate rupture strength of FRP reinforcement increases 

the moment capacity and curvature value if the FRP rupture takes place 

before concrete crushing. Otherwise, it does not affect the moment- 

curvature behaviour. 
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• To guarantee ductile behaviour, the reinforcement ratio of FRP should be 

between the appropriate upper and lower limit boundaries of the different 

modes of failure. 
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Chapter 4 

EXPERIMENTAL PROGRAMME 

 

 

4.1 Introduction 

 
This chapter presents the details of the experimental programme that has been 

conducted in this research. Six large-scale continuous T-beams reinforced with 

a combination of steel and GFRP bars were constructed and tested until failure. 

The main aim of the experimental programme was to study the flexural behaviour 

of hybrid reinforced concrete T-beams and to investigate its ability to redistribute 

moments between its critical sections. This chapter includes the description of 

the tested specimens, the concept of specimens design, material properties, 

preparation of the test, and the details of the test setup. 

 

4.2 General Description of the Specimens 

 
The experimental programme included six continuous reinforced concrete T 

beams. The dimensions and reinforcement details of each specimen are 

presented in Figure 4.1. All beams had a T-section, with 200×200 mm for the 

web part and 500 ×100 mm for the flange part. The total length of each beam 

was 5100 mm, including two spans of 2400 mm and two overhangs of 150 mm, 

as shown in Figure 4.1 (a). The main investigated parameter in this experimental 

programme was the flexural reinforcement ratio at both mid-span and middle- 

support sections. Five beams were reinforced with a different combination of 

GFRP and steel bars at the critical sections, while one beam was reinforced with 

pure GFRP bars for comparative purposes. The mid-span cross-section details 

of the tested beams are presented in Figure 4.1 (b). For the shear reinforcement, 

steel stirrups of Ø10 mm at a spacing of 75 mm were used for all tested beams. 

In addition, all specimens were reinforced with GFRP bars of Ø10 mm for main 

and lateral slab reinforcement. 
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a. Longitudinal reinforcement details( section B-B). 
 

 

 

b. Cross-section reinforcement details (section A-A). 

Figure 4-1: Description of the tested specimens (all dimensions in mm). 
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4.3 The Concept of Specimen's Design 

4.3.1 Flexural Design 

 
The design of the test specimens is based on the sectional analysis of hybrid 

reinforced sections as explained previously in Chapter 3. Figures 4-2 and 4-3 

show the mode of failure for various combinations of steel and FRP reinforcement 

ratios for mid-span and middle-support sections, respectively, where the 

reinforcement ratios are defined in Equations 4.1 and 4.2 for sagging and hogging 

moment sections, respectively. 

𝜌𝑠𝑎𝑔𝑔𝑖𝑛𝑔 = 

 
𝜌ℎ𝑜𝑔𝑔𝑖𝑛𝑔 = 

𝐴𝑠,𝑓 
 

 

𝑏𝑓𝑑 

𝐴𝑠,𝑓 
 

 

𝑏𝑤𝑑 

(4.1) 

 

(4.2) 

where 𝜌𝑠𝑎𝑔𝑔𝑖𝑛𝑔 and 𝜌ℎ𝑜𝑔𝑔𝑖𝑛𝑔 are the reinforcement ratios of the sagging and 

hogging moment sections, respectively. 𝐴𝑠,𝑓 is the area of either steel or FRP 

reinforcement, 𝑏𝑓 and 𝑏𝑤 are the flange and web width respectively, 𝑑 is the depth 

of FRP reinforcement. 

The web width is used for the middle-support section, while the flange width is 

used for the mid-span section since it is the effective concrete part at the 

compression side. These design charts were prepared for a target compressive 

strength of 40 MPa; however, to avoid FRP rupture before concrete crushing, the 

design charts were also produced for a concrete compressive strength of 60 MPa. 

The reinforcement properties that were used for the design of these charts are 

listed in Table 4-2. 
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Figure 4-2: Limitation for modes of failure based on the reinforcement ratio of 

steel vs. GFRP (sagging-moment). 

 

 

Figure 4-3: Limitation for modes of failure based on the reinforcement ratio of 

steel vs. GFRP bars (hogging-moment). 
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All hybrid-reinforced sections were designed to fail due to steel yielding followed 

by concrete crushing before FRP rupture. The reinforcement ratio for the control 

hybrid-reinforced specimen, beam BH1, was chosen based on the limitation as 

shown in Figures 4-2 and 4-3, respectively. Three GFRP bars of 16 mm and two 

steel bars of 16 mm was chosen for the sagging-moment section, while two 

GFRP bars of 16 mm and two steel bars of 10 mm were chosen for the hogging- 

moment section. 

 

Beam BG was reinforced with pure GFRP reinforcement for comparative 

purposes; therefore, it was designed to achieve a similar moment capacity to 

beam BH1 at both critical sections. The beam was designed to fail due to 

concrete crushing at the mid-span and middle-support sections, as the 

reinforcement ratio at both sections was larger than the balanced reinforcement 

ratio that estimated by ACI 440-015, the details of the design are presented in 

Appendix A. Four GFRP of 16 mm was used for the sagging-moment section 

while three GFRP bars were chosen for the hogging-moment section. 

 

For Beams BH2 and BH3, the reinforcement ratio was kept the same as beam 

BH1 at the mid-span section. However, beam BH2 was reinforced with higher 

GFRP reinforcement ratio at the middle-support section, while beam BH3 was 

reinforced with higher steel reinforcement ratio at the middle-support section. 

Three GFRP of 16 mm and two steel bars of 10 mm were used for beam BH2, 

whereas, two GFRP bars of 16 mm and two steel bars of 16 mm were used in 

the hogging-moment section for beam BH3. 

 

On the contrary, beams BH4 and BH5 were reinforced in the opposite way to BH2 

and BH3. The reinforcement ratio was similar to beam BH1 in the hogging- 

moment section, while it was changed in the sagging-moment section. Beam BH4 

was reinforced with higher GFRP reinforcement ratio than beam BH1 while steel 

ratio was the same. Four GFRP of 16 mm and two steel bars of 16 mm were 

chosen for BH4, as shown in Figure 4.2. Alternatively, the reinforcement ratio of 

GFRP for beam BH5 was the same as BH1, though it was reinforced with higher 

steel reinforcement ratio. Three GFRP bars of 16 mm and three steel bars of 16 

mm were used for the sagging-moment section, as shown in Figure 4-3. 



87  

For all designed beam, the negative reinforcement was shortened according to 

the development length (Appendix A), excluding the two bars which were used 

as stirrup hangers. However, the positive-moment (bottom) reinforcement 

extended thought the beam length, as shown in Figure 4-1 (a). Besides, the load 

capacity of the designed specimens was predicted, as shown in detail in 

Appendix A. 

 
Table 4-1: Reinforcement details for the tested beams. 

 
 

Specimens Sagging Hogging 
Objective 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

4.3.2 Shear Design 

 
The high cost of closed GFRP stirrup due to the complicated manufacture 

process and the rupture of GFRP stirrup at the bent location are the main 

drawbacks for using this type of stirrup. Therefore, steel stirrup was chosen as 

shear reinforcement in this project. 

The shear reinforcement designed based on the critical section, which has the 

maximum flexural capacity. The shear forces were found using the maximum 

moment capacity by using the elastic shear and moment diagram to prevent 

shear failure. The details of the shear design calculation are found in Appendix 

A. Similar shear reinforcement was used for all tested beams to prevent shear 

failure, which was one- steel stirrup of Ø10 mm at 75 mm spacing. 

 GFRP 𝜌𝑓% Steel 𝜌𝑠% GFRP 𝜌𝑓% Steel 𝜌𝑠% 

BG 4Ф16 0.55 - - 3Ф16 1.0 - - Control GFRP 

BH1 3Ф16 0.41 2Ф16 0.31 2Ф16 0.69 2Ф10 0.30 Control Hybrid 

BH2 3Ф16 0.41 2Ф16 0.31 3Ф16 1.0 2Ф10 
Effect of increasing 

0.3 
GFRP in hogging 

 

BH3 
 

3Ф16 
 

0.41 
 

2Ф16 
 

0.31 
 

2Ф16 
 

0.69 
 

2Ф16 
Effect of increasing 

0.77 
steel in hogging 

 

BH4 
 

4Ф16 
 

0.55 
 

2Ф16 
 

0.31 
 

2Ф16 
 

0.69 
 

2Ф10 
Effect of increasing 

0.30 
GFRP in sagging 

 

BH5 

 

3Ф16 

 

0.41 

 

3Ф16 

 

0.46 

 

2Ф16 

 

0.69 

 

2Ф10 
Effect of increasing 

0.30 
steel in hogging 
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4.3.3 Slab Reinforcement 

 
The slab reinforcement was chosen to present the general slab reinforcement in 

a real structure. The main and lateral slab reinforcement satisfied the CSA-S806- 

12 (CSA-s806, 2012) design code criteria for minimum slab reinforcement and 

minimum spacing, as listed in Appendix A. The lateral reinforcement was GFRP 

bars of Ø10 mm spaced at 150 mm at the top and bottom of the flange. Besides, 

two-GFRP bars of Ø10mm were chosen as distributed slab reinforcement, as 

illustrated in Figure 4.1 (b). 

 

4.5 Reinforcement Properties 

 
The GFRP bars used in this experimental programme are shown in Figure 4-4. 

Those bars were made from high strength glass fibre reinforced with vinyl ester 

resin. The core of the rebar has all the reinforcing fibre (70% by weight) along the 

length of the bar for maximum strength. A high-stress recess in the surface of the 

rebar is created in the production process which does not damage the core fibre 

and is sufficiently deep to give a key to enable the concrete to have a mechanical 

grip on the rebar as shown in Figure 4-4 (Composits, 2018). 

 

Figure 4-4: Type of GFRP bars that were used in the experimental programme. 

 
The tensile properties of GFRP bars were obtained according to ACI 440.3R-12 

(Commitee, 2012). The GFRP bars ends were embedded in strong steel tubes 

filled with special expansive material to protect the bars from early failure caused 

by the steel jaws of the testing machine. Figure 4-5 (a) shows the tensile machine 

that was used to test the reinforcement bars. The results of the test are shown in 

Figure 4-6 and listed in Table 4-5. 
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a. Tensile testing machine b. Specimens after failure 

Figure 4-5: Tensile testing for reinforcement bars. 
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Figure 4-6: Stress-strain curves for the reinforcement bars. 
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Table 4-2: Mechanical properties of reinforcement bars. 

 
Material Diameter 

(mm) 

* Area 

(mm2) 

**Area 

(mm2) 

Yielding 

strength 

Tensile 

strength 

Modulus of 

elasticity (GPa) 

    (MPa) (MPa)  

GFRP 16 180 184.4 - 923 48 

GFRP 10 73 75.9 - 1101 62 

steel 16 201 - 532 626 200 

Steel 10 78.5 - 500 556 203 

* Area provided by the manufacturer 

** Equivalent area measured according to ACI440.3R-12 

 
 

 

4.6 Preparing the Tested Beams 

 
The preparation for the test was conducted at the University of Bradford 

laboratory. This included four main steps, which are; preparing for the framework, 

reinforcement cages, instrumentation, and casting. The main test preparation 

steps are described in the next sections: 

4.6.1 Framework Preparation 

 
Three wood frameworks were prepared as shown in Figure 4-7. The frames were 

glued using special white glue at the connection lines to prevent the concrete 

from leaking inside. Then, a special light oil was added to the framework to 

smooth the surface and to prevent concrete from sticking to the wood. 

 

 
Figure 4-7: Framework preparation. 
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4.6.2 Reinforcement Cage 

 
The reinforcement cages were prepared firstly by hanging up the stirrup on two 

strong supported hangers, as shown in Figure 4-8. After that, the longitudinal 

reinforcement was placed in the cage and fixed using special metal wires. Finally, 

the reinforcement cages were carefully removed and placed in the framework. 

The cages were rested on small mortar blocks with the required dimensions (20 

mm high) to ensure an adequate concrete cover. 

Figure 4-8: Preparation of the reinforcement cages. 

 
 

4.6.2 Instrumentation 

 
Strain gauges were added to the critical position in sagging-moment and hogging- 

moment sections for both steel and GFRP bars. The aim from adding the strain 

gauges was to measure the strain values during the test, especially the yielding 

point for steel reinforcement. The type of strain gauges that were used in this test 

is shown in Figure 4-9. 

Figure 4-9: Type of strain gauges that were used in the test. 
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The reinforcement bars were firstly smoothed using a special grinder to remove 

the ribs of GFRP and steel bars. Then, the bars were cleaned and prepared to 

attach the strain gauges. Afterwards, the strain gauges were glued to the bars 

using special glue material, as shown in Figure 4.9. Finally, the gauges were 

covered with a special coating material to protect them from moisture and fresh 

concrete. All bars were equipped and named before placing them into the 

reinforcement cages, as illustrated in Figure 4-10. 

 
 

 

a. GFRP bars b. Steel bars 

Figure 4-10: Strain gauges attached to the reinforcement bars. 

 

4.6.4 Casting 

 
The beams were ready to cast after inserting the reinforcement cages inside the 

framework and adjusting the concrete cover. Ready-mix concrete was used to 

cast the specimens as the concrete volume required was higher than the capacity 

of the available mixer. To guarantee concrete workability, the maximum coarse 

aggregate size was chosen to be 10 mm. In addition, the concrete was ordered 

to have 100 mm slump, and this was inspected once the concrete arrived, as 

illustrated in Figure 4-11. 
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Figure 4-11: Slump test for workability. 

 
 

Two different concrete batches were used to cast all the specimens. Beams BG, 

BH1, and BH2 were cast using the first batch, while the second batch used to 

cast beams BH3, BH4, and BH5. Figure 4-12(a) shows one of the casting 

processes for the tested beams. During pouring the concrete, an immersion 

vibrator was used to vibrate the concrete to reduce the air bubbles and to ensure 

that the concrete was fully distributed between the reinforcement, as shown in 

Figure 4-12 (b). After the casted surface was dried, the beams were covered with 

plastic sheets to keep the moisture during the curing process, as shown in Figure 

4-12 (d). After demoulding the specimens, each beam was painted using white- 

coloured paint to track the cracks during the testing process. 
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Figure 4-12: Casting process of the tested beams. 

 

 
4.7 Concrete Testing and Details 

 
The average concrete compressive strength was found by testing three cubes of 

100 mm under compressive force, while the average tensile strength was found 

by testing three concrete cylinders, 150 mm (diameter) by 300 mm (height), at 

the day of each beam test, as shown in Figure 4-13. The compressive strength 

was found by testing the cubes under compressive force as shown in Figure 4.13 

(a), while the tensile strength was found by the splitting test of cylinders 

specimens, as shown in Figure 4.13 (b). The properties of the concrete at the day 

of each beam test are listed in Table 4-3. 
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a. Compressive test b. Tensile splitting test 

Figure 4-13: Testing of concrete cylinders and cubes specimens. 

 
 

Table 4-3: Concrete properties for the tested beams. 
 

beam fcu (MPa) f𝑐` (MPa) fct (MPa) 

BG 57.8 49.1 2.94 

BH1 57.4 48.8 3.04 

BH2 58.2 49.5 3.34 

BH3 61.6 52.4 2.48 

BH4 55.8 47.4 2.39 

BH5 57.3 48.7 2.42 

 

fcu: is the cube compressive strength f𝑐` : is the equivalent cylinder compressive strength assumed 

equal to 0.85fcu, fct is the concrete tensile compressive strength by cylinder splitting test. 

 

 

4.8 Test-Rig Setup 

 
The test-rig setup for the tested beams is shown in Figure 4-14. A strong steel 

spreader beam was used to spread the loads from the 1000 kN hydraulic jack to 

the loading plates, as shown in Figure 4-14(a). The centre of each loading plates 

was set in the middle of each span by using special plaster material to avoid any 
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movement of the plates during the test. The centre of the loading plates was set 

in the middle of each span by using special plaster material to avoid any 

movement of the plates during the test and to spread the applied load evenly. 

The beams were supported using roller supports at the ends and hinge support 

at the middle. The top plates were 150 mm width by 600 mm length to cover the 

full flange width, while the bottom end-plates were 200 mm wide by 200 mm long 

to include the entire web width. All steel plates had a 40 mm thickness to avoid 

any plate deformation during the test. 

 

Two load cells were used at the end supports to measure the end reactions of 

the beams and to allow calculation of the internal forces. Additionally, three digital 

cameras were used to monitor the crack width during the test; two of them were 

placed at the mid-span sections, and one was placed at the front of the middle- 

support section, as shown in Figure 4-15. Furthermore, four linear variable 

differential transducer (LVDTs) were used to track the deflection of the beam 

during testes. Two of them were placed at the critical section in the mid-span, 

while the top LVDTs placed at the end support to check the stability of the system 

as shown in Figure 4-14. An additional camera was placed at the back of the mid- 

span region to monitor the deflection by using a digital image correction (DIC) 

analysis, which is the analysis of several images taken from a test specimen 

throughout the test. DIC efficiently tracks the movement of the surface pattern by 

using an advanced algorithm to analyse the photos. The user should get a 

sequence of images during the test, provided that the first image presents the 

zero applied load. To conduct DIC, the required area (mid-span in this case) was 

manually indicated and divided into a random grid as shown in Figure 4-16. The 

images were taken before testing as a reference, then after 10 kN before cracks 

and finally every 30 kN after cracks. 

Throughout the tests, the cracks were recorded on the face of the beam manually. 

Furthermore, the whole system of LVDTs, strain gauges, load cell and the 

hydraulic jack were connected to the data logger to record the readings every 

load increment. 
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a. Actual test setup 
 
 

 

 
b. Sketched test setup 

 
Figure 4-14: Test-reg setup. 
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Figure 4-15: Setting the digital cameras after the flexural cracks appeared. 

 

 

Figure 4-16: Random grid to perform DIC analysis. 

 
 

 
4.9 Summary 

 
The construction of the experimental programme has been described in this 

chapter. This included six large scale continuous T-beams reinforced with a 

hybrid combination of GFRP and steel bars using different flexural reinforcement 

ratio at the critical beams sections. Detail of the specimens design, reinforcement 

properties, preparing the tested beams, casting, concrte testing and the test-reg 

setup were presented in this chapter. 

 

The main purpose of the experimental test was to study the flexural behaviour of 

hybrid reinforced concrete T-beams and its ability to redistribute moment using 

this combination reinforcement system. A full discussion and analysis of the test 

results are presented in the next chapter. 
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Chapter 5 

TEST RESULTS AND DISCUSIONS 

 

5.1 Introduction 

The results of the experimental tests are presented in this chapter. A full 

description of the flexural behaviour of hybrid reinforced concrete T-beams is 

discussed in full detail. This includes; the general behaviour of the tested 

specimens, the modes of failure, the crack prorogation, the cracks width, the 

strain of reinforcement, the load-deflection behaviour, the moment redistribution 

and the digital image correlation results for the tested beams. 

 

5.2 General Behaviour and Modes of Failure 

 
The general behaviour of the tested beams and the mode of failure are discussed 

in this section. Figures 5-1 and 5-2 show the deformed shapes and the mode of 

failure for all tested beams, respectively. Overall, throughout the beam testing, it 

was recorded that all beams started to develop vertical flexural cracks at the 

critical sections of the beams in the tensile zone, which later grew to the 

compression zone of each section. This was followed by steel yielding for hybrid 

reinforced specimens, and finally, concrete crushing recorded at ultimate failure 

load for all specimens. 

 

Beam BG was reinforced with pure GFRP bars in the longitudinal direction. It was 

designed to fail due to concrete crushing at both mid-span and middle-support 

sections. This beam failed due to concrete crushing followed by GFRP rupture at 

the middle-support section, as shown in Figure 5-1. The crushing of concrete was 

firstly observed in the middle-support section, as demonstrated in Figure 5-2(a), 

while with additional load increase, a diagonal wide shear crack appeared and 

continued towards the support, which led to the rupture of GFRP bar, as shown 

in Figure 5-2 (a). 

Beam BH1 was designed to have the same moment capacity as beam BG in the 

critical sections. The beam was reinforced with a combination of GFRP and steel 

bars in both mid-span and middle support sections. It was also designed to fail 

due to steel yielding followed by concrete crushing. The mode of failure for this 

beam was a flexural-shear failure at the middle-support section. The flexural- 
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tensile cracks initiated at both mid-span and middle-support section then 

propagated to the compression side of each section. As the load increased, steel 

yielding was recorded at 35% approximately of the maximum load at the mid- 

span section, as recorded by strain gauges in section 5.4. At the ultimate failure 

load, concrete spalling was detected at the middle-support section, which was 

merged directly with a wide diagonal shear crack to the right side of the section, 

as can be seen in Figure 5-2(b). This behaviour could be attributed to the high 

shear stress value combined with high moment value at this section. 

Beam BH2 was provided with the same reinforcement as BH1 in the mid-span 

section while it had 1.5 of the GFRP reinforcement ratio at the middle-support 

section. The mode of failure for this beam was a flexural-tensile failure. The failure 

started with flexural cracks in the tensile zone of the critical sections, which later 

continued to the compression side of each section. With further load increased, 

steel yielding was recorded at 31 % approximately of the maximum load at the 

middle-support section, as provided by the strain gauges. At the ultimate load, 

the beam finally failed due to concrete crushing at the middle-support section, as 

shown in Figure 5-2(c). 

 

Beam BH3 was reinforced with 2.5 times the steel reinforcement ratio at the 

middle-support section in BH1, while it had the same reinforcement ratio in the 

mid-span section. The mode of failure of this beam was similar to BH2. The failure 

began by flexural cracks at the critical beam sections followed by steel yielding 

at 40% and 46% approximately of the ultimate load at the mid-span and middle- 

support section, respectively. At maximum load, strong concrete crushing at the 

middle support section was observed, as can be seen in Figure 5-2(d). 

 

Beam BH4 was reinforced with 1.3 times the GFRP reinforcement ratio in BH1 at 

the mid-span section, while the reinforcement ratio in the middle-support section 

remained constant. The failure mode for this beam was a flexural-tensile failure. 

The failure started with flexural cracks at the critical sections followed by steel 

yielding at 31 % and 38% at middle-support and mid-span sections, respectively. 

As the load increased, the existing cracks continued towards the compression 

zone of each section until concrete crushing recorded at the middle support 

section, as demonstrated in Figure 5-2(e). 
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Beam BH5 was provided with the same reinforcement as BH1 in the middle- 

support section, while it had 1.3 of the steel reinforcement ratio at the mid-span 

section. The mode of failure of this beam was similar to the mode of failure of 

BH2 through BH4. Flexural cracks appeared at the critical tensile sections of the 

beam, which later continued to the compression side. This followed by steel 

yielding at 37% and 45% of the maximum ultimate load capacity at middle- 

support and mid-span section, respectively. Finally, concrete crushing was 

detected in the middle-support section at the ultimate failure load, as shown in 

Figure 5-2(f). 
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Figure 5-1: The deformed shape of the tested beams. 
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Figure 5-2: Modes of failure for the tested beams. 
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5.3 Crack Propagation and Width 

 
The crack propagation for the tested beams was recorded and sketched manually 

during the loading process for all tested beams, as shown in Figure 5-3. The first 

visible cracks at both sagging and hogging moment sections are listed in Table 

5-1. All beams started to develop vertical flexural cracks at the critical sections of 

the tensile zone, which later extended to the compression zone of each section. 

As the applied load was increased, the number of cracks increased while the 

existing cracks became wider, followed by steel yielding at either the middle- 

support or the mid-span sections, as recorded by the strain gauges for the hybrid 

reinforced concrete beams. Close to failure, the width of the existing cracks 

continued to increase until concrete crushing occurred at the middle-support 

section. In beams BG and BH1, a diagonal shear crack was developed at the 

middle-support section due to the high shear forces combined with a high 

moment value at this location. Moreover, the intensity of cracks at the critical 

sections for beams BH2, BH3, BH4 and BH5 was higher than that of beam BH1 

due to the total increase in the load capacity of those beams compared with that 

of beam BH1. 

 

 

Figure 5-3: Crack patterns for the tested beams. 
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Table 5-1: Cracking details for the tested beams. 

 
 

Beam 

notation 

First cracking 

load (kN) 

Total load 

(kN) 

Mode of failure 

 

 Mid- 

span 

Middle- 

support 

 

BG 50 60 648.6 Flexure-shear failure at middle support 

BH1 30 70 718.7 Flexure-shear failure at middle support 

BH2 40 60 797.3 Flexure at middle support 

BH3 45 60 844.5 Flexure at middle support 

BH4 30 75 872.9 Flexure at middle support 

BH5 40 60 868.2 Flexure at middle support 

 

 

 

The first cracks were very thin cracks recorded at the mid-span section of the 

beams, followed by a vertical flexural crack combined with loud cracking noise 

appeared at the middle-support section for all tested beams. The location of the 

first cracks at the sagging-moment section is explained as the following; in 

contrast to rectangular sections, T-section beams have a lower cracking moment, 

(Mcr), for the mid-span section than that of the middle-support section, as 

calculated in Equation 5.1 and explained in Figure 5-4. As a result, the flexural 

cracks initiate in the mid-span section before the middle-support section. 

However, the mid-span section behaves as a T-section after cracking while the 

section over the middle-support performs as a rectangular section, making the 

mid-span region stiffer than middle-support region, which caused the wider 

cracks at the middle-support section for all tested beams. 

 

 
Mcr = 

0.62 𝑓𝑐Ig 
 

 

𝑦 

(5.1) 

where Ig is the gross moment of inertia and y is the distance from the neutral axis 

to extreme fibre in tension neglecting reinforcement. 
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Figure 5-4: Comparison between the cracking moment for the mid-span and middle 

support section. 

 

On the other hand, the loud noise of the vertical flexural crack at the hogging 

moment section was because the crack developed over a large area including 

the total flange width and continued to the web part, as shown in Figure 5-5. 

 
 
 

 

Figure 5-5: Top view of the flexural cracks in middle-support section (beam 

BH4). 

 

 
Figures 5-6 and 5-7 show the average measured crack width for all tested beams 

against the total load in both middle-support and mid-span sections, respectively. 

Digital cameras were set and centred based on the location of the first crack at 

both hogging and sagging-moment sections, as presented previously in  section 

4.8. The obtained images were analysed by using Image-Pro Plus 6.0 software 

to get the crack width at each value of the total applied load. For beams BG 
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through BH3, the cameras were removed before the actual test ended to avoid 

crushing them due to the excessive cracks. 

For Beam BG, which was reinforced with GFRP only, the results show that this 

beam had the widest crack width at middle-support and mid-span sections. The 

crack width in this beam was higher than the crack width of beam BH1 at 600 kN 

at both the middle-support and mid-span by 34% and 63%, respectively. This 

result was expected because of the low axial stiffness of the GFRP bars in beam 

BG, while the higher stiffness of the added steel bars to beam BH1 reduced the 

crack width significantly. 

 

Increasing either GFRP or steel reinforcement ratio in the middle-support section 

had a limited effect in reducing the crack width than adding the reinforcement in 

the mid-span section. There was a limited improvement in the crack width of 

beam BH2, which had 1.33 of that the GFRP reinforcement in BH1 at middle- 

support section, as can be in Figure 5-6. Additionally, even though BH3 was 

reinforced with 2.5 times the steel reinforcement ratio at the middle-support 

section of BH1, it had only 7% reduction in the crack width at 600 kN in 

comparison with the middle-support section of BH1, as shown in Figure 5-6. This 

could be explained due to the shortening of the reinforcement bars at the middle- 

support section according to the development length, while in mid-span section 

the reinforcement bars were extended along the beam. Furthermore, increasing 

steel reinforcement is more effective in reducing the crack width than increasing 

the GFRP reinforcement ratio, as seen for beams BH3 and BH5 in Figure 5-7 and 

Figure 5-7, respectively. 

Overall, the width of cracks in the hogging-moment section was higher than the 

width of the crack in the sagging-moment section, because the mid-span section 

behaves as a T-section after cracking while the section over the middle-support 

acts as a rectangular section, making the mid-span region stiffer than middle- 

support region, which results in wider cracks at the middle-support section for all 

tested beams. The crack width ranged between 0.1 mm to 4 mm in the hogging- 

moment section, while it was within the limit of 0.09 mm to 3.3 mm in the sagging- 

moment section. 
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Figure 5-6: Crack width of tested beams at the middle-support section. 
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Figure 5-7: Crack width of tested beams at the mid-span section. 

 

5.4 Reinforcement Strains Against Total Load 

 
As mentioned previously in chapter four, a few strain gauges were fixed on the 

reinforcing bars to record the strain during the loading process. Figures 5-8 and 

5-9 show the recorded strain values against the total applied load at both the top 

and bottom of steel bars. Some of the strain gauges were not recording; this is 

due to the high sensitivity of the strain gauges which led to damage them during 

either casting or testing process. 
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In general, the strain values were insignificant before cracking, but a rapid 

increase in the reinforcement strain was observed at both regions after the cracks 

formed, followed by steel yielding at the early stage of the total load, as listed in 

Table 5-2. For Beam BH1, steel has yielded at 35% approximately of the 

maximum load at the mid-span section; however, the strain values at the middle- 

support section were not presented due to the broken strain gauges in this 

location. In beam BH2, the steel yielding recorded at 31% of the ultimate failure 

load in the middle-support section, but the two strain gauges which were 

embedded in the mid-span section were damaged. In beam BH4, the steel 

reinforcement yielded at 31 % and 38% at the middle-support and mid-span 

sections respectively, while in beam BH5 the steel yielding was recorded at 37% 

and 45% of the maximum ultimate load capacity at the middle-support and mid- 

span sections, respectively. In addition to that, beams BH5 and BH3 had the 

lowest steel reinforcement strain values in the mid-span sections and middle- 

support sections, respectively. This is due to the high steel reinforcement ratio in 

the mid-span and middle-support sections for those beams compared to other 

specimens. 

 

Figure 5.10 and 5.11 show the total force of steel reinforcement in the mid-span 

and middle support sections, respectively. The total force was found using 

Equation 5.2. The stress of steel bars was found by Hooke's low for the linear 

part of the stress-strain relationship before yielding, as calculated in Equation 5.3. 

However, the experimental stress-strain relationship, that was presented 

previously in section 4.5, used to find the stress value of steel after yielding. 

 

𝐹 
𝜎𝑠 = 

𝐴 
(5.2) 

 
𝜎𝑠 = 𝜀𝐸𝑠 (5.3) 

 

 

where 𝜎𝑠 is the tensile stress in the reinforcement bar, 𝐹 is the total force of 

reinforcement bar, 𝐴 is the area of the individual bar, 𝜀 is the stain in the 

reinforcement bar at a specific value of stress, 𝐸𝑠 is the steel modulus of elasticity 

 

As seen from the figures, steel yielded in the hogging-moment section before the 

sagging-moment section for beams BH4 and BH5. This can be confirmed by the 
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value of the total steel bar forces at yielding, such that the total force at yielding 

point in the middle-support section was lower than the mid-span section. This 

because of the difference in the reinforcement ratio of steel between the two 

sections, where the quantities of steel reinforcement in the hogging sections were 

0.4 and 0.3 of the reinforcement ratios in the mid-span sections for beams BH4 

and BH5, respectively. On the contrary to beam BH4 and beam BH5, beam BH3 

experienced steel yielding at 40% and 46% approximately of the ultimate load at 

the mid-span and middle-support section, respectively. This because beam BH3 

was reinforced with the highest steel reinforcement ratio in the middle-support 

section, which delayed the steel yielding at this region, and hence, increasing the 

total force required at yielding as shown in Figure 5-11. This result means that 

adding steel reinforcement to either the mid-span section or middle-support 

section delayed the steel yielding in that region. 
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Figure 5-8: Variation of steel strain in the mid-span section. 

. 

BH1 

BH3 

BH4 

BH5 

Strain gauges 
stopped working 

Steel yielding 

Lo
ad

 (
kN

) 



111  

1000 
 

900 
 

800 
 

700 

600 
 

500 
 

400 

300 

200 

100 

0 

 

 
BH2 

BH3 

BH4 

BH5 

0 2000 4000 6000 8000 10000 12000 

Micro strain 

 

Figure 5-9: Variation of steel strain in the middle-support section 
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Figure 5-10: Total force of steel reinforcement in the mid-span section. 
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Figure 5-11: Total force of steel reinforcement in the middle-support section. 

Table 5-2: First steel yielding load and the total failure load of the tested beams. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 5.12 and 5.13 show the total force against the strain of GFRP 

reinforcement in the mid-span and middle support sections, respectively. All 

strain gauges were damaged before reaching the ultimate failure load of the 

beams except for beam BH1 in the mid-span section, as can be seen in Figure 

5-12. For beam BG, the tensile strain in GFRP bars at both middle-support and 

mid-span sections were higher than the strain of GFRP bars in other hybrid 

specimens, as shown in Figures 5-12 and 5-13. This result was expected 
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Beam 

notation 

Steel yielding 

load (kN) 

Total 

load (kN) 

 Mid- Middle- 

span support 

 

BG N.A N.A 648.6 

BH1 251.5 N.A 718.7 

BH2 N.A 247.2 797.3 

BH3 337.8 388.47 844.5 

BH4 341.9 292.5 872.9 

BH5 389.3 333.7 868.2 
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because of the low axial stiffness of GFRP bars. Furthermore, the recorded strain 

of the top GFRP in the middle-support section was higher than the recorded strain 

of the bottom GFRP in the mid-span section at the same value of the total applied 

load for beam BG. This due to the variation of the longitudinal GFRP 

reinforcement ratio between the two sections. The reinforcement ratio of GFRP 

in the mid-span section was 1.33 of the reinforcement ratio in middle-support 

section. 

The GFRP reinforcement strain was almost similar for all tested specimens at the 

mid-span section except for beam BH4, as shown in Figure 5-12. This because 

of using the same longitudinal GFRP reinforcement ratio for all beams except for 

beam BH4, which had the highest GFRP reinforcement ratio in the mid-span 

section. However, it can be seen increasing the longitudinal GFRP reinforcement 

ratio at the middle-support section had a limited effect on the tensile 

reinforcement strain, as seen for beam BH2 in Figure 5-13. This could be 

explained as a result of shortening the reinforcement bars at the middle-support 

section, while in the mid-span section the reinforcement bars have been extended 

along the beam. 
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Figure 5-12: Variation of FRP strain in the mid-span section. 

FRP rupture Strain gauges 
stopped recording 

Lo
ad

 (
kN

) 



114  

1000 

 
900 

 

800 
 

700 
 

600 
 

500 
 

400 

 
300 

 

200 

 
100 

 

0 

0 5000 10000 15000 20000 25000 

Micro strain 
 

Figure 5-13: Variation of FRP strain in the middle-support section. 

 
 
 

5.5 Load-Deflection Behaviour 

 
A graph showing the total applied load against the defection at the mid-span 

section of the tested beams is presented in Figure 5-14. Two LVDTs were located 

at the mid-span sections to monitor the deflection during each beam test. 

However, only the measurements for one span are presented due to the similarity 

of the two-span results, as shown in Figure 5-15. The LVDTs readings at the top 

ends of the beams were not presented because no movement was detected, 

confirming no relative settlement at supports. The load-deflection response of the 

tested beams is divided into three parts, including the linear behaviour before 

cracking, the non-linear response after cracking, and the softening of the curve 

after the ultimate load. The non-linear behaviour part consists of two slopes. The 

first slope was recorded after the cracking point due to stiffness reduction, and it 

was recorded in both hybrid-reinforced beams and GFRP beam. The second 

slope initiated after the steel yielding point and continued to the ultimate load, and 

it was recorded only in hybrid reinforced beams. 
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The stiffness of the tested beams was varied based on the reinforcement ratio. 

The control hybrid reinforced beam, beam BH1, showed higher stiffness than 

beam BG that was reinforced with pure GFRP bars, due to the elastic modulus 

of steel reinforcement that is approximately five times higher than that of GFRP 

bars. Furthermore, all hybrid reinforced beams had similar flexural rigidity up to a 

certain point. After that, the effect of increasing either the GFRP or steel 

reinforcement ratio at the middle-support or mid-span section improved the 

flexural stiffness of the tested beams. The flexural stiffness of beams BH2, BH3, 

BH4 and BH5 was improved compared with beam BH1; therefore, the mid-span 

deflection was reduced at the same value of the load. 

 

The serviceability requirement for the deflection at the service load (0.67 of 

ultimate load) according to CSA S806-12(CSA-s806, 2012) varied between 5 mm 

(span/480) and 13.3 mm (span/180), taking into consideration the structural 

member function. The deflections of beams BH1, BH2, BH3, B4, and B5 at the 

service load were 5.5 mm, 5.64 mm, 6.3 mm, 6.1 mm and 5.6 mm, respectively, 

showing slightly unsatisfactory levels of deflection at the serviceability condition. 

However, the deflection can be reduced by changing the reinforcement ratio of 

the designed beams. 
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Figure 5-14: Load-deflection response of the tested beams. 
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Figure 5-15: Comparison of the load-deflection behaviour for the two mid-span 

sections. 

 

 
5.6 Load Capacity 

 
The total load capacities of the tested beams are presented in Table 5-2 and 

Figure 5-16. Although beams BH1 and BG were designed to achieve the same 

moment capacity at the critical section, the total load capacity of beam BH1 was 

higher than that of beam BG by 10.8%, indicating that the ductility of GFRP-RC 

beams was enhanced by adding steel reinforcement. The effect of increasing 

either GFRP or steel reinforcement ratio at the middle-support section led to 

increasing the ultimate load capacity of the tested beams. The enhancement in 

the load capacity was 11% for beam BH2 where the GFRP reinforcement ratio 

was 1.33 of that in beam BH1. In addition, the improvement was 17.5 % for BH3, 

which was reinforced with 2.5 of the steel reinforcement ratio in beam BH1. Also, 

increasing either the GFRP or steel reinforcement ratio at mid-span section 

improved the ultimate load capacity of HRCT-beams. The enhancement in the 

total load capacity was 21.4% and 20.4 % for beams BH4 and BH5 that were 

reinforced with 1.33 of the GFRP and steel reinforcement ratio of that in beam 

BH1, respectively. 
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The previous results indicate that increasing the amount of either GFRP or steel 

at the mid-span section is more effective in enhancing the load capacity of the 

beams than that at the middle support section. This may be attributed to the 

structural system of the tested two-span beam; in such case, the mid-span 

section moment has a more contribution than that of the middle-support moment 

to the total applied load, 𝑃𝑈𝑝, as calculated in Equation 5-4. 

 
𝑃𝑈𝑝 

= 
2 

(𝑀 
𝑙 

 
 

ℎ𝑜𝑔𝑔𝑖𝑛𝑔 

 
+ 2𝑀𝑠𝑎𝑔𝑔𝑖𝑛𝑔 ) 

5-4 

where 𝑀ℎ𝑜𝑔𝑔𝑖𝑛𝑔 and 𝑀𝑠𝑎𝑔𝑔𝑖𝑛𝑔 are the moment capacity for the hogging and 

sagging moments sections, respectively 
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Figure 5-16: Variation of experimental total load capacity of the tested beams. 

 

 
5.7 Moment Redistribution and Load–Reaction Relationship 

 
Figure 5-16 shows the total applied loads against the experimental and elastic 

end-supports reactions for all tested beams. The experimental reaction is 

calculated using the load cell readings at the ends of the beams, while the elastic 

reaction is found by elastic theory, which is equal to: 

𝑅 =  
5 

𝑃𝐿 
(5.5) 

16 

where R is the elastic reaction, P is the span load and L is the span length. 
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The moment redistribution of tested beams is presented in Figure 5-18 using 

Equation 5-6. A positive moment redistribution value means that the region has 

redistributed moment while a negative value means the region has gained 

moment. 

 
𝑀.𝑅 = 

𝑀𝑒 ― 𝑀𝑒𝑥 

𝑀𝑒 
100% 

(5.6) 

where 𝑀.𝑅 is the moment redistribution value, 𝑀𝑒 is the elastic moment found by 

the elastic theory which is equal to 0.156PL and 0.188PL for the sagging and the 

hogging moment sections, respectively, and 𝑀𝑒𝑥 is the experimental moment that 

is found by using the experimental reaction values. 

From Figure 5-17 it can be seen that the experimental reaction of beam BG 

followed the elastic reaction until failure with no sign of moment redistribution. 

The same result can be seen in Figure 5-18, where the elastic and experimental 

moments remained almost the same for this beam. Beam BH1, which was 

designed to have the same moment capacity as beam BG at both critical 

sections, showed a small moment redistribution of 5.47 % from the hogging- 

moment section to the sagging-moment section. This enhancement is due to 

adding steel reinforcement, improving the ductility of the beam compared to beam 

BG. The low value of moment redistribution at beam BH1 could be explained due 

to the early yielding of steel reinforcement while the section did not reach its full 

capacity due to the reserve strength of FRP reinforcement in tension and 

concrete in compression. 

Increasing either GFRP or steel reinforcement ratio in the middle-support section 

slightly reduces the moment redistribution from the hogging moment section to 

the sagging moment section, as can be seen for beams BH2 and BH3. The 

reduction in the moment redistribution value was due to the increase of GFRP or 

steel reinforcement, which in turn reduced the rotational capacity, and 

consequently the ductility of this section, as seen in Figure 5-19 for the moment- 

curvature behaviour. 

For beams BH4 and BH5, the experimental reaction exhibited the largest 

difference from the elastic reaction after a specific limit, as shown in Figure 5-17. 

The moment redistribution values were 10.3 % and 12.7% from hogging-moment 

to sagging-moment sections for beams BH4 and BH5, respectively. This result 



119  

could be explained due to the excessive cracks at the middle-support section for 

both beams, reducing the flexural stiffness of the beam over this section, and, 

subsequently, increasing the rotational capacity of the section. Besides, this 

enhancement could be due to the increase of reinforcement ratio at the mid-span 

section for both beams, which enhanced the flexural stiffness in this section, and, 

hence, improved the moment redistribution since it depends mainly on the 

variation of flexural stiffness between sections (Oehlers et al., 2004). 

Overall, adding steel reinforcement to GFRP-RCT beams enhanced the ability of 

the beam to redistribute moment. However, the target value (20 % or more) of 

the moment distribution was not achieved. This is could be explained because 

of the early yield of steel reinforcement. More specifically, in pure steel reinforced 

beams; after the steel reinforcement in the middle-support section reaches the 

yielding point, the beam can carry more load, while the moment capacity of the 

hogging section remains constant as it is the ultimate moment capacity. However, 

the sagging section will continue to carry the load until it reaches the ultimate 

moment capacity. In contrast to hybrid reinforced beams, when the steel bars had 

yielded in the middle-support section at early stages, the section was not able to 

redistribute moment because it has not reached the ultimate moment capacity 

due to the existence of GFRP bars. 
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Figure 5-17: The measured reactions load against the total applied load of the 

tested beams. 
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Figure 5-18: Moment redistribution for the tested beams 
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Figure 5-19: Variation in moment-curvature behaviour at the middle support 

section(by using the developed Matlab model-Chapter 3). 

5.8 Digital Image Correlation 

 
The digital image correlation (DIC) analysis was conducted for the tested beams, 

as previously mentioned in section 4.8. This method was conducted using one- 

camera located at the mid-span section. The main aim of using this procedure 

was to compare between the experimental and the obtained load-deflection 

behaviour. 

 

The results of the DIC are shown in Figure 5-20. For some specimens, the 

camera was moved before failure due to excessive cracking, this explained the 

sudden stop for the predicted load-deflection curves. Though, there is a good 

agreement between the experimental and the obtained results for most of the 

tested beams, except beam BH5. This result could be explained due to the 

insufficient quality of the taken photos which might affect the analysis of results. 

 

Overall, DIC method can be used to predict the load-deflection behaviour. Yet it 

depends mainly on the quality of the taken photos which requires highly advanced 

cameras. 
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Figure 5-20: Evaluation of using DIC analysis. 
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5.10 Conclusions 

 
Six large-scale continuous reinforced concrete T-beams were tested and 

analysed. Five beams were reinforced with hybrid steel/GFRP bars while one 

beam was reinforced with GFRP bars. The main parameter investigated was the 

ratio of the steel to GFRP reinforcement at both the middle-support and mid-span 

sections. The following conclusions can be drawn based on the achieved results: 

 
1. Adding steel reinforcement to GFRP-RC T beams improves the ductility and 

deformability of the beams by preventing the brittle failure of GFRP-RC beams. 

 

2. Increasing either GFRP or steel reinforcement ratio in the middle-support 

section had a limited effect in reducing the crack width than adding the 

reinforcement in the mid-span section. 

 

3. Increasing steel reinforcement is more effective in reducing the crack width 

than increasing the GFRP reinforcement ratio. 

 

4. Adding steel reinforcement to either the mid-span section or middle-support 

section delayed the steel yielding in that region. 

 
5. Increasing either the steel or the GFRP reinforcement ratios at both mid-span 

and middle support sections decreased the reinforcement strain. 

6. Increasing the GFRP or steel reinforcement ratio at the middle-support or 

mid-span section improves the beam load capacity. 

 

7. Adding steel reinforcement to continuous GFRP-RCT beams did not achieve 

considerable moment redistribution due to the early yielding of steel 

reinforcement while the section did not reach its full capacity due to the reserve 

strength of FRP reinforcement. 

 

8. Adding reinforcement to the region from which the moment redistributes 

reduces the amount of the moment redistribution, because of decreasing the 

rotational capacity of this section. However, adding reinforcement to the region 

into which the moment redistributes, improves the achieved amount of moment 

redistribution. 
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9. DIC analysis can be used to predict the load-deflection behaviour of HRCT- 

beams. 
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Chapter 6 

 
EVALUATION OF DESIGN CODES AND AVAILABLE 

EQUATIONS WITH THE EXPERIMENTAL RESULTS 

 
6.1 Introduction 

 
In this chapter, the evaluation of using design codes and the existing theoretical 

equations for prediction of the flexural behaviour of HRCT-beams is presented. 

The evaluation carried on by comparing the experimental and the predicted 

results in terms of moment capacity, load-capacity, load-deflection and ductility. 

ACI 440.2R-17 for externally bonded FRP concrete beams was used to predict 

the moment capacity of the HRCT-beams sections. While Qu et al. (2009), Safan 

(2013) and Pang et al. (2015) equations were also used to predict the moment 

capacity and the mode of failure. The load capacity was predicted using two 

different seniors, which included a fully ductile behaviour and brittle behaviour for 

HRCT-beams. Furthermore, the deflection and the ductility of HRCT-beams were 

evaluated by using different equations collected from the literature. 

 

6.2 Prediction the Moment Capacity by ACI 

 
In this section, the moment capacity of the tested beams is calculated using ACI 

440.2R-17 (Committee, 2017) for externally bonded FRP concrete beams as it is 

almost similar to hybrid reinforced concrete beams. The calculation technique 

used to find the ultimate moment capacity of the section should satisfy strain 

compatibility and force equilibrium equations. To find the moment capacity, an 

iterative procedure started with selecting the neutral axis depth of section, 

followed by finding the strain, stress and forces for each material. For an assumed 

neutral axis depth, if the equilibrium of forces is not satisfied, the neutral axis 

depth should be adjusted and the procedure repeated (Kara et al., 2015). Bilinear 

elastic-perfectly plastic and linear-elastic models were chosen for steel and FRP 

reinforcement, respectively. A non-linear stress-strain relationship was used for 

concrete under compression and tension, as shown in Figure 6-1. The calculation 

of the moment capacity of T-section beams depends mainly on the location of the 

neutral axis depth. The neutral axis depth is located in the flange for the mid-span 



126  

section, while it is found within the web depth for middle-support section. The 

details of the calculations presented previously in Chapter 3. 

 
 
 
 

a. Concrete under compression 
b. Concrete under Tension

 

Figure 6-1: Stress-strain relationship for concrete (Reddiar, 2009, Gu et al., 

2016a). 

Table 6-1 presents the predicted against the experimental moment capacities for 

both mid-span and middle-support sections. The average value and the standard 

deviation of the predicted moment capacities to the experimental moment for the 

mid-span section of the tested beams are 1.18 and 22.8%, respectively. The 

predicted moment capacity for the mid-span section is higher than the 

experimental moment for all tested beams as this section did not reach the full 

moment capacity at failure. However, the variation between the calculated and 

experimental moments is higher for beam BG and beam BH1 compared to other 

specimens, due to the early failure caused by the diagonal shear cracks of both 

beams at middle-support section. 

Although the same stress-strain relationships are used to predict the moment 

capacity at both mid-span and middle-support sections, the calculated value of 

moment capacity at the middle-support section is significantly less than the 

experimental moment for all tested beams. The average and the standard 

deviation of the calculated moment to the experimental moment capacities are 

0.69 and 34.9%, respectively. The increase in the experimental moment capacity 

is due to the confinement of concrete provided by the transverse reinforcement 

and the supporting steel plate at this location, increasing the concrete crushing 

strain and, hence, the flexural capacity of the hogging moment section. Therefore, 

the  moment  capacity  of  the middle-support section is calculated  by  using the 
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confined stress-strain relationship for concrete shown in Figure 6(a). The 

enhancement in the predicted results by using confined concrete properties is 

obvious compared to the unconfined properties. The average and the standard 

deviation of the calculated moment capacity to the experimental moment capacity 

are 1.03 and 11 %, respectively. 

From the previous results, it can be concluded that the calculated moment- 

capacity values by using ACI 440.2R-17 technique for both mid-span and middle- 

support sections were in a good agreement with the experimental results, taking 

into consideration the stress-strain relationship that used for concrete under 

compression. 

 
Table 6-1:Prediction of moment capacity of HRCT-beams using ACI 440.2R-17. 

 

    

  

  

  

  

Average  
 
 
 
 
 
 
 
 
 
 
 

1.18 

 
 
 
 
 
 
 
 
 
 
 
 

0.69 

 
 
 
 
 
 
 
 
 
 
 
 

1.03 

Standard deviation 22.8% 34.9% 11.0% 

 

Note: Mex, Mcl are the experimental and calculated moment capacity respectively. 
 
 

Beam 

notation 

Sagging moment section Hogging moment section 

 

Mex 

(kN.m) 

 

Mcl Mcl 

(kN.m) Mex 

 

Mex 

(kN.m) 

Unconfined concrete Confined concrete 

Mcl Mcl 

(kN.m) Mex 

Mcl Mcl 

(kN.m) Mex 

BG 

BH1 

BH2 

BH3 

BH4 

BH5 

121.1 

 
139.2 

 
152.8 

 
163.4 

 
173.8 

 
175.3 

167.39 1.38 

 
174.66 1.25 

 
175.93 1.15 

 
176.00 1.08 

 
195.03 1.12 

 
188.83 1.08 

145.93 

 
152.87 

 
172.77 

 
179.90 

 
176.18 

 
170.37 

116.43 0.80 

 
105.81 0.70 

 
117.94 0.69 

 
128.79 0.71 

 
105.09 0.61 

 
104.13 0.62 

172.93 1.19 

 
158.16 1.03 

 
186.26 1.08 

 
187.11 1.04 

 
157.36 0.89 

 
157.21 0.92 
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6.3 Prediction the Moment Capacity by Existing Theoretical Equations 

 
The collected Equations for HRC beams that presented earlier in section 2.5 have 

been tested against experimental results of thirty-nine HRC simple and 

continuous rectangular beams collected from the literature in addition to the 

tested specimens in this research, as shown in Table 6-2. The collected 



129  

specimens included HRC simple and continuous rectangular beams. It can be 

seen from the table that the predicted moments was in a good agreement with 

the moment capacity of simply supported beams and the sagging moment of a 

continuous beam, whereas it is underestimated the moment capacity of the 

hogging moments for the collected specimens. For the tested beam in this 

project, the predicted moments was in a good agreement with the moment 

capacity of the sagging moment section, although this section did not reach the 

full capacity, while the moment capacity of the hogging moments was 

underestimated, due to the increase in the experimental moment capacity of the 

hogging moment section caused by the confinement of concrete provided by the 

transverse reinforcement and the supporting steel plate at this location. 

The average of the experimental moment over theoretical moment was 0.88 and 

0.89 and the standard deviation of the results was 25.97% and 25.34%, for Qu's 

and Safan's equations, respectively. These results show that the previous 

equations can be used to predict the moment capacity of simply supported 

beams, while it can be used to predict the sagging moment capacity of HRC 

continuous beams up to a certain limit. However, the previous equations cannot 

be used to predict the moment capacity of the hogging moment section. This 

because the equations were based on the sectional analysis of the tensile 

reinforcement only without including the compression reinforcement, as the 

double layer in the hogging moment section. 

Regarding the modes of failure, Equations 2.1 and 2.2 that suggested by Qu et 

al. (2009), and Equations 2.6 through 2.9 that suggested by Pang et al. (2015) 

have been used to test the mode of failure of the collected specimens. The results 

showed that these equations reasonably predict the mode of failure for all 

specimens except two specimens only. The examined modes of failure included 

FRP rupture before steel yielding, steel yielding followed by concrete crushing. 

FRP rupture takes place before steel yielding if the FRP reinforcement ratio is 

less than the FRP balance reinforcement ratio, while in the opposite condition 

there are two possible modes of failure; steel yielding followed by concrete 

crushing or concrete crushing before steel yielding. Steel yielding before concrete 

crushing takes place if the reinforcement ratio of steel is less than the balance 

steel reinforcement ratio, whereas concrete crushing before steel yielding takes 
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place if the reinforcement ratio of steel is higher than the balanced reinforcement 

ratio. 
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Table 6-2: Testing of the collected Equations from the literature for the HRC beams 

 
  Prediction the moment capacity Prediction of the mode of failure 

 

 
References 

 

 
Specimens 

𝑀𝑒𝑥𝑝 

kN.m 

𝑀𝑡ℎ𝑜 (Qu-Eq. 

2.4) 

kN.m 

𝑀𝑡ℎ𝑜 
 

𝑀𝑒𝑝 

𝑀𝑡ℎ𝑜 (Safan- 

Eq. 2.5) 

kN.m 

𝑀𝑡ℎ 
 

𝑀𝑒𝑝 

 
𝑀.𝐹𝑒𝑥𝑝 

𝑀.𝐹𝑡ℎ𝑜by (Eq. 2.2 

to 2.3) 

𝑀.𝐹𝑡ℎ𝑜 by (Eq. 

2.6-2.9 

(Aiello and Ombres, A1 25.14 19.35 0.77 18.42 0.73 SY-CC SY+CC SY+CC 

2002) A2 28.41 24.01 0.85 29.09 0.80 SY-CC SY+CC SY+CC 

 A3 35.55 31.02 0.87 35.01 0.83 SY-CC SY+CC SY+CC 

 C1 25.14 19.35 0.77 24.95 0.74 SY-CC SY+CC SY+CC 

(Leung and 

Balendran, 2003) 

L2 

L5 

H2 

22.23 

22.07 

21.11 

18.33 

20.84 

21.85 

0.82 

0.94 

1.03 

15.65 

17.47 

18.99 

0.70 

0.79 

0.90 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

 B1 38.28 39.80 1.04 39.81 1.04 SY+CC SY+CC SY+CC 

 B2 39.66 52.91 1.33 52.92 1.33 SY+CC SY+CC SY+CC 

 B3 36.36 38.71 1.06 38.72 1.07 SY+CC SY+CC SY+CC 

(Qu et al., 2009) B4 42.57 48.47 1.14 48.49 1.14 SY+CC SY+CC SY+CC 

 B5 23.55 29.69 1.26 29.69 1.26 SY+CC SY+CC SY+CC 

 B6 63.30 75.75 1.20 70.53 1.11 SY+CC SY+CC SY+CC 

 B7 38.28 149.39 0.96 39.81 1.04 SY+CC SY+CC SY+CC 

 B8 39.66 203.66 0.88 52.92 1.33 SY+CC SY+CC SY+CC 

(Lau and Pam, 2010) G0.3- 

MD1-A90 
156.10 225.81 0.93 151.12 0.97 SY+CC+FRPR SY+CC SY+CC 
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 G1.0-T0.7-A90 

G0.6-T1.0-A90 

230.20 

243.40 

55.40 

59.94 

1.16 

1.12 

204.29 

229.93 

0.89 

0.94 

SY+CC+FRPR 

SY+CC+FRPR 

cannot predict 

cannot predict 

FRP Rupture 

FRP Rupture 

 2G12-1S10 47.62 64.18 1.09 55.41 1.16 SY+CC SY+CC SY+CC 

 2G12-2S10 53.55 73.20 1.07 59.95 1.12 SY+CC SY+CC SY+CC 

 2G12-2S12 58.94 76.99 1.19 64.20 1.09 SY+CC SY+CC SY+CC 

(El Refai et al., 2015) 2G16-1S10 68.30 87.31 1.09 73.22 1.07 SY+CC SY+CC SY+CC 

 2G16-2S10 64.71 79.25 0.86 77.01 1.19 SY+CC SY+CC SY+CC 

 2G16-2S12 80.39 94.63 0.84 87.34 1.09 SY+CC SY+CC SY+CC 

 C-H-1(sagging) 92 121.43 0.97 88.27 0.96 SY+CC SY+CC SY+CC 

 C-H-2(sagging) 112 116.54 0.91 105.77 0.94 SY+CC SY+CC SY+CC 

 C-H-3(sagging) 125 142.73 0.89 138.79 1.11 SY+CC SY+CC SY+CC 

  

C-H-4(sagging) 

 

128 

 

88.16 

 

0.87 

 

127.98 

 

1.00 
SY+CC with 

shear 

 

SY+CC 

 

SY+CC 

 C-H-5(sagging) 160 57.31 1.10 153.53 0.96 SY+CC SY+CC SY+CC 

 C-H-6(sagging) 101 68.85 0.92 98.66 0.98 SY+CC SY+CC SY+CC 

(Araba, 2018) C-H-7(sagging) 52 71.33 0.93 61.71 1.19 SY+CC SY+CC SY+CC 

 C-H-8(sagging) 75 79.25 0.67 73.38 0.98 SY+CC SY+CC SY+CC 

 C-H-9(sagging) 77 94.63 0.65 76.05 0.99 SY+CC SY+CC SY+CC 

 C-H-1(hogging) 118 121.43 0.92 88.27 0.75 SY+CC SY+CC SY+CC 

 C-H-2(hogging) 146 116.54 0.67 105.77 0.72 SY+FS SY+CC SY+CC 

 C-H-3(hogging) 132 143.55 0.77 138.79 1.05 SY+CC SY+CC SY+CC 

 C-H-4(hogging) 174 56.71 0.62 127.98 0.74 SY+FS SY+CC SY+CC 

 C-H-5(hogging) 186 88.21 0.67 154.45 0.83 SY+FS SY+CC SY+CC 
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 C-H-6(hogging) 92 84.40 0.60 61.66 0.67 SY+CC SY+CC SY+CC 

C-H-7(hogging) 132.6 74.96 0.62 98.72 0.74 SY+CC SY+CC SY+CC 

C-H-8(hogging) 140 19.35 0.77 94.25 0.67 SY+CC SY+CC SY+CC 

C-H-9(hogging) 120 24.01 0.85 83.79 0.70 SY+CC SY+CC SY+CC 

 BG (sagging) 121.1 147.89 1.22 144.99 1.20 SY+CC SY+CC SY+CC 

 BH1(sagging) 139.2 141.72 1.02 136.50 0.98 SY+CC SY+CC SY+CC 

 BH2(sagging) 152.8 142.26 0.93 140.95 0.92 SY+CC SY+CC SY+CC 

 BH3(sagging) 163.4 144.32 0.88 143.10 0.88 SY+CC SY+CC SY+CC 

 BH4(sagging) 173.8 157.75 0.91 155.37 0.89 SY+CC SY+CC SY+CC 

 
Current Project 

BH5(sagging) 

BG(hogging) 

175.3 

172.93 

151.70 

77.19 

0.87 

0.53 

149.45 

75.65 

0.85 

0.52 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

SY+CC 

 BH1(hogging) 158.16 69.43 0.45 68.16 0.45 SY+CC SY+CC SY+CC 

 BH2(hogging) 186.26 81.91 0.47 79.92 0.46 SY+CC SY+CC SY+CC 

 BH3(hogging) 187.11 82.89 0.46 80.21 0.45 SY+CC SY+CC SY+CC 

 BH4(hogging) 157.36 68.83 0.39 67.54 0.38 SY+CC SY+CC SY+CC 

 BH5(hogging) 157.21 69.39 0.41 68.11 0.40 SY+CC SY+CC SY+CC 

𝑀𝑡ℎ 

Average (𝑀𝑒𝑝
) 

0.88 0.89 

 

Standard deviation 25.97 % 25.34 % 

𝑀𝑒𝑥𝑝, 𝑀𝑒𝑡ℎ𝑜are the experimental and theoretical moment respectively. 𝑀.𝐹 is the mode of failure. SY-CC refers to steel yielding followed by concrete crushing and 

FRPR indicates FRPR rupture modes of failure. 
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6.4 Prediction of Load Capacity 

 
The load capacity of HRCT beams can be found by using one of two methods, 

the first one is by assuming a fully ductile behaviour and the second one is by 

assuming brittle behaviour. For a fully ductile beam, a plastic hinge develops at 

a critical section to activate the plastic moment of resistance. As the load P is 

further increased, the moments at other critical sections also increase until 

eventually reach the plastic moments of resistance, causing the beam to collapse. 

The flexural load capacity in such cases is based on a collapse mechanism with 

plastic hinges at the mid-span and central support sections, as shown in Figure 

6-3. Thus, the flexural load capacity, 𝑃𝑈, on each span would be calculated from 

Equation 6.10, when the applied loads are located at the mid-span section. 

However, for a brittle elastic material, the beam suddenly fails when either the 

mid-span or middle support section reaches the moment of resistance. 

Consequently, the flexural load capacity on each span is the smaller 𝑜𝑓 

Msagging/0.156l or Mhogging/0.188l and no moment redistribution is possible 

(Kara and Ashour, 2013). 
 
 
 

 

 
 

Figure 6-2: Plastic collapse mechanism for the two-span continuous beam 

(Gardner et al., 2011). 

 
𝑃𝑈 = 

2 
(𝑀 

𝑙 

 

 
ℎ𝑜𝑔𝑔𝑖𝑛𝑔 

 
+ 2𝑀𝑠𝑎𝑔𝑔𝑖𝑛𝑔 ) 6.10 
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Table 6-4 presents the predicted against the experimental load capacities for the 

tested specimens. The moment capacities values from the previous section were 

used to predict the load capacity of HRCT-beams. The predicted load capacity 

based on the brittle behaviour underestimated the experimental load for all hybrid 

tested beams, whereas using the ductile behaviour gives better estimation. Yet, 

using both Qu's and Safan's equations underestimated the predicted load 

capacity compared the predicted values by ACI 440.2R-17. The average and the 

standard deviation of the predicted load over the experimental load using the 

ductile behaviour were 0.51, 25%, 0.5 and 26.37, respectively, while it was 1 and 

8.95% for the ACI 440.2R-17, confirming the validation of using this procedure to 

predict the load capacity of HRCT-beams. 

 
The predicted load capacity by ACI 440.2R-17 based on the brittle behaviour 

underestimated the experimental load expect for beam BG, which was purely 

reinforced with GFRP bars. The inaccuracy in the prediction load was 4.1% and 

15.9% for brittle and ductile behaviour, respectively. This confirms the brittle 

behaviour of FRP-RC beams, however, by using hybrid reinforcement of steel 

and GFRP the ductility of the tested beams was improved, as can be seen for the 

HRCT-beams. 



 

 
 
 
 

 

Figure 6-3: the predicted total load capacity of the tested specimens 

 
specimen PE 

(kN) 

 

Pb 

(kN) 

ACI 440.2R-17 

Pb/PE  Pu 

(kN) 

 
Pu/PE 

 

Pb 

(kN) 

Qu et 

Pb/PE 

al. (2009) 

Pu 

(kN) 

 
Pu/PE 

 

Pb 

(kN) 

Safan et 

Pb/PE 

al. (2013) 

Pu 

(kN) 

 
Pu/PE 

GFRP 648.6 621.96 0.96 752.02 1.16 412.34 0.64 621.62 0.96 404.11 0.62 609.38 0.94 

BH1 718.7 565.22 0.79 758.55 1.06 370.89 0.52 588.12 0.82 364.10 0.51 568.60 0.79 

BH2 797.3 630.02 0.79 783.00 0.98 437.55 0.55 610.72 0.77 426.92 0.54 603.03 0.76 

BH3 844.5 687.98 0.81 801.32 0.95 442.79 0.52 619.22 0.73 428.47 0.51 610.68 0.72 

BH4 872.9 561.38 0.64 825.25 0.95 367.68 0.42 640.55 0.73 360.79 0.41 630.47 0.72 

BH5 868.2 556.25 0.64 802.98 0.92 370.67 0.43 621.32 0.72 363.84 0.42 611.68 0.70 

 Avg 

S.D% 

0.77 

27.65 

 1.00 

8.95 

Avg 

S.D% 

0.51 

54.04 

 0.79 

25.00 

Avg 

S.D% 

0.50 

55.24 

 0.77 

26.37 

PE =Experimental load (kN), Pb= Brittle load (kN) is the smaller of Msagging/0.156l or Mhogging/0.188l, Pu= ductile load (kN) based on Equation 6.10. 
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𝑓𝑐` 

6.5 Prediction of Load-Deflection Response 

 
The short-term deflection of two-span continuous beams with two-point loads is 

calculated using Equation 6.11. 

7𝑃𝐿3
 

𝛥 = 
768𝐸𝑐𝐼𝑒 

(6.11) 

 

where Δ is the deflection at the middle of the span, 𝑃 is the span load; 𝐿 is the 

span length; 𝐸𝑐 is the modulus of elasticity of concrete which is equal to 4700 

; 𝑓𝑐` is the concrete compressive strength in MPa; 𝐼𝑒 is the effective moment of 

inertia of the concrete cross-section. For hybrid reinforced beams, the effective 

moment of inertia is equal to the gross moment of inertia, Ig, before cracking. 

However, after cracking, it can be expressed by Bischoff model or Yoon's model 

for deflection prediction, as presented previously in Equations 2.10 and 2.11, 

respectively. 

 
To apply Equations 2.10 and 2.11 for doubly reinforced concrete T-sections 

beams; the neutral axis depth, the cracked moment of inertia, and the yielding 

moment of inertia at both mid-span and middle support sections were found by 

the sectional analysis of the transformed T-section, as summarized in Table 6.3. 

Also, as recommended by CSA A23.3-14 (Association, 2014) for continuous 

prismatic members, the effective moment of inertia may be taken as the weighted 

average of the values for the critical positive and negative moment sections as 

calculated in Equation 6-12. 

𝐼𝑒 =  0.85𝐼𝑒𝑚 + 0.15𝐼𝑒𝑐 (6-12) 
 

where I𝑒𝑚 is the value of Ie at mid-span section; 𝐼𝑒𝑐 is the value of Ie at the 

continuous end (middle-support section). 

 
 

Figure 6-5 shows a comparison between the experimental and predicted load- 

deflection curves. As shown in the figure, using the gross moment of inertia to 

predict the deflection before cracking gives a reasonable prediction for the load- 

deflection response for either GFRP or hybrid-reinforced concrete T beams. After 

cracking and before steel yielding, the effective moment of inertia changed from 

Ig  to Ie, which explained the first change in the slope of the predicted load- 

deflection curve. At low load level, the predicted results were in good agreement 
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with the experimental results for all beams. Conversely, as the load increased, it 

is noticeable that using Bischoff’s equation, Equation 2.10, underestimated the 

predicted deflection for all specimens. After steel yielding, Yoon’s equation 

(Equation 2.11) is used to predict the deflection of hybrid-reinforced beams, 

clarifying the sudden change in the slope of the predicted load-deflection after 

steel yielding. Using Yoon’s equation improved the predicted deflections for 

hybrid-reinforced beams after steel yielding. The enhancement of the load- 

deflection response can be clearly seen in beam BH5, which was reinforced with 

the highest steel reinforcement ratio at the mid-span section. However, the 

improvement of the load-deflection response of beam BH4 after steel yielding 

was not as clear as beam BH5. This is because beam BH4 was reinforced with 

the highest GFRP ratio at the mid-span section, implying that Yoon’s equation 

mainly depends on the steel reinforcement ratio. 
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Figure 6-4: Prediction of load-deflection response. 
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Table 6-3: The neutral axis depth, the cracked and the yielding moment of 
inertia for T-section beams. 

 

The neutral axis depth as a function of c 

Mid- 

𝑐2 + (2(𝑛𝑓𝐴𝑓 + 𝑛𝑠𝐴𝑠 + 𝑛𝑓2𝐴𝑓2 + (𝑛𝑓1 ―1)𝐴𝑓1)) 𝑐
 

𝑏𝑓 

2(𝑛𝑓𝐴𝑓𝑑𝑓 + 𝑛𝑠𝐴𝑠𝑑𝑠 + 𝑛𝑓2𝐴𝑓2𝑑𝑓2 + (𝑛𝑓1 ―1)𝐴𝑓1𝑑𝑓1) 
— 

𝑏𝑓 
= 0 

𝑐2 + (2((𝑛𝑓 ―1)𝐴𝑓 + (𝑛𝑠 ―1)𝐴𝑠 + 𝑛𝑓2𝐴𝑓2 + 𝑛𝑓1𝐴𝑓1 + 𝑛𝑠1𝐴𝑠1)) 𝑐
 

𝑏𝑤 

2((𝑛𝑓 ―1)𝐴𝑓𝑑𝑓 + (𝑛𝑠 ―1)𝐴𝑠𝑑𝑠 + 𝑛𝑓2𝐴𝑓2𝑑𝑓2 + 𝑛𝑓1𝐴𝑓1𝑑𝑓1 + 𝑛𝑠1𝐴𝑠1𝑑𝑠1) 
— 

𝑏𝑤 
= 0 

 
(6-13) 

 
 

 
(6-14) 

span 

(N.A in 

flang) 

 

Middle- 

support 

(N.A in 

web) 

The cracked moment of inertia, 𝐈𝐜𝐫 

Mid-  
𝑏𝑓 𝑐3

 

𝐼𝑐𝑟 = 
3 

+ 𝑛𝑓𝐴𝑓(𝑑𝑓 ― 𝑐)2 + 𝑛𝑠𝐴𝑠(𝑑𝑠 ― 𝑐)2 + 𝑛𝑓2𝐴𝑓2(𝑑𝑓2 ― 𝑐)2
 

+(𝑛𝑓1 ―1)𝐴𝑓1(𝑑𝑓1 ― 𝑐)2
 

 
𝑏𝑓 𝑐3

 

𝐼𝑐𝑟 = 
3 

+ (𝑛𝑓 ―1)𝐴𝑓(𝑑𝑓 ― 𝑐)2 + (𝑛𝑠 ―1)𝐴𝑠(𝑑𝑠 ― 𝑐)2 + 𝑛𝑓2𝐴𝑓2(𝑑𝑓2 ― 𝑐)2
 

𝑛𝑓1𝐴𝑓1(𝑑𝑓1 ― 𝑐)2 + 𝑛𝑠1𝐴𝑠1(𝑑𝑠1 ― 𝑐)2
 

 
(6-15) 

 
 

 
(6-16) 

span 

(N.A in 

flang) 

 

Middle- 

support 

(N.A in 

web) 

The yielding moment of inertia, Iy 

Mid-  
𝑏𝑓 𝑐

3 

( )2 ( )2 ( )2 
𝐼𝑐𝑟 =   3    + 𝑛𝑓𝐴𝑓  𝑑𝑓 ― 𝑐 + 𝑛𝑓2𝐴𝑓2 𝑑𝑓2 ― 𝑐 +(𝑛𝑓1 ―1)𝐴𝑓1 𝑑𝑓1 ― 𝑐 

 
 

 
𝑏𝑓 𝑐3

 

𝐼𝑐𝑟 = 
3 

+ (𝑛𝑓 ―1)𝐴𝑓(𝑑𝑓 ― 𝑐)2 + 𝑛𝑓2𝐴𝑓2(𝑑𝑓2 ― 𝑐)2𝑛𝑓1𝐴𝑓1(𝑑𝑓1 ― 𝑐)2
 

+ 𝑛𝑠1𝐴𝑠1(𝑑𝑠1 ― 𝑐)2
 

 
(6-17) 

 
 

 
(6-18) 

span 

(N.A in 

flang) 

 

Middle- 

support 

(N.A in 

web) 

Note: 𝑐 is the neutral axis depth, 𝑏𝑓 is the flange width, and 𝑏𝑤 is the web depth, 𝑛𝑓, 𝑛𝑠, 𝑛𝑠1 , 𝑛𝑓1 , 𝑛𝑓2 are the elastic 
modulus ratio between bottom FRP, bottom steel, top steel, top FRP, bottom flange FRP reinforcement and 

concrete, respectively. , 𝑑𝑓,𝑑𝑠,𝑑𝑓1, 𝑑𝑓2 are depths of bottom FRP, bottom steel, bottom, top FRP, bottom flange FRP 

reinforcement, respectively is the neutral axis depth; 𝐴𝑓, 𝐴𝑠, 𝐴𝑠1, 𝐴𝑓1, 𝐴𝑓2 are the area of bottom FRP, bottom steel, 

top steel, top FRP, bottom flange FRP reinforcement, respectively. 
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6.6 Prediction of Ductility 

 
The simple definition of ductility is the ability of a structural element to sustain 

inelastic deformation before collapsing without significant loss of resistance. The 

main purpose of adding steel reinforcement to GFRP-RCT-beams was to 

enhance the ductility of beams, which in turn improve the sudden failure of FRP- 

RC beams by enhancing the deformability of critical sections. To ensure the 

safety of structural elements, two critical performance features can be used to 

assess the ductility. The first one is the large deformation which is linked to wide 

cracks before failure to detect the overload. The second performance is the 

absorption of the high inelastic energy while keeping the load capacity preferred 

to avoid elastic-brittle failure (Li and Wang, 2002). Accordingly, the ductility of the 

structural member can be expressed by using the deformation or energy 

absorption concept. The ductility of the tested beams was characterized using 

three different concepts as the following description. 

 

6.6.1 Deformation Method 

 
Rotation, curvature, or displacement can express the deformation method to 

evaluate the ductility. For steel reinforced beams, ductility can be expressed by 

curvature ductility index, µ𝑐, or displacement ductility, µ𝑑, as calculated by 

Equation 6.19 and 6.20, respectively. 

 

ɸ𝑢 
µ𝑐 = 

ɸ𝑦
 

(6.19) 

 

𝛥𝑢 
µ𝑑 = 

𝛥𝑦
 

(6.20) 

 

where ɸ𝑢 is the curvature at the ultimate moment, ɸ𝑦 is the curvature at the 

yielding moment, 𝛥𝑢 is the deflection at maximum load, 𝛥𝑦 

steel-yielding load. 

is the deflection at the 

 

The displacement ductility, µ𝑑, is not applicable for FRP-RC members, because 

there is no clear yielding point. However, this concept can be used to measure 

the ductility of hybrid reinforced beams due to the existence of steel 

reinforcement. 
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6.6.2 Energy Absorbed Method 

 
Another method used to express the ductility and deformability of FRP-RC 

members is the energy-based method, which was proposed by (Naaman and 

Jeong, 1995). The ductility index was based on the relationship between the total 

energy to the elastic energy, as shown in Figure 6-6 and calculated in Equation 

6.21. 

 

 
Figure 6-5: Total, elastic and inelastic energies (Naaman and Jeong, 1995). 

 
 

1 
µ𝑐 = ( 

 

𝐸𝑡𝑜𝑡𝑎𝑙 
 
+ 1) (6.21) 

2 𝐸𝑒𝑙𝑎𝑠𝑡𝑖𝑐 

 
 
 

where 𝐸𝑡𝑜𝑡𝑎𝑙 is the total energy absorbed by the member which is equivalent to 

the area under the load-deflection curve until the failure point, 𝐸𝑒𝑙𝑎𝑠𝑡𝑖𝑐 is the elastic 

energy released at failure and its part of the total energy calculated by the area 

of the triangular formed at failure load by a line, S, having the weighted average 

slop of the two initial straight lines of the load-deflection curves. 

6.6.3 Deformation and Energy Methods 

 
A new ductility index, µ𝑜, was proposed by (Oudah and El-Hacha, 2012). This 

index relates the deformability and the energy concept together as found in 

Equation 6.22. 
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µ𝑜  = µ𝑑 × 𝛽 (6.22) 

 
in which, µ𝑑 is the displacement ductility defined earlier by Equation 6.16, 𝛽 is 

the compatibility factor calculated by Equation 6.23. 

 

 
𝛽 = 

𝑆𝛥𝑢(𝑃𝑦(𝛥𝑢 ― 𝛥𝑐) + 𝑃𝑢(𝛥𝑢 ― 𝛥𝑦) + 𝑃𝑐𝛥𝑦) 
 

 𝑃 2𝛥 
(6.23) 

𝑢 𝑢 

where 𝑃𝑦, 𝑃𝑢,𝑃𝑐 are yielding, ultimate, and cracking load respectively, 𝛥𝑦, 𝛥𝑢,𝛥𝑐 

are the deflections at yielding, ultimate, and cracking load, respectively. S 

calculated as flow: 

 

𝑃𝑦 ― 𝑃𝑐 
𝑆 = 

𝛥𝑦 ― 𝛥𝑐 

(6.24) 

 
 
 

The ductility indices for the tested specimens using three different criteria are 

presented in Table 6-3. The results showed that using the deformation index 

gives inaccurate results for the hybrid-reinforced beams. For example, beam BH3 

has higher deformability shape than BH1, as can be seen clearly in Figure 5-1. 

However, the deformation index for beam BH3 is less than beam BH1. 

Furthermore, although beam BH5 has higher moment redistribution than BH4 the 

deformation index of BH5 is less than beam BH4 by 12 %. This result means that 

the simple deformation method cannot be applied to measure the ductility of 

hybrid reinforced concrete beams due to the imprecision of the results. 

The energy concept was applied to the load-deflection curves of the tested 

beams, as shown in Figure 6-7 and the ductility index calculations for the tested 

specimens are presented in Table 6-3. The energy index for beam BG was the 

lowest among the tested specimens, implying least ductility, as listed in Table 7. 

The enhancement in the ductility index for different beams with respect to that of 

beam BG is also presented in Table 6-3. Beams BH1 and BH2 show a slightly 

higher energy ductility indices of 18.6 % and 19.1%, respectively compared with 

that of beam BG. Additionally, the higher energy index values for beams BH4 and 

BH5 are due to the higher values of moment redistribution exhibited by these 

beams compared to the other specimens, showing that adding steel 

reinforcement to GFRP-RC beams improves their ductility. 
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The modified energy method cannot be used for FRP-RC beam due to the 

absence of yielding point. However, it gave a fluctuating result for hybrid-RC 

beams. For example, the energy index for beam BH4 (µ𝑜 = 2.3) is equal to the 

energy index of beam BH2, although the value of moment redistribution of beam 

BH4 indicates higher ductility. Furthermore, using the modified index shows that 

adding steel to middle-support or mid-span sections increase the deformability of 

the beam which agrees with the deformation curves of beams BH3 and BH5, as 

shown in Figure 5.1. 

To sum up the results, the deformability index and the modified energy method 

for ductility prediction cannot be used for hybrid-RC beams due to the inaccuracy 

of the results. However, the energy index appears to be more useful for predicting 

the ductility index for HRCT-beams. 



 

 
 
 
 
 
 

 

Table 6-4: ductility indices for the tested beams. 

 
Beam Deformation 

method 

Energy method Deformation and energy method 

Δu Δy µd E total (kN.mm) S E elastic µe µe — µe𝐵𝐺 

µe𝐵𝐺 
× 100% 

Pc Δc Py Δy Pu Δu S B µo 

BG 33.6 N.A N.A 12917.1 35.7 5900.3 1.6 - 67.6 1.0 N.A N.A 648.6 33.6 N.A N.A N.A 

BH1 34.6 5.8 6.0 16726.9 42.9 6014.6 1.9 18.2 70.9 1.0 250.9 5.8 718.7 34.6 37.8 0.4 2.2 

BH2 37.7 5.3 7.2 20145.7 44.3 7167.0 1.9 19.1 60.3 0.7 248.9 5.3 797.3 37.7 41.5 0.3 2.3 

BH3 42.5 7.7 5.5 25287.6 44.9 7943.7 2.1 30.7 60.7 0.9 337.9 7.7 844.5 42.5 40.7 0.5 2.5 

BH4 41.7 5.5 7.5 25399.9 65.8 5790.0 2.7 68.3 75.1 0.7 270.7 5.5 872.9 41.7 40.6 0.3 2.3 

BH5 47.6 7.2 6.6 29839.3 53.0 7110.2 2.7 70.5 60.1 0.8 322.4 7.2 868.2 47.6 40.7 0.4 2.7 
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Figure 6-6: Total, elastic and non-elastic energies for the tested beams 

according to (Naaman and Jeong, 1995). 
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6.7 Conclusions 

 
The experimental results were compared with the ultimate moment prediction of 

ACI 440.2R-17, and with the existing theoretical equations for the moment, 

deflection, load and ductility. The aim of this chapter is to evaluate the using of 

design codes and the existing theoretical equations for prediction the flexural 

behaviour of HRCT prediction. The main conclusion for this chapter can be drawn 

as the following: 

• ACI 440.2R-17 reasonably estimated the moment capacity of both mid- 

span and middle-support sections. However, the accuracy of the results 

mainly depends on the stress-strain relationship of concrete under 

compression. 

 

• Qu et al. (2009), and Safan (2013) equations can be used to predict the 

moment capacity of simply supported beams, while it can be used to 

predict the sagging moment capacity of HRC continuous beams up to a 

certain limit, however, it cannot be used to predict the moment capacity of 

the hogging moment section. 

 

• Qu et al. (2009), and Pang et al. (2015) equations reasonably predict the 

mode of failure for the HRCT-beams. 

 

• ACI 440.2R-17 can be used to predict the load capacity of the HRCT- 

beams based on fully ductile behaviour. However, using a brittle behaviour 

underestimated the experimental load except for beam BG, which was 

purely reinforced with GFRP bars. 

 

• Qu et al. (2009), and Safan (2013) equations underestimated the predicted 

load-capacity by either using the brittle or ductile behaviour. 

 

• Using both Bischoff and Yoon models for the cracked moment of inertia 

calculation underestimated the deflection at all stages of the load for both 

GFRP and hybrid reinforced concrete T beams. 

 

• The deformability index and the modified energy method for ductility 

prediction cannot be used for hybrid-RC beams. However, the energy 



147  

index appears to be more useful for predicting the ductility index for HRCT- 

beams. 



148  

Chapter 7 

FINITE ELEMNT ANALYSIS 
 
 

7.1 Introduction 

 
Finite element analysis (FEA) is a numerical technique used to solve problems in 

different fields of engineering. However, using FEA in civil engineering requires 

less cost and time for testing structures, especially if experiments are not 

possible. FEA is mainly valuable for solving problems that are difficult to solve 

analytically because of the complicated geometry, as the structure will be divided 

into a finite number of small elements which are reconnected by multiple nodes 

(Reddy, 1993, Barkanov, 2001). 

 

In this chapter, ABAQUS software (Abaqus, 2017) has been used to develop a 

non-linear finite element model (FEM) to simulate the flexural behaviour of HRCT- 

beams. The construction of FEM including material modelling, element types, 

geometry, boundary conditions, and model analysis are explained in detail. 

Furthermore, a comprehensive sensitivity study has been conducted to 

investigate the response of FEM to a set of different variables. The variables 

include models used to present the stress-strain of concrete under compression, 

stress-strain of concrete under tension, the dilation angle, and the element mesh 

size. 

 

Experimental results were used to validate the accuracy of the FEM in terms of 

load-deflection response, crack patterns, modes of failure, reinforcement strain, 

and end-reactions. The FEM results were in good agreement with the 

experimental test results; therefore, the model was used to predict the flexural 

behaviour of continuous HRCT-beams by testing different parameters. The 

investigated parameters included the effect of hybrid reinforcement ratio at the 

mid-span and middle support sections, the concrete compressive strength, the 

stirrup reinforcement type, and the stirrup spacing. 

 

To build a finite element model, the requirement included material modelling, 

which includes concrete under tension and compression, reinforcement, and 

bearing plates. Additionally, choosing the appropriate element type for each 

material, selecting the geometry condition in case of symmetry, deciding the 
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appropriate mesh size and the procedure that is going to be followed by the 

software to analyse the model are the main requirements for the FEM. The details 

of the earlier FEM requirements are explained in full details in the next sections. 

 
7.2 Material Modelling 

7.2.1 Concrete 
 

In ABAQUS, three different models can be used for modelling concrete material. 

These models are the brittle cracking model, the smeared cracking model, and 

the damaged plasticity model. In cases where tensile cracking controls the 

behaviour, the brittle cracking model is the best choice. However, this model does 

not reflect the real behaviour of concrete as it assumes that a linear-elastic 

response governs the concrete compressive behaviour. Smeared cracking can 

be used for modelling concrete in all types of structures including plain concrete, 

although it is proposed mainly for the analysis of reinforced concrete structures. 

Conversely, the main issue of this modelling approach is the mesh sensitivity in 

the solutions, meaning that the FE results do not converge to a single result 

(Abaqus, 2017). 

The concrete damaged plasticity (CDP) model can be used for a wide range of 

structure types, like reinforced concrete, plain concrete, and other quasi-brittle 

materials. Additionally, it can be used for modelling concrete subjected to different 

types of loading like cyclic, monotonic, and dynamic loading. In this model, the 

main failure mechanisms of concrete are assumed to be tensile cracking and 

compressive crushing (Abaqus, 2017). Also, this model can represent the total 

inelastic behaviour of concrete in both tension and compression and it has a 

higher potential for convergence when compared to other models (El Meski and 

Harajli, 2014, Wahalathantri et al., 2011). Therefore, this model was adopted in 

this study. 

 

Concrete damaged plasticity (CDP) 
 

1. Compression behaviour definition 
 

The CDP model assumes that under uniaxial compression of concrete the 

response is linear until the value of initial yield (б𝑐𝑜) as shown in Figure 7-1, 

whereas the plastic behaviour is usually represented by stress hardening 

followed by strain-softening beyond the ultimate stress (б𝑐𝑢) (Abaqus, 2017).To 
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𝑐 

0𝑐 

Ɛ = 

𝑐 

model the elastic compression behaviour, the user provides the initial 

undamaged modulus of elasticity (𝐸0 ) and the Poisson’s ratio. For the response 

beyond the elastic range, compressive stress data should be provided as a 

tabular function of inelastic (or crushing) strain. 

The compressive inelastic strain (Ɛ𝑖𝑛) is defined as the total strain (Ɛ) minus the 

elastic strain (Ɛ𝑒𝑙 ) corresponding to the undamaged material, which is calculated 

in Equations 7.1, and 7.2. 
 

Ɛ𝑖𝑛 = Ɛ ― Ɛ𝑒𝑙 (7.1) 
𝑐 

 
𝑒𝑙 б𝑐𝑢 0𝑐 

0𝑐 

 

 
𝐸0 

 
 

(7.2) 

 

 

 

 

Figure 7-1: Stress-strain curve of concrete under compression (Abaqus, 2017). 

 
The degradation in modulus of elasticity is provided to ABAQUS in terms of 

compressive damage curves, such that the damage starts after reaching the 

maximum uniaxial compressive strength corresponding to the strain level 𝜀0. 

ABAQUS automatically converts the inelastic strain values to plastic strain (Ɛ𝑝𝑙) 

values using the relationship below: 
 

Ɛ𝑝𝑙 = Ɛ𝑖𝑛 ― 
𝑑𝑐
 б𝑐𝑢 

 
(7.3) 

𝑐 𝑐 
 

1 ― 𝑑𝑐 𝐸0 
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𝑡 

Ɛ = 

The damage parameter for concrete under uniaxial compression (𝑑𝑐) is calculated 

by Equation 7.4 (Yu et al., 2010). 

 

 
𝑑𝑐 

б𝑐 
= 1 ― 

б𝑐𝑢
 

 
(7.4) 

where б𝑐 is the axial stress in concrete in the descending branch. 
 

Four different stress-strain relationships collected from the literature were used 

to calibrate the proposed FEM as shown in detail in section 7.6.1. 

 
 

2. Tension behaviour definition 

 

In the CDP model, the stress-strain response under uniaxial tension is assumed 

to be a linear elastic relationship until the value of the failure stress (б𝑡0) is 

reached as shown in Figure 7-2. The failure stress corresponding to the start of 

micro-cracking in the concrete material is recommended by (Belarbi and Hsu, 

1994) to be a value of Ϭ𝑡𝑜 = 0.31 𝑓𝑐. After the failure stress, the formation of 

micro-cracks is characterised by a softening stress-strain response (Abaqus, 

2017). To define the tensile behaviour of concrete, tensile stress data are 

provided as a tabular function of cracking strain. The cracking strain is defined as 

the total strain minus the elastic strain corresponding to the undamaged material 

as calculated in Equations 7.7 and 7.8 (Abaqus, 2017). The tensile strain (Ɛ𝑡) at 

which the tensile stress diminishes is recommended to be 0.001 (Abaqus, 2017). 
 

Ɛ𝑐𝑘 = Ɛ𝑡 
𝑒𝑙 
0𝑡 (7.7) 

 

𝑒𝑙 б�� 
0𝑡 

 
𝐸0 

(7.8) 

— Ɛ 
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Figure 7-2:Stress-strain curve of concrete under tension (Abaqus, 2017). 

 
 

 
The damage parameters (𝑑𝑡) are defined using a similar approach to the one 

used for compressive damage parameters, with the stress-strain in tension as 

follows: 

Ɛ𝑝𝑙 = Ɛ𝑖𝑛 ― 
𝑑𝑡
 Ϭ𝑡 

 
(7.9) 

𝑐 𝑡 
 

1 ― 𝑑𝑐𝐸0 
 

The effect of different tension stiffening behaviour of concrete is discussed in 

detail in section 7.6.2. 

 
3. Other Parameters: 

 
To define the concrete in the damaged plasticity model, some variables must be 

considered. These parameters are the dilation angle (ψ) which controls the plastic 

strain of concrete. The hyperbolic flow potential eccentricity (𝜖) which must be a 

small positive number; the value used for this model is the default value of 0.1 

given in ABAQUS, the ratio of initial biaxial compressive yield stress to initial 

uniaxial compressive yield stress and its default value is 1.16, the ratio of the 

second stress invariant in tension to that in compression (Kc) which must be from 

0.5 to 1.0 and its default value is 0.67, and the viscosity parameters, which is 

chosen to be zero as the default value in ABAQUS. 
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7.2.2 Steel and FRP 

 
The material of the reinforcement was defined based on the stress-strain 

relationships of steel and FRP rebars as shown in Figures 7-3, 7-4, respectively. 

The details of the presented curves are described previously in section 3.2. The 

elastic part of the reinforcement behaviour was defined by the longitudinal elastic 

modulus (𝐸𝑠, 𝐸𝑓) and Poisson’s ratio (𝑣). The plastic part of steel and FRP 

reinforcements was defined by (stress, plastic strain) data pairs. The rupture of 

the FRP reinforcement was defined by specifying a plastic part where the rupture 

stress drops to zero at a negligible plastic strain. The effect of bond-slip is not 

considered in the embedded region modelling method but this effect is 

considered to some extent by definition of the tension stiffening behaviour of 

concrete (Abaqus, 2017). 

 

 

Figure 7-3: Stress-strain relationships for steel in compression and tension (Gu 

et al., 2016b). 

 
 

 

Figure 7-4: Stress-strain curve for FRP bars in tension. 
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7.3 Meshing and Element Types 

 
To achieve accurate results from the FEM, all the elements in the model were 

assigned to have the same mesh size to guarantee that each of two different 

materials shares the same node (Metwally, 2017). The mesh element for 

modelling of concrete, loading plate and bearing plates is an 8-node brick element 

with three translational degrees of freedom at each node (C3D8) as shown in 

Figures 7-5. These elements can be used for either linear and nonlinear analysis, 

including plasticity and large deformations (Abaqus, 2017). 

 
 
 

Figure 7-5: Linear element ( 8 node-brick) (Abaqus, 2017). 

 
Truss elements have been used widely in the literature to model the 

reinforcement material (Khalil et al., 2016). The only required input for truss 

elements is the cross-sectional area of the bar (Abaqus, 2017). In this study, 

three-dimensional 2-node first order truss elements (T3D2 – Truss) are used to 

model the reinforcement as shown in Figures 7-6. The interaction between 

concrete and reinforcement was modelled by using the embedded region option 

available in ABAQUS 6.17, the effect of bond-slip is not considered in the 

embedded region modelling method but this effect is considered to a certain 

degree by definition of the tension stiffening behaviour of concrete (Abaqus, 

2017). 
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Figure 7-6: Truss element (Abaqus, 2017). 

 
 

7.4 Geometry and Boundary Conditions 

7.4.1 Symmetry boundary conditions 

 
Symmetry boundary conditions are available in ABAQUS in the plane of a cut, 

such that the displacement perpendicular to the plane is zero and the rotational 

vector components parallel to the plane are zero. A quarter of the beams were 

modelled due to symmetry, which allows faster simulation than full-beam or half- 

beam models. Two symmetry boundary conditions were used in the plane of 

symmetry, in Z- direction and X-direction as shown in Figures 7-7. 

 
 

 

Figure 7-7: Symmetry boundary condition for the quarter of the beam. 

 
 

 
7.4.2 External Boundary Conditions and Loads 

 
The external boundary conditions are shown in Figures 7-8. The loading condition 

was modelled per line, the load was applied to the beams using a displacement- 

controlled analysis. In a displacement-controlled analysis, the displacement 

changes incrementally while the reaction force results depend on the stiffness of 
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the structure. The total reaction forces on the line of the load are the load required 

to apply a particular displacement (Angie Schrader 2017). 

 

 

Figure 7-8: External boundary conditions and load for the proposed model. 

 

7.5 Model Analysis 

 
The solution procedure that ABAQUS/Explicit uses is dynamic, but it can also be 

used for static solutions with a low rate of loading (Genikomsou and Polak, 2017, 

Genikomsou and Polak, 2015). This type of analysis is called quasi-static, which 

is appropriate for nonlinear problems, and it requires less computational time 

compared to static analysis. 

 
An energy balance equation can be used to help evaluate whether a simulation 

is yielding an appropriate quasi-static response. Examination of the energy 

content provides a measure to evaluate whether the results from an 

ABAQUS/Explicit simulation reflect a quasi-static solution. The kinetic energy of 

the deforming material (ALLKE) should not exceed a small fraction (typically 5% 

to 10%) of its internal energy (ALLIE) throughout a quasi-static analysis. ABAQUS 

provides these value in the output files. Figures 7-9 shows the measured energy 

of the proposed model for beam BH2. As seen, the kinetic energy is very small 

compared to the total internal energy. This result indicates that ABAQUS/Explicit 

simulation reflects a quasi-static solution. 
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Figure 7-9: The measured energy of the proposed model for beam BH2. 

 
 

7.6 Calibration of the Model: 

 
In this section, a comprehensive sensitive study has been conducted to 

investigate the response of load-deflection behaviour by examining a set of 

different variables. The variables included the stress-strain relationship of 

concrete under compression and tension, the dilation angle, and the mesh size. 

 

7.6.1 Modelling Concrete under Compression 

 
In this study, four different concrete models under compressive stress were used 

to calibrate the FE model. Figures 7-10 (a) and 7-10 (b) show the typical stress- 

strain relationship for unconfined and confined concrete under compressive 

stress. The only difference between the two scenarios is that for Figures 7-10 (b) 

the concrete stress-strain relationship exhibited strain-softening until the stress 

decreased to zero. The four models were examined by comparing the 

experimental with FEM load-deflection response, then one the model was chosen 

according to the best prediction of the experimental load-deflection response. 

A
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𝜎𝑐 = 𝑓𝑐  2𝜀0 
― (𝜀0

) 

𝜎𝑐 = 𝑓𝑐 1 ― 0.15 
𝜀𝑐𝑢 ― 𝜀0

 

𝜎𝑐 = 𝐾𝑓𝑐  2𝜀0𝐾 
― (𝜀0𝐾) 

  
 

a.uncompelte curves (Reddiar, 2010) b. complete curves (Karthik and Mander, 

2011) 

Figure 7-10: Theoretical stress-strain curve for concrete under compression. 

 
For Figure 7-10, the stress-strain equations for unconfined concrete 1 under 

compression are expressed in the following equations: 

[ 𝜀𝑐 𝜀𝑐 
 

 

2

] 
(𝜀𝑐 ≤ 𝜀0) 7.10 

 

[ ( 𝜀𝑐 ― 𝜀0 )] (𝜀0 < 𝜀𝑐 ≤ 𝜀𝑐𝑢) 7.11 

 

 

where 𝜎𝑐 is the compressive stress in concrete, 𝑓𝑐 is the maximum axial 

compressive strength of concrete, 𝜀𝑐𝑢 is the ultimate compressive strain, taking 

the value as 0.0038, 𝐸𝑐 is the modulus of elasticity of concrete that is equal to 

5000 𝑓𝑐. 

For confined concrete 1: 

[ 𝜀𝑐 𝜀𝑐 2

] 
(𝜀𝑐 ≤ 𝜀0𝐾) 7-12 

 
 

𝜎𝑐 = 𝐾𝑓𝑐[1 ― 𝑍(𝜀𝑐 ― 𝜀0𝑘)] ≥ 0.2𝐾𝑓𝑐 𝜀𝑐 > 𝜀0𝐾 7-13 
 
 
 

 

In which 𝐾 and 𝑍 found by the flowing expressions: 
 

𝜌𝑆𝑓𝑦ℎ 

 

 
7-14 

𝐾 = 1 + 
 

 

𝑓𝑐 
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145𝑓𝑐 ― 1000 
+ 

4
𝜌𝑆

 

3 + 0.29𝑓𝑐 3 ℎ" 

𝑠ℎ 
― 𝜀0𝐾 

( ) 

0.5 
𝑍 = 

7-15 

 
  

 
 
 

 

where 𝜌𝑆 is the ratio of the volume of rectangular steel hoops to the volume of 

concrete core measured to the outside of the peripheral hoop; ℎ" is the width of 

concrete core measured to the outside of the peripheral hoop; 𝑠ℎ is centre to 

centre spacing of hoop sets. 

For Figures 7.10(b), the stress-strain equations for unconfined concrete 1 under 

compression are expressed in the following equations: 

𝜎𝑐 = 𝐾𝑓𝑐[1 ― 1|1 ― 𝑥|𝑛] (0 ≤ 𝑥 ≤ 1) 7.16 
 

(k𝑓𝑐 ― 𝑓𝑐𝑢)  
 

(1 ≤ 𝑥 < 𝑥𝑢) 7.17 

𝜎𝑐 = k𝑓𝑐 ― 
𝑥𝑢 ― 1 

(𝑥 ― 1) 

 

 

x ― 𝑥𝑓 
𝜎𝑐 = 𝑓𝑐𝑢 

𝑥𝑢 ― 𝑥𝑓 
(𝑥 ― 1) 

𝑥𝑢  ≤ 𝑥 < 𝑥𝑓 7.18 

 

 

In which 𝑓𝑐𝑢 = 12 𝑀𝑃𝑎 and 𝑓𝑐𝑢 = 12 + 𝑓𝑐(𝑘 ― 1) 𝑀𝑃𝑎 
𝜀𝑐𝑢 

for unconfined and 

confined concrete respectively. 𝑥 = 𝜀𝑐/𝜀𝑐𝑐, 𝑥𝑢 = 𝜀𝑐𝑐
,  𝑥𝑓 = 𝜀𝑓/𝜀𝑐𝑐, where 𝜀𝑐𝑐 

= 0.0015 + 𝑓𝑐(𝑀𝑃𝑎), 𝜀𝑐𝑢 = 0.0036. and 𝜀𝑓 = 𝜀𝑠𝑝 = 0.012 ― 0.0001𝑓𝑐 for 

unconfined. 𝜀𝑐𝑐 = 0.0015 + 𝑓𝑐[1 + 5(𝑘 ― 1)], 𝜀𝑐𝑐 = 5𝜀𝑐𝑐, and 𝜀𝑓 = 0.004 + 𝜀𝑐𝑢for 

unconfined and confined concrete respectively, 𝑛 = 𝐸𝑐𝜀𝑐𝑐/𝑓𝑐. 

 

Figures 7-11 shows the response of the load-deflection behaviour to the stress- 

strain relationships of concrete under compression. As seen from the figure, both 

unconfined and confined concrete Figures 7-10 (a) failed to predict the concrete 

degradation after crushing, and hence the analysis continued until the FRP 

ruptured. This was attributed to the fact that both stress-strain relations lack the 

required control over the slope of the post beak branch (Karthik and Mander, 

2011). 
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To capture the post-peak concrete softening, the compressive stress must be 

defined until the stress reaches a value of zero. Consequently, the complete 

stress-strain curve for concrete under compression was used as shown in Figures 

7-10. (b). Using the full unconfined stress-strain relationship underestimate load- 

deflection behaviour, due to the confinement effect of concrete provided by the 

transverse reinforcement and steel plate at the middle-support section; 

consequently, increased the concrete crushing strain and hence the flexural 

capacity of the beam. So, the full confined stress-strain curve for concrete under 

compression was used and it has achieved the best correlation between the 

experimental and FE results. Accordingly, this model was adopted to investigate 

the flexural behaviour of HRCT-beams in this study. 
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Figure 7-11: Effect of different stress-strain compression relation on the load- 

deflection behaviour of beam BH2. 

 

7.6.2 Modelling Concrete under Tension 

 
The concrete stiffening behaviour was presented using different relation of stress- 

strain of concrete under tension as mentioned previously in Chapter 3. Figures 

7-12 shows the two tension models that have been used to study the effect of 

tension stiffening behaviour on the FE results. The models were named according 

to the descending part of the stress-strain curve of concrete under tension. The 

purpose of this study was to choose the stress-strain relation of concrete under 

tension that should be adopted in the current investigation. 

Best correlation 
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a. Non-linear b. Linear 

Figure 7-12: Different modes present the tension softening behaviour of 

concrete under tension. 

 

Figures 7-13 shows the effect of concrete tension models on the load-deflection 

behaviour of beam BH2. As seen, assuming non-linear behaviour of concrete 

under tension overestimated the load value, while it is obvious that assuming 

linear behaviour of concrete after reaching the ultimate tensile capacity perfectly 

estimated the concrete capacity under tension. These results could be explained 

due to the higher tensile force values obtained by using the non-linear function, 

which means the linear relationship undergoes more rapid post-peak softening 

that is defined until the stress reaches zero, whereas the non-linear curve does 

not reach zero in the softening stage. Therefore, the linear tension softening was 

adopted in the present FEA. 
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Figure 7-13: Effect of concrete stress-strain relation of concrete under tension 

on the load-deflection behaviour of beam BH2. 
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7.6.3 Effect of Dilation Angle: 

 
The dilation angle (ψ) is one of the concrete damaged plasticity parameters that 

used in ABAQUS to model the concrete behaviour. It is defined as the internal 

friction angle of concrete or the angle of inclination of the failure surface, which 

evaluates the inclination of the plastic potential under high confining pressure. 

Higher dilation angle values result in more ductile behaviour of concrete whereas 

lower values lead to brittle concrete behaviour (Malm, 2009). Figures 7.14 shows 

the effect of using three different dilation angle values on the load-deflection 

behaviour, where the maximum value of this angle provides by ABAQUS is 56°. 

Changing the value of the dilation angle can affect the results of the load- 

deflection diagram, the best results were achieved with a value of 50° which is 

the value adopted in the current study. 
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Figure 7-14: Effect of dilation angle on the load-deflection behaviour of BH2. 

 
 

7.6.4 Mesh Sensitivity 

 
Although increasing the number of elements improved the degree of accuracy, 

the program consumes more time running the model, so this number should be 

chosen carefully. Four different mesh sizes were adopted in this analysis to 

investigate the mesh sensitivity of the model, those included 10 mm, 15 mm, 20 

mm, and 30 mm. Figures 7-15 shows the load-deflection curve for the different 

mesh sizes. The results showed that the initial stiffness of the beam was not 

affected by changing the element mesh size, however, it is clear from the figure 
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that using coarse mesh size (30 mm) exhibited different behaviour of the load- 

deflection curve at failure, which was recorded as the clear increase in the total 

load capacity and its corresponding deflection. Moreover, although there is a 

small difference in the final part of the load-deflection curves in the case of using 

a mesh size of 20 and 15 mm, the general behaviour was very similar. 

Conversely, using finer mesh size (10 mm) underestimated the load capacity of 

the tested beams. This due to the distortions that occurred in many small 

elements, so the elements collapsed and hence led to earlier failure. On the 

contrary, the number of distorted elements reduced in beams with higher mesh 

size, and therefore, more load capacity can be resisted. Consequently, in the 

present study, a mesh size of 15 mm was adopted in all following validations and 

the parametric study. 
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Figure 7-15: Effect of mesh size on the load-deflection behaviour of beam BH2. 

 

7.7 Validation 

 
To guarantee that the FEM gives a reasonable prediction, the model has been 

validated against the obtained experimental results. The validation was 

performed concerning the load-deflection behaviour, crack patterns, modes of 

failure, reinforcement tensile strain and end-reactions. 

 

7.7.1 Load-Deflection 

 
Figures 7-16 shows comparisons between the load-deflection curves obtained 

from the experimental and FE results for all tested beams. As depicted in the 

figure, the overall behaviour of the proposed model results was in good 

Lo
ad

 (
kN

) 



164  

agreement with the experimental load-deflection curve at all loading stages. The 

cracking load predicted by the FE model was similar to the experimental values. 

Besides, the FE model captured the stiffness reduction after the cracking stage 

along with steel yielding before failure, as can be seen clearly in Figures 7-16. 

The FE model perfectly predicted the load-deflection curves for beams BG and 

BH1 up to 93% and 96% of the failure load, respectively. However, the model 

predicted the failure load to be higher than the experimental value by 7% and 

4.2% for beams BG and BH1, respectively. This difference in behaviour might 

be attributed to the fact that both tested beams exhibited early failure caused by 

a diagonal shear crack at the middle-support section. 

On the other hand, there was a difference to a certain level between the 

predicted and experimental results in terms of stiffness, ultimate load, and mid- 

span deflection for beams BH2, BH3, BH4, and BH5. This might be due to the 

effect of several factors, such as the assumed compressive and tensile 

properties of concrete, or uncertainties related to the experimental part, such as 

the precise location of reinforcement and the difference between the response 

obtained by the manual load of the experiment and the monotonic loading in the 

FEA (Najafgholipour et al., 2017). Further possible considerations are the 

micro-cracks developed by the effect of shrinkage and temperature which were 

not included in the FE analysis. 

Table 7-1 presents a comparison between the experimental and the FE results 

of the total load and mid-span deflection values at failure. The average and the 

standard deviation of the experimental to the predicted values of the total load 

and deflection are 1.02, 5.6%, and 0.99, 13.3 %, respectively. This indicates 

that FEM can reasonably predict the load-deflection behaviour of HRCT-beams. 

As an additional validation, the predicted moment capacity by the FEA was 

compared to the values obtained from the analytical analysis using MATLAB 

(Chapter 3), as presented in Table 7.2. The predicted moment capacity by 

ABAQUS was found using the end-reaction value at the maximum load 

capacity, as presented in section 7.7.4. It can be seen from the table that there 

is a good agreement between the predicted results, the average value and 

standard deviation of predicted moment capacity by FEA, 𝑀𝐴, over the 

analytical moment capacity, 𝑀𝑀, were 0.9, 10.6 % and 0.8, 18.1 for sagging 

and hogging moments, respectively. The small variation of the results is due to 
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the difference in performance of the two applications. For the FEA, any small 

distortion in the elements will lead to collapse of the elements which cause 

earlier failure. However, in the analytical analysis, the maximum moment based 

on failure conditions, which could be concrete crushing or FRP rupture. 

Therefore, using FEA seems to be more sensitive to the predicted results, 

which explained the lower values of the predicted moment capacities by the 

FEA compared to the analytical results 
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Figure 7-16: Comparison between experimental and FE load-deflection 

behaviour. 
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Table 7-1: Comparison between the experimental and the FE results of the total 

load and mid-span deflection values at ultimate loads. 

 

Beam Total Predicted Pex Mid-span Predicted Δex  

notation load 

(kN) 

load (kN) P𝐹𝐸𝐴 deflection deflection Δ𝐹𝐸𝐴 

BG 648.6 694.1 0.93 33.6 42.5 0.81  

BH1 718.7 748.9 0.96 34.6 38.9 0.89 
 

BH2 797.3 780.1 1.02 37.7 38.9 0.97 
 

BH3 844.5 804.8 1.05 42.5 42.5 1.00 
 

BH4 872.9 821.1 1.06 41.7 38.9 1.07 
 

BH5 868.2 806.6 1.08 47.6 38.9 1.22 
 

Average 1.02 0.99 

Standard deviation 5.6% 13.3% 

 
Table 7-2: Comparison between the analytical (Matlab) and the FE moment 

capacities. 
 

 MATLAB 

 
Predicted moment, 𝑀𝑀 

ABAQUS 

 
Predicted moment 

  
 
 

𝑀𝑚 

 
 
 

𝑀𝑚 

 

Beam 

notation 

 
 
 

 
sag 

(kN.m) 

 
 

 
hog 

𝑀𝐴 

 
 

sag 

(kN.m) 

 
 

 
hog 

 𝑀𝐴 
(sag) 𝑀𝐴 

(hog) 

BG 167.4 172.9 147.1 134.7  0.9 0.8 

BH1 174.7 158.2 156.3 136.7 
 
0.9 0.9 

BH2 175.9 186.3 156.3 155.4 
 
0.9 0.8 

BH3 176.0 187.1 164.8 153.3 
 
0.9 0.8 

BH4 195.0 157.4 177.0 138.7 
 
0.9 0.9 

BH5 188.8 157.2 175.4 133.2 
 
0.9 0.8 

Avg 0.9 0.8 

Standard deviation 10.6 18.1 
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7.7.2 Crack Pattern 

 
The concrete damaged plasticity model does not have the concept of cracks 

developing at the material integration point. However, it is possible to introduce 

the concept of an effective crack direction to obtain a graphical visualization of 

the cracking patterns in the concrete structure. It can be assumed that cracking 

initiates at points where the tensile equivalent plastic strain is greater than 

zero, and the maximum principal plastic strain is positive (Abaqus, 2017). The 

concept of plastic strain is used to present the crack pattern in the tested 

specimens. Fig 7-17 shows the cracking pattern in both experimental and FEA 

model for all tested specimens. The cracking occurred at the same location 

around the mid-span and middle support section which is a good agreement. 

The similarity could be improved more by using a smaller mesh size; however, 

at the cost of computational time. 



169  

 

 

Figure 7-17: Comparison between the crack patterns of the proposed model 

and the experimental results for GUR-30-4.5. 
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7.7.3 Modes of Failure and Reinforcement Strains 

 
To check the mode of failure of the tested specimen, the strain was measured in 

the FRP reinforcement at the ultimate load in the mid-span and middle-support 

sections. In both regions, the strain was less than the ultimate rupture strain 

showing no rupture at failure, which agrees with the experimental results. Also, 

the strain in steel bars was evaluated and it was beyond the yielding strain values 

for all beams indicating steel yielding. Beams BH2 and BH5 were chosen to 

discuss the mode of failure that obtained from FE analysis. 

 

The strain in the FRP in the mid-support section is shown in Figures 7-18 for 

beams BH2 and BH5. The recoded strain was less than the ultimate strain value 

for GFRP bars at the mid-span (bottom) and middle-support (top) section in both 

beams, showing no rupture. Additionally, the strain of steel reinforcement at the 

top and bottom of each beam was beyond the yielding strain value which 

specifies steel yielding before reaching the ultimate load. Also, both strains in the 

mid-span and the mid-support sections were measured in concrete at the crack 

location as seen in the previous section and they were higher than 0.0035 

(theoretical value of concrete crushing), also the concrete crushing can be 

confirmed by the cracking patterns which discussed earlier in the previous 

section. These results reveal that the mode of failure of the proposed model is 

steel yielding followed by concrete crushing, which agrees with the experimental 

results. 
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Figure 7-18: Strain in FRP bar at the mid-support section GUR-30-4.5. 
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7.7.4 End support Reactions 

 
The experimental and FE end-reactions were compared to evaluate the ability 

of the model to redistributed moments. Figures 7-19 shows the relationship 

between the total applied loads and the end-reactions for experimental and the 

FE results. As the experimental and FE load-deflection response does not 

exactly fit each other, it was expected that there should be some difference 

between the predicted and experimental end-reactions. However, an acceptable 

agreement can be seen between the experimental and the predicted end- 

reactions results for all tested specimens. The comparison between the 

experimental and the FE end-reactions at failure load is listed in Table 7-3. The 

average and the standard deviation of the experimental to the predicted values 

of end-reaction are 0.96 and 6.19% respectively, implying that FEM can 

reasonably predict end-reactions, and consequently the moment redistribution 

of HRCT-beams. 
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Figure 7-19: Load versus end reactions for all tested beams. 

 
Table 7-3: comparison between the experimental and the FE results of the end 

reactions at failure. 

 

Beam 
 

Total 
 

Predicted Pex 
 

notation load (kN) load (kN) P𝐹𝐸𝐴  

BG 100.9 112.2 0.90  

BH1 116.0 130.3 0.89 
 

BH2 127.3 130.2 0.98 
 

BH3 136.2 137.3 0.99 
 

BH4 144.8 147.5 0.98 
 

BH5 146.1 146.1 1.00 
 

 

Average 0.96 

Standard deviation 6.19% 

7.8 Parametric Study 

As described earlier, a numerical model has been developed using ABAQUS 

software to investigate the flexural behaviour of HRCT-beams. The model has 

been validated against the experimental test results as presented in section 6.7, 

where generally a good agreement between the experimental and FE results was 

observed. In this section, the influence of a set of parameters on the behaviour 

of HRCT-beams was examined. The investigated parameters included the effect 

of hybrid reinforcement ratio at the sagging and hogging moment sections, the 

effect of concrete strength, the effect of stirrup type, and the effect of stirrup 

spacing. The longitudinal and cross-sectional details of the T-beams adopted in 

this study were the same as the tested specimen. Table 7-4 gives the mechanical 

properties of the reinforcement that has been used in this study. 
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Table 7-4: Mechanical properties of reinforcement material used for design 

 
Material Diameter 

(mm) 

* Area 

(mm2) 

Yielding 

strength 

Tensile 

strength 

Modulus of 

elasticity (GPa) 

   (MPa) (MPa)  

GFRP 20 278 - 763.7 `43 

GFRP 16 180 - 923 48 

GFRP 10 73 - 1101 62 

Steel 16 201 532 626 200 

Steel 10 78.5 500 556 203 

 
 

7.8.1 Effect of Hybrid Reinforcement Ratio at The Mid-Span Section 

 
The effect of different hybrid reinforcement ratio of GFRP to steel bars (Af/As) at 

the mid-span region is investigated in this section. The properties of the tested 

FE specimens are listed in Table 7-5. The reinforcement ratio of (Af/As) in the 

mid-span section was chosen to vary between 0.49 to 3.57, while the ratio was 

kept constant at the middle-support section. The flexural stiffness of the mid-span 

section over the middle-support section (EI(sag) /EI(hog)) is found by using the 

previous Equations in section 6.4. All specimens were chosen to fail by steel 

yielding followed by concrete crushing based on the designed curves that were 

shown previously in Chapter 4. The FE results were discussed in terms of load- 

deflection behaviour, load capacity and moment redistribution. 
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Table 7-5: Details of the tested specimens used in the parametric study for the 

FE model. 

 

Specimen  
 

FRP 

sagging 

 
STEEL 

 
 
Af/As 

 
 

FRP 

Hogging 

 
STEEL 

 
 
Af/As 

 
EI(sag) /EI(hog) 

P-BH1 2Ф16 4Ф16 0.46 2Ф16 2Ф10 2.34 2.28 

P-BH2 3Ф16 4Ф16 0.69 2Ф16 2Ф10 2.34 2.40 

P-BH3 3Ф16 3Ф16 0.92 2Ф16 2Ф10 2.34 2.00 

P-BH4 3Ф16 2Ф16 1.38 2Ф16 2Ф10 2.34 1.57 

P-BH5 3Ф16 4Ф10 1.76 2Ф16 2Ф10 2.34 1.37 

P-BH6 4Ф16 2Ф16 1.83 2Ф16 2Ф10 2.34 1.71 

P-BH7 3Ф16 3Ф10 2.34 2Ф16 2Ф10 2.34 1.18 

P-BH8 4Ф20 2Ф16 2.76 2Ф16 2Ф10 2.34 1.98 

P-BH9 4Ф16 3Ф10 3.13 2Ф16 2Ф10 2.34 1.32 

P-BH10 3Ф16 2Ф10 3.52 2Ф16 2Ф10 2.34 0.98 

 
 

7.8.1.1 Load deflection behaviour 

 
Figures 7.20 shows the Load-deflection response for different (Af/As) ratio in the 

mid-span section. The load-deflection response of the tested beams is divided 

into three parts, including the linear behaviour before cracking, the non-linear 

response after cracking, and the softening of the curve after the ultimate load. 

The non-linear behaviour part included two slopes, the first slope was recorded 

after the cracking point due to stiffness reduction whereas the second slope 

started after the steel yielding point and continued to the ultimate load. The 

specimen with the highest steel reinforcement ratio in the mid-span section 

exhibited the highest flexural stiffness due to the high elasticity modulus of steel 

reinforcement that is approximately five times higher than that of GFRP 

reinforcement. For example, beams P-BH1 and P-BH2 showed the lowest 

deflection before steel yielding compared to the tested specimens. This also can 

be seen by the flexural stiffness ratio (EI(sag) /EI(hog)), the beams with highest axial 

stiffness ratio demonstrated the lowest deflection at the same value of load before 

steel yielding, like P-BH1, P-BH2, and P-BH8 while beams with the lowest axial 
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stiffness ratio showed the highest deflection at the same value of load compared 

to other specimens, like P-BH10 and P-BH7. 
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Figure 7-20: Load-deflection response for different (Af/As) ratio in the mid-span 

section. 

 

7.8.1.2 Load capacity 

 
The relationship between the hybrid reinforcement ratio (Af/As) and the ultimate 

load capacity is shown in Figures 7-21. As seen, there is no correlation between 

the hybrid reinforcement ratio and the ultimate load capacity of HRCT-beams. 

However, increasing either the GFRP or steel reinforcement ratio at mid-span 

section improved the ultimate load capacity of hybrid-reinforced beams. For 

example, the steel reinforcement ratio in beam P-BH8 was kept the same as 

beam P-BH4 at the mid-span section, while it was reinforced with 2.1 of the GFRP 

reinforcement ratio in beam P-BH4, consequently, the enhancement in the total 

load capacity was 14 % for beam P-BH8 over beam P-PH4. Similarly, in beam P- 

BH5, the steel reinforcement ratio was changed to be 1.92 of that in beam P-BH3 

while the GFRP reinforcement ratio was kept the same as beam P-BH3. 

Accordingly, the load capacity of beam P-BH5 was increased by 9.3% over P- 

BH3. The earlier results prove that the GFRP reinforcement ratio at the mid-span 

section has a profound effect on increasing the total load capacity than increasing 

the steel reinforcement ratio at the mid-span section in HRCT-beams. This 

observation agreed with the experimental results in this study. 
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Figure 7-21: The relationship between the hybrid reinforcement ratio (Af/As) and 

the ultimate load capacity. 

 
7.8.1.3 Moment redistribution 

 
Figures 7-22 shows the effect of hybrid reinforcement ratio on the amount of 

moment redistribution. The moment redistribution was found by using Equation 

7-19. 

(𝑀𝑒 ― 𝑀𝐹𝐸 
 

 ) (7-19) 

M.R = Abs 
𝑀𝑒 

100% 
 

where M.R is the moment redistribution value, 𝑀𝑒 is the elastic moment found by 

the elastic theory which is equal to 0.156PL, 0.188PL for the sagging and the 

hogging moment section respectively, 𝑀𝐹𝐸 is the FE moment that is found by 

using the FE end-reaction values. 

As seen in Figures 7-22, there is no constant relationship between the hybrid 

reinforcement ratio at the mid-span section and the achieved value of moment 

redistribution. This because the level of moment redistributions depend mainly on 

the ductility of the section that is going to redistribute moment (Park and Paulay, 

1975) and on the variation in the flexural stiffness between the critical sections 

(Oehlers et al., 2004) rather than the hybrid reinforcement ratio. However, after a 

certain value (Af/As=2.8) increasing the GFRP reinforcement ratio reversely 

affected the level of moment redistribution. 
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Figure 7-22: Effect of hybrid reinforcement ration on moment redistribution. 

 
Figures 7-23 shows the variation in axial stiffness (the ratio of the modulus of 

elasticity multiplied by the moment of inertia) ratio (EI(sag) /EI(hog)) against the level 

of moment redistribution to study the relationship between the two parameters. 

Generally, although there were some fluctuation points in the relationship 

between the variation of the flexural stiffness and the value of moment 

redistribution, the general trend shows that mostly increasing the variation of the 

flexural stiffness between the mid-span section and the middle-support section 

improved the achieved value of moment redistribution. This enhancement could 

be due to the increase of the reinforcement ratio at the mid-span region, which 

enhanced the flexural stiffness in this section, and hence improved the moment 

redistribution since it depends mainly on the variation of flexural rigidity between 

the critical sections and not the value of the flexural rigidity (Oehlers et al., 2004). 

The reason behind the fluctuation points is due to the hogging section ductility. 

Since the moment redistribution is from hogging to the sagging section in the 

present study, it depends mainly on the ductility of the hogging moment section. 

Increasing the tensile reinforcement in the sagging moment section has 

increased the compression reinforcement in the hogging moment section, and so 

affects the ductility of the section. Figures 7-24 shows the difference in the 

moment-curvature diagram for the hogging moment section of some varying 

points like beams P-BH9 and P-BH5. The variation of the flexural stiffness in 

beam P-BH5 (1.37) was slightly higher than beam P-BH9 (1.32). However, the 

ductility (rotational capacity) of the hogging moment section of beam P-BH5 was 

slightly lower than beam P-BH9 as seen in Figures 7-24. This reduced the 

moment redistribution value from 20% for P-BH9 to 17 % for beam P- BH5. The 

M.R at Hogging 
M.R at Sagging 

M
.R

 %
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same justification is valid for the drop in the moment redistribution in beams P- 

BH3 and P-BH1 compared to beam P-BH8 as shown in Figures 7-25. 
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Figure 7-23: Effect of axial stiffness on the moment redistribution. 
 

 

 

Figure 7-24: Moment -curvature for the hogging moment section of beams P- 

BH9 and P-BH5. 
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Figure 7-25: Moment -curvature for the hogging moment section of beams P- 

BH9 and P-BH5. 
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7.8.2 Effect of Hybrid Reinforcement Ratio at The Middle-Support Section 

 
The effect of different hybrid reinforcement ratio of GFRP to steel bars (Af/As) at 

the middle-support region is examined in this section. The details of the tested 

FE specimens are given in Table 7-6. The hybrid reinforcement ratio of (Af/As) in 

the middle-support section was chosen to vary from 0.12 to 4.7, while it was kept 

constant at the mid-span section. The mode of failure was chosen to be steel 

yielding followed by concrete crushing based on the design curves that were 

shown previously in Chapter 4. The FE results were discussed in terms of load- 

deflection behaviour, load capacity and moment redistribution. 

Table 7-6: Details of the tested specimens used in to study the effect of hybrid 

reinforcement ratio in the middle-support section. 

 

Specimen  
 

FRP 

Sagging 
 

STEEL 

 
 
Af/As 

 
 

FRP 

Hogging 

 
STEEL 

 
 
Af/As 

 

EI(sag) /EI(hog) 

P-BH11 3Ф16 3Ф16 0.92 2Ф10 3Ф16 0.12 1.20 

P-BH12 3Ф16 3Ф16 0.92 2Ф10 4Ф10 0.46 1.69 

P-BH13 3Ф16 3Ф16 0.92 3Ф10 2Ф16 0.54 1.43 

P-BH14 3Ф16 3Ф16 0.92 2Ф10 3Ф10 0.62 1.92 

P-BH15 3Ф16 3Ф16 0.92 4Ф10 2Ф16 0.72 1.37 

P-BH16 3Ф16 3Ф16 0.92 2Ф16 2Ф16 0.92 1.40 

P-BH17 3Ф16 3Ф16 0.92 2Ф16 3Ф10 1.57 1.76 

P-BH18 3Ф16 3Ф16 0.92 2Ф16 2Ф10 2.34 2.01 

P-BH19 3Ф16 3Ф16 0.92 3Ф16 2Ф10 3.50 1.80 

P-BH20 3Ф16 3Ф16 0.92 4Ф16 2Ф10 4.70 1.64 

 
 

7.8.2.1 Load deflection behaviour 

 
The Load-deflection response for different hybrid reinforcement ratio (Af/As) in 

the middle-support section is shown in Figures 7-26. The general behaviour of 

load-deflection response is similar to that described in the previous section. As 

seen, increasing either the FRP reinforcement or steel reinforcement ratio in the 

middle-support section has a limited effect on enhancing the flexural stiffness of 

the HRCT-beams compared to increasing it in the mid-span section. Figures 7- 
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27 shows the enhancement of the flexural stiffness for a different scenario in the 

mid-span and the middle-support sections. It is obvious from the figure that 

increasing both steel and GFRP reinforcement ratio at the mid-span section is 

more effective in enhancing the flexural stiffness at the middle-support section. 

This could be explained because the structure of the tested continuous beam that 

is consisted of two mid-span sections and one middle-support section, resulting 

in the mid-span section reinforcement having a more profound effect on the 

general behaviour of the beam than the middle-support reinforcement. 
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Figure 7-26: Load-deflection response for different (Af/As) ratio in the middle- 

support section. 
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Figure 7-27: The enhancement of the flexural stiffness for different 

reinforcement scenarios in the mid-span and the middle-support sections. 

 
 

7.8.2.2 Load capacity 

 
Fig.7-28 shows the relationship between the hybrid reinforcement ratio (Af/As) at 

the middle-support section and the ultimate load capacity. As seen, increasing 

either the FRP reinforcement or steel reinforcement ratio in the middle-support 

section improved the load capacity the HRCT beams. However, it has a limited 

effect on the load capacity compared to increasing it in the mid-span section. The 

enhancement in the load capacity was only 4.4 % for beam P-BH16 that was 

reinforced with 2.5 of the steel reinforcement ratio in beam P-BH18, while the 
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GFRP ratio was kept the same. Additionally, the enhancement in the load- 

capacity was 4.6 % for beam P-BH20 that was reinforced with twice of the GFRP 

reinforcement ratio of beam P-BH18. 
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Figure 7-28: The relationship between the hybrid reinforcement ratio (Af/As) and 

the ultimate load capacity at the middle-support section. 

 
 

7.8.2.3 Moment redistribution 

 
The relationship between the moment redistribution and the hybrid reinforcement 

ratio is shown in Figures 7-29. As shown, there is no relationship between the 

hybrid reinforcement ratio at the middle-support section and the achieved value 

of moment redistribution, however, beyond a certain value (Af/As=2.3) the 

relationship was inversely proportional. This is attributed to the fact that the 

amount of moment redistribution depends mainly on the ductility of the hogging 

moment section rather than the hybrid reinforcement ratio. Increasing either the 

GFRP or steel reinforcement ratio in the middle-support section reduces the 

moment redistribution if other factors remain constant. For example, beam P- 

BH20 was reinforced with twice of the GFRP reinforcement ratio of beam P-BH18 

at the middle-support section, while the steel reinforcement kept the same. 

Increasing the GFRP reinforcement area in beam P-BH20 reduced the rotational 

capacity, and consequently the ductility of this section, which in turn reduced the 

amount of moment redistribution from 29.0 % for beam P-BH18 to 15.1% for 

beam P-BH20. Likewise, beam P-BH16 was reinforced with 2.56 of the steel 

reinforcement ratio of beam P-BH18 while other factors kept constant, 

accordingly, the moment redistribution dropped from 29 % for P-BH20 to 21.6% 

for beam P-BH16. 
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Figure 7-29: Effect of hybrid reinforcement ratio on moment redistribution. 

 
 

Figures 7-30 shows the effect of the variation of flexural stiffness between the 

mid-span and middle-support section and the level of moment redistribution. It is 

seen that increasing the variation of the flexural stiffness does not assure a good 

amount of moment redistribution (assume 20%). For example, beam P-BH22 

have a higher ratio of axial stiffness than beam P-BH13, however, the moment 

redistribution for beam P-BH20 was less by 29.8% than beam P-BH13. This 

because the value of moment redistribution depends mainly on the ductility of the 

hogging moment section. Figures 7-31 shows the moment-curvature behaviour 

for beams P-BH20 and P-BH13 at the hogging moment section. The curvature 

value at failure is higher for beam P-BH13, showing higher rotational capacity. 

Also, the higher GFRP reinforcement ratio in beam P-BH20 reduced the ductility 

of the beam over the middle-support section, which in turn decreased the amount 

of moment redistribution. 
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Figure 7-30: Effect of the variation of flexural stiffness between the mid-span 

and middle-support section and the level of moment redistribution . 
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Figure 7-31: Moment-curvature relationship for beams and PBH20 P-BH13. 

 
To confirm the earlier results, the value of moment redistribution was plotted 

against the curvature value was plotted in Figures 7-32. Generally, increasing the 

curvature value (rotational capacity) enhanced the level of moment redistribution 

except for beams P-BH20 and P-BH11. Both beams have very similar curvature 

values, as seen in Figure 33. However, the higher GFRP reinforcement ratio in 

beam P-BH20 reduced the rotational capacity of the section and consequently 

decreased the moment redistribution value. 
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Figure 7-32: effect of curvature value on the level of moment redistribution. 
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Figure 7-33: Moment-curvature relationship for beams and PBH20 P-BH11. 

 

7.8.3 Effect of Concrete Compressive Strength 

 
The effect of concrete compressive strength on the behaviour of the HRCT- 

beams has been examined in this section. Figures 7-34 shows the load-deflection 

behaviour for different values of concrete compressive strength that ranged 

between 30 MPa and 70 MPa. The figure revealed that at the same load value, 

the increase in the concrete compressive strength reduced the deflection due to 

the enhancement in total beam stiffness. Additionally, the first cracking loads 

slightly increased due to the total increase in the concrete tensile strength. 

Furthermore, the high value of compressive strength gives a higher load capacity, 

due to the higher flexural moment capacity of the critical sections. The concrete 

with a strength of 70 MPa has a higher load capacity than that of specimens with 

strengths of 30 MPa, 40 MPa, 50 MPa and 60 MPa by 33.1%, 23.1%, 12.1 % and 

5.51% respectively. 
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Figure 7-34: Effect of concrete compressive strength on the load-deflection 

behaviour. 

Figures 7-35 illustrates the relationship between the moment redistribution and 

the compressive strength. Although increasing the compressive strength 

improved the ductility and the rotational capacity for the critical sections, it has a 

limited effect on the level of moment redistribution. This because the moment 

capacity of the different sections along the length of the beam remains more or 

less the same (Tajaddini, 2015). Therefore, increasing the compressive strength 

cannot improve the level of moment redistribution by itself. However, the moment 

redistribution value for the compressive strength of 70 MPa, 60 MPa, and 50 MPa 

was slightly less than the value at 40 MPa. This because the CDP model is 

extremely sensitive to the concrete material definition which was changed at each 

value of compressive strength. 
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Figure 7-35: effect of concrete compressive strength on the value of moment 
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7.8.4 Effect of Stirrup Type 

 
In this section, the effect of the stirrup type on the overall behaviour of HRCT- 

beams is investigated. The same FEM with similar material properties and 

geometry was reinforced with GFRP stirrup. Figures 7-36 shows the load- 

deflection curves for the tested specimens. As seen, using GFRP stirrup reduced 

the stiffness of the beam, such that at the same value of the load, the beam with 

GFRP stirrup showed higher deflection. This because of the low axial stiffness of 

the GFRP stirrup compared to a steel stirrup. Additionally, using FRP stirrups 

reduced the load capacity of the beam; the reduction in the ultimate load capacity 

of the beam was 18.81%. However, the behaviour of the beams reinforced with 

GFRP stirrups is dependent more on the properties of the stirrups, which vary 

according to the manufacturer. Using FRP stirrup with enhanced properties 

showed the same behaviour of steel stirrup (Ahmed et al., 2010, El-Mogy et al., 

2011). 
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Figure 7-36: Effect of stirrup type on the load-deflection behaviour of H1. 

 
The effect of stirrup type on the value of moment redistribution is shown in Figures 

7-37. The value of moment redistribution was higher for GFRP stirrup, due to the 

excess cracks and the high deflection value but not related to the enhancement 

of the beam ductility. Figures 7-38 shows the crack pattern for the tested beams. 

It is seen that the excessive cracks between the mid-span and middle support 

section increased the rotational capacity of the middle-support section, 

consequently, the level of moment redistribution. 
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Figure 7-37: Effect of stirrup reinforcement type on the moment redistribution. 
 
 

 

 

a. Beam with GFRP stirrup 
 

b. Beam with a steel stirrup 
 
 

Figure 7-38: The failure mode for beams reinforced steel and GFRP stirrup. 

 

7.8.5 Effect of Stirrup Spacing 

 
To examine the effect of stirrup spacing on the behaviour of HRCT-beams, two 

different spacing has been considering in this section, including 50 mm and 100 

mm. The same FEM was used with similar geometry and material properties; the 

only difference was the stirrup spacing. Figures 7-39 shows the load-deflection 

behaviour for different stirrup spacing. As seen, decreasing the stirrup spacing 
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enhanced the concrete confinement, hence the stiffness and the load capacity of 

the beam. The load capacity improved by 17.7% when 50 mm spacing was used. 
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Figure 7-39: Effect of stirrup spacing on the load-deflection behaviour. 

 
 

The effect of stirrup spacing on the achieved value of moment redistribution is 

shown in Figures 7.36. It is seen that the effect of spacing has a limited influence 

on the achieved value of moment redistribution. The moment redistribution value 

was slightly higher for a spacing of 100 mm because of the excessive cracking 

that increases the rotational capacity of the section as can be seen in Figures 7- 

42 for the crack patterns. 
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Figure 7-40: The level of moment redistribution at different stirrup spacing. 
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a. Spacing 50 mm. 
 

b. Spacing 100 mm. 

Figure 7-41: The failure mode for beam reinforced with different stirrup spacing. 

 

7.9 Conclusions 

 
The purpose of this numerical analysis is to investigate the flexural behaviour of 

HRCT-beams. ABAQUS software has been used to develop the three- 

dimensional non-linear FE model. Only a quarter of the beam was modelled due 

to the symmetry in geometry and boundary conditions. The FEM was validated 

using the previous experimental test results in terms of load-deflection behaviour, 

load capacity, cracks patterns, modes of failure, reinforcement strain and end- 

reactions. A good agreement between the experimental and the predicted results 

were recorded, and therefore the model was utilized to study the effect of different 

parameters on the flexural performance of HRCT-beams. The investigated 

parameters included the effect of hybrid reinforcement ratio at the mid-span and 

middle-support sections, the concrete compressive strength, the stirrup 

reinforcement type, and the stirrup spacing. The following remarks can be drawn 

from the analytical study in this chapter: 

 

• Adding steel reinforcement to both mid-span and middle-support sections 

improved the stiffness of HRCT-beams. However, increasing steel in the mid- 
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span section is more effective in enhancing the stiffness of the beam compared 

to increasing it in the middle-support section. 

 

• Increasing the GFRP reinforcement ratio at either the mid-span or middle- 

support section has a profound effect on increasing the total load capacity than 

increasing the steel reinforcement ratio in HRCT-beams 

 

• Increasing FRP or steel in the mid-span section is more effective in enhancing 

the load capacity of the beam compared to increasing reinforcement in the 

middle-support section. 

 

• There is no correlation between the load capacity of HRCT-beams and the 

hybrid reinforcement ratio (Af/As) in either mid-span or middle-support 

sections. 

 

• There is no relationship between the hybrid reinforcement ratio (Af/As) at both 

mid-span and middle support section and the level of moment redistribution. 

However, after a certain value (2.8 at mid-span, 2.3 at middle-support) 

increasing the GFRP reinforcement ratio reversely affects the level of moment 

redistribution. 

 

• The level of moment redistribution depends mainly on the ductility of the 

section that is going to redistribute moments (middle-support section in the 

present study). Therefore, increasing FRP or steel reinforcement ratio in this 

section reduces the moment-redistribution of the beam due to the reduction in 

ductility as the reinforcement ratio increases. 

 

• Adding reinforcement to the region into which the moment redistributes (mid- 

span section in the present study), improves the achieved amount of moment 

redistribution. 

 

• Increasing the variation of the flexural stiffness between the mid-span section 

and the middle-support section (EI(sag) /EI(hog)) mostly improved the achieved 

value of moment redistribution. 

 

• Increasing the concrete compressive strength improved the load capacity and 

reduced the deflection at the same load value. However, it had a limited effect 

on the achieved value of moment redistribution. 
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• Using FRP stirrups reduced the stiffness and the load capacity of the HRCT- 

beams. However, the effect of using FRP reinforcement as shear 

reinforcement depends mainly on the properties of this material, which varies 

according to the manufacturer. 

 

• Decreasing the stirrup spacing improves the load capacity of HRCT-beams. 

However, it has a partial effect on the amount of moment redistribution. 
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Chapter 8 

CONCLUSIONS AND RECOMMENDATIONS TO FUTURE WORK 

 

8.1 Introduction 

 
In this research, the flexural behaviour of hybrid reinforced concrete beam was 

studied. The research included two parts, the experimental and the theoretical 

part. The theoretical parts consist of analytical and numerical analysis. The 

analytical included modelling the moment-curvature behaviour by using Matlab 

software, and the evaluation of using the design codes and the existing 

theoretical equations for prediction the flexural behaviour of HRCT -beams. The 

analytical model has been developed by MATLAB software to investigate the 

moment-curvature behaviour of HRCT-beams based on forces equilibrium and 

strain compatibility equations. Then, the model has been used to study the effect 

of different parameters on the behaviour of HRCT-section for both sagging and 

hogging moment sections. The major parameters included: the type of cross- 

section, the slab reinforcement, the tensile reinforcement, the position of steel 

reinforcement, the steel yielding strength, and the FRP rupture strength. 

Afterwards, the model was used for the design of the experimental specimens. 

 
The experimental part consists of preparing the moulds and the reinforcement 

cages for six continuous supported T- beams, followed by casting the specimens 

and testing then finally collecting the data. The flexural behaviour of HRCT- 

beams was investigated in this research, this included the general behaviour of 

the tested specimens, the modes of failure, the crack propagation, the crack 

width, the strain of the reinforcement, the load-deflection behaviour, the moment 

redistribution and the digital image correlation. 

 

The second part of the analytical work was the evaluation of using design codes 

of FRP-RC beams and the existing theoretical equations for prediction the flexural 

behaviour of HRCT-beams. The evaluation based on a comparison between the 

experimental and the predicted results in terms of moment capacity, load- 

capacity, load-deflection and ductility index. This followed by the second part of 

the theoretical work which is the numerical analysis. A three-dimensional 

nonlinear finite element model has been developed using ABAQUS software to 
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study the flexural behaviour of continuous HRCT-beams under the effect of 

different parameters. Then the model has been used to examine the effect of 

different parameters on the flexural behaviour of HRCT-beams. 

In this chapter, the main outcomes of the current research are summarized, and 

a number of future recommendations are suggested. 

 

8.2 Main Conclusions 

 
• Adding steel reinforcement to GFRP-RC T beams improves the ductility 

and deformability of GFRP-RC beams by preventing the brittle failure. 

 

• Adding steel reinforcement to GFRP-RC T beams reduced the crack width 

significantly. Also, increasing steel reinforcement is more effective in 

reducing the crack width than increasing GFRP reinforcement. 

 

• Adding steel reinforcement to GFRP-RC T beams enhanced the flexural 

stiffness of GFRP-RC beams. HRCT-beams demonstrate smaller 

deflection compared to GFRP-beams at the same value of the load, due 

to the elastic modulus of steel reinforcement that is approximately five 

times higher than that of GFRP bars. 

 

• Increasing the amount of either GFRP or steel at the mid-span section is 

more effective in enhancing the load capacity of the beams than that at 

the middle support section. This may be attributed to the structural system 

of the tested two-span beams; in such case, the mid-span section moment 

has a more contribution than that of the middle-support moment to the total 

applied load. 

 

• Adding steel reinforcement to continuous GFRP-RCT beams did not 

achieve considerable moment redistribution due to the early yielding of 

steel reinforcement while the section did not reach its full capacity due to 

the reserve strength of FRP reinforcement. 

 
• Adding reinforcement to the region from which the moment redistributes 

reduces the amount of moment redistribution, because of decreasing the 

rotational capacity of this section. However, adding reinforcement to the 
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region into which the moment redistributes, improves the achieved amount 

of moment redistribution. 

 

• The ACI 440.2R-17 design code equations reasonably estimated the 

moment capacity of both mid-span and middle-support sections 

 

• Qu et al. (2009), and Safan (2013) equations can be used to predict the 

sagging moment capacity of HRC continuous beams while they cannot be 

used to predict the moment capacity of the hogging moment section, 

hence, both equations underestimated the predicted load-capacity by 

either using the brittle or ductile assumptions. 

 
• The Bischoff and Yoon models underestimated the deflection at all load 

stages for both GFRP and hybrid reinforced concrete T beams. 

 
• The deformability index and the modified energy method for ductility 

prediction cannot be used for HRCT- beams. However, the energy index 

seems to be more useful for predicting the ductility index for HRCT-beams. 

 
• The developed three-dimensional non-linear FE model reasonably predict 

the of load-deflection behaviour, load capacity, cracks patterns, modes of 

failure, reinforcement strain and end-reactions of the tested beams. 

 
• The results of the parametric study of FEM showed that : 

✓ There is no correlation between the load capacity of HRCT-beams and 

the hybrid reinforcement ratio (Af/As) in either mid-span or middle- 

support sections. 

 

✓ There is no relationship between the hybrid reinforcement ratio (Af/As) 

at both mid-span and middle support section and the level of moment 

redistribution. However, after a certain value (2.8 at mid-span, 2.3 at 

middle-support) increasing the GFRP reinforcement ratio reversely 

affect the level of moment redistribution. 

 

✓ The level of moment redistribution depends mainly on the ductility of the 

section that is going to redistribute moments (middle-support section in 

the present study). Therefore, increasing FRP or steel reinforcement 
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ratio in this section reduces the moment-redistribution of the beam due 

to the reduction in ductility as the reinforcement ratio increases. 

 
✓ Increasing the variation of the flexural stiffness between the mid-span 

section and the middle-support section (EI(sag) /EI(hog)) improved the 

achieved value of moment redistribution mostly. 

 

8.3 Recommendation for Future Work 

 
The following important areas are suggested for additional investigations: 

 

• As the present study was conducted using two load points and equal span 

length, it is recommended to study the effect of different load 

configurations and different span lengths. 

 

• As the present study was carried out using the same geometric 

dimensions, it is recommended to study the size effect of the tested 

specimens on the behaviour of HRCT-beams. Different flange width, 

flange depth, web width, and total beam depth should be taken into 

consideration in future investigations. 

 

• An additional experimental investigation is needed to develop theoretical 

equations for deflection prediction of multi-span continues beams. 

• More experimental work needs to be performed to find the exact FRP to 

steel reinforcement ratio with the aim of achieving the best ductility. 

 

• As the present study was conducted using ribbed GFRP bars which enable 

concrete to have a mechanical grip to the rebar. It is recommended to 

study the bond effect of different GFRP bars with different diameters on 

the general behaviour of HRCT-beams. For example, plain or sand coated 

GFRP bars. 

• The concept of the effective flange width has been proposed to simplify 

the analysis and design of T-sections. However, the recommendations by 

different codes have specific limits and possibly considered as estimated. 

More studies need to be performed in this field to define the effective 

flange width for T-section beams. 
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• As the numerical analysis performed using specific models to represents 

the behaviour of concrete under both compressive and tensile stress. 

More analysis is needed to confirm the numerical results. 
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APPENDIX A 
 
 

 

A1: Slab reinforcement 

 
▪ Top flange reinforcement presents the negative moment reinforcement in 

continuance slab, this reinforcement shall be spaced no farther apart three 

times the slab thickness or 300 mm, clause 8.4.2.3 (CSA, 2012). Regarding 

the spacing in flange reinforcement, (Rahman et al., 2016) concluded that 

decreasing the spacing between the flange reinforcement prevents the 

formulation of the horizontal crack between flange-web interface. As such, 

10 mm spaced at 150 mm for the top and bottom slab reinforcement. 

▪ According to CSA-S806-12 clause 8.4.2.3, the minimum slab reinforcement 

shall not be less than 0.0025 Ag for the two orthogonal directions. 

Short direction 

4 ∗ 73 = 292 

required). 

mm2(provided) < 0.0025 ∗ 100 ∗ 500 = 125 mm2(min 

 
 

Long direction 

32 ∗ 73 = 2336 

required). 

 

 

mm2(provided) < 

 

0.0025 ∗ 5100 ∗ 100 = 1275 

 

mm2 (min 

 
 

 

A2: Design of specimens: 

 
A.2.1 Ultimate load capacity of the beams 

 
 

• For a fully ductile beam, a plastic hinge develops at a critical section to 

activate the plastic moment of resistance. As the load P is further 

increased, the moments at other critical sections also increase until 

eventually reach the plastic moments of resistance, causing the beam to 

collapse. The flexural load capacity in such case is based on a collapse 

mechanism with plastic hinges at mid-span and central support sections. 

Thus, the flexural load capacity Pu on each span would be calculated from: 
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Figure A-1: Plastic collapse mechanism for the two-span continuous beam 

(Gardner et al., 2011) 

 
𝑃𝑈𝑝 

= 
2 

(𝑀 
𝑙 

 
 

ℎ𝑜𝑔𝑔𝑖𝑛𝑔 

 
+ 2𝑀𝑠𝑎𝑔𝑔𝑖𝑛𝑔 ) 

A-1 

 
 
 

 

• For a brittle elastic material, the beam is suddenly failed when either the 

mid-span or middle support section reaches the moment of resistance. 

Thus, the flexural load capacity Pu on each span is the smaller of 

𝑀𝑢𝑠/0.156𝑙 and 𝑀𝑢ℎ/0.188𝑙 and no moment redistribution is possible 

(Kara and Ashour, 2013). 



 

 
 
 
 

 

Table a-1: Calculation for the designed specimens. 

 

 
Specimens 

Sagging Hogging  
𝑃𝑒 

 
𝑃𝑈𝑝 FRP steel 𝑀Us 𝑀Um 𝑃𝑒 FRP steel 𝑀Us 𝑀Um 

GFRP 4Ф16 - 137.69 163.7105 398.67 3Ф16 - 71.54 105.4374 468.61 721.43 

BH1 3Ф16 2Ф16 133.57 160.8570 373.60 2Ф16 2Ф10 65.06 97.4919 433.30 698.68 

BH2 3Ф16 2Ф16 133.57 160.8570 373.60 3Ф16 2Ф10 76.06 107.6875 478.61 715.67 

BH3 3Ф16 2Ф16 133.57 160.8570 373.60 2Ф16 2Ф16 76.91 113.9142 506.29 726.05 

BH4 4Ф16 2Ф16 149.46 179.1966 414.67 2Ф16 2Ф10 65.06 98.7278 438.79 761.87 

BH5 3Ф16 3Ф16 143.62 172.7903 396.80 2Ф16 2Ф10 65.06 96.4579 428.70 736.73 

 
 
where 𝑀Us is the moment capacity by QU Equation (Equation 2.4 that has been reviewed in chapter two), 𝑀Um is the moment capacities 

by MATLAB respectively, M.F is the mode of failure. 𝑃Up is the ultimate plastic load calculated by Equation A-1. 𝑃Ue is the ultimate elastic 

load. M.R(sag), M.R(hog) is the moment redistribution in sagging and hogging respectively. 
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A.2.3 Shear reinforcement: 
 
 

 

The shear reinforcement designed based on the critical section (which has 

the maximum flexural capacity, to prevent shear failure) 

 
1. The maximum load capacity is 381 kN. 

2. The maximum shear based on this value equal: 

𝑉𝑚𝑎𝑥 = 0.6875 × 380 = 258.5 𝑘𝑁. 
 
 
 

 

 

 

3. Since steel stirrup will be used as shear reinforcement, the design 

codes for steel stirrup will be used 

 

Design it using CSA A.2.3-04 for steel 

 

• Shear force of the section 

flexure capacity) 

 

 
𝑉𝑓 = 258.5 𝑘𝑁 (corresponding to section 

• Total shear force 

than 25Ф𝑐𝑓′𝑐𝑏𝑤𝑑𝑣 

𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠, and 𝑉𝑟 shall not be taken more 

Where Ф𝑐is the concrte resistance factor taken as 0.65 (Clause 8.4.2,) 

→ 𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠 < 0.25 𝑓𝑐’ 𝑏_𝑤 𝑑𝑣 
→ dv = the greater of 0.9 𝑑 or 0.72ℎ 

𝑑𝑣 = 0.9 ∗ 254 = 228.6 𝑚𝑚 𝑜𝑟 = 0.72 ∗ 300 = 216 𝑚𝑚 

𝑑𝑣 = 220.1 𝑚𝑚 

→ 0.25 ∗ 0.65 ∗ 𝑓𝑐’ 𝑏𝑤𝑑𝑣 = 0.25 ∗ 0.65 ∗ 40 ∗ 200 ∗ 228.6 = 297.18𝑘𝑁 

→ According to CSA (2004) clause 11.3.8.1 and clause 11.3.8.3, the 

maximum transverse spacing should not exceed 600 mm or 0.7𝑑𝑣 . If the 
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applied shear force exceeds 0.25Ф𝑐𝑓′𝑐𝑏𝑤𝑑𝑣, the maximum spacing should 

not exceed 300 mm or 0.35𝑑𝑣 . since 258.5 kN<297.18𝑘𝑁 

→ Max spacing of stirrups = the less of 0.7𝑑𝑣 𝑜𝑟 600 𝑚𝑚 = 0.7 ∗ 228.6 = 160 

mm 

→ According to clause 11.3.4 and clause 11.3.5, 𝑉𝑐 and Vs can be calculated 

as follows: 

𝑉𝑐  = 𝜑𝑐𝜆 𝛽 𝑓𝑐′𝑏_𝑤𝑑𝑣, 𝑉𝑠 
Ф𝑠𝐴𝑣𝑓𝑦𝑑𝑣𝑐𝑜𝑡Ө 

= 𝑠 

→ If the section contains at least the minimum transverse reinforcement as 

specified by Equation (11-1), β shall be taken as 0.18. 

→ 𝑉𝑐 = 0.65 ∗ 1 ∗ 0.18 ∗ ∗ 200 ∗ 228.6 = 33.83 𝑘𝑁 
Ф𝑠𝐴𝑣𝑓𝑦𝑑𝑣𝑐𝑜𝑡Ө 

→  The shear force provided by the stirrup 𝑉𝑠 = 𝑠 

Where Фs= 0 .85 for steel (clause 8.4.3). 

If the yield strength of the longitudinal steel reinforcement does not exceed 

400 MPa and the specified concrete strength does not exceed 60 MPa, θ 

shall be taken as 35° (clause 11.3.6.3) 

→ The force from stirrup 𝑉𝑠 = 258.5 ― 33.83 = 224.67 

→ 𝑆𝑟𝑒𝑞 = (2 ∗ 0.85 ∗ 78.5 ∗ 400 ∗ 254 ∗ 1.43/224.67)/1000 = 86.3 𝑚𝑚 
→ Use 1-stirrups Ø10mm, 2-legs (AV = 157 mm2)at 75 mm 

 

 
➢ Using ACI-05 

For members subjected to shear and flexure only, 𝑉𝑐 can be calculated according 

to clause 11.3.1.1 as follows: 

 

→ 𝑉𝑐 = 0.17 𝑓𝑐 𝑏𝑤𝑑 = 0.17 40(200)(254) = 54.6 𝑘𝑁(clause 11.3.1.1). 

→ The force from stirrup 𝑉𝑠 = 258.5 ― 54.6 = 203.9 𝑘𝑁 
𝐴𝑣𝑓𝑦𝑑 

→  𝑉𝑠 = 𝑠 
(clause 11.5.7.2). 

The values of 𝑓𝑦 used in the design of shear reinforcement shall not exceed 420 

MPa (clause 11.5.2). 

254 
𝑆 = 157 ∗ 420 ∗ 

203.9 
= 82.4𝑚𝑚 

→ Use 1-stirrups Ø10mm, 2-legs at 75 mm (AV = 157 mm2) 

40 
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A.2.4 Development length: 
 
 

• Development length for top steel bars(negative reinforcement) in 

beam BH1, BH2, BH3, BH4 and BH5 

 

Figure 8-2:Elastic bending moment and shear forces diagrams for the tested 

beams. 

• Point of zero moments from middle support=2.4 ― 0.727 ∗ 2.4 = 0.6552 𝑚. 
 
 

 

According to (CSA, 2004) 

 
• According to clause 12.3.3, The development length, 𝑙𝑑 , of deformed 

bars and in tension may be taken calculated as follows: 

𝑓𝑦 
𝑙𝑑 = 0.45 𝑘1𝑘2𝑘3𝑘4 

𝑓𝑐 
 

provided that the clear cover and clear spacing of the bars being developed are 

at least 𝑑𝑏 (in the current project clear space=200 mm > 𝑑𝑏 = 10 𝑚𝑚 

where: 

 

• bar location factor, 

 

 
𝑘1: 

𝑘1 = 1.3 for horizontal reinforcement placed in such a way that more than 300 

mm of fresh concrete is cast in the member below the development length or 

splice 
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= 1.0 for other cases (for the designed beams 𝒌𝟏 = 1). 
 

 

coating factor, 𝑘2: 

•  𝑘2 = 1.5 for epoxy-coated reinforcement with clear cover less than 3𝑑𝑏 , 

or with clear spacing between bars being developed less than 6db 

= 1.2 for all other epoxy-coated reinforcement 

= 1.0 for uncoated reinforcement( for designed beams 𝒌𝟐 = 1) 
 

 

• concrete density factor, 𝑘3: 

𝑘3 = 1.3 for structural low-density concrete 

= 1.2 for structural semi-low-density concrete 

= 1.0 for normal-density concrete (for designed beams 𝒌𝟑 = 1) 
 

 

bar size factor, k4: 

• k4 = 0.8 for 20M(19.5 mm) and smaller bars and deformed wires(for 

designed beams bar size is 10mm, hence 𝒌𝟒 = 1) 

= 1.0 for 25M and larger bars 
 
 

 
𝑙𝑑 = 0.45 × 1 × 1 × 1 × 0.8 

500 

40 
× 10 = 284.6 𝑚𝑚 

 
 

• The cut-off length for negative reinforcemnt=284.6 + 655.2 = 939.8 𝑚𝑚 

from middle-support 

Take it 1000 mm from the middle support. 

 
 

• Development length for top FRP bars(negative reinforcement) in 

beam BH2. 

According to (CSA, 2012) 

• According to clause 12.3.3, The development length, 𝑙𝑑 , of deformed 

bars and in tension may be taken calculated as follows: 

𝑓𝑓 
𝑙𝑑 = 1.15 𝑘1𝑘2𝑘3𝑘4 

𝐶𝑆 𝑓𝑐
𝐴𝑏 

𝑑 
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𝑓𝑐 

40 

( 

1 + 
𝜌𝑓𝐸𝑓𝜀𝑐𝑢 

— 1 

𝐴𝑠 
2 

+ 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑙𝑎𝑦𝑒𝑟𝑠 + 𝐺𝐹𝑅𝑃 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 

157( 2  
+ 25 + 16 + 10 + 20) + (157 + 540) 

] 

provided 𝑑𝐶𝑆 shall not be greater than 2.5𝑑𝑏 and shall not be greater than 5 

MPa ( = 6.32 𝑀𝑃𝑎…𝑡𝑎𝑘𝑒 5𝑀𝑃𝑎). 
 

𝑓𝑓 = design stress in FRP tension reinforcement at ultimate limit state. 

[( 4𝛼1𝛽1𝑓𝑐)
1/2 

] 
 

𝛼1 = 0.85 ― 0.0015𝑓𝑐 ≥ 0.67….. = 0.85 ― 0.0015 × 40 = 0.79 ≥ 0.67 

 
𝛽1 = 0.97 ― 0.0025𝑓𝑐 ≥ 0.67…… = 0.97 ― 0.0025 × 40 = 0.87 ≥ 0.67 

 
𝐴𝑠,𝑓 

𝜌ℎ𝑜𝑔𝑔𝑖𝑛𝑔 = 
 

 

𝑏𝑤𝑒𝑏𝑑𝑒𝑓𝑓 
 

𝑑𝑒𝑓𝑓 =The effective depth of the beam is the distance from the tension steel to 

the edge of the compression fiber. in case of two layers of steel then it is the 

distance from the compression face to the center of gravity of the tension 

reinforcement. 

𝑑𝑒𝑓𝑓 

= ℎ 

[ (𝑠𝑡𝑒𝑒𝑙 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 

+ 𝑠𝑡𝑖𝑟𝑟𝑢𝑝 + 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑐𝑜𝑣𝑒𝑟) + 𝐴�� 
𝐺𝐹𝑅𝑃 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 

2 
+ 𝑠𝑡𝑖𝑟𝑟𝑢𝑝 

+ 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑐𝑜𝑣𝑒𝑟)/(𝐴𝑠 + 𝐴𝑓)]  
(16 ) 

[ 10 
540 

2 
+ 10 + 20 

]
 

 

𝑓𝑓 
 

1/2 
  4 × 0.79 × 0.87 × 40  

 
 

= 0.5 × 48731 × 0.0035 
𝑴𝑷𝒂 

1 + 
540 

200 × 253.4 
× 48731 × 0.0035 — 1 = 𝟓𝟑𝟖 

 
 

 

𝑑𝐶𝑆 = the smaller of 

) 

𝑓𝑓 = 0.5𝐸𝑓𝜀𝑐𝑢 

― 

𝑑𝑒𝑓𝑓 = 300 ― = 𝟐𝟓𝟑.𝟒 𝒎𝒎 

[( 
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• the distance from the closest concrete surface to the centre of the bar 

being developed (38 mm) 

• two-thirds of the centre-to-centre spacing of the bars being developed 

(=2/3((200-20×2-10×2-16×3)/2+16) =41 mm) 

• 𝑑𝐶𝑆 = 38 𝑚𝑚 < (2.5𝑑𝑏 = 40 𝑚𝑚) 

 

𝐴𝑏=area of one bar (=180 mm) 
 

 

• bar location factor: 

𝒌𝟏 = 1.3 for horizontal reinforcement placed so that more than 300 mm of fresh 

concrete is cast in the member below the development length or splice 

= 1.0 for other cases (for the designed beam 𝒌𝟏 = 1) 
 

 

• (b) concrete density factor: 

𝒌𝟑 = 1.3 for structural low-density concrete 

= 1.2 for structural semi-low-density concrete 

= 1.0 for normal density concrete(for the designed beam 𝒌𝟐 = 1) 

(c) bar size factor: 

• k3 = 0.8 for Ab ≤ 

= 1.0 for Ab > 

(d) bar fibre factor: 

300 mm2 (for the designed beam 𝒌𝟑 = 0.8) 

300 mm2 

• 𝒌𝟒 = 1.0 for CFRP and GFRP(for the designed beam 𝒌𝟒 = 1) 

= 1.25 for AFRP 

• (e) bar surface profile factor: 

The bar surface profile factor may be taken as less than 1.0, but not less than 

0.5, if this value has 

been shown by tests. In the absence of direct test values, the following values 

shall be used: 

𝒌𝟓 = 1.0 for surface-roughened or sand-coated surfaces 

= 1.05 for spiral pattern surfaces 

= 1.0 for braided surfaces 

= 1.05 for ribbed surfaces (for the designed beam 𝒌𝟓 = 1.05) 

= 1.80 for indented surfaces 
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145𝑓𝑐 ― 1000 
+ 

4
𝜌𝑆

 

3 + 0.29𝑓𝑐 3 ℎ" 

𝑠ℎ 
― 𝜀0𝐾 

𝜎𝑐 = 𝐾𝑓𝑐  2𝜀0𝐾 
― (𝜀0𝐾) 

538 
𝑙𝑑 = 1.15 × 1 × 1 × 0.8 × 1 × 1.05

38 × 5 
× 180 = 469.96 𝑚𝑚 

 
• The cut-off length for negative reinforcemnt=469.96 + 655.2 = 1125 𝑚𝑚 

from middle-support 

Take it 1150 mm from the middle support. 

 
 

A.2.5 Figure 6-1 /confined concrete 

For confined concrete: 

[ 𝜀𝑐 𝜀𝑐 2

] 
(𝜀𝑐 ≤ 𝜀0𝐾) A-3 

 
 

𝜎𝑐 = 𝐾𝑓𝑐[1 ― 𝑍(𝜀𝑐 ― 𝜀0𝑘)] ≥ 0.2𝐾𝑓𝑐 𝜀𝑐 > 𝜀0𝐾 A-4 
 
 
 

 

In which 𝐾 and 𝑍 found by the flowing expressions: 
 

𝜌𝑆𝑓𝑦ℎ 

 

 
A-5 

𝐾 = 1 + 
 

 

𝑓𝑐 
 
 

0.5 
𝑍 = 

A-6 

 
  

 
 
 

 

where 𝜌𝑆 is the ratio of the volume of rectangular steel hoops to the volume of 

concrete core measured to the outside of the peripheral hoop; ℎ" is the width of 

concrete core measured to the outside of the peripheral hoop; 𝑠ℎ is centre to 

centre spacing of hoop sets. 

For concrete under tension: 

𝜎𝑡 = 𝐸𝑐𝜀𝑡 (0 ≤ 𝜀𝑡 ≤ 𝜀𝑐𝑟) A-7 

𝜎𝑡 = 0   (𝜀𝑐𝑟 < 𝜀𝑡) A-8 
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Where 𝜎𝑡 is the tensile stress in concrete, 𝜀𝑐𝑟 is the tensile strain corresponding 

to the maximum tensile stress, and 

equal to 0.62 𝑓𝑐. 

𝑓𝑡 is the ultimate tensile stress of concrete 
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