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Abstract: This paper reviews existing studies relating to the assessment of sediment concentration 
profiles within various flow conditions due to their importance in representing pollutant propaga-
tion. The effects of sediment particle size, flow depth, and velocity were considered, as well as the 
eddy viscosity and Rouse number influence on the drag of the particle. It is also widely considered 
that there is a minimum threshold velocity required to increase sediment concentration within a 
flow above the washload. The bursting effect has also been investigated within this review, in which 
it presents the mechanism for sediment to be entrained within the flow at low average velocities. A 
review of the existing state-of-the-art literature has shown there are many variables to consider, i.e., 
particle density, flow velocity, and turbulence, when assessing the suspended sediment character-
istics within flow; this outcome further evidences the complexity of suspended sediment transport 
modelling. 

Keywords: suspended sediment concentration; dilute-hyper concentration; Rouse number; velocity 
lag; bursting phenomena 
 

1. Introduction 
Sediment suspension describes the solid particles that have been lifted into the water 

column from the channel bed. It is beneficial to have a thorough understanding of sedi-
ment transport and thus two-phase flow to allow for its effective mathematical modelling, 
since it is a regular occurrence within large water bodies in the natural environment. This 
study looks to review a range of existing literature and compare proven evidence to pro-
vide a sound understanding of solid-fluid interactions within two-phase flow conditions. 

When there is sufficient lift force for sediment particles to overcome the friction be-
tween them, the turbulent upward flux will generate sediment suspension. Generally, it 
is accepted that the mean concentration decreases with height above the bed, as shown in 
Figure 1 and described by [1]. 

Citation: Wallwork, J.T.; Pu, J.H.; 

Kundu, S.; Hanmaiahgari, P.R.;  

Pandey, M.; Satyanaga, A.; Khan, A.; 

Wood, A. Review of Suspended  

Sediment Transport Mathematical 

Modelling Studies. Fluids 2022, 7, 23. 

https://doi.org/10.3390/fluids7010023 

Academic Editor:  

Mehrdad Massoudi 

Received: 6 November 2021 

Accepted:23 December 2021 

Published: 3 January 2022 

Publisher’s Note: MDPI stays neu-

tral with regard to jurisdictional 

claims in published maps and institu-

tional affiliations. 

 

Copyright: © 2022 by the authors. Li-

censee MDPI, Basel, Switzerland. 

This article is an open access article 

distributed under the terms and con-

ditions of the Creative Commons At-

tribution (CC BY) license (https://cre-

ativecommons.org/licenses/by/4.0/). 



Fluids 2022, 7, 23 2 of 16 
 

 
Figure 1. Sediment Concentration Profile. Reprinted with permission from [1]. 2021 
Hanmaiahgari, P.R. 

Two-phase flow is the combination of two states of matter flowing together; in this 
case, solid and liquid. During two-phase sediment transport flow, there are complex in-
teractions between the solid and fluid phases. This complexity has been presented in var-
ious studies, such as on natural channel flow [2,3], flow with natural bedform [4,5], and 
sediment transport modelling [6,7]. These interactions can be difficult to model mathe-
matically due to the large number of variables present within open channel flow and the 
chaotic nature of fluid dynamics. Early methods of modelling sediment concentration [8–
12] resolved some of these difficulties by ignoring forces acting on the sediment particle. 
However, applying these assumptions limits the model accuracy to certain sediment 
transport conditions, e.g., light particle transport. To create a more holistic formula, recent 
research has incorporated other forces acting on the particle phase [13–15]. This has re-
sulted in some diverse formulations for predicting the sediment profile. 

A popular consensus when assessing two-phase flow is to consider a two-dimen-
sional (2D) observation, i.e., look at how concentration varies with depth and along the 
streamwise space. The considered parameters to assess such flow often include fluid ve-
locity, particle diameter, Rouse number, and mean concentration [16–19]. Other research 
has incorporated the velocity fluctuations due to drift-flux and vortices considering eddy 
viscosity [19–21]. 

Most research into sedimentology has associated suspension with a time-averaged 
shear stress at the bed, whereas further studies have shown that sediment suspension can 
occur due to instantaneous velocity fluctuations in the vertical direction at the channel 
bed [22-24]. A concept to describe this is that the sediment near the bed experiences the 
highest concentration gradient and thus a high-pressure gradient, which forces the parti-
cle into suspension. This corresponds to the concentration profile shown in Figure 1. How-
ever, recent observations have also further revealed alternative sediment concentration 
profiles where concentration peaks at a height above the channel bed region. This has 
been shown to be largely dependent on the various concentration of sediment entrained 
within a flow from dilute to dense conditions [18]. 

2. Literature Review 
Several methods can be used to model sediment concentration, which the diffusion 

and kinetic theories are among the most common. Diffusion theory, which is recognized 
as one of the simplest methods for modelling sediment concentration, has been used by 
many scientists to describe the solid phase with reasonable accuracy [11,21]. On the other 
hand, the kinetic theory is widely regarded as the best approach for concentration distri-
bution modelling as it includes the response of both the solid and liquid phases as well as 
the two-phase interactions [13]. Extensive research has been undertaken to understand 
and model these two-phase interactions and their effects on the sediment profile 
[9,15,19,25,26], where they will be explored in the coming sub-sections. 
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2.1.Reynolds Number Approach 
.Drag is a mechanical force that arises due to the interaction between a body moving 

.through a fluid and the induced resultant opposing frictional forces, where it can be rep-
resented by the following equation: 𝐹 = 12 𝐶 𝜌 𝐴𝜈  (1)

where 𝐹𝐷 denotes drag force, 𝐶𝐷 is the drag coefficient, 𝜌𝑓 is the density of fluid, and 𝑢𝑟 is the relative velocity of the particle. Of the parameters contained within Equation. 1, 𝐶𝐷 is the most ambiguous and requires careful consideration. 𝐶𝐷 can be defined as a con-
stant [27]: 𝐶 = 0.44 (2)

In multiple studies, constant 𝐶𝐷 is shown to be inconsistent with reality. Therefore, 
a more robust approach was developed. Following further research [28–30], it is generally 
considered that 𝐶𝐷 is proportional to Reynolds number (𝑅𝑒), and extensive studies have 
been performed to confirm this relationship. 

It has been stated that for a perfectly smooth spherical particle, the drag coefficient 
shares an asymptotic relationship with Reynolds number for both laminar and turbulent 
flows [28]. Further study concluded that for rough particles, the relationship varies and is 
dependent on the flow regime. This is due to stresses and frictional forces arising from the 
boundary conditions. For example, Cheng [30] studied the settling velocity and effects of 
drag on experimental spherical particles. Within that study, a new equation for 𝐶𝐷 was 
formed and compared with laboratory data. Figure 2 shows Equations. 3–6 fitted against 
experimental data. The curve plotted in Figure 2 is subdivided into three sections. For 
laminar flow (𝑅𝑒 < 1), 𝐶𝐷 can be defined as: 𝐶 = 24𝑅𝑒 (3)

The flow becomes transitional at 1 ≤ 𝑅𝑒 < 100, where 𝐶𝐷 is defined as: 𝐶 = 24𝑅𝑒 (1 + 0.27𝑅𝑒) .  (4)

Finally, when the flow becomes turbulent (𝑅𝑒 ≥ 100), 𝐶𝐷 can be represented by: 𝐶 = 0.47 1 − 𝑒𝑥𝑝 (−0.04𝑅𝑒 . )  (5)
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Figure 2. Coefficient of Drag and Reynolds Number Correlation (Adapted from Cheng [30]). 

Equations (3)–(5) can then be combined to produce one explicit function for 𝐶𝐷, de-
fined as [30]: 𝐶 = 24𝑅𝑒 (1 + 0.27𝑅𝑒) . + 0.47 1 − 𝑒𝑥𝑝 (−0.04𝑅𝑒 . )  (6)

Alternatively, Equation 6 can be rewritten as: 

𝐶 = 24𝑅𝑒 + 𝑓(𝑅𝑒 ) (7)

where 𝑓 is a function of 𝑅𝑒𝑝, in which 𝑅𝑒𝑝 is the particulate Reynolds number. The first 
term on the right-hand side of Equation 7 relates to laminar flow. The second term repre-
sents the drag force due to turbulence [13]. 

2.2. Velocity Lag Approach 
The effects of drag force can also be assessed in terms of the velocity lag, which is the 

time differential for the momentum to transfer from the fluid phase to the solid phase 
[13,20,26]. Utilizing the fluid viscosity, Stokes’ law studies the resistance to motion when 
an object is dropped in a fluid. When falling due to gravity, the object is acted upon by an 
equal and opposite reaction, as stated by Newton’s third law. Therefore, when a particle 
is falling in laminar flow with no turbulent flux, the exerting forces are only those which 
arise due to fluid inertia from the falling velocity and its associated acceleration. Due to 
that, the drag force must be equal to the submerged weight of the particle, and any lift 
forces are caused by turbulence. 

When assessing a two-phase flow, it is necessary to assess separate timeframes, i.e., 
the particle (𝑡 ) and integral turbulence timeframes (𝑡𝑡). As shown by Equation 8, 𝐹𝐷 
can be separated into two factors for laminar and turbulent flows [20]: 𝐹 = 𝜌 𝑐̅ 𝜔𝑡 + ∆𝑤𝑡  (8)
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where 𝑐̅ is the mean concentration, 𝜔0 is the fall velocity of sediment, and ∆𝑤  is the 
velocity flux difference between the two phases and is considered proportional to 𝜔0. 
Particle crowding can have a significant impact on the particle timeframe. Research has 
shown that particle flocculation is a function of Reynolds number; however, it has also 
been defined as a constant in some studies [14]. Nonetheless, for dilute flows, the gravita-
tional particle timeframe can be defined as [20]: 𝑡 = 𝜔𝑔 1 − 𝜌𝜌  (9)

where 𝜌𝑠 and 𝜌𝑓 are the sediment and fluid densities, respectively. (𝑡 ) is often associ-
ated with Stokes’ drag. Stokes’ number, 𝑆𝑡 , describes the relationship between the rela-
tive particle velocity and the particulate timeframe. When a particle moves within turbu-
lent flow, the fluid velocity fluctuation and formation of vortices exert a force on the par-
ticle and causes longer 𝑡𝑡, where this timeframe can be determined by [13,14,20,31]: 𝑡 = 𝑡𝑆𝑡 − 1 (10)

For light sediment, i.e., sediment moves in equilibrium with the fluid, the flow can 
effectively be treated as a uniform medium. In this case, Stokes’ number will be very small. 
When a particle experiences considerable inertial forces, 𝑆𝑡  will be close to one. There-
fore, substituting Equation 9 and Equation 10 into Equation 8 yields: 𝐹 = 𝑐̅𝜌 𝑔 1 − 𝜌𝜌 + 𝑐̅𝜌 (𝑆𝑡 − 1) 𝛥𝑤𝑡  (11)

The first term on the right-hand side of Equation 11 refers to the laminar drag force, 
and the second term refers to the turbulent drag force. 

2.3. Lift Force 
Conventionally lift is considered to act upwards from the horizontal plane opposing 

gravity. However, it is practical to consider lift acting perpendicular to the streamwise 
direction [32,33]. Besides lift, the cohesive force between particles can also cause the drag 
between them to create a change in suspended sediment transport. However, the cohesive 
force is more effective within bedload and not suspended load. This is due to the fact that 
the distance between particles in bedload is much shorter than that in suspended load, 
which is usually very scattered. Due to this, the cohesive force between suspended parti-
cles is not a determinant factor of its behavior as compared to bedload [34]. 

Commonly, lift force is considered to be composed of two parts: hydrodynamic lift 
and turbulent diffusion. One of the limits of original Rouse suspended sediment model is 
that it suggests an infinite concentration at the bed and zero concentration at the surface. 
It has been shown that a lower concentration corresponds to a higher horizontal velocity, 
where this is represented in Figure 3. The importance of this factor is not fully understood; 
however, it is known that hydrodynamic lift is the result of the concentration variation 
and thus velocity differential across the sediment particle from the lower to upper sus-
pension region (Figure 3 presents the pattern of velocity differential across a particle in 
non-laminar flow). Additionally, the displacement of fluid around the body causes a pres-
sure distribution across the particle, which consequently causes a velocity gradient. There-
fore, a lift force is acted on the particle to equalize the pressure gradient [35]. 
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Figure 3. Uplift due to shear stresses on a particles surface. Reprinted with permission from [36]. 
2021 Hanmaiahgari, P.R. 

Turbulence diffusion is the mixing due to the turbulent velocity fluctuation and vor-
tices. Many studies have been conducted to understand the causes and effects of turbu-
lence. It has been assessed statistically as an overlaying function of the time-averaged ve-
locity [20–22]. The wake of a sediment particle (shown in Figure 3) is often considered to 
cause turbulent mixing due to the velocity fluctuations. Generally, this turbulent mixing 
is associated with large vortices as small eddies relative to the sediment size do not contain 
sufficient energy to lift the sediment particle. By this consideration, turbulence can be cor-
related with shear velocity [23]. Additionally, turbulent diffusion primarily occurs away 
from near-bed flow region. This is due to the lower horizontal velocities apparent at the 
region, as sediment concentration is generally higher. 

Within the research of sediment-laden flow, Zhong et al. [37] concluded that near the 
bed, there is no sufficient space for vortices to form within the fluid. Additionally, it is 
also found that a lower eddy viscosity is correlated with a lower bed slope, and thus, 
density stratification is more prevalent [21,33,38]. This supports the notion that higher 
velocities produce more turbulence. Furthermore, Figure 4 shows that the strongest eddy 
viscosity occur within the center of the flow column whereas the highest velocity occurs 
at the surface of the flow [39]. 

Upward turbulent velocities are countered by gravity and downward turbulent 
bursting mechanism, i.e., sweep. Huang et al. [9] suggest that settling velocity is composed 
of these two components in the form of 𝛥𝑤 = 𝛥𝑤 + 𝛥𝑤  (12)

where Δ𝑤  is the sediment fluctuation, Δ𝑤  is the settling flux due to gravity, and Δ𝑤  
is the turbulent diffusive flux. The settling flux due to gravity is well understood, where 
it is influenced by the downward gravitional acceleration. However, as stated previously, 
the diffusive flux is more chaotic and random in nature and is thus more difficult to model. 
Previous studies have described this by analyzing a vertical unit sectional area and de-
scribing the turbulent velocity dependent on the concentration differential at the top and 
bottom of the sectional area of flow channel [9,24]. In an alternative and simpler way of 
interpreting this, the relative velocity of a particle is described by the difference between 
the fluid and particle velocity take in account any drift velocity [13,14,25]: 
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𝑢 = 𝑢 − 𝑢 𝑢  (13)

where 𝑢 = 𝑢 − 𝑢 𝑢  is the relative velocity, 𝑢 = 𝑢 − 𝑢 𝑢  is the fluid velocity, 𝑢 = 𝑢 − 𝑢 𝑢  is the solid velocity, and 𝑢 = 𝑢 − 𝑢 𝑢  is the drift velocity. The dif-
ficulty then lies in determining 𝑢𝑑. As stated previously, it is known that drift velocity is 
a result of vortices and fluid turbulence. The drift velocity can be further defined as [14]: 𝑢 = −𝐷 1𝑐 𝑑𝑐𝑑𝑦 − 11 − 𝑐 𝑑(1 − 𝑐)𝑑𝑦  (14)

where 𝐷 is the diffusion tensor and is considered to be dependent on the Reynolds stress, 
which, in turn, is related to the vortex viscosity [25]: 𝐷 = −𝑡 𝑣 𝑣 = − 𝑡𝑆𝑡 − 1 𝑣 𝑣  (15)

where 𝑣′𝑓𝑣′𝑠 is the Reynolds stress and it can be calculated by: −𝑣 𝑣 = 𝜇 𝜕𝑢𝜕𝑦 + 𝜕𝑢𝜕𝑦 − 23 𝐸 𝛿 (16)

where 𝜇 is the eddy viscosity, 𝐸𝑘 is the kinetic energy, and 𝛿 is the Kronecker delta. 

 
Figure 4. Eddy viscosity, velocity, and concentration distribution profile (Adapted from Liu and 
Nayamatullah [39]). 

Furthermore, research inspecting the velocity lag of a particle within flow arising 
from the drag force shows that the relationship for the lag velocity in dilute flow is defined 
as [40]: 

𝑢𝑢∗ = 8𝑣𝑢∗𝑑 / . + 2(ℎ − 𝑦)ℎ / . − 16𝑣𝑢∗𝑑 / . .
 (17)

where 𝑢∗ is the shear velocity, and 𝑣 is the kinematic viscosity. It is worth noting that 
Equation (17) is only valid when assessing dilute flow. For alternative cases, i.e., concen-
trated flow, the constants and exponents will be varying [18]. As 𝑢𝑙 is considered the dif-
ference between 𝑢𝑓 and 𝑢𝑠, it can be assumed that: 𝑢𝑢∗ = 𝑢𝑢∗ + 𝑢𝑢∗  (18)

Therefore, inputting Equations 10, 14, 15, and 17 into Equation 18 gives a conclusive 
definition of the dimensionless relative velocity: 
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𝑢𝑢∗ = 𝑢𝑢∗ + 𝑣 𝑣 𝜔𝑢∗𝑔𝑐(1 − 𝑐)(𝑆𝑡 − 1)(1 − 𝜌𝜌 ) 𝑑𝑐𝑑𝑦 (18)

For a single particle, its effective lift force can be defined as [37,41]: 𝐹 = 𝐶 4𝜋3 𝜌 𝑑 𝑢 𝑑𝑢𝑑𝑦  (19)

Alternatively, the lift force per unit of mass is described by [8]: 

𝐿 = 6𝐹𝜌 𝜋𝑑  (20)

Thus, the total lift force exerted on the solid phase can be calculated by: 𝑀 = 𝑐𝜌 𝐿  (21)

Inputting Equation 19 into Equation 20 determines the lift force acting upon a single 
particle due to the turbulent diffusion as: 

𝐹 = 𝐶 4𝜋3 𝜌 𝑑 𝑢 + 𝑣 𝑣 𝜔𝑔𝑐(1 − 𝑐)(𝑆𝑡 − 1)(1 − 𝜌𝜌 ) 𝑑𝑐𝑑𝑦 𝑑𝑢𝑑𝑦  (22)

Theodore von Karman determined that hydraulic flow within close proximity to the 
wall follow a velocity distribution proportional to the logarithm of the distance from the 
wall [42]: 𝑢𝑢∗ = 1𝜅 𝑙𝑛 𝑦ℎ + 𝐴 (23)

where 𝜅 is the von Karman constant, and 𝐴 is the log-law constant. However, this is gen-
erally only for boundaries close to the bed, and it loses its accuracy within the upper flow 
region, especially when suspended sediment is detected. The effect of a boundary causes 
shear on the particles, which results in secondary currents within the flow. Considerable 
research has been undertaken to study the effect of secondary vortices and wake within 
the near bed region [16,21]. In Equation 24, when the law of wake has been considered, 
the constant 𝐴 can be defined as [16]: 𝐴 = 2𝛱𝜅 3 𝑦ℎ − 2 𝑦ℎ  (24)

where Π is Cole’s wake parameter. Therefore, inputting Equation 23 into Equation 22 
produces: 𝑢𝑢∗ = 1𝜅 𝑙𝑛 𝑦ℎ + 2𝛱𝜅 3 𝑦ℎ − 2 𝑦ℎ  (25)

Substituting Equation 23 into Equation 21 and then inserting into Equation 22 with 
the inclusion of Equation 26 defines the total lift force, which occurs on the sediment phase 
from the turbulent velocity and secondary currents: 𝑀 = 𝑐𝛾 𝜌 𝑢∗ℎ ℎ𝑦 + 12𝛱 𝑦ℎ 1 − 𝑦ℎ 𝑢𝑢∗ + ∅𝑐(1 − 𝑐) 𝜕𝑐𝜕𝑦  (26)

where 𝛾2 and ∅ are constants defined as 𝛾 = 8𝐶 𝜌𝑘𝜌  (28)

and 
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∅ = 𝜔 𝑢∗𝑔(𝑆𝑡 − 1) 1 − 𝜌 𝜌 𝜇 (29)

2.4. Turbulent Bursting 
When mathematically modelled, a time-averaged mean velocity is often employed 

to represent the suspended solid phase. However, more recently, studies have shown that 
instantaneous turbulent velocities at the near bed region can have significant impact on 
the overall sediment concentration distribution in flow [22,43]. These instantaneous flow 
properties are also responsible for solid particles to be entrained into the suspended re-
gion from the bed-load, which can be analyzed as turbulent bursting. Additionally, the 
sediment particles at the bed experience higher velocity gradients, thus generating larger 
lift acts on the particle. In some instances, this can cause scouring of the sea-bed, as well 
as unexpected deposition, resulting in risk to marine infrastructure as well as aquatic life 
[44–46]. 

Turbulence is hard to consider in modelling terms. Due to the nature of fluid, a vortex 
will impose a force on the surrounding fluid producing smaller vortices until the vortex’s 
kinetic energy is insufficient to overcome the viscosity of the fluid. Turbulence can be bro-
ken down in to three main stages: production, transfer, and dissipation, otherwise known 
as integral scale, inertial scale, and Kolmogorov scale, respectively, as shown in Figure 5. 

 
Figure 5. Turbulence eddy scaling. Reprinted with permission from [41]. 2021 Hanmaiahgari, P.R. 

A vortex can be defined by its diameter, velocity, and timeframe. Andrey Kolmogo-
rov discovered that within the transfer region (i.e., the inertial scale), the kinetic energy is 
proportional to the diameter of the eddy, where it can be described as [47] 𝐾. 𝐸 = 𝐶 𝜀 𝑘  (30)

where 𝐶  is the Kolmogorov constant, 𝜀 is the dissipation rate, and 𝑘 is the wave num-
ber in a function of the eddy size. The eddy scale is defined by varying characteristics 
dependent upon the stage of turbulence, i.e., the integral scale is a function of kinetic en-
ergy and dissipation, the inertial scale is a function of dissipation and length, and the Kol-
mogorov scale is a function of dissipation and viscosity. 

It is understood that a critical velocity value criterion is required to meet for sediment 
suspension to occur, and sediment entrained within the fluid phase below the critical ve-
locity is considered as wash-load [24,48,49]. Salim et al. [22] studied the sediment suspen-
sion at the near-bed level in the Australian ocean for locations with current and wave 
velocities lower than the critical value. They found that despite the relatively low recorded 
flow velocity, sediment suspension still took place due to turbulent bursting. Similarly, 
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Tsai and Huang [43] investigated the advection-diffusion method of modelling sediment 
concentration and concluded the instantaneous velocity fluctuations are mainly due to 
turbulent ejection. 

Figure 6 shows a comparison of field data at the seabed for study by Salim et al. [22]. 
From Figure 6, it is possible to see that a higher mean velocity value commonly corre-
sponds to higher backscatter and TKE shear stress. Timeframes (i), (ii), and (iii) in the 
figure all represent sediment suspension occurrences. This was considered sensible, as the 
velocity was at or above the critical value for their study where sediment suspension oc-
curred. However, conversely at timeframes TS-1 and TS-2, it was observed that there was 
a high value for the TKE shear stress and backscatter, whereas there was a low value for 
the streamwise velocity, i.e., below the critical velocity value. This increase in the TKE 
shear stress suggests the formation of vortices, which could lift the sediment into the sus-
pension zone, and it is supported by the high backscatter reading, proving sediment sus-
pension due to bursting’s sweep events. 

 
Figure 6. Time series showing: (a) 1 min averaged velocity streamwise velocity, (b) turbulent kinetic 
energy (TKE) shear stress, and (c) backscatter. The horizontal line shown in (a) represents the critical 
velocity value for suspension. Reprinted with permission from [22]. 2021 Hanmaiahgari, P.R. 

In recent experimental advances, particle-imaging velocimetry (PIV) has been used 
for suspended particle investigation in various wave-induced and turbulent flow condi-
tions [50,51]. It has been evidenced that PIV is a good method to capture the suspended 
sediment dynamics as long as relatively good resolution of camera has been deployed. By 
this finding, one can project that the suspended sediment transport behavior can be accu-
rately captured in real-world events in the future. 

2.5. Continuity Equations and Modelling Studies 
Within common solid-liquid flow modelling, the mass conservation system is usually 

assumed, while its acceleration can be variable. The coordinate system of a single particle 
is represented in Figure 7. 
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Figure 7. Polar coordinate system. 

Within a fluid flow convection, acceleration can be considered by continuity rule over 
time, as defined by [52]: 𝑎 = 𝑢 𝑑𝑢𝑑𝑥 + 𝑑𝑢𝑑𝑡  (31)

Equation 31 can be decomposed into constituent directions, which include each spa-
tial plane. Thus, the vertical flow acceleration can be expressed by expanding Equation 31 
to give: 𝑎 = 𝑔 = 𝑑𝑣𝑑𝑡 + 𝑣 𝑑𝑢𝑑𝑥 + 𝑣 𝑑𝑣𝑑𝑦 + 𝑣 𝑑𝑤𝑑𝑧  (32)

However, within a two-phase turbulent flow, there are other resulting forces acting 
on the particle, which cause velocity fluctuations. Stokes and Navier individually derived 
the Navier-Stokes equations stemming from Equation 17 to incorporate the additional 
flow effects within viscous flow regimes. 

In general, suspended load transport is derived from the continuity equations and a 
balancing of forces acting on the solid phase [8,15,20,53–55]. A closed channel model as-
sumes no particle enters or exits the flow. In a mathematical model, the respective inter-
actions and boundaries are then considered to give an overall expression for the sediment 
profile. 

The mass conservation equation is derived from the Navier-Stokes equations in ac-
cordance with the closed system assumption and can be expressed as: 𝑐 𝑑𝑑𝑡 + 𝑑𝑢𝑑𝑥 + 𝑑𝑣𝑑𝑦 + 𝑑𝑤𝑑𝑧 = 0 (33)

where 𝑐 is the mean concentration of the solid phase. Similarly, the conservation of mo-
mentum equation is given as: 𝑐 𝜕𝑣𝜕𝑡 + 𝑣 𝜕𝑢𝜕𝑥 + 𝑣 𝜕𝑣𝜕𝑦 + 𝑣 𝑑𝑤𝑑𝑧 = 𝑐𝑔 − 𝑐𝜌 𝜕𝑝𝜕𝑦 + 1𝜌 𝜕𝜎𝜕𝑦 + 1𝜌 𝐹  (34)

where 𝑝𝑓 is the fluid flow pressure, 𝜎𝑠 is the tensor stress arising from particle interac-
tions, and 𝐹𝑠𝑦 is the vertical forces arising due to phase interactions. Considering a 2D 
flow, where the flow across channel width is considered having ignorable change, the 𝑑𝑧 
term can be removed from Equation 34. Furthermore, within steady-uniform flow as-
sumption, one can obtain: 𝑑𝑑𝑡 = 𝑑𝑑𝑥 = 0 (35)𝑔 = 𝑔 (36)

Therefore, the only varying values are given in the streamwise-vertical plane. Addi-
tionally, for dilute flow conditions, the particle-particle interactions are negligible: 
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𝜎 = 0 (37)

Thus, if Equations 35, 36, and 37 are inserted into Equation 34, the vertical momen-
tum for the solid phase can be defined as: 𝑐 𝑣 𝜕𝑣𝜕𝑦 = 𝑐𝑔 − 𝑐𝜌 𝜕𝑝𝜕𝑦 + 1𝜌 𝐹  (38)

Within turbulent flow, Reynolds decomposition is a mathematical method used to 
isolate the velocity fluctuation values from the averaged value (as presented by Figure 8), 
given by [56]: 𝑢 = 𝑢 + 𝑢′ (39)

where 𝑢 is the time-averaged velocity, and 𝑢′ is the velocity flux. 

 
Figure 8. Depiction of turbulent velocity fluctuation. 

Applying Reynolds decomposition to the solid phase by inputting Equation 39 into 
Equation 38 yields: 𝑐(�̅� + 𝑣 )(�̅� + 𝑣 ) 𝜕𝜕𝑦 = 𝑐𝑔 − 𝑐𝜌 𝜕𝑝𝜕𝑦 + 1𝜌 𝐹  (40)

Expanding and simplifying Equation 40 gives: 

𝑐(�̅� + 2𝑣 ) 𝜕�̅�𝜕𝑦 + 𝑐𝑣 𝜕𝜕𝑦 = 𝑐𝑔 − 𝑐𝜌 𝜕𝑝𝜕𝑦 + 1𝜌 𝐹  (41)

Additionally, applying the assumptions of Equations 35 and 40 to Equation 33 gives: 𝑐(𝑣 + 𝑣 ) 𝜕𝜕𝑦 = 0 (42)

Equation 42 can be solved through integration to obtain: 𝑐(𝑣 + 𝑣 ) = 0 (43)

The first term on the left-hand side of Equation 40 is usually considered negligible, 
and thus, rewriting and multiplying by 𝜌𝑠, Equation 40 becomes: 
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𝑐 𝜕𝑝𝜕𝑦 − 𝑐𝜌 𝑔 − 𝜌 𝑐 𝜕𝑣𝜕𝑦 + 𝐹 = 0 (44)

The first term accounts for the pressure variation due to increasing depth. 
The hydrostatic pressure is a result of the weight of the fluid and can be defined as: 𝜕𝑝𝜕𝑦 = −𝜌 𝑔 (45)

Two main interactions that have been discussed within this report are drag and lift. 
These forces can be combined by adding Equations 11 and 29 together to produce: 

𝐹 =  𝑐𝜌 𝑔 1 − 𝜌𝜌 + 𝑐𝜌 (𝑆𝑡 − 1) 𝛥𝑤𝑡 + 𝑐𝛾 𝜌 𝑢∗ℎ ℎ𝑦 + 12𝛱 𝑦ℎ 1 − 𝑦ℎ 𝑢𝑢∗ + ∅𝑐(1 − 𝑐) 𝜕𝑐𝜕𝑦  (46)

Therefore, inputting Equations. 43 and 44 into Equation 42 produces: 

𝑐𝜌 𝑔 − 𝑐𝜌 𝑔 − 𝜌 𝑐 𝜕𝑣𝜕𝑦 + 𝑐𝜌 𝑔 1 − 𝜌𝜌 + 𝑐𝜌 (𝑆𝑡 − 1) 𝛥𝑤𝑡+ 𝑐𝛾 𝜌 𝑢∗ℎ ℎ𝑦 + 12𝛱 𝑦ℎ 1 − 𝑦ℎ 𝑢𝑢∗ + ∅𝑐(1 − 𝑐) 𝜕𝑐𝜕𝑦 = 0 
(47)

Rearranging for sediment concentration finally gives: 

𝑣 𝜕𝑐𝜕𝑦 − 𝑐𝛾 𝑢∗ℎ ∅𝑐(1 − 𝑐) 𝜕𝑐𝜕𝑦 = 𝑐𝑔 𝜌𝜌 1 − 𝜌𝜌 + 𝑐(𝑆𝑡 − 1) 𝛥𝑤𝑡 + 𝑐𝛾 𝑥 𝑢∗ℎ ℎ𝑦 + 12𝛱 𝑦ℎ 1 − 𝑦ℎ 𝑢𝑢∗  (48)

Equation 48 is a comprehensive and inclusive approach to mathematically represent 
the sediment concentration distribution profile. It accounts for the velocity lag due to par-
ticle inertia associated with the drag force as well as the velocity fluctuations arising due 
to the turbulent flow and formation of vortices. Recently, the non-local theory through the 
fractional advection–diffusion equation (fADE) has also been proven to represent suspen-
sion sediment concentration well [57]. In terms of numerical modelling, various lattice 
Boltzmann (LB) [58,59] and smoothed particle hydrodynamics (SPH) models [60,61] have 
also been investigated for their representation toward flow with suspended and bed 
loads, and great success has been achieved in terms of accuracy in reproducing the exper-
imental and field data. 

The above-mentioned final equation (Equation 48) can also be simplified. If small 
particles are measured, then it is justifiable to assume that the solid phase moves in equi-
librium with main flow, and there is no velocity lag. Therefore, 𝑆𝑡  can be taken as zero. 
Additionally, for fine smooth particles, there would be very little shear stress on the sur-
face of the particle to give rise to lift forces. Finally, if the formation of eddies due to tur-
bulence is ignored, these assumptions in Equation 48 can give rise to the following: 𝐷 𝑑𝑐𝑑𝑦 = −𝑐𝑡 1 − 𝜌𝜌 𝑔 (49)

Inputting Equation 9 into Equation 49 gives: 

𝐷 𝑑𝑐𝑑𝑦 = −𝜔 𝑐 (50)

This equates to Fick’s Law, which defines diffusion theory and states that diffusion 
from an area of high concentration to an area of low concentration should be balanced by 
settling velocity term. 
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3. Conclusions 
A wide range of research has been reviewed to provide a holistic understanding of 

sediment concentration profiles, suspension, and transport for practical use when model-
ling hydrodynamic flows. Drag on the sediment particle has been assessed using the 
Reynolds number approach. It has been highlighted that the turbulent flow condition 
plays a significant role on the drag force experienced by the particle. This is dependent 
upon the shear forces between the solid and fluid phase. A study of velocity lag has also 
been considered by utilizing the Stokes number, which is a relationship between the par-
ticle velocity and particle transport timeframe. Research has supported the notion that 
drag force is significantly affected by the turbulent flow condition. 

The idea of velocity fluctuations and vortex mixing has been studied. Velocity fluc-
tuations in the upward direction give lift to the sediment particle. A general approach of 
the time-averaged velocity fluctuations has been considered. The effects of turbulent 
bursting in the upward motion close to the bed has also been reviewed. Within low flow 
conditions, where there are no sufficient velocities for suspension action, a time-averaged 
velocity method is not sufficient to describe particle suspension. In this case, research has 
found that upward eddies can alternatively lift particles into the flow column. The conti-
nuity equations have been investigated to assess the variance of acceleration with posi-
tional displacement over time. This has been expanded by researchers to incorporate other 
forces that act upon the sediment particle such as the fluid-induced lift and drag forces, 
forces arising from turbulence, particle inertia, and pressure gradient. 

Conclusively, as found from this review study, there are a wide range of flow param-
eters that affect the suspended sediment transport. Due to this, reasonable assumptions 
and simplifications have been proposed to ease the mathematical modelling burden. In-
depth suspended sediment transport study can benefit flow modelling under marine and 
water infrastructure influences. For bridge-pier or abutment-induced flow, the flow tur-
bulence will be significant. This will impact the characteristic of scour and suspended sed-
iment transport. Thus, in future studies, a more inclusive research strategy will be needed 
to accurately model the suspended solid behavior within flow to foresee any environmen-
tal problem that could be caused in man-made or natural channels. 
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