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Abstract: The solutions of dam-break flow mainly developed for the rectangular channels are not 21 

applicable to predict the propagation of the dam-break wave in the frictional triangular channels.  22 

This study presents an approximate solution considering the frictional effect on the dam-break flow 23 

in a dry horizontal triangular channel. The wave tip velocity is solved from an implicit formula about 24 

the product of time and resistance coefficient. All other hydraulic properties in the wave tip region 25 
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can be expressed as explicit functions of the wave tip velocity. Meanwhile, laboratory experiments 26 

have been performed for obtaining the water surface profiles of the dam-break flow from which the 27 

position and velocity of the wave tip front have been derived. Results show that the retardation of the 28 

wave front position is more significant with the increase of both the resistance and time. The 29 

proposed analytical solution shows satisfactory agreement with measurements, suggesting its 30 

applicability for predicting the hydraulic properties of the dam-break wave tip in the field situation. It 31 

makes feasible to assess analytically the difference between the propagation of the dam-break wave 32 

tip in the triangular and rectangular channels. 33 

Keywords: Dam-break; Triangular channel; Wave tip; Hydraulic resistance; Analytical solution. 34 

Introduction 35 

The dam-break flow propagating along a downstream dry bed could be considered as an ideal-fluid 36 

flow region (e.g. main flow region) followed by the resistance-dominated wave tip region (Whitham 37 

1955). In the main flow region, the analytical solution can be obtained based on the shallow-water 38 

theory, while special treatment for the resistance force acting on water has to be made for obtaining 39 

satisfactory predictions in the wave tip region. Dressler (1952) solved the shallow-water equations 40 

(SWEs) involving the Chezy resistance term by using a perturbation method. His solution failed in 41 

the tip region due to the invalidity of the asymptotic expansions for the first derivatives. Whitham 42 

(1955) considered the wave tip region as a definite boundary layer and the velocity in the region as a 43 

function of time and developed an approximate solution that became validity for large time or 44 

resistance coefficient. Lauber and Hager (1998) presented the determination of the dam-break wave 45 

front location under the consideration of the frictional effect. Hogg and Pritchard (2004) developed a 46 

new class of similarity solutions containing the bottom resistance for the flow motion in which the 47 

drag, inertia and buoyancy had the same magnitude. Chanson (2009) proposed a simple solution for 48 

predicting the free-surface profile in the wave tip region by assuming that the fluid mass in the wave 49 

tip region was equal to the one in the ideal fluid flow profile. The assumption leads to an 50 
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overestimation of the frictional wave front position. Deng et al. (2018) established the relation 51 

between the wave tip velocity and time by assuming that the resistance coefficient was constant and 52 

the velocity in the wave tip region was uniform. All of the aforementioned analytical models are 53 

developed in the rectangular channels, which are not applicable to non-rectangular channels. Both 54 

the theoretical and experimental studies have shown that the cross-sectional shape of channels has 55 

significant effect on the dam-break wave. Therefore, it is important to understand the hydraulic 56 

characteristics of the dam-break wave tip region in non-rectangular channels under the consideration 57 

of the bottom resistance, which cannot be obtained from the existing analytical models. To this end, 58 

in this study a triangular channel is selected as the non-rectangular one as it is partly the 59 

conceptualization of a narrow deep river from the point of view of practice.  60 

 To verify the proposed model, accompanying laboratory experiments have been conducted for 61 

comparison, because the majority of existing laboratory experiments on dam-break flow were mainly 62 

conducted in the rectangular channels (Oertel and Bung 2012; LaRocque et al. 2013; Kocaman and 63 

Ozmen-Cagatay 2015). A few measurements were conducted in the triangular flumes. Wang et al. 64 

(2019; 2020) performed dam-break flow experiments in a triangular flume with wet bed conditions 65 

and focused on the effect of the tailwater depth on the wave propagation Therefore, the influence of 66 

hydraulic resistance on the propagation of the dam-break wave tip in the triangular channels still 67 

remains unknown. The main objectives of the present study are: (1) to establish an analytical solution 68 

for the dam-break wave tip region in the triangular channels following the method of Deng et al. 69 

(2018); and (2) to collect measurement data for verifying the proposed model. 70 

Governing Equations for Dam-break Wave Tip Region 71 

The dam-break flow considered here is the flow generated by the sudden and complete release of 72 

water initially held at rest behind a vertical plane wall on a dry frictional horizontal triangular 73 

channel. All hydraulic parameters are normalized by applying the formulation used by Dressler 74 

(1952), i.e., ox x d , oh h d , ou u gd , ot t d g  are used for denoting the 75 
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dimensionless distance along the flow direction originated from the dam position, the dimensionless 76 

vertical water depth above the bed, the dimensionless depth-averaged flow velocity, and the 77 

dimensionless time, respectively, where do is initial water depth upstream of the dam site, and x', h', 78 

u', t' are used to denote the corresponding dimensional quantities, respectively. Fig. 1 is the sketch of 79 

the dam-break wave where xt and xf denote the dimensionless positions of the transitional interface 80 

and the wave front, respectively. The dimensionless water depth at the transitional interface is 81 

denoted as ht. The dimensionless positions of the frictionless negative and positive wave fronts are 82 

2 2t and 2 2t , respectively. The frictional force τ0 is the sidewall shear acting on the wave tip 83 

region. Applying the one-dimensional SWEs (Wu et al. 1993) for viscid dam-break flow to an 84 

infinitely long prismatic horizontal frictional channel of a triangular cross section, the continuity and 85 

momentum equations can be written in the non-dimensional form as: 86 

0
2

h h h u
u

t x x

  
  

  
                              (1) 87 
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                              (2) 88 

where R = resistance coefficient. 89 

The friction slope in dam-break flow studies is expressed as the Chezy approximation Ru
2
/h 90 

(Deng et al. 2018), which is included in the momentum equation. For R = 0, the exact solution for the 91 

ideal-fluid dam-break flow is derived from Eqs. (1)–(2) (Wang et al. 2020): 92 
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                      (3a, b) 93 

Eqs. (3a)–(3b) are also valid at the transitional interface connecting the main flow region with 94 

the wave tip region because of the continuity of the water depth and flow velocity. 95 

For R > 0, the exact solution of Eqs. (1)–(2) cannot be obtained since the Chezy resistance term 96 

is nonlinear (Hunt 1987; Chanson 2009). Note that Ru
2
/h approaches infinity near the wave front 97 

where h approaches zero and it is substantially balanced with the streamwise pressure gradient ∂h/∂x, 98 
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as the particle acceleration, i.e., du/dt = ∂u/∂t + u∂u/∂x, is expected to be finite. This dominant 99 

balance in the wave tip region was used by Whitham (1955), Chanson (2009) and Deng et al. (2018). 100 

Thus, Eq. (2) is reduced to 101 

2

0
h u

R
x h


 


                              (4) 102 

Based on the assumption of the constant resistance coefficient and the uniform distribution of 103 

velocity throughout the wave tip region (Whitham 1955; Chanson 2009; Deng et al. 2018), 104 

integrating Eq. (4) yields the momentum equation for the wave tip region: 105 

 2 22 0fh Ru x x                                   (5) 106 

where xf = dimensionless wave front position along the flow direction originated from dam site. The 107 

wave tip velocity is equal to the wave front celerity, namely, u = dxf/dt. 108 

Applying Eq. (5) at the transitional interface yields the dimensionless water depth: 109 

 22t f th Ru x x                                 (6) 110 

Analytical Solution for Dam-break Wave Tip Region 111 

For convenience, two dimensionless variables are introduced as Rt   and    2 2 ft x R    , 112 

where α(τ) = dimensionless distance; τ = dimensionless time. The four unknown variables contained 113 

in Eq. (6), are then expressed as 2 2fx t R  , 2 2u   ,  2 2 5 4tx R    and 114 

2 8th   using Eqs. (3a, b), where d d   . 115 

Substituting the expressions of the aforementioned unknown variables into Eq. (6) yields 116 

   
2

4 32 2 2 5 4 0                                  (7) 117 

Differentiating Eq. (7) with respect to τ yields: 118 
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Eq. (8) is a first-order linear inhomogeneous equation, whose general solution is expressed as: 120 
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where C = integration constant. Integrating Eq. (9) and applying the initial condition (i.e., 0  , 122 

0   at t = 0) for determining the integration constant yields: 123 

 

6
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Combining Eqs. (7) and (10) yields: 125 
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       (11) 126 

Eq. (11) is the fundamental solution for the wave tip motion, from which the expressions for the 127 

hydraulic properties in the wave tip region can be obtained. 128 

Substituting Eq. (11) in 2 2u    yields the relation between u and τ: 129 
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       (12) 130 

For a given resistance coefficient, the wave tip velocity at any time can be determined from Eq. 131 

(12) by trial and error method. Applying the value of u in Eqs. (3a, b) yields the dimensionless 132 

position and the water depth of the transitional interface: 133 

5 2

4 2
tx u t

 
   
 

                               (13) 134 
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Substituting Eq. (14) in Eq. (6) produces the dimensionless wave tip length: 136 

 
4

2

1
2 2

128
f tl x x u

Ru
                             (15) 137 

Substituting Eq. (13) in Eq. (15) yields the formula for the dimensionless wave front position: 138 
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                    (16) 139 

The water depth profile can then be calculated from Eq. (5) using the values of u and xf. 140 

The dimensionless total mass of the wave tip region is obtained by using Eq. (5): 141 
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                           (17) 142 

As the velocity is assumed to be uniform spatially throughout this region, the total momentum 143 

of the wave tip region is the product of m and u, expressed as: 144 

 
6

2 2

3072

u
p

Ru


                                      (18) 145 

All of the hydraulic properties except the velocity in the wave tip region can be calculated from 146 

explicit formulas, making easy use of the proposed solution. It is feasible to compare analytically the 147 

propagation of the dam-break wave tip in the triangular and rectangular channels by using the 148 

solutions presented in this study and developed for the rectangular channels. The comparison 149 

between the hydraulic properties of the wave tip region in both channels is not provided in this 150 

technical note due to the limited space. The analytical results of the water depth, velocity and 151 

position of the wave tip front from Eqs. (5), (12) and (17) will be compared with the experimental 152 

data in the section “Comparison of Analytical Solution with Experiments”. 153 

Laboratory Experiment 154 

Experimental Facility 155 

Dam-break flow experiments have been carried out in a prismatic horizontal flume that is initially 156 

dry. As shown Fig. 2, the flume with a triangular cross section is 18 m long, 1 m wide and 1.09 m 157 
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high, containing one vertical wall and one inclined wall with angle of 45°. An instantaneous and 158 

complete dam break is simulated by suddenly lifting the plate that is located at the distance of 8.37 m 159 

from the upstream channel end, resulting in the downstream length of 9.63 m. The plate lifting time 160 

for the initial reservoir head of 0.6 m considered in the laboratory test is 0.1875 s, satisfying the 161 

criterion for a sudden dam failure (Wang et al. 2019).  162 

Eight high-speed CCD cameras are installed along the flume to record the flow evolution, 163 

providing raw images with 1440×1920 pixels with 48 frames per second. One pixel represents the 164 

actual length of approximate 1.8 mm. The water surface profiles along the flume are immediately 165 

acquired from the recorded flow images by using the digital image processing technique that 166 

contains two parts, namely calibration process and water depth acquisition. Both the wave front 167 

locations and celerities are derived from the water surface profiles. Fig. 3 shows the flow depth at 168 

four locations from two different runs and the scatter plot of measurement. A very good repeatability 169 

is found between similar runs. 170 

Determination of Resistance Coefficient 171 

Lauber and Hager (1998) and Chanson (2009) used the individual methods for assessing the 172 

resistance coefficient for the wave tip region in the rectangular channels. ASCE Task Committee 173 

(1963) reported that the resistance coefficient formula for rectangular channels could be used for 174 

non-rectangular channels by adding a correction factor. Analogous to the approach adopted by 175 

Lauber and Hager (1998), the resistance coefficient R is determined as  
0.1

40R q 


  where ν = 176 

kinematic viscosity (m
2
/s); q = discharge per unit width at the dam section (m

2
/s), defined for the 177 

triangular channels as 3256 2 3125oq gd , where g = gravity acceleration (m/s
2
); do = initial flow 178 

depth upstream of the dam (m). For do = 0.6 m in the present experiment, the calculated q/ν and R are 179 

1.69×10
5
 and 0.0075, respectively. 180 

Comparison of Analytical Solution with Experiments 181 

For understanding the scales of the experiment results more clearly, the values of the normalization 182 
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parameters are provided as do = 0.6 m for both h and x, (gdo)
0.5

 = 2.4261 m/s for u and (do/g)
0.5

 = 183 

0.2473 s for t. Fig. 4 shows the experimental images of the evolution of the dam-break flow in the 184 

downstream flume. Upon removing the dam, the still water in the reservoir suddenly fell down, 185 

generating horizontal jets downstream of the dam (t' = 0.2 s). The upper jet merges rapidly with the 186 

lower jet, entrapping air in the water of the wave tip. The flow becomes stable with slight undulation 187 

and the water surface slope tends to be mild with time. 188 

The measured and predicted water surface profiles in the downstream reach of the flume are 189 

compared in Fig. 5, where the dash lines represent the analytical results without bottom resistance. It 190 

is demonstrated that the analytical model with R = 0 provides a water surface profile that decreases 191 

monotonically from the dam site to the frictionless wave front, being characterized by a concave 192 

parabola. It can predict the water depth along the channel except within the wave tip region. The 193 

analytical solution considering the resistance coefficient marked by thick grey lines provides the 194 

water surface profile of a convex parabola with a vertical tangent at the wave front and generally can 195 

capture the water depth variation in the wave tip region. Note that there is a discontinuity of the 196 

derivative of the water depth at the transitional interface, which also occurs in the solutions 197 

developed by Chanson (2009) and Deng et al. (2018) for the rectangular channels. This is perhaps 198 

because the adoption of the same momentum equation, i.e., Eq. (5) is also used in their studies. A 199 

discrepancy between experiments and analytical solutions is seen during the initial stage, which 200 

should be attributed to the neglect of the significantly vertical water movement in the neighborhood 201 

of the dam in the analytical modeling. Both the analytical solutions with R = 0 and R > 0 based on 202 

the SWEs are not able to predict the undulation of the water surface. 203 

Fig. 6 shows the comparison of the predicted and measured wave front locations. The 204 

advancing rate of the wave front position is large during the initial stage and decreases gradually 205 

during the later stage. The temporal variation of the wave front locations is well predicted by the 206 

model considering the bottom resistance, except a visible discrepancy in the near-field area that leads 207 
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to a moderate value of the relative root mean square error (RRMSE = 29.08 %) between 208 

measurements and analytical solutions. The deviation of the analytical solution without resistance 209 

from the measurements becomes larger with time, indicating that the hydraulic resistance retards the 210 

wave front position more significantly by with increasing time. If the bottom resistance is not 211 

considered, the wave front positions equal 2 2t  (dash line), whose trajectory is a straight line. 212 

Fig. 7 shows the comparison between the measured and predicted wave tip velocities in the 213 

triangular channels. The experimental observation shows that the wave tip velocity decreases sharply 214 

at the initial stage (i.e., about t < 5) and then declines gradually. The analytical solution with bottom 215 

resistance provides a monotonically descent curve for the velocity with an initial value of 2 2u  at 216 

t = 0 and satisfactorily agrees with the measurements with a small value of RRMSE = 3.21 %. If the 217 

bottom resistance is absent, a constant velocity of 2 2  is produced, dramatically different from the 218 

measurements. Furthermore, the discrepancy between the analytical solution with R = 0 and the 219 

experimental data increases as time goes, indicating that the retardation of bottom resistance has an 220 

accumulative effect. 221 

The above comparison shows that the analytical solution with the determination of the 222 

resistance coefficient for the triangular channel has good agreement with the experimental 223 

measurements in the wave tip region, verifying the rationality of the dominant balance between the 224 

pressure gradient and the friction near the wave tip. Beyond  the wave tip region, the analytical 225 

solution neglecting resistance effects provides a satisfactory result for the water depth variation 226 

except the undulation that will attenuate with time. This study confirms that the widely adopted 227 

treatment that divides the entire domain into an ideal-fluid flow region and a resistance-dominated 228 

wave tip region for the rectangular channel  is also valid for non-rectangular channels, e.g., the 229 

triangular channels considered in the present study. The incorporation of the analytical solutions with 230 

R > 0 and R = 0 for the two flow regions makes it feasible to predict the hydraulic properties in the 231 

entire domain. 232 
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Conclusions 233 

An analytical solution has been developed for the dam-break wave tip region on a dry frictional 234 

channel with a triangular cross section in the study. The wave tip velocity is expressed as an implicit 235 

function of the product of time and resistance coefficient, while all other hydraulic properties 236 

including wave front position, wave tip length, water depth, mass and momentum of wave tip region 237 

have explicit formulas with regard to the wave tip velocity. Experimental measurements of 238 

dam-break flows are conducted in a prismatic horizontal flume with a triangular cross section, which 239 

are used for verifying the analytical model. 240 

The solution shows that the retardation effect of the bottom resistance on the velocity and 241 

location of the wave tip front becomes more significant as time elapses, which cannot be predicted 242 

by the method without consideration of the bottom resistance. It is found that the derivative of the 243 

water depth provided by the presented solution is not continuous at the transitional interface, which 244 

may be caused by the derivation of the presented solution only from the momentum equation. 245 

The proposed model compares well with the experimental data including the water surface 246 

profile, the location and velocity of the wave front, demonstrating the applicability of the analytical 247 

model for predicting the hydraulic properties in the wave tip region in actual situation. The proposed 248 

approach can provide a satisfactory approximation of R for the triangular channels.  249 
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Notation 256 

The following symbols are used in this note: 257 
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C = integration constant; 258 

do = initial flow depth upstream of the dam; 259 

g = gravity acceleration; 260 

h = dimensionless flow depth; 261 

h' = dimensional flow depth; 262 

l = dimensionless wave tip length; 263 

m = dimensionless mass; 264 

p = dimensionless momentum; 265 

q = discharge per unit width at the dam section; 266 

R = resistance coefficient; 267 

t = dimensionless time; 268 

t' = dimensional time; 269 

u = dimensionless average flow velocity; 270 

u' = dimensional average flow velocity; 271 

x = dimensionless position; 272 

x' = dimensional position; 273 

α = dimensionless distance; 274 

τ = dimensionless time; 275 

τ0 = boundary shear stress; and 276 

ν = kinematic viscosity of water. 277 

Subscripts 278 

f = wave front; and 279 

t = transitional interface. 280 
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Fig. 1. Dam-break wave in a dry horizontal channel. 318 
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Fig. 2 (Color) Physical model for simulating dam-break flow viewed from the left. The yellow plate 320 

represents the dam (red arrow). The right sidewall is white with an inclined angle of 45°; the left 321 

sidewall is transparent and vertical. The cameras (light blue arrow) are mounted on the metal bars 322 

fixed outside the left sidewall. 323 
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(a)                              (b) 325 

Fig. 3. Repeatability of water depth measurement: (a) location x = −5, −3, 3 and 5 m; (b) 326 

repeatability scatter plot. 327 
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Fig. 4. Experimental images of the flow in the downstream flume. The dam site is indicated with a 329 

red line. 330 
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Fig. 5. Comparison between measured water surface profiles and analytical solutions. The dashed 332 

line indicates the analytical solution with R = 0 and the thick grey line is for R > 0. 333 
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Fig. 6. Wave front locations: (a) measurements and analytical solutions; (b) measurement versus 335 

analytical solution. The dashed line indicates the analytical solution with R = 0. 336 
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Fig. 7. Wave tip velocities: (a) measurements and analytical solutions; (b) measurement versus 338 

analytical solution. 339 


