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Abstract 
 

Mohammed Abdullah Ghali AL-SADOON 

 
DIRECTION FINDING AND BEAMFORMING TECHNIQUES USING 

ANTENNA ARRAY FOR WIRELESS SYSTEM APPLICATIONS 

Simulation and Measurements of Various Antenna Array Structures Signal Pro- 
cessing for Direction of Arrival and Beamforming over Narrow and Wideband Spec- 

trums for Localisation and Tracking Systems 

 
Keywords 

Direction/Angle of Arrival (DOA/AOA), Antenna array, Adaptive Beamforming, Signal Pro- 
cessing, Outdoor-Indoor localisation, Tracking systems, Mutual Coupling, Multiple Input Multi- 
ple Output (MIMO), Wireless Mobile Communications, Orthogonal Frequency Division Multi- 

plexing (OFDM). 

 

This thesis is concentrated on the Angle / Direction of Arrival (A/DOA) estimation and Beam- 
forming techniques that can be used in the current and future engineering applications such as 
tracking of targets, wireless mobile communications, radar systems, etc. This thesis firstly in- 
vestigates different types of AOA and beamforming techniques. A comprehensive compari- 
son between the common AOA algorithms is performed to evaluate the estimation accuracy and 
illustrate the computational complexity of each algorithm. The effect of mutual coupling between 
the radiators and the impact of the position-error of the antenna elements on the estimation 
accuracy is also studied. 

 
Then, several new efficient AOA methods for current wireless localisation systems are pro- 
posed. The estimation accuracy and computational complexity are compared with well-known 
AOA methods over a wide range of scenarios. New methodologies for Covariance Matrix (CM) 
sampling are proposed to enhance and improve operational performance without increasing the 
computational burden. A new beamforming algorithm is proposed and implemented on a com- 
pact mm-Wave linear and planar antenna arrays to enhance the desired signal and suppress 
the interference sources in wireless communication systems. 

 
The issue of asset tracking in dense environments where the performance of the Global Posi- 
tioning System (GPS) becomes unavailable or unreliable is addressed in the thesis as well. The 
proposed solution uses a low-profile array of sensors mounted on a finite conducting ground. A 
compact-size omnidirectional spiral sensor array of six electrically small dual-band antenna el- 
ements was designed to operate in the 402 and 837 MHz spectrum bands. For the lower band, 
a three-element superposition method is applied to support the estimated AOA whereas six 
sensors are considered for the higher band. An efficient and low complexity Projection Vector 
(PV) AOA method is proposed. An Orthogonal Frequency Division Multiplexing (OFDM) modu- 
lation is integrated with the PV technique to enhance the estimation resolution. The system was 
found to be suitable for installation on top of vehicles to localise the position of assets. The pro- 
posed system was tested to track non-stationary objectives, and then two scenarios were in- 
vestigated: outdoor to outdoor and outdoor to indoor environments using Wireless In-Site Soft- 
ware. The results confirm that the proposed tracking system works efficiently with a single snap- 
shot. 
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Chapter One: Introduction 

 
1.1 Overview 

 
The applications of wireless technology have classified into several fields, in- 

cluding sensor networks, environmental monitoring, and public security [1-3]. 

In light of these developments, several technological policies have been cre- 

ated to satisfy different demands. In localisation systems, the classical problem 

in array signal processing is finding the parameters of the received signals. 

Thus, the incident signals on an antenna array are processed digitally to ex- 

tract various types of information, including their angle of arrival (AOAs) [4]. 

Note that the term DOA (the Direction of Arrival) is also used in the literature 

[5-7]. Since rescue and search services always need accurate locations of the 

electromagnetic beacon sources, the U.S. Federal Communications Commis- 

sion (FCC) has passed a mandatory rule for location accuracy on wireless 

emergency calls requiring an error of no more than 125 m [8]. Additionally, 

accurate AOA estimation helps mobile communications and wireless position- 

ing systems to improve their performance significantly. 

A useful system that has recently appeared is smart antenna technology, 

which seeks efficient methods for direction finding and adaptive beamforming, 

integrating these algorithms with Multiple Input Multiple Output (MIMO) tech- 

nology [9]. As the performance of MIMO is critically related to the propagation 

environment, it is vital to model the space-time path accurately to achieve good 

MIMO systems [10, 11]. This technology is found especially useful in mobile 

communication systems by enhancing the coverage, extending the range, and 

also increasing the capacity of operators compared to the classic antenna 

1 
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array set-up [12]. It can also be exploited to separate signals spatially and al- 

low several users to use the same frequency through utilising Spatial Division 

Multiple Access (SDMA) at the cell. The SDMA approach permits multiple sub- 

scribers to operate in the same base station and on the same frequency/time 

slot provided by using the adaptive beamforming algorithms [13]. These appli- 

cations have led to a raised attention in obtaining the DOA of radio signals in 

wireless communication systems. 

DOA estimation is an essential research area in array signal processing of 

smart antenna systems since the performance of adaptive beamforming meth- 

ods are severely degraded in the presence mismatch between the actual and 

estimated direction of the desired signal [2, 14, 15]. The AOA technique is an 

essential tool in controlling the space-time path and requires accurate deter- 

mination of the directions of arrival at each measurement point. The obtained 

directions aid the beamforming approach to steer the array’s beams towards 

wanted directions while suppressing noise and interference source signals 

[16]. Therefore, AOA algorithms play a vital role in smart antenna systems to 

ensure that the antenna array capable of estimating the directions of the arriv- 

ing signals correctly. Even small inaccuracies in the estimation of angles of 

arrival can increase the Bit Error Rate (BER) or cause significant errors in di- 

rection when locating and tracking mobile stations, which explains the current 

research interest in this area [17, 18]. 

 
1.2 Aim and Objectives: 

 

Aim: Design and Implementation efficient-low complexity DOA system for wire- 

less system applications. 
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The main objectives to achieve the above aim are listed below: 

 
 

•  Analysing the performance of several Direction / Angle of Arrival 

(D/AOA) and Beamforming methodologies in terms of estimation accu- 

racy, reliability, computational complexity, and applicability for 2D and 

3D estimation applications. 

• Investigating the effect of the mutual coupling within the sensor array 

on the estimation accuracy. 

• To develop and propose an efficient with low complexity AOA algo- 

rithms so one can use in the current and future wireless localisation 

systems. 

• To propose baseband beamforming that can be combined and arbitrary 

antenna array geometry to calculate the array fed weights in order to 

enhance the desired signals while interfering signals are miti- 

gated by having nulls or attenuations pointed in their directions. 

• Designing and implementation a compact size omnidirectional antenna. 

 

 
1.3 The Main Contributions and Motivations: 

 
The main contributions are summarized as follows: 

 

• Different directions of arrival and beamforming algorithms are studied and 

investigated. The necessary mathematical equations that describe these 

algorithms are derived and verified by MATLAB software. The performance 

of these methods is tested and evaluated in a wide range of scenarios such 

as various antenna array structures, multiple AOAs of signals, and corre- 

lated and un-correlated signals sources. 
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• A comprehensive study between the popular AOA methods is presented 

and compared to evaluate the performance of each one fairly. Several in- 

teresting recommendations are illustrated and addressed to select the ap- 

propriate method/s. 

• The effect of mutual coupling between the antenna array elements on the 

estimation accuracy of the DOA algorithms is modelled and studied. The 

results before and after compensation of the mutual coupling are 

presented. The impact of perturbation errors caused by the elements’ po- 

sitions on the performance estimation of DOA methods is derived and 

modelled as well. Different bands of frequency spectrums are used to sim- 

ulate the effect of this situation. 

 

• New and accurate methods namely: the Modified Pisarenko Harmonic De- 

composition (MPHD), Propagator Direct Data Acquisition (PDDA), Mini- 

mum Variance Noise (MVN), Root-MVN, Maximum Signal Subspace 

(MSS), Subtracting Signal Subspace (SSS), Fast Searching Signal Sub- 

space (FSSS), and Partial Noise Subspace (PNS) are proposed to en- 

hance the performance of the AOA techniques by increasing the accuracy 

of AOA estimation and reducing computational complexity. Also, a new dig- 

ital beamforming algorithm called Projection Noise Correlation Matrix 

(PNCM) is proposed and combined with Massive MIMO to enhance the 

reception channel of the desired users. The proposed methods are also 

compared against well-known AOA algorithms. The new AOA methods are 

applied to Two-Dimensional (2D) antenna arrays to perform Three- 

Dimensional (3D) estimation. The computer simulation results quantify the 

superior performance of the proposed methods. 
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• New sampling methodologies to improve the DOA estimation accuracy of 

the tracked objects are applied to reduce the dependency between the ad- 

jacent sampled columns within a Covariance Matrix (CM) that are used to 

construct the projection matrix. A theoretical analysis is presented to 

demonstrate that the proposed methodologies can increase the Degrees 

of Freedom (DOFs) with the same aperture size and number of sampled 

columns. It is found that these sampling distributions increase the number 

of produced nulls and enhance noise immunity. 

• The issue of asset tracking in dense environments where the performance 

of the Global Positioning System (GPS) becomes unavailable or unreliable 

is addressed. Thus, a dual-band compact-size omnidirectional spiral an- 

tenna array is designed as a front end of a tracker to operate in the 402 

and 837 MHz spectrum bands. An efficient and low complexity AOA deter- 

mination method is proposed combined with the array mentioned. Orthog- 

onal Frequency Division Multiplexing (OFDM) is integrated with the AOA 

technique to increase the estimation resolution. The system was found to 

be suitable for installation on the roof of vehicles to localise the position of 

assets. 

 
1.4 Research Outputs 

 
Each chapter of the present work has a unique contribution to the research 

field in terms of published data that represents a step forward of the progress 

made in this thesis. The details of these contributions are summarised as fol- 

lows: 
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• One IEEE conference paper [19], presented as a part of Chapter 3 out- 

comes. 

• Chapter 4 contributed to three International IEEE conference papers [20- 

22]. 

• One MDPI sensor Journal paper [23] demonstrates the results of the new 

achievements of Chapter 5. 

• The outcomes of Chapter 6 appears in two chapters’ books [4, 24] in addi- 

tion to, three International IEEE conferences [25-27] and two URSI papers 

[28, 29]. 

• Three article papers, namely IEEE access and two MDPI journals in addition 

to one IEEE conference paper, have summarised the contribution of Chap- 

ter 7 [30-33]. 

• Results of Chapter 8 verified in one WSEAS TRANSACTION on COMMU- 

NICATIONS Journal [16] and one URSI paper [34]. 

• Finally, Chapter 9 contributed to IEEE Transactions Antennas and Propa- 

gation Journal paper [35] and two International IEEE conference papers [36, 

37]. 

 

1.5 Organization of the Thesis 

 
 

A short summary of each chapter of the current work is illustrated as follows: 

 
Chapter 2: In this chapter, a detailed survey addressing the progress and as- 

sociated problems on localisation and beamforming approaches are 

addressed. There have been four main categories in the localisation area; the 

definition and working principle of each type are given. A comprehensive 
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survey for the DOA is achieved to illustrate the developments and progress of 

this area. The characteristics of null steering, beam steering and beamforming 

are also illustrated. In addition, the beamforming categories, according to sev- 

eral criteria are explained. 

Chapter 3: Firstly, this chapter describes DOA modelling with an arbitrary 

antenna array under Additive White Gaussian Noise (AWGN) channel condi- 

tion. The mathematical model of the CM for both uncorrelated and coherent 

signals is presented. Secondly, the analysis and the performance of several 

popular AOA algorithms are investigated. The fundamental operating principle 

of each algorithm is presented, and then its mathematical model derived. An 

intensive comparison results are presented to identify the performance and 

limitations of the AOA methods. All the methods are adopting Monte Carlo 

simulation over a wide range of scenarios to evaluate the estimation accuracy 

of each method fairly. The advantages, drawbacks, and limitations of the meth- 

ods are presented and compared. Some useful suggestions and recommen- 

dations are addressed at the end of this chapter. 

Chapter 4: A conical helical ring antenna array is proposed for Wifi direction- 

finding system applications. Six-element and eight-element ring antenna ar- 

rays with different spacing are designed to test the impact of mutual coupling 

within antenna array elements on the direction estimation process of the arrival 

signals. A decoupling method is exploited to compensate and remove the ef- 

fects of mutual coupling. Results of the direction estimation before and after 

compensation of mutual coupling are presented. The errors and mistakes in 

the positions antenna elements that may be occurred in the array design and 

fabrication process are also investigated and analysed in this chapter. The 



8  

mathematical model is derived for both linear and circular arrays, and com- 

puter simulation is performed to illustrate the impact of this problem. The re- 

sults of the antenna array steering vector before and after calibration are 

presented and compared. 

Chapter 5: This chapter proposes a new low complexity AOA method for sig- 

nal direction estimation in multi-element smart wireless communication sys- 

tems. The new method estimates the AOAs of the received signals directly 

from the received signals with significantly reduced complexity since it does 

not need to construct the correlation matrix, invert the matrix or apply Eigen 

Decomposition, which is computationally expensive. A mathematical model of 

the proposed method is illustrated and then verified using extensive computer 

simulations. Both linear and circular sensors arrays are studied using various 

numerical examples. The method is systematically compared with other 

conventional and recently introduced AOA methods over a wide range of sce- 

narios. The simulated results show that the new method has several ad- 

vantages in terms of reduced complexity and improved accuracy under the 

assumptions of correlated signals and limited numbers of snapshots. 

Chapter 6: New and efficient AOA methods are proposed in this chapter. The 

necessary conditions and equations for each technique are derived to verify 

the theoretical concept mathematically. Numerical simulation of each algorithm 

is given with different scenarios to evaluate the performance and estimation 

resolution of the proposed methods. The proposed algorithms are also 

compared with many well-known AOA methods. 

Chapter 7: This chapter presents three alternative sampling methodologies, 

namely: uniform, non-uniform, and logarithmic spatial distributions, to enhance 
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the performance of the Projection Matrix (PM) method. These methodologies 

are applied to select the locations of the rows or columns within a CM that are 

used to construct the projection matrix. The proposed distributions have a pos- 

itive impact on the projection matrix construction, which, in turn, enhances the 

performance of the PM algorithm without increasing the computational com- 

plexity. It is demonstrated that these methodologies, with the same number of 

antenna elements and simulation scenarios, achieve significantly better per- 

formance compared to the classical criteria. The results verify the effective- 

ness and strength of the new methodologies. 

Chapter 8: This chapter first analyses and compares two types of adaptive 

beamforming algorithms for optimising and setting the weights of smart 

antenna systems, namely the Least Mean Square algorithm (LMS) and 

Sample Matrix Inversion (SMI). The direction of the main beam of the antenna 

system is adjusted to enhance the desired signal while interfering signals are 

mitigated by having nulls pointed in their directions. The mathematical 

formulations and necessary conditions for the above algorithms are derived 

and verified by numerical examples, with overall behavior obtained by 

MATLAB simulation. Performance evaluations are made for different cases of 

arrival angles, and in conclusion, the advantages and disadvantages of each 

algorithm are addressed as well. 

The design and implementation of an active multi-beams antenna system for 

massive MIMO applications in 5G wireless communications are presented. 

The beamforming is implemented using a compact antenna operated at 22 

GHz covering 2 GHz spectrum bandwidth. Two antenna arrays configurations, 

namely 16 linear and 64 planar arrays are modelled and integrated with new 
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low complexity beamforming algorithm to utilise multiple beams in the direc- 

tions of the interested users and suppress the interferes. The mathematical 

model of the proposed scheme and the design parameters of the antenna ar- 

rays are illustrated. The proposed scheme is also implemented with various 

scenarios, and the experiment results show that the proposed scheme is work- 

ing efficiently. 

Chapter 9: This chapter addresses the issue of asset tracking in dense envi- 

ronments where the performance of the GPS becomes unavailable or unrelia- 

ble. The proposed solution uses a low-profile array of six electrically small dual- 

band sensors mounted on a finite conducting ground. For the lower band, a 

three-element superposition method is applied to support the estimated AOA, 

whereas all six sensors are considered for the higher band. An efficient and 

low complexity AOA determination method is proposed and integrated OFDM 

modulation to increase the estimation resolution and combat the fading and 

multipath effects. A suitable decoupling approach is inserted to remove the 

degrading impacts of mutual coupling between the sensor elements. The pro- 

posed system was tested to track non-stationary objectives, and then two sce- 

narios were investigated: outdoor to outdoor and outdoor to indoor using Wire- 

less In-Site Software. A computer program was modified to emulate the above 

scenarios, and the experimental results are presented and discussed. The re- 

sults confirm that the proposed tracking system works efficiently with a single 

snapshot. 

Chapter 10: This chapter summarises the whole work and highlights the out- 

standing achieved results. It also includes suggestions and recommendations 

for further work. 
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Chapter Two: Literature Review 

 
 

2.1 Introduction 

 
 

The applications of wireless technology have spread into several fields, includ- 

ing sensor networks, environmental monitoring, and public security [1-3]. In 

light of these developments, several technological policies have been created 

to satisfy different demands. The main purpose of all the localisation tech- 

niques presented is to estimate DOA signals or/and localise the position of the 

emitters’ / source’s signals from the obtained information. These parameters 

can be obtained based on the nature of wave propagation, employing Time of 

Arrival (TOA), Time Difference of Arrival (TDOA), Received Signal Strength 

(RSS) and AOA approaches [38]. 

 
The TOA approach is to measure the transit time of signals between a trans- 

mitter and receiver. TOA is typically estimated from the Euclidean distance 

between transmitter and receiver by multiplying this by the light speed in a 

vacuum [39]. However, due to the properties of the propagation medium, the 

TOA approach requires a knowledge of the nature and dielectric properties of 

various penetrable building materials to estimate the Euclidean distance 

properly [40]. Moreover, the resolution is often challenged in indoor environ- 

ments due to extensive interference and a considerable number of propagation 

paths. Therefore, for effective estimation, the time information needs to be in- 

cluded in the signal and the TOA algorithm must be synchronised [41]. 
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The TDOA technique can provide possible locations of an agent by meas- 

uring the time difference of received Radio Frequency (RF) signals at two an- 

chors [42]. Two approaches can be used to estimate TDOA: the first records 

the times of arrival of incoming signals at each base station and then subtracts 

these times over terminal pairs; this is accomplished by utilising the autocor- 

relation property of the arrival signals. The alternative way is to use the cross- 

correlation between two arriving signals while their relative timing is adjusted 

until a peak occurrence is observed [43, 44]. These techniques require at least 

two receivers at predefined positions to localise a transmitter onto a hyperbola, 

where the time difference between the arrival signals at each base station must 

be the same. Therefore, the position of the required target is obtained from the 

intersection of hyperbolas, which is formed using different pairs of base sta- 

tions [45]. TDOA methods need synchronisation between anchors but not nec- 

essarily with the user. 

 
The RSS method exploits the ability to read the strength of the received sig- 

nals: this is provided on all receivers, so that these readings can be interpreted 

utilising specific location estimation software [46]. Since RSS measures the 

average strength of incident signals from different paths at any given location, 

the target location can be estimated using the propagation loss or attenuation 

of the transmitted signals [47]. The RSS method utilises at least three refer- 

ence nodes and the corresponding signal attenuation to estimate the location 

of the target. Although the RSS method can be implemented on any wireless 

communication system without the need to change the hardware significantly, 

it is susceptible to environmental factors such as shadowing and multipath ef- 

fects, since signal strength is attenuated with distance [48]. The estimation 
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resolution of RSS drops significantly with increasing distance and in urban re- 

gions [49, 50]. It has been analytically proved in [51] that neither TOA/TDOA 

nor RSS ranging techniques can achieve a positioning resolution with the re- 

quired range needed for safety applications. More notably, TOA/TDOA meth- 

ods suffer from inaccurate synchronisation, whereas RSS is too sensitive to 

uncertainties in the path-loss exponent [52]. 

 
Direction finding (DF) is one of the most critical fields in the array signal pro- 

cessing and one that has gained significant attention from researchers and 

engineers [53-55]. The need for DF comes from the requirements of tracking 

and locating signal sources in many civilian and military applications [56, 57]. 

Examples of these applications are radar systems, medical and rescue ser- 

vices. These services mainly depend on the precision of the position estima- 

tion technique. The localisation of radiating sources at spatially separated sen- 

sors has considerable importance for these applications. For example, in wire- 

less communication systems, when DOA of the desired signal and interference 

signals are correctly estimated, an adaptive beamforming technique can be 

applied to emphasise the gain towards the desired signal suppressing the 

noise and interference signals. 

 
This chapter presents a comprehensive review and sufficient background 

about the DOA field. It may be best to scan the historical developments of AOA 

techniques in this chapter and then describe and analyse the conventional and 

widely used AOA algorithms in chapter 3. 
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2.2 The AOA Literature Review and Highlighting Key 

Sources Techniques 

 
The angle estimation issue has been received significant attention in many 

applications such as wireless communication, radar systems and array signal 

processing [2, 14, 15]. During the last few decades, several AOA estimation 

methods have been used in smart antenna systems for mobile, emergency 

tracking position applications [58]. Generally, AOA localisation requires at least 

two cooperating base stations and the position of the handset can be located 

from the intersection between the lines of sight at the two (or more) arrival 

angles [59]. AOA algorithms offer a high resolution when direct Line-of-Sight 

(LOS) is available, and they do not need synchronisation almost. However, 

their estimation accuracy is usually affected by several propagation impacts 

such as reflection, fading, diffraction, shadowing, scattering, and by the 

directivity of the antenna [60-64]. A comprehensive review of the related works 

has been conducted out in chronological order as follow: 

In 1961, the first approach to carrying out the space-time processing of data 

sampled at an antenna array was beamforming or spatial filtering. The Classi- 

cal Beamformer (CBF) method is one of the earliest AOA techniques sug- 

gested by Bartlett [65]. The fundamental principle of this method is to apply an 

equal weighting on each antenna element to construct the steering vector in a 

specific direction [66]. The idea behind this method is reinforcing the radiation 

of an antenna array towards the DOA by aligning the propagation delays of 

incident signals while sources propagation from other directions and the noise 

are not enhanced. However, due to the high level of side lobes, output power 
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comes not only from the direction of the array steering vector but also from 

other directions where the side lobes are pointing. Thus, the resolving power 

depends on the size of the antenna array and beamwidth of the main lobe. 

In 1969, J. Capon proposed an algorithm to estimate the power of incoming 

signals [67]. This algorithm is also known as the Minimum Variance Distortion- 

less Response (MVDR) method. The idea of this approach depends on the 

estimation of a signal from one direction and considers all other signals as 

interference. The Capon method has a much better resolution than the Bartlett 

method. On the other hand, it is more complicated than Bartlett’s method as it 

requires the computation of the inverse of the CM. Additionally, its perfor- 

mance becomes worse than the Bartlett algorithm when the received signals 

are highly correlated. 

In 1972, a Maximum Entropy (ME) algorithm was proposed by Burg [68]. It 

depends on the extrapolation of the CM, where the extrapolation must be se- 

lected to maximise signal entropy. This is accomplished by searching for the 

autoregressive coefficients that minimise the expected prediction error subject 

to the constraint that the first Auto-Regressive (AR) coefficient unity. The ME 

method uses the Lagrange Multiplier technique to solve this condition and find 

the optimum weights. 

In 1973, Pisarenko Harmonic Decomposition (PHD) was the first approach that 

exploited the eigenvector of the CM to estimate the direction of incoming sig- 

nals [69]. It assumes the dimension of the noise is equal to one column, re- 

gardless of the number of arriving signals, and uses the eigenvector associ- 

ated with the least eigenvalue. This method is only applicable to the Uniform 

Linear Array (ULA). Producing false peaks is its main drawback [19, 25]. 
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In 1975, a Linear Prediction Error (LPE) method proposed in [70] uses a linear 

antenna array equally spaced to estimate DOA. It is based on minimising the 

mean-squared prediction error between the output of the antenna array and 

actual output. This is achieved by finding the weights, which reduce the Mean 

Square Error (MSE) subjected to the constraint that 𝒘𝑯𝒎𝒊  = 1. The Lagrange 

Multiplier optimisation technique is applied to obtain the weights under this 
 

condition. 

 
An introduction to the subspace approach marked the beginning of a new area 

in sensor array signal processing. Unlike traditional techniques, subspace al- 

gorithms utilise the eigen structure of the received signal, instead of exploiting 

the statistical characteristics of collected data, which leads to a significant im- 

provement in estimation resolution. The estimation accuracy of this type is not 

mainly limited by the array aperture but depends on the data collection time 

and Signal to Noise Ratio (SNR), resulting in high resolution and better perfor- 

mance compared with the previous type [71]. 

In 1979, a Minimum Norm algorithm was proposed by S. S. Reddi [72] and 

then developed by R. Kumaresan and D. W. Tufts [73]. This method finds an 

optimum array weights vector that minimises the norm of array output. This 

method assumes that the first element in the weights vector is unity, and other 

elements are zeros. The limitation of this algorithm is applicable only for the 

ULAs. 

In 1979, a Multiple Signal Classification (MUSIC) method was suggested by 
 

R. Schmidt [72, 74]. MUSIC is an Eigen structure technique, which provides 

fair estimates for the angles of arrival, number of signals, and the strength of 

each waveform. The idea of this algorithm is dependent on the orthogonality 
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between the Noise Subspace (NS) and the steering vector of the antenna array 

to generate the spatial spectra of received array signals. The maximum points 

of the spectrum indicate the directions of the impinging sources. 

In 1982, the authors in [75] proposed a Spatial Smoothing (SS) scheme in 

conjunction with spectral AOA methods such as Capon and ME to remove the 

coherence from the signals that encounter high correlation. The theoretical 

analysis and simulated results showed that the applied methods give signifi- 

cant improvements for DOA estimation when this scheme is used as a pre- 

processing stage. Then, this scheme was extended in 1985 and applied for 

eigenstructure AOA methods as a pre-processing stage to eliminate the cor- 

relation between the arrival signals [76, 77]. 

In 1983, a Root-MUSIC technique was proposed to reduce the computational 

complexity of the MUSIC method [78]. The main idea of this approach is 

searching on the roots, which are associated with the direction of arrival sig- 

nals instead of extensive searching through the antenna array vector. This 

method is faster than MUSIC, since it does not need the manifold vector and 

gives better accuracy even when the angles of arrivals are close to each other. 

The main limitation of this method is applicable only for the ULAs. Moreover, 

not all these roots give the correct location of the arrival angles. 

In 1984, Mati Wax, et al., proposed two algorithms are time-domain eigen 

structure method and frequency-domain eigen structure to estimate the arrival 

angles and the central frequency of the received signals by a passive array 

based on estimation the spatial and temporal densities of these signals [79]. 

The time-domain eigen structure method was applied to estimate DOA and 

centre frequency parameters simultaneously of narrow-band signals, whereas 
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the frequency domain eigen structure technique was used to determine these 

parameters in wide-band AOA systems. However, these techniques are appli- 

cable to both narrow and wideband signals. The resolution offered by these 

methods is based mainly on estimating the eigen structure of the measured 

CM. Thus, these techniques provide high estimation accuracy when the num- 

ber of the observed data is large, even in poor SNR and vice versa. 

In 1986, Chien-Chung Yeh proposed a Projection Matrix (PM) algorithm to 

bearing estimations [80, 81]. The PM method assumes the number of arriving 

signals is known and should be less than the number of the antenna elements. 

This algorithm is categorised as a subspace method; however, it does not need 

to decompose the CM [82]. Instead, it exploits L rows/columns inside the CM 

to form the projection matrix, and thus it considers low computational complex- 

ity. However, no optimum criterion has been addressed to select the positions 

of these L rows/columns of the CM. 

In 1986, S. Y. Kung, et al. proposed a Toeplitz Approximation Method (TAM) 

based on low order approximation of an estimated CM for direction finding 

problems [83]. The CM is assumed as a Toeplitz matrix under statistically sta- 

tionary and uncorrelated signals sources conditions. However, this assumption 

is not valid when the sources paths are highly correlated due to multipath en- 

vironments. Thus, the spatial smoothing was employed to remove the cross- 

correlation between the arrival paths. 

In 1987, an efficient model of the Fast Orthogonal Search (FOS) method was 

proposed to estimate the directions of the incident waves on an antenna array 

[84]. The FOS method needs to compute the correlation between an orthogo- 

nal basis vector and the observed snapshots in addition to the correlation 
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selected orthogonal vectors and candidate steering vectors. In this work, the 

Gram-Schmidt procedure was used as an iterative approach to calculate these 

correlations recursively. This procedure is repeated until the MSE reaches a 

minimum local point [85]. 

In 1988, a non-noise level eigenvector algorithm based on the Signal subspace 

(SS) was presented to estimate DOAs of narrow-band correlated signals [86]. 

This method is unrestricted array geometry and deals with measured data 

without a prior assumption on the coherency nature of the impinging signals. 

Instead, it uses an iterative approach for solving a system with a nonlinear 

equation to determine DOAs, number of coherent and non-coherent sources 

and the number of incident signals. 

In 1989, an Estimation of Signal Parameters via Rotational Invariance Tech- 

nique (ESPRIT) was suggested to estimate the direction of arrival signals [87]. 

The ESPRIT method supposes that the type of sources is narrowband signals, 

and the number of received signals is less than the number of the antenna 

elements. The main idea of this technique depends on exploiting the rotational 

invariance of the signal subspace, which is produced by two arrays with a 

translational invariance structure. It is vital to separate these subarrays trans- 

lationally and not rotationally. 

In 1989, Schmidt suggested a Cyclic MUSIC algorithm, which utilised the spec- 

tral coherence characteristics of the received signal and gave it the ability to 

solve signals spaced more accurately [88]. Additionally, the Cyclic MUSIC al- 

gorithm averts the condition that the total number of incoming signals on the 

array must be less than the number of antenna elements. Several efforts have 



20  

been made to simulate and develop this algorithm [89-98]. It was demon- 

strated that (3K/2) sensors enough to estimate the angles of L arrival signals. 

In 1989, a Forward/Backward Spatial Smoothing (FBSS) scheme was pro- 

posed to eliminate the correlation effects within the CM, so one can estimate 

AOAs efficiently [99]. This scheme divides the antenna array into many subar- 

rays sets where is the forward spatial smoothing uses these sets while the 

backward spatial smoothing utilises the complex conjugate of these subarrays 

simultaneously to construct a smooth CM. 

In 1990, the authors proposed an efficient method called Matrix Pencil (MP) to 

compute the DOA of the signals [100]. This idea of the MP is similar to the 

ESPRIT method; however, the MP is directly applied to the data without the 

need to form the CM. This technique was developed by [101] to reduce the 

complexity of the computation by using a unitary matrix transformation meth- 

odology, which converts the complex matrix into a real matrix along with their 

eigenvectors. 

In 1991, Huarng and Yeh introduced an outstanding unitary transformation 

technique to convert the complex CM of an equally spaced linear array and 

the complex search vector into a real symmetric matrix and real vector respec- 

tively [102]. This process leads to significant complexity reduction. However, 

in the practical application, the observed CM is not per-symmetric, and there- 

fore, a per-symmetric estimator is used in this work to sample the CM. 

Also In 1991, another subspace technique called propagator has been pro- 

posed to estimate DOA of the signal [103]. The advantage of this technique is 

less complex compared with other subspace techniques since it does not 



21  

require the decomposition of the CM. However, it is only suitable for the pres- 

ence of AWGN channel, and its performance significantly deteriorates under 

non-uniform spatial noise. The performance of this method was analysed and 

its advantages and drawbacks have been presented in [104]. 

In 1994, X. Guanghan and T. Kailath proposed the Fast Subspace Decompo- 

sition (FSD) method to reduce complexity computation of the MUSIC method 

[105]. This method exploits a specific structure of matrix (low rand and iden- 

tity), which corresponds with signal subspace. Furthermore, this technique can 

utilise other matrix structures, such as Toeplitz and Hankel. Additionally, it can 

be easily performed in parallel processing to decrease the execution time of 

computation. 

In 1994, a less complexity version of the Forward/Backward (FB) averaging 

approach was modified to decrease the computational complexity of any AOA 

method using FB averaging [106]. This was achieved by converting the com- 

plex operations of the data matrix to real real-valued arithmetic for fast DOA 

estimation. 

Again in 1994, two unitary transformations for DOA estimation using spherical 

arrays were introduced in [107] to transform the complex values of the CM and 

manifold vector to the real ones. Further, the obtained eigenvalues and eigen- 

vectors of the transformed CM are real values too. This methodology has used 

the MUSIC method to estimate the locations of signals. 

In 1994, the ESPRIT algorithm based on a Uniform Circular Array (UCA) was 

presented for 2D angle estimation [108]. This algorithm reduced the 
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computational complexity by transforming the complex signal CM and array 

directional matrix into real matrices. 

In 1995, another algorithm called Unitary-ESPRIT has been suggested to es- 

timate AOAs from 2D using UCA [109, 110]. It depends on the SS invariance 

resulting from the Centro-symmetric structure of the antenna array. In the 

same work, the authors proposed a Uniform Circular Array-Real Beamspace 

MUSIC (UCA-RB-MUSIC) estimation algorithm. The advantage of this algo- 

rithm is less computational complexity than element space MUSIC version 

since the estimated subspace is only obtained by real-value Eigen decompo- 

sition. 

In 1995, an Orthonormal Propagator Method (OPM) was given to improve the 

performance of the propagator method [111]. Although the OPM still does not 

require to compute Eigenvalue decomposition to the CM, it added 

𝑂 (𝐿 (𝑀 − 𝐿)2) multiplications compared to the orginal propagator method due 

to the orthonolisation process, where L and M are the number of arrival signals 

and the number of antenna array elements respectively. Several efforts have 

been performed to develop the PM method [112-117]. A new modified PM 

method is proposed to deal with the estimation of multiple coherent signals. 

Three parallel ULAs were used to perform a Two-Dimension DOA (2D-DOA) 

task [113]. 

In 1996, a Maximum Likelihood (ML) approach is known as Space-Alternating 

Generalised Expectation-maximisation (SAGE) for channel modelling was pro- 

posed for DOA estimation applications [118]. This approach has been used to 

obtain path parameters from channel measurement data. By performing an 

iterative joint Expectation-Maximisation (EM) on many parameters, for 
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instance, incidence angles, relative delay, complex amplitude and Doppler fre- 

quency of the incident signals, SAGE can obtain multiple parameter estima- 

tions and separate the received signals via simultaneously searching in differ- 

ent domains [119]. However, EM searching iterations on many factors cause 

a substantial burden computation and increase the complexity. Therefore, the 

subspace decomposition techniques such as MUSIC and ESPRIT are more 

appropriate than EM approach, since they need much less computational time 

and resources, especially with massive channel measurement applications. 

In 1996, the performance of the SS scheme was improved through link this 

sachem qualitatively with Eigenvalue Ratio (EVR) of the signal matrix in order 

to provide a better estimation of the bearing sources [120]. The EVR repre- 

sents the ratio between the largest and smallest eigenvalues. The proposed 

sachem was applied to the MUSIC method, and the obtained results showed 

its superiority compared to the SS and FBSS schemes. 

In 1997, Q. S. Ren and A. J. Willis suggested a Norm Root-MUSIC to reduce 

the complexity of root computation and to minimise the order of the polynomial 

[121]. Briefly, the idea of this technique is to apply the rules of Root-MUSIC 

method on the Min-Norm algorithm. This algorithm gives better resolution than 

MUSIC. However, the roots sometimes do not provide the correct indication 

toward the angles of arrival, especially at poor SNR, and it is only applicable 

to the ULA. 

Also, in 1997, an essential work in the array signal processing field was pre- 

sented by Lal Godara that provided a detailed treatment and comprehensive 

review of different beamforming and DOA methodologies [122]. A significant 
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number of the beamforming and DOA algorithms was presented, discussed, 

and compared from various aspects. 

In 1999, a modified version of Root-MUSIC method was presented to improve 

the signal DOA estimation performance under a limited number of snapshots. 

The CM first estimated by the sampled data and it's conjugating and then, 

Eigen decomposing applied. Finally, the root polynomial was used to find the 

DOAs. The obtained improvement is approximately 10 per cent. 

In 2003, a Conjugate ESPRIT (C-SPRIT) [123] was proposed to provide better 

AOA estimation and detection compared to classical MUSIC and ESPRIT 

methods. The C-SPRIT approach utilises M overlapping array elements for the 

two sub-arrays, whereas ESPRIT uses M-1 as a maximum number of the over- 

lapping elements. This algorithm utilises the Conjugate of Rotation Matrix 

(CRM) compared to the ESPRIT method, which uses the rational structure of 

the second sub-array. 

In 2004, C. MacInnes presented a method for signal direction estimation based 

on the spatial filter. This method combined a subspace approach with a spatial 

filter algorithm to obtain good performance for angle estimation at a medium 

SNR [124]. 

In 2005, Jung-Tae Kim et al. proposed a fast DOA method that used the 

Pseudo- CM under coherent interference environments [125]. This method 

constructs the CM based on a single snapshot and then obtains the bearing 

response. It should be noted this method does not need prior knowledge of the 

number of the incoming signals. The directions of the impinging signals are 

estimated by combing the location of pattern nulls and the bearing response. 
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In 2005, a spatial sparsity method called 𝓵𝟏- Singular Value Decomposition 

(ℓ1-SVD) was presented for DOA estimation problem [126]. The ℓ1-SVD is a 

combination of the SVD approach and the ℓ1Norm minimisation-based 

method, which can provide high accuracy for both narrowband and wideband 

scenarios. With a Single Measurement Vectors (SMVs), the ℓ1 optimisation 

approach is preferred to sparse recovery because of guaranteed recovery res- 

olution [127]. In the case of multiple snapshots, sparse signals at all measure- 

ments provide the same support. Thus, such joint sparsity is an approach fa- 

vourable to improving the average recovery success under a similar uncorre- 

lated matrix condition [128]. 

In 2006, a Unitary Matrix Pencil (U-MP) was proposed in [129] to decrease the 

computational complexity of the MP method by applying a unitary matrix trans- 

formation. The transformation maps the Centro-Hermitian matrices to real ma- 

trices. It has been demonstrated that this real matrix is symmetrical, and 

hence, both matrix decomposition and spectral search can be implemented 

with real-valued computation. Additionally, it has been found that real-valued 

algorithms also show improved accuracy as compared to complex-valued ap- 

proaches. However, most of the presented real-valued methods are only suit- 

able for Centro-Symmetrical Arrays (CSAs) [130], which severely limits their 

applications [131, 132]. 

In 2006, Simultaneous Orthogonal Matching Pursuit (SOMP) algorithm for 

DOA estimation was proposed to deal with simultaneous sparse approximation 

problems [133]. At each iteration, the algorithm generalises the orthogonal 

matching pursuit, which, in turn, makes the best local improvement to the 
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current approximations. The authors also presented in this work an algorithm 

for simultaneous sparse approximation based on convex optimisation tech- 

nique. 

In 2007, a new-subspace method called Auxiliary Vector (AV) was developed 

to estimate DOAs signals [134]. The AV algorithm does not need to use eigen- 

vector basis; instead, it calculates sequential orthogonal maximum cross-cor- 

relation auxiliary vectors to construct for the scanner-extended signal sub- 

space. The AV algorithm has low computational complexity as it includes vec- 

tor dimension in the searching grid stage. 

In 2008, a compressive beamforming algorithm using Compressed Sensing 

(CS) technique was proposed in [135] to solve the problem of DOA estimation, 

with a Nyquist sampling rate at the sensors. Generally, Bayesian Compressed 

Sensing (BCS) and Sparse Signal Reconstruction (SSR) theories [136, 137], 

state if specific conditions are satisfied, it is possible to recover signals from 

fewer snapshots than with classical techniques. Signal reconstruction from 

compressive measurements using an efficient technique based on CS theory 

called Sparse Bayesian Learning (SBL) has been proposed recently for sparse 

signal recovery [138]. With this SBL method, the signal recovery is formulated 

from a Bayesian perspective whereas the sparsity information is utilised by 

considering previously known sparse distributions of the incident signal at all 

snapshots. 

In 2008, 𝓵𝟏-norm regularised optimisation was suggested as a particular case 

of the SBL algorithm when prior Laplace signal of the impinging signals is 

adopted with a Maximum a Posteriori (MAP) optimal estimate approach [139]. 

Analytical and experimental results both verify that the SBL algorithm can 
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provide better performance than 𝓵𝟏-norm regularised optimisation. In general, 

the measurement matrix in the SBL method is assumed to be accurately 

known; unfortunately, this assumption is invalid when perturbations on the 

measurement matrix are considered [140, 141] or when the array manifold suf- 

fers from imperfections [142]. 

In 2009, the authors presented a method to estimate DOAs signals under non- 

coherent and correlated signals coexist [143]. Two approaches are used to 

determine the number of uncorrelated and correlated signals. The number of 

uncorrelated signals is estimated first by construction DOA matrix constructed 

and then performing Eigen decomposition. The obtained eigenvalues, in addi- 

tion to a specific criterion, have been together used to determine the number 

of uncorrelated signals. While in the second step, the spatial smoothing and 

orthogonal projection matrix techniques are applied to the eigenvectors that 

related to the coherent signals. The correlated signals due to the multipath are 

divided into sub-groups and then treated separately to estimate DOAs. 

In 2010, a new AOA method based on the shrinking SS and the noise pseudo- 

eigenvector was proposed to estimate directions of the incident signals under 

the non-coherent and correlated case. With this method, there is no need to 

construct the CM using the block of the received array data, instead, snapshot- 

by-snapshot basis without the need for previous knowledge of the number of 

arriving signals. At every searching angle, the method applies an orthogonal 

projector to the received single snapshot of array data in order to acquire a set 

of orthogonal projector vectors. After that, a linear matrix equation is solved to 

obtain each noise pseudo-eigenvectors from the single received snapshot of 

array data and the orthogonal projector vectors. Lastly, DOA estimation can 
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be performed by combing the technologies of the noise pseudo-eigenvector 

and the shrinking signal subspace. The authors claimed that this method gives 

better estimation accuracy and less computational complexity compared to the 

algorithm presented in [125]. It should be noted this method is only applicable 

to ULAs. 

In 2011, Chen et al. modified the propagator method, where no whole CM is 

required [144]. This was achieved by dividing the estimated CM into three dif- 

ferent sub-matrices in order to construct the propagation operator. Compared 

to the original propagator method, this Partial Covariance Matrix (PCM) has 

better performance under non-uniform coloured noise case. 

In 2011, a CS was extended to include the DOA estimation problem in array 

signal processing to improve the estimation accuracy of the subspace methods 

with fewer measurements and robustness to noise, as presented [145], CS- 

MUSIC [146] and Subspace-Augmented MUSIC (SA-MUSIC) [147]. Although 

these approaches offer good robustness to noise and correlated signals, their 

estimation performance is degraded unless there is prior knowledge of the 

number of arrival signals. 

In 2012, the authors in [148] proposed a method to estimate DOA in the case 

of a number of uncorrelated and correlated narrowband sources existed sim- 

ultaneously. Three steps were assumed to solve this problem, firstly, evaluat- 

ing the uncorrelated signals by one of the subspace techniques and then elim- 

inates these signals via spatial differentiation. Finally, the spatial differentiating 

matrix is used to determine the rest correlated sources. 
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In 2013, T. Hayashi et al. presented a method to estimate the direction of re- 

ceived signals by combing the delay profile estimation method with the AOA 

estimation technique [149]. The advantage of this method is firstly using a de- 

lay profile technique to separate the incoming signal under multipath condi- 

tions and then employing the AOA approach to estimate the direction of the 

incoming signals. 

In 2013, a BCS framework approach was presented to deal with DOA estima- 

tion problem [150]. The BCS framework is applied directly to the output volt- 

ages at the sensor array without the need to compute the observation/sam- 

pling matrix. Two methodologies were addressed in their work, namely: Single 

Task (ST) compressive sampling and Multi-Task (MT) compressive sampling. 

These methodologies have been investigated based on BCS by using single 

and multiple measurements. It was found that MT-BCS gives better perfor- 

mance than ST-BCS in both single and multiple snapshots cases. 

Although the CS-based techniques mentioned above give improved estimation 

resolution when there is a limited number of snapshots, there are still difficul- 

ties in applying them in practical situations where the correct AOAs are not 

located on the sampling grid. To avoid this issue and improve the estimation 

resolution, an extensive sampling grid is required to minimise the gap between 

the correct AOAs and its nearest grid point, since an estimated AOA is con- 

strained to lie on the grid. However, a large sampling grid results in a highly 

correlated matrix that breaks the required conditions for the sparse signal re- 

covery. 

To this end in 2013, an Off-Grid Sparse Bayesian Inference (OGSBI) estima- 

tion algorithm was invoked [151], combining the BCS approach and the 
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quantisation error problem for point sources, the quantisation error is taken to 

be uniformly distributed and real-valued. The OGSBI method offers good esti- 

mation performance at a single or limited number of measured data; however, 

its performance is severely degraded with low signal to noise ratio as well as 

when source signals are highly correlated and with a high burden of computa- 

tion where a large number of iterations are required to find the solution in some 

scenarios [152]. 

In 2014, a search-free algorithm using coprime arrays has been suggested in 

[153]. This approach was used with three ULAs to estimate DOAs by each 

uniform linear subarray individually and then combines the results from the 

subarrays. The combined results applied to a projection method, which sub- 

stantially decreases the burden computation and complexity. 

In 2014, a closed-form method for estimating Three Dimensional (3D) location 

of a single source including the azimuth angle, elevation angle, and range of 

the source using a UCA [154]. This scheme provides not only the DOA but 

also the source/emitter location. This scheme was originally designed for un- 

correlated source sources, and then subsequently approaches have been ex- 

tended to work with coherent signals. However, with coherent sources and low 

SNR conditions, its precision estimation deteriorates, and the algorithm com- 

plexity increases considerably. 

In 2014, an efficient-computational subspace method was developed for 2D 

DOA estimation utilising an L-shaped array [155]. This method obtains the NS 

by rearranging the elements of the CM into three vectors to decrease the com- 

putational complexity. This algorithm employs conjugate symmetry to enlarge 

the effective array aperture, which in turn improves the accuracy of estimation. 
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In 2015, S. F. Chuang et al. proposed hybrid MUSIC and hybrid ESPRIT meth- 

ods to estimate the direction of arrival signals in a hybrid antenna array tech- 

nique [156]. The hybrid antenna array approach employs the same Analogue 

to Digital Converter (ADC). The essential idea is to divide the incoming infor- 

mation into several OFDM symbols. 

In 2016, Root-MUSIC was developed to be applicable for UCA so that can 

provide 360° azimuthal coverage [157, 158]. The UCA Root-MUSIC trans- 

forms the array measurement data from element space to the Beamspace 

Sample Covariance Matrix (BSCM) using Beamspace Transform (BT), which 

is based on the phase mode excitation. This method is applied to UCA to de- 

termine the DOA of the arriving signals. 

In 2016, a multipath angular estimation scheme using an array response of 

PN-sequences for estimating and measuring 2-D DOAs had been proposed 

[159]. This scheme is based on the subcache decomposing theory and con- 

sisting of two steps, firstly, extracting the complex path array response vector 

for every arrival path. Secondly, finding the direction of the arrival paths indi- 

vidually and independently. 

In 2016 [4], a Maximum Signal Subspace (MSS) method, which depends on 

the orthogonality between the manifold vector and the eigenvector that asso- 

ciated with the highest eigenvalue regardless number of incoming signals. This 

method uses a single column in the grid searching step and thus give less 

computational load; however, it is only suitable for ULAs. 

In 2017, a root-SBL method [160] for DOA estimation problem had been pro- 

posed recently to reduce the computation complexity of the SBL method. In 
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the root-SBL algorithm, the authors adopt a coarse grid and consider the sam- 

pled positions in the coarse grid as adaptable parameters. An EM method was 

utilised to smooth this coarse grid iteratively and clarify that the root of a certain 

polynomial achieves every updated grid point. 

In 2017, a Propagator Direct Data Acquisition (PDDA) that can determine the 

DOAs directly from the measurement data without the need to form the CM 

was proposed for 2D and 3D to estimate directions of impinging signals [23]. 

The PDDA method first partitions the received data matrix into two parts and 

then finds the cross-correlation between them. After that, it normalizes the spa- 

tial spectrum to the maximum point and finally subtracts the whole spectrum 

points from unity. 

In 2018, a modified Real Value MUSIC was proposed in [161] to reduce the 

computational complexity of the Real MUSIC method without lost the suitability 

for an arbitrary array. This method uses only the real values of the measured 

CM in both of Eigen decomposition and spectral search stages, leading to sig- 

nificant complexity reduction. 

In 2018, a Subtracting Signal Subspace (SSS) algorithm based on the orthog- 

onality between manifold vector and SS to estimate directions of arrival signals 

in both 2D and 3D applications [24]. The SSS technique is applicable for any 

array geometry and has a lower computational load in the grid searching stage 

compare to the MUSIC method, especially when a large number of arrays is 

needed. This is because the SSS method exploits L columns in the grid 

searching stage, whereas MUSIC uses M-L columns. 



33  

In 2018, a Minimum Variance Noise (MVN) method based on the ML function 

that assumes the wanted signals arriving from a specific direction, whereas 

the other directions are assumed as interferes. The MVN used the Lagrange 

optimization technique to compute the optimum weights and then apply it to 

the received array in order to find the arrival angles in 2D and 3D planes [26]. 

It was demonstrated the MVN method gives better estimation accuracy com- 

pared to the Capon and MUSIC methods with less computational complexity 

in the grid scanning process. 

In 2018, an SBL method based on the coprime array was proposed for under- 

determine the wideband DOA estimation [162]. The augmented CM has been 

used to obtain better performance in term of detection and estimation of the 

received signals angles. This method automatically selects sparsity and then 

apply non-convex optimisation to resolve the problem. However, applying the 

non-convex optimisation technique needs high computational burden. It has 

been also observed this method produce some false peaks and its estimation 

accuracy deteriorate significantly when the number of the snapshots is limited. 

 

In 2018, a reduced dimension 2D to 1D direction of arrival estimation method 

using planar arrays and based on the coprime array was proposed [163]. The 

main motivation of this method is to minimise the computational complexity in 

the spectral search stage by reducing the 2D problem into 1D compared to the 

classical MUSIC and provide better accuracy compared to the Reduced Di- 

mension Partial Spectral Search (RD-PSS) method [164, 165]. 

In 2018, a sparse-based off-grid DOA estimation method using coprime arrays 

to deal with DOA estimation problem was proposed [166]. This method 
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consists of two process stages, namely: coarse estimation process and fine 

estimation process to reduce the estimation error in case of a limited number 

of snapshots. The coprime arrays have been used in this method in order to 

extend the virtual array aperture, increasing the degrees of freedom and detect 

more sources than sensors. 

In 2019, the effect of the CM sampling on the signal parameters estimation 

such as obtained eigenvalues, DOA estimation accuracy and the Probability 

of Successful Detection (PSD) was investigated in [31]. It has been proven an 

increase in the number of the sampled columns used in the projection matrix 

construction step has a positive impact on the above-investigated parameters. 

 

2.3 Adaptive Antenna Array and Beamforming Approach 

 
 

Historically, the term of the adaptive antenna array has been used to describe 

a self-phase antenna array, which reflects all impinging signals back to the 

arrival direction by utilising smart phasing designs dependent on phase conju- 

gation [167]. Because of its ability to redirect the impinging plane waves, this 

technique was called retro-directive array. The use of adaptive antennas in 

communication systems initially attracted attention in military applications, find- 

ing usage for several years in electronic warfare (EWF) in countermeasures to 

electronic jamming. In military radar systems, similar approaches were already 

used through the conventional Bartlett beamformer [82]. However, today's ad- 

vanced powerful low-cost digital signal processors, Application-Specific Inte- 

grated Circuits (ASICs), and Digital Signal Processors (DSP), in addition to 
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innovative adaptive signal processing methods, now make commercial smart 

antenna systems increasingly viable. 

 
Among the proven benefits of adaptive antenna arrays used in cellular system 

base stations are increased spectrum efficiency and channel capacity arising 

from extended range coverage and reduction of co-channel interference [168]. 

Furthermore, reduction of multipath fading can be achieved. Perhaps two of 

the most important advantages are the ability to minimise co-channel interfer- 

ence, by isolating signals originating from different directions, and the ability to 

avert radiation of signals in directions where another mobile user or base sta- 

tion is known already. This isolation of signals with different angles of arrival 

or spatial signatures is the essential property exploited by antenna arrays [169- 

172]. 

 

2.3.1 Null steering 

 
Null steering is a technique utilised to reject or cancel unwanted signals from 

known directions by placing nulls in the direction of these signals. One of the 

main applications of this technique is in the transmitting array of a base station 

in a mobile communication system to remove a strong jammer [173-176]. As 

the 5G mobile communication will exploit millimetre-wave bands, this means it 

will use the Pico cells [177]. Therefore, this technique may be beneficial for 

minimising co-channel interference. One of the methods that can be used to 

perform this issue is the Schelkunoff polynomial null-placement method. A nu- 

merical simulation example is presented to explain the idea of null steering, a 

base station has six sensors arranged in linear geometry, and this base station 
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covers a specific angular space in the mobile communication network. It is also 

assumed this base station receives five co-channel interference from direc- 

tions due to the surrounding cells. By applying the above method, we can can- 

cel these interferers, as shown in Figure 2.1 

 

Figure 2.1: Rejection of five interference signals with M = 6. 

 
 

2.3.2 Beam steering 

 

Beam steering is an approach that offers continuous tracking of the wanted 

signal source by including a DOA finding algorithm in the system. Conse- 

quently, the transmitted radiation of the antenna array can be controlled intel- 

ligently depending on the DOA information [178-180]. A numerical simulation 

example is also performed to illustrate the beam steering concept, a base sta- 

tion consisting of eight antennas receiving the desired signal, which is contin- 

uously changing direction. The normalised Array Factor (AF) output of this 

base station is given in Figure 2.2, from this graph, it can be seen this base 



37  

station change receiving radiation mode according to the change location of 

the wanted user. 

 

 

  

 

(a): 𝜙 = 45° (b): 𝜙  = 60° 
 
 
 

  

 

(c): 𝜙 = 90° (d): 𝜙 = 120° 

 
Figure 2.2: Beam steering with M = 8. 

 
 

2.3.3 Beamforming 

 

Beamforming is generally a spatial filtering operation utilising an antenna array 

to radiate or capture energy in a direction over its aperture. It achieves a re- 

markable improvement over omnidirectional reception/transmission by 
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emphasising receive/ transmit gain [181]. Due to the significant increase of 

wireless communication data traffic in recent years, suitable regions in the fre- 

quency bands have been required to meet the projected needs. Hence, milli- 

metre wave technology has gained remarkable attention in the research area. 

As this type of radio band suffers from penetration and high path losses at 

millimetre wavelengths, beamforming technique becomes a good candidate in 

maintaining and establishing a robust communication between base station 

and users [177, 182-184]. Antenna beamforming can compensate for exces- 

sive path and penetration losses at millimetre-wave bands through the realised 

gain. This is accomplished by electronic beam steering using a phased an- 

tenna array with a particular geometric configuration. Beamforming may be 

classified based on the level processing as follows: 

 

2.3.3.1 Radio Frequency (RF) Beamforming 

 

Beamforming approach can be implemented at RF level by using an analogue 

beamforming device such as power attenuators, variable amplifiers, and phase 

shifters to change the magnitude and phase of each radiator. This technique 

is sometimes useful in constructing multi-beams that adjust with a specific 

range of angles such as a Butler matrix beamforming network. A large number 

of antenna arrays are required to achieve these objectives and to obtain high- 

performance specifications such as a wide range of angle scanning with ex- 

cellent resolution and narrow beamwidth [185, 186]. However, the use of these 

analogue circuits in large quantities creates many difficulties, for example, high 

power consumption microwave circuits, and intrinsic tolerance of phase shift 

value. 
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Furthermore, the continuous phase-shifting operations between all phase shift- 

ers must be equal to satisfy the phase antenna requirements and generate an 

appropriate beam. In order to accomplish these operations, each phase shifter 

in the phased antenna array has to be calibrated to give constant phase shift- 

ing. The process of calibration is achieved after the antenna array has been 

fabricated to set the amplitude and phase excitation values. However, this pro- 

cess seems to be more complicated and limits the integration process of the 

communication system, especially in large Phased Antenna Array (PAA). Fur- 

ther, since the effects of temperature, mechanical vibrations, and time, phase 

shifters are required calibration continuously to ensure the correction of ampli- 

tude and phase excitations [187]. 

 

2.3.3.2 Intermediate Frequencies (IF) Beamforming 

 

Beamforming can also be performed at Intermediate Frequencies (IF), where 

the implementation of a beamforming network is accomplished by using resis- 

tors, tapped delay lines, and hybrid circuits [187]. In this situation, the achiev- 

ing of beamforming may be more suitable, since it is performed after am- 

plification and this, in turn, reduces the losses in the beamforming network 

considerably. However, each antenna element in this beamforming type needs 

to an RF-to-IF converter circuit. 

 

2.3.3.3 Digital Beamforming (DBF) 

 

DBF offers additional accuracy and flexibility compared with traditional ana- 

logue beamforming systems in terms of high resolution, nulling steering, beam 

steering, array element pattern correction, signal detection, and self-calibration 
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[188-190]. Since there is continuous progress in digital technology, certainly 

with the size reduction and speed of analogue to digital converters such as 

Field-Programmable Gate Array (FPGA); the digital transceiver is widerspread 

in communication systems. 

 
In digital beamforming technology, the received signals are detected and dig- 

itised at each antenna element and then a digital beamforming algorithm can 

be applied to produce simultaneous independently steerable multi-beam [187, 

190]. Additionally, each beam can be adaptively controlled, to create nulls or 

attenuation at the direction of unwanted signals. This technology gives high 

precision and flexibility to communication systems. However, the main disad- 

vantage of DBF systems is the limitation of speed in digital hardware devices. 

Moreover, it needs an individual RF transceiver string, ADC converters and 

associated digital hardware equipment at each channel, and this, in turn, will 

increase the complexity and cost of a system [191]. Another category can also 

be applied to classify the beamforming approach is transmit strategy. 

 

2.3.3.4 Fixed Beamforming 
 

A fixed-beamforming is a system that can choose from one of many predefined 

patterns to enhance the received signal, as shown in Figure 2.3. As the mobile 

unit moves throughout the cell, the switched-beam system detects the signal 

strength, chooses the appropriate predefined beam pattern, and continually 

switches the beams as necessary [192, 193]. The overall goal of the switched- 

beam system is to increase the gain according to the location of the user [194]. 

Several criteria can be used to optimise the antenna array weights such as 

Maximum Signal-to-Interference Ratio (MSIR), Minimum Variance (MV), 
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Minimum Mean Square Error (MMSE) and Maximum Likelihood (ML) steer the 

beam toward a signal of interest and null the interfering signals. In the fixed 

weight beamforming approach, the arrival angles do not change with time, so 

the optimum weights would not need to be adjusted [195]. 

 

 

 
 

Figure 2.3: Switched beam system [196]. 

 

 
2.3.3.5 Adaptive Beamforming 

 

Adaptive Beam Forming is a mechanism which uses an array of antennas to 

accomplish maximum transmission and reception in a particular direction on 

the basis of directional estimations, while signals, even of the same frequency, 

from other directions, are rejected simultaneously, as shown in Figure 2.4 

[197]. This aspect can be accomplished by varying the weights of each an- 

tenna element within the array. Although signals from different transmitters 

may use the same frequency, they will arrive at different angles. This spatial 

separation is utilised to isolate the desired signal from undesired signals. Other 

criteria can be inspired by previous work presented in [183] to classify Beam- 

forming, as shown in Table 2.1. 
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Figure 2.4: Adaptive antenna array [195]. 

 
Table 2.1. Beamforming classification based on different criterions. 

 
 

Criteria Beamforming classification 

 

Vector weight application 
Fixed weight beamforming 

Adaptive beamforming 

 

Signal domain 
Frequency/Transform domain beamforming 

Space-time beamforming 

 

Signal type 
Analog Beamforming 

Digital Beamforming 

 

Signal processing fre- 

quency 

RF Beamforming 

IF Beamforming 

Baseband Beamforming 

 

Location 
Transmit Beamforming 

Receive Beamforming 

 

Signal Bandwidth 
Narrowband Beamforming 

Wideband Beamforming 
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2.4 Conclusions 

 
 

Firstly, the four main localisation groups that have been used to localise the 

position of the source or emitter signals were presented in this chapter. A sim- 

ple definition and idea of each group have been given to show the difference 

between them. Secondly, an Inclusive survey on the DOA methods has been 

performed to illustrate the developments and progress in this field. Many as- 

sumptions and theories have been considered to solve and deal with this prob- 

lem statement. From this literature review, it can be concluded that DOA esti- 

mation is still an active research area, and its applications are widely used in 

military, security and civil fields. After that, the idea of null-steering, beam 

steering, and beamforming was presented. Finally, the types and categories 

of beamforming technology were given according to several criteria. 
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Chapter Three: Investigation and Analy- 

sis of the AOA Techniques 

 
3.1 Introduction 

 
 

The AOA method is the heart of smart antenna systems technology that pro- 

vides accurate direction information about signal sources for wireless commu- 

nication networks [195]. Most of the advanced smart antenna implementation 

systems include maximising the wanted signals and suppressing the interfer- 

ence sources simultaneously. In cellular mobile communication systems, a 

base station needs to locate the mobile handsets that are attempting to access 

the network and to track any handsets that are currently operating within that 

cell. Therefore, the network operator can provide extra services such as hand- 

set location and automatic caller location for E911 calls that can be achieved 

as well. The achievements of these tasks depend mainly on the estimated di- 

rections of the received signals. 

 
Until now, there have been three categories used to measure the arrival an- 

gles, namely: amplitude measurement, phase measurement, and spatial 

measurement. The first category applies only magnitude information output of 

the antenna array [198, 199]. It is based on the amplitude difference among 

the pattern of elements to estimate DOA; therefore, it is not sensitive to phase 

error between the channels. The second kind estimates DOA based on phase 

data output of the antenna array. An Example of this type is the interferometer 

algorithm, which exploits the phase difference between antenna array 
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elements [200, 201]. This type is sensitive to magnitude error between the 

elements. The last category uses both magnitude and phase information out- 

put of the antenna array simultaneously to find DOA. 

 
In practice, there are many challenges face direction finding systems that have 

caused by the propagation environment such as multipath propagation, lack of 

data (low snapshots), and the time-varying nature of the propagation environ- 

ment. Moreover, the arriving signals typically suffer from the fading channel; 

this causes a low signal to noise ratio. In some applications, the location of the 

signal emitters is close to each other, and it is crucial to detect the direction or 

position of these source in both military and civilian applications such as radar 

systems, public security, and emergency call locating. 

 
Therefore, a designer needs to have enough understanding of DOA estimation 

algorithms in terms of estimation accuracy, speed, and computational com- 

plexity, since the effectiveness and efficiency of the localisation systems are 

based mainly on selecting a suitable AOA estimation method. Accuracy gives 

the degree of deviation of the estimated directions from the actual directions 

while the speed can be simulated by calculating the number of computational 

operations or by computing the execution time of the whole required 

operations to estimate the DOA. The complexity of localisation systems 

describes the degree of hardware, software, and operating factors that applied 

to the localisation systems. 

 
The rest of this chapter is arranged as follows: Section 3.2 gives the DOA 

model with an arbitrary antenna array. Sections 3.3 to 3.13 present and ana- 

lyze the common AOA methods; the idea, working principle, and the 
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mathematical model are given. In section 3.14, the simulation results and a 

comparison between many AOA methods based on various criteria are per- 

formed. A table is presented to show the advantages, drawbacks, and the lim- 

itations of each algorithm. Finally, section 3.15 summarises the results and 

sets out conclusions. 

 

3.2 DOA Modelling 

 
 

The DOA estimation can be presented with reference to Figure 3.1. It is as- 

sumed that M sensors receive L plane waves from different angles. In the far- 

field, a plane wave carrying a baseband signal 𝒔(𝑡) is assumed to reach this 

array; each element receives this signal but with different delay, as shown in 

this figure. The first element is assumed as a reference element (i.e., element 

1), and therefore the phase of the baseband signal is zero at this array ele- 

ment; the received phase of 𝒔(𝑡) at other sensors will be measured with 

reference to element 1. The distance between every two adjacent elements is 

set to 𝑑 = 
𝜆

 
2 

Then, the total received signal, 𝒙(𝑡), that includes the impinging 

 

signals, 𝒔(𝑡), from different elevation angles (θ𝑗) and azimuth angles ( ϕ𝑗) and 

contains on an AWGN can be as follows: 

𝒙(𝑡) = 𝑨(𝜃,  𝜙) 𝒔(𝑡) + 𝒏(𝑡) 𝑡 = 1, 2 … … 𝑁 (3.1) 

 

where N is the number of snapshots, 𝒔(𝑡) = [𝑠1(𝑡), 𝑠2(𝑡), … , 𝑠𝐿(𝑡)]𝑇 is the inci- 

dent signal vector, 𝒏(𝑡) = [𝑛1(𝑡), 𝑛2(𝑡), … , 𝑛𝑀(𝑡)] is an array of AWGN for 

each channel and 𝑨(𝜃, 𝜙) is the (M × L) matrix of steering vectors and it is 

defined as follows: 
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Figure 3.1: Showing M-arbitrary sensors receiving L incident signals. 

 

 
𝑨(𝜃,  𝜙) =  [ 𝒂(𝜃1,  𝜙1)  𝒂(𝜃2,  𝜙2)   …    𝒂(𝜃𝐿, 𝜙𝐿) ] (3.2) 

 
It has to be considered that 𝑠(𝑡) is a narrowband modulated signal with low 

pass equivalent; 𝑓𝑐 and T are the carrier frequency and symbol period, respec- 

tively. In order to compute the steering vector for the above geometry, consider 

the unit vector which includes the directions of 𝜃𝑘 and 𝜙𝑘 as follows: 

𝒖𝑘  = cos 𝜙𝑘 sin 𝜃𝑘 𝑎 𝑥  + sin 𝜙𝑘 sin 𝜃𝑘 𝑎 𝑦  + cos 𝜃𝑘 𝑎 𝑧 (3.3) 

 
The angular separation (𝜑𝑖) is given as follows: 

 
 

𝜑𝑖 
= 

2𝜋 
(𝑖 − 1) (3.4) 

𝑀 
 

where 𝑎 𝑥 , 𝑎 𝑦    and 𝑎 𝑧   are the unit vectors for Cartesian coordinates. The unit 

vector from a reference point to the ith sensor can be defined as described 

below. 
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⋮ ] 

𝒗𝒊  = 𝑟𝑖cos 𝜑𝑖 𝑎 𝑥  + 𝑟𝑖 sin 𝜑𝑖 𝑎 𝑦 , 𝑖 =  1, 2, … , 𝑀. (3.5) 

 
The angle (𝛼𝑖𝑘) can be obtained from the dot product between unit vectors 𝑣𝑖 

and 𝒖𝒌, as given below: 
 

 
 

𝛼𝑖𝑘 
= cos−1 ( 

𝒗𝒊. 𝒖𝒌 
) 

‖𝒗𝒊‖. ‖𝒖𝒌‖ 
 

 
 

𝛼𝑖𝑘 = cos−1 (
cos 𝜑𝑖 cos 𝜙𝑘 sin 𝜃𝑘 + sin 𝜑𝑖 sin 𝜙𝑘 sin 𝜃𝑘

)
 

‖𝒗𝒊‖. ‖𝒖𝒌‖ 
 

 

𝛼 = cos−1 (
sin 𝜃𝑘 cos ( 𝜙𝑘 − 𝜑𝑖) 

𝑖𝑘 ‖𝒗 ‖. ‖𝒖  ‖ 
)
 

𝒊 𝒌 

 

 

𝛼𝑖𝑘  = cos−1(sin 𝜃𝑘  cos ( 𝜙𝑘 − 𝜑𝑖)) (3.6) 

 

𝜑 is a vector with dimension (1 × M) as follows: 

 

𝝋 = [𝜑1  𝜑2, … … , 𝜑 𝑀] (3.7) 

 
𝚼 is the matrix with dimension (M×L) and can be described as follows: 

 

𝛼11 

𝚼 =  [ 
𝛼21

 

𝛼𝑀1 

𝛼12 ⋯ 
𝛼22 ⋮ 
⋮ ⋱ 

𝛼𝑀2 … 

𝛼1𝐿 
𝛼2𝐿 (3.8) 
⋮ 

𝛼𝑀𝐿 

 

 
To determine the phase difference, the time delay should be calculated; the 

plane wave time delay can be computed using the difference in distance (𝜏𝑖𝑘) 

as presented below: 

 

𝜏𝑖𝑘 = 𝑟 cos 𝛼𝑖𝑘 = 𝑟 cos(cos−1(sin 𝜃𝑘 cos ( 𝜙𝑘 − 𝜑𝑖))) 
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⋮ ] 

𝜏𝑖𝑘  = 𝑟sin 𝜃𝑘  cos ( 𝜙𝑘 − 𝜑𝑖) (3.9) 

 
The matrix that includes the times' delay of all incident signals on M sensors 

can be given as follows: 

 

𝜯𝒊𝒌 

𝜏11 

= [ 
𝜏21 

𝜏𝑀1 

𝜏12 ⋯ 
𝜏22 ⋮ 
⋮ ⋱ 
𝜏𝑀2 … 

𝜏1𝐿 
𝜏2𝐿 (3.10) 
⋮ 

𝜏𝑀𝐿 

 

Hence, the phase difference (𝜓𝑖𝑘) can be expressed in the following formula: 
 

 
𝜓 = 𝛽. 𝜏 

 
2𝜋 = 𝑟sin 𝜃 

 

 
cos ( 𝜙 

 
− 𝜑 ) (3.11) 

𝑖𝑘 𝑖𝑘 𝜆 𝑘 𝑘 𝑖 

 
 

where 𝜆 is the wavelength, then, the corresponding phase difference of the 𝜯𝒊𝒌 

can be presented as follows: 

 
 

𝝍𝒊𝒌 

𝜓11 

=  [ 
𝜓21 

⋮ 
𝜓𝑀1 

𝜓12 ⋯ 
𝜓22 ⋮ 
⋮ ⋱ 

𝜓𝑀2 
… 

𝜓1𝐿 

𝜓2𝐿 ] 
⋮ 

𝜓𝑀𝐿 

 
 

(3.12) 

 

 

Based on the above derivations and equations, the array steering vector for 

an arbitrary antenna array can be defined as follows: 

 

 
𝒂(𝜃𝑘, 𝜙𝑘) = 

  
𝑒−𝑗𝜓1𝑘 

 
 

𝑒−𝑗𝜓2𝑘 

⋮ 
⋮ 

 

 
(3.13) 

[𝑒−𝑗𝜓𝑀𝑘 ] 
 
 

As the arriving signals are time-varying, the calculations are based on time 

samples of the arriving signal, and when the signal sources are moving from 

one location to another, the corresponding received angles are changing as 
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[ 

well. This means the matrix of steering vectors will change with time and there- 

fore the array CM (𝓡𝒙𝒙) is needed to compute as given below; 

𝓡𝒙𝒙  = 𝐸[𝒙(𝑡) 𝒙(𝑡)𝐻] 

 
𝓡𝒙𝒙 = 𝐸[𝑨(𝜃, 𝜙)𝒔(𝑡)𝒔(𝑡)𝐻𝑨(𝜃, 𝜙)𝐻] + 𝐸[𝒏(𝑡) 𝒏𝐻(𝑡)] 

𝓡𝒙𝒙   = 𝑨(𝜃, 𝜙) 𝓡𝒔𝒔 𝑨(𝜃, 𝜙)𝑯 + 𝜎𝑛
2𝑰𝑴 (3.14) 

where 𝓡𝒔𝒔 is the (L×L) source signal correlation matrix 𝓡𝒔𝒔 = 𝐸[𝒔(𝑡)𝒔(𝑡)], 𝜎𝑛
2

 

is the noise variance and 𝑰𝑴 is the (M×M) identity matrix. In this case, the re- 

ceived signals are considered uncorrelated, so that 𝓡𝒔𝒔 is a diagonal matrix. 

However, if the received signals are correlated, the signal correlation matrix 

will be non-diagonal, as it appears in realistic environments due to multipath 

propagation or unfriendly jamming signals and one can define 𝓡𝒔𝒔 as follows: 

1 

𝓡 = 
𝑐𝑐21 

𝑐𝑐12 … 

1 … 
𝑐𝑐1𝐿 

⋮ 
 
] (3.15) 

𝒔𝒔 ⋮ … ⋱ 𝑐𝑐𝐿−1,𝐿 

𝑐𝑐𝐿1 𝑐𝑐𝐿2 … 1 
 

where ccij represents the correlation coefficient between the incident signals. 

 
Complete knowledge of 𝓡𝒙𝒙 cannot be assumed; instead, one may use as 

necessary the sample-average estimated array input auto-covariance matrix 

given by: 

 
𝓡  

 
 
 

𝒙𝒙 

𝑁 

≈ 
1 
∑ 𝒙(𝑡)𝒙𝐻(𝑡) 

𝑁 

 
(3.16) 

𝑡=1 

 

After the CM is obtained, the estimation of arriving signals is performed using 

a suitable AOA algorithm. 
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3.3 Classical Beamformer (CBF) AOA Algorithm 

 
 

The CBF algorithm was suggested by Bartlett and its behaviour is similar to 

the idea of beamforming [65]. This principle work of this algorithm is to scan 

across the desired angular region, and any directions produce the maximum 

power are the directions of arrival signal/s. In other words, the estimated direc- 

tions are the angles that correspond to the peak values of the output power 

spectrum. As the direction of incoming signals is incrementally changed 

across the spatial space, the array steering vector 𝒂(𝜃, 𝜙) and the covariance 

matrix (𝓡𝒙𝒙) of incident signals are computed to measure the output power of 

classical beamformer. This technique is supposed that the weight vector 𝒘  is 

 
equal to the antenna array steering vector 𝒂(𝜃, 𝜙) as follows [202]: 

 
𝒘 = 𝒂(𝜃, 𝜙) (3.17) 

 
The average output power of antenna arrays over N samples is given as: 

 
𝑁 

1 𝑃(𝑤) = ∑ 
 

 
|𝒚(𝑘)|2 = 𝒘𝐻𝒙𝐻 𝒙 

 
𝒘 (3.18) 

𝑁 
𝑘=1 

𝑘 𝒌 

 

By substituting (3.17) in (3.18), the pseudo spectrum of the CBF method as a 

function of theta becomes as follows: 

1 
𝑃𝐶𝐵𝐹 (𝜃, 𝜙) = 

𝒂(𝜃, 𝜙)𝐻 𝓡
 

 
 
 

𝒙𝒙 

 
𝒂(𝜃, 𝜙) (3.19) 

 

 

It is worth to mention that this algorithm cannot resolve the direction of incident 

sources when the Half-Power Beamwidth (HPBW) exceeds the separation be- 

tween the arrival angles. To overcome this problem and separate these angles 

properly, a larger number of antenna elements are required. In addition, high 
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𝒙𝒙  

𝒙𝒙 

𝒙𝒙 

sidelobes levels appeared in its performance due to the equal weighting that 

assumed for each sensor output. The poor accuracy obviously is the weakness 

of the CBF method. 

 

3.4 Minimum Variance Distortionless Response (MVDR) Al- 

gorithm 

 
This MVDR is also called maximum likelihood estimator or Capon method, the 

name of the person who proposed it [203]. The idea of this method is similar 

to the ML method, which estimates the power of arriving signals from one di- 

rection and considers all other signals as interference [204]. In the localisation 

approach, MVDR method used ML to determine the direction of incoming 

sources instead of its power [205]. 

𝑃(𝜃, 𝜙) = 𝐸[|𝒚|2] = 𝐸[|𝒘𝐻 𝒙|2] = 𝒘𝐻 𝓡𝒙𝒙 𝒘 (3.20) 

By applying the Lagrange method, the optimum weights are given as: 

  𝓡−1 𝒂(𝜃, 𝜙) 
𝒘 = 

𝒂(𝜃, 𝜙)H 𝓡−1 𝒂(𝜃, 𝜙) 
 

By substituting (3.21) in (3.20), then, the Capon formula becomes: 

 

(3.21) 

 

1 
𝑷𝑀𝑉𝐷𝑅(𝜃,  𝜙) = 

𝒂(𝜃,  𝜙)𝐻  𝓡−1 𝒂(𝜃, 𝜙) (3.22) 

Capon method has a better resolution than the CBF method. In spite of achiev- 

ing a relatively better resolution than the Bartlett approach, the Capon algo- 

rithm is computationally intensive due to full rank matrix inversion. Additionally, 

when the arriving signals are similar or highly correlated, the resolution of the 

Capon technique becomes worse than CBF algorithm, and this can clearly be 

seen in the correction simulation scenario, section 3.14. 
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(𝒎   𝓡 )   (  ). 𝒎 
 𝒎   𝓡 𝒎 

𝒙𝒙 

3.5 Linear Prediction Error (LPE) Algorithm 

 
 

The principle of this technique is widely used in speech processing and spec- 

tral analysis. It estimates the output of one antenna element by utilising linear 

collections of the outputs of the remaining elements and minimises the mean 

squared prediction error between the output of the antenna array and actual 

output [82]. Hence, it computes the weights of antenna array by minimising the 

mean output power of the array under the condition weight of the chosen ele- 

ment is unity. In order to obtain a distortionless signal at the array output, the 

following condition needs to be applied: 

𝒘𝑯. 𝒎𝒊 = 1 ⇒ 𝒘𝑯. 𝒎𝒊 − 1 = 0 

where 𝒎𝒊 is column vector such that one of its elements is unity and others 

are zeros. 

By applying the Lagrange method, the optimum weights are given as: 
 

𝓡−1 𝒎 
𝒘 = 𝒙𝒙 𝒊 

 
 

𝒊 𝒎𝒊
H 𝓡−1 𝒎 (3.23) 

 

Using ideas found in time series prediction, the linear-predictive method cor- 

responds to an all-pole (i.e., autoregressive) model for the signal. In this case, 

the power spectrum is given by the mean-squared prediction error divided by 

the magnitude squared of the spectrum of the predictor coefficients. Conse- 

quently, the linear-predictive spectral estimate in the array defined as: 

𝒘𝐻  𝓡𝒙𝒙  𝒘𝒊 

𝑷𝑳𝑷𝑬 (𝜃) = 
    𝒊  

|𝒘𝒊 𝒂(𝜃) |2 
(3.24) 

 

The last step is substituting (3.23) in (3.24), yields: 
 

(  𝓡−1 . 𝒎𝐻 )𝓡 (𝓡−1 . 𝒎 )(𝒎𝐻𝓡−1 𝒎 )(𝒎𝐻𝓡−1 𝒎 )𝐻 
  𝒙𝒙 𝒊 𝒙𝒙 𝒙𝒙 𝒊 𝒊 𝒙𝒙 𝒊 𝒊 𝒙𝒙 𝒊  

𝐻 −1 𝐻 𝐻 −1 

𝑷𝑳𝑷𝑬 (𝜃)  =  𝒊 𝒙𝒙 𝒊 𝒊 𝒙𝒙 𝒊  
|𝓡−1  𝒎  𝒂(𝜃) |2 

𝒙𝒙 𝒊 

𝒊 
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𝒎    𝓡 �� 

By simplifying the above equation, the final formula of the LPE method can be 

defined as follows: 

𝑷𝑳𝑷𝑬(𝜃) = 
𝐻 −1 

  𝒊 𝒙𝒙 𝒊  
|𝒎𝐻 𝓡−1 

2
 

 
(3.25) 

𝒊 𝒙𝒙 𝒂(𝜃) | 

 

The location of unity in 𝒎𝒊 corresponds to the location of the chosen sensor. 

The performance of this algorithm is crucially dependent on the selection of 

the location of the reference element in the array. However, there is no partic- 

ular criterion to select the position of this sensor properly. However, it was 

recommended that odd array lengths of the 𝒎𝒊 may provide better resolution 

than even arrays. This is due to the odd array giving a centre element at phase 

antenna array [206]. The LPE method is still in high computational complexity, 

and its performance deteriorated significantly under poor channel conditions. 

This will be clearly seen in the simulation section. 

 

3.6 Maximum Entropy (ME) Algorithm 

 
 

The essential idea of the maximum entropy approach is to find a power spec- 

trum of the incident signals such that it's Fourier Transformer (FT) equals the 

measured correlation subjected to the constraint that maximises the entropy 

function. The entropy of a Gaussian band limited-time series with power spec- 

trum 𝑆(𝑓) is given as follows [122]: 

𝑓𝑁 

𝐻(𝑆) = ∫ ln 𝑆(𝑓) 𝑑𝑓 

−𝑓𝑁 

 

where 𝑓𝑁 denotes the Nyquist frequency. 

 
(3.26) 
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𝒙𝒙 

In order to estimate DOA from the measurements using an antenna array, the 

ME approach computes a continuous function PME(θ) > 0 such that its entropy 

function is maximised. 

2𝜋 

𝐻(𝑃) = ∫ 𝑃𝑀𝐸 (𝜃). 𝑑𝜃 

0 

 
(3.27) 

 

The measured correlation between the ith and jth elements can be found subject 

to the following constraint ccij. 

2𝜋 

𝑐𝑐𝑖𝑗 = ∫ 𝑃𝑀𝐸 (𝜃) 𝑐𝑜𝑠 (2𝜋𝜏𝑖𝑗(𝜃)) . 𝑑𝜃 

0 

 
(3.28) 

 

where 𝜏𝑖𝑗(𝜃) is the differential delay between elements i and j due to an in- 

duced signal in 𝜃 direction. To solve this problem, an infinite-dimensional 

search is required. This problem is solved using the duality principle, yields: 

𝑷𝑴𝑬(𝜃 ) = 
1 

𝒘 𝑇  𝒒(𝜃 ) (3.29) 
 

where 𝐰 T is computed by minimising 
 

2𝜋 

𝐻(𝑤) = ∫  𝑙𝑛(𝒘 𝑇 𝒒(𝜃)) . 𝑑𝜃 

0 

 
(3.30) 

 

The minimisation problem defined above may be solved iteratively using the 

standard gradient LMS algorithm, which yields the pseudo spectrum of maxi- 

mum entropy algorithm given by: 

𝑷𝑴𝑬(𝜃 ) = 
 
𝒂(𝜃 )𝐻 𝒄𝒋 

1 

𝒄𝒋𝐻 𝒂(𝜃 ) (3.31) 

 
 

Here, 𝒄𝒋 is the column vector of the inverse array CM, 𝓡−1, with size (M×1). 

The choice of the column may significantly affect accuracy estimation. There 
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is no optimisation approach to select this column, but, it has been found that 

the centre column gives better results than other columns [207]. 

 
The performance of the ME method is much better than CBF and MVDR 

method at good channel conditions. Also, it was found that the performance of 

this method is approximately similar to the performance of the LPE method. 

The advantage of these four mentioned techniques is that no prior knowledge 

is needed for the number of received signals. 

 

3.7 Pisarenko Harmonic Decomposition (PHD) Algorithm 

 
 

Although the previous techniques do not need prior knowledge to the number 

of the arrival signals and relatively simple to implement, its estimation resolu- 

tion is not good enough when the incident waves are close to each other. The 

second category of the DOA estimation is known as subspace techniques, 

which are based on the decomposition of the received data matrix or CM and 

then exploits the eigenvectors of these matrices. Typically, these kinds of 

methods give better estimation resolution and distinguish the arrival angles. 

However, most of these methods need prior knowledge of the number of arrival 

signals before estimating their characteristics. Therefore, the number of re- 

ceived signals at the receiver needs to be known in advance. Practically, this 

is difficult to satisfy in the wireless applications, and a pre-processing stage is 

required to apply. After that, a subspace method can be applied to find the 

direction of signals emitters. 

The PHD method supposes that the received signal 𝒙(𝑡), comprises of p com- 

plex exponentials with the presence of white noise. It retrieves the harmonics 

https://en.wikipedia.org/wiki/Complex_exponential
https://en.wikipedia.org/wiki/Complex_exponential
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from a covariance function based on the Caratheodory theorem of the trigono- 

metrical moment problem. It is also supposed the dimension of noise equal to 

one column regardless of the number of arrival signals. By applying the Eigen- 

value Decomposition (EVD) approach, 𝓡𝒙𝒙 can be diagonalised by a 

nonsingular orthogonal transformation matrix as follows: 

𝓡𝒙𝒙   =  𝐐 𝜮 𝐐𝑯 (3.32) 

where 𝜮 is (M×M) diagonal matrix with real eigenvalues, its diagonal elements 
 

𝜮 = [𝜎1, 𝜎2, ⋯ ⋯, 𝜎𝑀 ] and the corresponding eigenvectors are defined as: 

𝑸 = [ 𝒒𝟏, 𝒒𝟐, … … , 𝒒𝑴] (3.33) 

where 𝒒𝒊 is the eigenvector column with size (M×1). For each 𝒒𝒊, there is a 

corresponding eigenvalue 𝜎𝑖. In order to satisfy this condition, one must sort 

the eigenvalues in descending way and then take the eigenvector that associ- 

ates with the smallest eigenvalue. Once this eigenvector is obtained, the 

pseudo spectrum of this method can be constructed as follows [208]: 

𝑃𝑃𝐻𝐷(𝜃 ) = 
1 

|𝒂(𝜃 )𝐻 𝒒𝑴 |2 (3.34) 
 

where 𝒒𝑴 is refers to the eigenvector that corresponds to the smallest eigen- 

value (𝜎𝑀). 

 
3.8 Multiple Signal Classification (MUSIC) Algorithm 

 
 

MUSIC is a well-known AOA method, and it has been widely used in the liter- 

ature review since it provides good estimation accuracy and can be used with 

an arbitrary antenna array [72, 74]. The idea of this algorithm is dependent on 

the orthogonality between the NS and steering vector of the antenna array. 

The NS eigenvectors are orthogonal to array steering vectors at the L arrival 
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𝑵𝑺 

angles (i.e. 𝑸𝑵𝑺 ⊥ 𝒂(𝜃𝐿, 𝜙𝐿)). Consider the Eigen decomposition of the uncor- 

related antenna CM: 

𝓡𝒙𝒙   = 𝑸 𝚺 𝑸𝑯  =  𝑸𝑺𝑺  𝚺𝑺𝑺  𝑸𝑯  + 𝑸𝑵𝑺 𝚺𝑵𝑺 𝑸𝑯 (3.35) 
𝑺𝑺 𝑵𝑺 

 

Where 𝑸𝑺𝑺 and 𝑸𝑵𝑺 are referred to SS and NS respectively while 𝜮𝑆𝑆 and 𝜮𝑁𝑆 

are the corresponding signal and noise eigenvalues of the 𝑸𝑺𝑺 and 𝑸𝑵𝑺 re- 

spectively. As the MUSIC method exploits NS, one can defined 𝑸𝑵𝑺 as follows: 

𝜮𝑵𝑺  = [𝜎𝐿+1,   𝜎𝐿+2 , … …,  𝜎𝑀] (3.36) 

 
𝑸𝑵𝑺  = 𝒒𝐿+1, 𝒒𝐿+2, … … …  𝒒𝑀 (3.37) 

 
As the MUSIC method supposes that the NS is orthogonal on the array vector, 

then, 𝑸𝑵𝑺 𝒂(𝜃, 𝜙) = 0. However, in the practical, this condition is difficult to 

satisfy; instead, L small values are expected to obtain in the L incident angles. 

The pseudo spectrum of the MUSIC method is defined as follows: 

𝑃𝑀𝑈𝑆𝐼𝐶 (𝜃, 𝜙) =  
𝒂(𝜃, 𝜙)𝐻𝑸𝑵𝑺 

1 

𝑸𝑯  𝒂(𝜃, 𝜙) (3.38) 

 
 
 

3.9 Minimum Norm (MN) Algorithm 

 
 

As the MUSIC method requires significant computational burden to compare 

the whole NS against each possible steering vector at every angle increment, 

many efforts have been directed towards simulating, comparing and develop- 

ing this algorithm [207-210]. The MN algorithm deals with noise eigenvectors 

in a different way to the MUSIC method by optimising the weight vector of array 

output. The optimisation problem is considered the following conditions: 

min 𝒘𝐻𝒘, 𝐐H  𝒘 = 0, 𝒘 𝒎𝟏  = 1 (3.39) 
𝒘 NS 
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𝑵𝑺 Here 𝒘 is the array weights, 𝑸𝑯 = [𝒒𝟏, 𝒒𝟐, … … , 𝒒𝑴−𝑳] is the M×M-L matrix, 

constructed the SS eigenvectors. 𝒎𝟏 is a Cartesian basis vector (1×M) and 

defined as follows: 

𝒎𝟏  = [1 0 ⋯ ⋯ 0]𝑇 (3.40) 

By solving the optimisation problem [73, 211], the minimum norm pseudo 

spectrum is expressed as follows: 

(𝒎 𝑯 𝑸 𝑶𝑯 𝒎 )
𝟐

 

𝑃 (𝜃 ) =
  𝟏 𝑵𝑺 𝑵𝑺 𝟏  (3.41) 

𝑀𝑁 |𝒂(𝜃 )𝑯𝑸 𝑯 
2

 

𝑵𝑺 𝑸𝑵𝑺𝒎𝟏| 
 

Since the numerator of the above equation is constant, the pseudo spectrum 

can be normalised such that: 

1 
𝑃𝑀𝑁(𝜃, 𝜙) = 

|𝒂(𝜃 )𝑯𝑸
  

𝑸𝑯 𝒎 | (3.42) 
𝑵𝑺 𝑵𝑺 𝟏 

 

The limitation of this method is only applicable to the ULA. 

 
 

3.10 Root-MUSIC Algorithm 

 
 

Many efforts and attempts were accomplished to improve performance and 

reduce the complexity computational of the MUSIC algorithm. One such im- 

provement was achieved by proposing a Root-MUSIC algorithm, which finds 

the roots that represent the location of incident signals [212]. This method like 

MUSIC exploits the noise subspace, but it searches to the roots that corre- 

sponding to angles of arrival instead of looking to the location of peaks in the 

pseudo spectrum. The mathematical model of Root-MUSIC technique can be 

described as follows: 

𝑃𝑅−𝑀𝑈𝑆𝐼𝐶 (𝜃) = 
1 

|𝒂(𝜃)𝑯   𝓜  𝒂(𝜃)| (3.43) 
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𝑵𝑺 

where 𝓜 is a matrix defined by: 

 

𝓜 = 𝑸𝑵𝑺 𝑸𝑯 (3.44) 

By taking the denominator of (3.43), the Root-MUSIC can be expressed by the 

following formula: 

𝑀 𝑀 

𝑃𝑅−𝑀𝑈𝑆𝐼𝐶 (𝜃) = 𝒂(𝜃)𝐻𝓜𝒂(𝜃) = ∑ ∑ 𝑒−𝑗𝛽𝑑(𝑚−1)𝑠𝑖𝑛𝜃 𝓜𝒎𝒏 𝑒
𝑗𝛽𝑑(𝑛−1)𝑠𝑖𝑛𝜃 

𝑚=1 𝑛=1 
 

𝑀−1 

𝑃𝑅−𝑀𝑈𝑆𝐼𝐶 (𝜃) = ∑  

𝑒−𝑗𝛽𝑑ℓ𝑠𝑖𝑛𝜃𝒂𝓵
 

ℓ=−𝑀+1 

 
, ℓ = 𝑛 − 𝑚 (3.45) 

 

And 𝒂𝓵 refers to the sum of the diagonal elements of matrix 𝓜 and is given 

by: 

𝒂𝓵 = ∑   𝓜𝒎𝒏 

𝑛−𝑚=ℓ 

 
(3.46) 

 

Further simplification can be applied (3.46) by representing it in the polynomial 

form. 

 
 
 

where 𝔃ℓ = 𝑒−𝑗𝛽𝑑ℓ𝑠𝑖𝑛𝜃 

𝑀−1 

𝓻(𝓏) = ∑ 𝒂𝓵 𝔃ℓ (3.47) 

ℓ=−𝑀+1 

 

The result of (3.47) represents the roots that may be corresponded to the 

peaks of the pseudo spectrum of the MUSIC method. Every root may be com- 

plex, and it is defined by the polar notation: 

𝔃𝒊 = |𝔃𝒊|𝑒
𝑗𝑎𝑟𝑔(𝓩𝑖) (3.48) 

 
where 𝑎𝑟𝑔(𝔃𝑖) denotes to phase angle of 𝔃𝑖. 

 
The actual zeros can be found under the condition the magnitude of root equal 

to one (i.e. |𝔃𝑖| = 1). Thus, the angles of arrival can be computed by the fol- 

lowing equation: 
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𝑵𝑺 

𝜃𝑖 
= − sin−1 ( 

1
 

𝛽𝑑 
𝑎𝑟𝑔(𝔃𝑖)) (3.49) 

 

Thus, many attempts have been accomplished to extend and develop the per- 

formance of Root-MUSIC method [121, 212-218]. 

 

3.11 Root Minimum Norm (RMN) Algorithm 

 
 

The same conditions and principles that applied to Root-MUSIC can be applied 

to find the roots of the Minimum Norm technique in order to estimate the direc- 

tion of arrival signals [47]. Suppose 𝓰 is a product of the matrix 𝓜 and Carte- 

sian basis vector, yields in producing a column vector as given in the following 

equation. 

𝓰 = 𝑸𝑵𝑺  𝑸𝑯   𝒎𝟏  = 𝓜 𝒎𝟏 (3.50) 

By substituting (3.50) in (3.42), the RMN method can be defined as follows: 

𝑷𝑹𝑴𝑵(𝜃) = |𝒂(𝜃)𝑯𝓜𝒎𝟏|𝟐  = 𝒂(𝜃)𝑯𝓰 𝓰𝑯𝒂(𝜃) = 𝒂(𝜃)𝑯𝓜𝟏 𝒂(𝜃) (3.51) 

where are 𝓜𝟏 is M×M matrix and is defined as: 

𝓜𝟏  = 𝓰 𝓰𝑯 (3.52) 

 
Now, assume 𝓜𝟏 is similar to 𝓜 in (3.44) and repeat the same steps in the 

Root Music Method. 

 

3.12 ESPRIT Algorithm 

 
 

ESPRIT is an acronym which stands for Estimation of Signal Parameters via 

Rotational Invariance Technique. ESPRIT is similar to MUSIC in term of it uses 

subspace spectrum, and the number of estimation angles should be less than 
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the number of antenna elements. However, it exploits SS instead of NS and 

does not need the array manifold vector. Thus, it offers low computational com- 

plexity compares with the MUSIC algorithm, since it does not consider exten- 

sive search through all steering vector points. The main idea of this technique 

depends on exploiting the rotational invariance of the signal subspace, which 

is produced by two arrays with a translational invariance structure, as shown 

in Figure 3.2 [219]. The induced signals on every subarray are defined as fol- 

lows: 

  
𝒔𝟏(𝑡) 

 
 

  𝒔𝟐(𝑡)   
𝒙𝟏(𝑡) = [ 𝒂(𝜃1  ) 𝒂(𝜃2  ) … 𝒂(𝜃𝐿 )] . 

  . 
  + 𝒏𝟏(𝑡) 
  

(3.53) 

[  𝒔𝑳(𝑡)] 

 

𝒙𝟏(𝑡) = 𝑨𝟏(𝜃)𝒔(𝑡) + 𝒏𝟏(𝑡) 𝑡 = 1, 2 … … 𝑁 
 

𝒙𝟐(𝑡)  = 𝑨𝟐(𝜃)𝒔(𝑡) + 𝒏𝟐(𝑡) (3.54) 

 
where 𝒙𝟏(𝑡) and 𝒙𝟐(𝑡)   are the output of subarrays with dimension (M-1) × N, 

𝑨𝟏(𝜃) and 𝑨𝟐(𝜃) are (M-1) × L steering matrices of the first and second sub- 

arrays, respectively. 𝒏𝟏(𝑡) and 𝒏𝟐(𝑡) are the (M-1) × N additive noise to the 

received signal at the first and second sub-arrays, respectively. Consider 𝜱 is 

an (L × L) diagonal matrix whose diagonal elements are complex exponentials 

representing the phase delay of each of the L signals between the doublet 

pairs. 𝜱 is given by: 

𝜱 = 𝑑𝑖𝑎𝑔{𝑒𝑗𝛽𝑑 𝑠𝑖𝑛 𝜃1       𝑒𝑗𝛽𝑑 𝑠𝑖𝑛 𝜃2    … …  𝑒𝑗𝛽𝑑 𝑠𝑖𝑛 𝜃𝐿    } (3.55) 
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𝑛 

Then, 𝒙𝟐(𝑡) can be defined as follows: 

𝒙𝟐(𝒕)   = 𝑨𝟏(𝜃)𝚽 𝒔(𝒕) + 𝒏𝟐(𝒕) (3.56) 

 

Figure 3.2: Antenna array with two sub-arrays. 
 

The data matrix of both subarrays can be combined in one matrix 𝒙𝒃(𝑡) of size 

(2M - 2) × N as described below: 

𝒙 (𝑡) = [ 
𝑨𝟏(𝜃)

 ] 𝒔(𝑡) + [
𝒏𝟏(𝑡)

  ( ) ( ) 
𝒃 𝑨𝟏

 (𝜃 )𝚽 
] = 𝑨𝒃𝒔 𝑡 

𝒏𝟐(𝑡) 
+ 𝒏𝒃 𝑡 (3.57) 

 

where  

𝑨 (𝜃) = [ 
𝑨𝟏(𝜃)

 
𝒃   𝑨𝟏(𝜃)𝚽 

 

 
] (3.58) 

 

And 

 

( ) 
𝒏𝟏(𝑡) (3.59) 

𝒏𝒃   𝑡   = [ ] 
𝒏𝟐(𝑡) 

 

where 𝑨𝒃(𝜃) represents the SS of the concentrated subarrays The CM of the 

obtained data is given as: 

𝓡𝒃𝒃 = 𝐸[𝒙𝒃(𝑡)𝒙𝒃(𝑡)𝐻] = 𝑨𝒃𝓡𝒔𝒔 𝑨𝒃
𝑯 + 𝜎2𝑰 (3.60) 𝟐𝑴−𝟐 
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𝟐𝟐 

𝟐 

By applying the EVD approach to 𝓡𝒃𝒃 has L signal eigenvalues and (2M - L) 

noise eigenvalues. 

𝓡𝒃𝒃  = 𝑸𝒃  𝚺𝒃 𝑸𝒃
𝑯 (3.61) 

 
Consider 𝑸𝒃𝒔 is the whole SS with dimension (2M - 2) × L and can be partition 

into 𝑸𝟏 and 𝑸𝟐 with size (M-1) × L as follows: 

 

𝑸𝒃𝒔 
= [

𝑸𝟏] (3.62) 
𝑸𝟐 

 

Now, we need to construct a new matrix as given below: 

 

𝑸𝐻 𝑸𝟏𝟏 𝑸𝟏𝟐 
𝑸𝒆𝒔𝒑 = [ 𝟏 ] [𝑸𝟏 𝑸𝟐] = [ ] (3.63) 

𝐻 𝑸𝟐𝟏 𝑸𝟐𝟐 

 
where 𝑸𝟏𝟏 = 𝑸𝐻𝑸𝟏, 𝑸𝟏𝟐 = 𝑸𝐻𝑸𝟐, 𝑸𝟐𝟏 = 𝑸𝐻𝑸𝟏, and 𝑸𝟐𝟐 = 𝑸𝐻𝑸𝟐. 

𝟏 𝟏 𝟐 𝟐 

 

𝑸𝒆𝒔𝒑 represent the whole signal subspaces matrix with size 2L×2L. The next 

step is to find the rotation operator, 𝚿, by using the following formula: 

𝚿 = −𝑸𝟏𝟐  𝑸−1 (3.64) 

 
𝚿 is a complex matrix with dimension L×L. Another Eigen decomposition need 

to be applied to 𝚿 to obtain the eigenvalues (𝑖. 𝑒. 𝜎1, 𝜎2, … , 𝜎𝐿). Finally, the 

AOAs can be estimated as described below: 

 
𝜃𝑖 = sin−1 (

𝑎𝑟𝑔(𝜎𝑖 ) 

𝛽𝑑 

 
𝑖 = 1, 2, … , 𝐿 (3.65) 

 
 

 

3.13 Propagator Method 

 
 

The Propagator method assumes that the number of arriving signals is less 

than the number of the antenna elements (L < M) and L should be known in 

𝑸 

) 
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advance. The advantage of this method does not need to decompose or com- 

pute the inverse of the CM. Additionally, it is applicable to any array structures 

and has good estimation accuracy. Therefore, it is considered a low complexity 

compared with the MUSIC method, which requires an Eigen decomposition of 

the CM [111]. However, this technique is only appropriate to the presence of 

white Gaussian noise, and its performance considerably deteriorates in non- 

uniform coloured noise [104, 202, 220]. The idea of the propagator method is 

to divide the CM into two sub-matrices as described below: 

𝓡 =  [
𝓡𝟏] 

} 𝐿
 

 
(3.66) 

𝒙𝒙 𝓡𝟐 } 𝑀 − 𝐿 

 

where 𝓡𝟏 and 𝓡𝟐 are matrices with size (L×M) and (M-L×M), respectively. By 

considering 𝓡𝟏 is a non-singular matrix, the propagator may be defined as a 

unique linear operator 𝓟 of CM-L into CL. In the noiseless system, the propaga- 

tor is defined as: 

𝓡𝟐 = 𝓟𝑯𝓡𝟏 (3.67) 

 
However, when the environment is noisy, the LMS method is used to estimate 

 
𝓟 as expressed below, 

 
𝓟 = (𝓡𝑯 𝓡)−𝟏𝓡𝑯𝓡𝟐 (3.68) 

𝟏 𝟏 

 

Next, we need to construct a 𝓥 matrix, such that 

 
𝓥 = [𝓟𝑯  −  𝑰𝑴−𝑳   ] (3.69) 

 
𝑰𝑴−𝑳 is the identity with dimension (M-L)×M. The spatial spectrum of the prop- 

agator method is expressed in the next formula: 

 
𝑷𝒑𝒓𝒐𝒑(𝜃, 𝜙) = 

1 

‖𝒂(𝜃,  𝜙) 𝓥   ‖2 (3.70)
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3.14 Results Comparison and Discussions 

 
 

A ULA is used to explain the direction of arrival model. The scenario model is 

established here based on a narrowband digital modulated signal. The Aver- 

age Root Mean Square Error (ARMSE) and the Probability of Successful de- 

tection (PSD) of arrival angles are computed according to the following formu- 

las: 

 
 

1 𝐾 1 𝐿 
    2 

 
  

(3.71) 

𝐴𝑅𝑀𝑆𝐸 = 
𝐾 
∑ √

𝑁𝑟 
( ∑ [(𝜃𝑖 − 𝜃𝑖) ] ) 

𝑘=1 𝑖=1 
 

 

𝑃𝑆𝐷 (𝐴𝑂𝐴𝑠) = 

 
𝐾 
𝑗=1 

 

𝑁𝑟𝑗 
 

(3.72) 
𝐿𝐾 

 

where L and Nr are the numbers of actual and estimated AOAs at each trial, 
 

𝜃𝑖  is the actual angle, 𝜃 𝑖  is the estimated angle, and K is the number of Monte 

Carlo simulation trials. 

For simplicity in calculating each ARMSE, we proceed as follows. We have L 

actual AOAs and Nr estimated AOAs. In the practical applications or even in 

the simulation scenarios, the number of detected peaks can be fewer or more 

than actual AOAs. Three scenarios are possible namely: L = Nr, L < Nr, L > 

Nr. In the case of Nr > L (because of false peaks), one can include only the 

estimates for the L loudest peaks. Then, in all cases, we calculate the L × Nr 

array of angle error magnitudes between each pair of actual and estimated 

AOAs and then take the minimum for each of Nr columns and average the root 

mean square values. 

∑ 
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3.14.1 Number of Snapshots 

 
This simulation investigates the effect of the number of snapshots of data taken 

for obtaining a reliable estimation of the DOA generally and the performance 

of each AOA method especially. Eight different numbers of samples are 

considered in this simulation, namely: N = 1, 3, 5, 10, 20, 50, 100, and 200. A 

ULA with M = 10 elements with half-wave spacing between elements is se- 

lected. Three Binary Phase Shift Keying (BPSK) signals are incident on this 

array from different directions; these signals are assumed corrupted with 

AWGN and the SNR is 10dB. To ensure a fair comparison, a thousand sets (K 

= 1000) of three AOAs are randomly generated, each set being applied to all 

AOA methods. The ARMSE at every N is calculated and then plotted for all 

techniques, as shown in Figure 3.3. 

 
The effect of the taken number of snapshots on each technique can be clearly 

seen in this graph. The CBF method presents the highest accuracy at a few 

numbers of snapshots namely at N = 1, 3, 5. The performance estimation of 

the Capon, LPE, ME, PHD, ESPRIT, Min-Norm methods deteriorated signifi- 

cantly at single snapshots or N = 3 and 5 samples. The estimation resolution 

of other algorithms is still poor under a few snapshots condition, but it is better 

than the methods mentioned above. It is evident that an increase in the num- 

ber of data samples increases the estimation accuracy of the AOA methods 

considerably. At a medium or large number of snapshots, the estimation reso- 

lution of the most AOA techniques becomes better than the CBF method. It 

can be observed that the estimation resolution of the CBF method reached the 

saturation threshold at N = 10, and hence its estimation accuracy becomes 
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constant after ten snapshots. It should be noted an increasing number of snap- 

shots leads to a rise in the requirements of memory storage and computational 

time. Therefore, there is a trade-off between the required number of samples 

and the DOA estimation resolution. 

 
 

        
 

 

Figure 3.3: ARMSE vs a different number of snapshots comparison. 

 
 

3.14.2 Array Signal-to-Noise Ratio (SNR) 

 
The SNR observed at the input to the antenna array receiver plays a crucial 

role in the performance of AOA in localisation systems. This simulation demon- 

strates the variations in the performance of AOA methods with a variation of 

SNR. This simulation studies the behaviour of many AOA techniques versus 

SNR from -20 dB to 20 dB with 5 dB step. A ULA consisting of M = 10 elements 

and d = 0.5𝜆 is considered in this scenario. This antenna array is receiving 
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three BPSK signals from different directions, and the number of samples that 

have been taken to construct these signals is N = 100. The three signal direc- 

tions (L = 3) are randomly generated one thousand times (k = 1000); these 

angles are applied for all algorithms. The ARMSE is computed for each SNR 

and then plotted for all techniques, as shown in Figure 3.4. 

 

         
 

 
Figure 3.4: ARMSE vs. different SNR comparison. 

 
The effect of the SNR on the performance estimation of each technique can 

be clearly seen in this graph. The MUSIC, Root-MUSIC, Capon and CBF meth- 

ods give reasonable precision at poor SNR compared with other methods. The 

Min Norm, PHD, ME and LPE algorithms are very sensitive to SNR than the 

other algorithms. The performance estimation of the AOAs is improved with 

increasing SNR. Apparently, the higher SNR gives better estimation accuracy 

and vice versa. 



70  

3.14.3 Number of Antenna Elements 
 

This simulation studies the estimation resolution of the AOA methods versus 

the number of antenna elements. Seven different numbers of antenna ele- 

ments are considered in this scenario (M = 4, 6, 8, 10, 12, 14, 16). Intuitively, 

the resolution estimation increases with increasing numbers of the sensors 

and especially when the number of signals is significantly less than the an- 

tenna elements number. However, the computational complexity and hard- 

ware implementation cost are directly proportional to the number of antenna 

elements. The other simulation parameters are SNR = 10 dB, N = 100, L = 3, 

d = 0.5𝜆, and K = 1000 trials. Figure 3.5 gives the ARMSE of AOA techniques 

against the number of antenna elements. Except for the PHD method, the 

ARMSE of all the other methods decreases with the increasing M. 

It can be noticed the ARMSE of the PHD method is increased with the 

increasing number of sensors. This situation can be interpreted as this method 

has much tendency to produce spurious peaks when the number of antenna 

elements is much more than the number of arrival signals. This is because the 

PHD method exploits only the main harmonic (i.e., the eigenvector which as- 

sociated with least Eigenvalue) and neglects the effects of the other harmon- 

ics. This, in turn, will lead to generating extra nulls, and this will cause to create 

false peaks. These peaks will be detected as directions, and thus, the estima- 

tion accuracy of this method drop notably. Therefore, further investigation is 

achieved to explain and interpret the above claims. 
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Figure 3.5: ARMSE vs. the number of antenna elements. 
 
 

3.14.4 Investigation the Performance of the PHD Method 

 
Two different simulation examples are given to illustrate this issue. We as- 

sumed there three transmitters (L = 3) locate in the far-field and send signals 

from different directions. These signals are received by a ULA consisting of 

ten elements (M = 10) with half-wavelength spacing between the elements. 

The directions of arrival signals are indicated by (o). As can be seen from Fig- 

ure 3.6, there are six peaks appear in the pseudospectrum of this method, 

three genuine and three spurious peaks. However, in reality, only three signals 

with three AOAs were sent. 
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(a) : Example (1) 
 

 
(b) : Example (2) 

Figure 3.6: The performance of the PHD method with L = 3 and M = 10. 
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With no prior knowledge of the number of signals, there is a difficulty to distin- 

guish between genuine and spurious peaks. Even if the number of incoming 

sources is known, the uncertainty of selecting the correct direction is still found 

since the spurious peaks look sharp and sometimes its power is more signifi- 

cant than the genuine peaks as can be seen from Figure 3.6. These concerns 

can affect negatively on the decision taken to select the right peaks and dete- 

riorate the performance of localisation systems significantly in the radar and 

tracking applications. 

 

3.14.4.1 The Effect of M on the Spurious AOAs 

 
This section simulates the impact of increasing M on the performance estima- 

tion of the PHD method. With simulation, we investigate the relation between 

M and obtain spurious peaks. The number of signal sources is considered 

constant L = 3, whereas the number of the antenna elements changed from 5 

to 500 namely M = [5, 10, 15, 20, 30, 50, 100, 200, 300, 500]. The other sim- 

ulation parameters are SNR = 10 dB, N = 100 and distance between the adja- 

cent elements is d = 0.5𝜆. For each M, a Monte Carlo simulation with K = 1000 

trials is performed to generate the arrival angles randomly. The number of de- 

tected angles for each trial and M is calculated and then plotted as a Cumula- 

tive Distribution Function (CDF), and the results are shown in Figure 3.7. 
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Figure 3.7: The CDF of the detected AOAs with different M. 
 
 

Although only three narrowband signals were sent, much more than three an- 

gles are detected as can be seen from this graph. This is because the PHD 

method generates several extra wrong peaks; it can be observed that the per- 

centage of these peaks is directly proportional to increase M. This is because 

there are M – L harmonics while the PHD method uses only the first dominate 

harmonic. Hence, exploiting only the first harmonic can produce many orthog- 

onal points with antenna array steering vector not only towards the actual arri- 

val signals but also in other angles and this, in turn, generate spurious peaks. 

 

3.14.5 The Modified PHD (MPHD) Method 

 
Typically, the number of received signals is much less than the number of an- 

tenna elements in localisation and direction-finding systems.   In addition, the 
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estimation accuracy of subspace methods seems not to be affected 

significantly by the number of antenna elements. Based on the above analysis, 

the number of antenna array elements that will be used in the signal processing 

stage (i.e., Mr) should be set to the following condition: 

 

L  <  Mr  ≤  M (3.73) 

 
This means we will use a part of the received data matrix instead of using the 

whole matrix and consequently minimise the number of the secondary har- 

monics. This, in turn, will eliminate or at least reduce the produced false peaks 

and at the same time decrease the decomposition rank of the CM as well as 

the matrix size of SS or NS with antenna steering vector in the scanning pro- 

cess. Let reformulate the received signal considering the above condition to 

yield: 

𝒙𝒓(𝑡) = 𝑩(𝜃)𝒔(𝑡) + 𝒏𝒓(𝑡) (3.74) 

where 𝑩(𝜃) and 𝒏𝒓(𝑡) are expressed as follows: 

𝑩(𝜃) = [𝒃(𝜃1) 𝒃(𝜃2) ⋯ ⋯ 𝒃(𝜃𝐿)] (3.75) 

𝒏𝒓(𝑡) = [𝒏𝒓𝟏(𝑡) 𝒏𝒓𝟐(𝑡) ⋯ ⋯ 𝒏𝒓𝑴(𝑡)] (3.76) 

where 𝑩(𝜃) is the reduced steering matrix with (Mr × L) dimension and 𝒏𝒓(𝑡) 

is the additive noise matrix. The new steering vector, 𝒃(𝜃𝑘), can be given as 

follows: 

 

 
𝒃(𝜃𝑘) = 

1 𝑇 

𝑒−𝑗𝛽𝑑 sin 𝜃𝑘   

𝑒−𝑗2𝛽𝑑 sin 𝜃𝑘 

⋮ 
⋮   

 
 

(3.77) 

[𝑒−𝑗(Mr−1)𝛽𝑑 sin 𝜃𝑘] 

 

The new CM is given as follows: 
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𝒓𝟏 

𝓡𝒓𝒓    =  𝐸[𝒙𝒓(𝑡) 𝒙𝒓(𝑡)] =  𝑩(𝜃) 𝓡𝒔𝒔 𝑩(𝜽)𝑯 + 𝜎𝑛
2𝑰𝑴𝒓 (3.78) 

 
By applying the EVD approach to the 𝓡𝒓𝒓, yields: 

𝓡𝒓𝒓  =  𝑸𝒓  𝚺𝒓 𝑸𝒓
𝑯 (3.79) 

 
where 𝑸𝒓 is the new eigenvector matrix with size (Mr × Mr), while 𝚺𝒓 is a (Mr 

× Mr) diagonal matrix and its eigenvalues represent the power of each eigen- 

vector in 𝑸𝒓. By sorting these eigenvalues in ascending way, then, 𝑸𝒓 can be 

described as follows: 

𝑸𝒓  = [𝒒𝒓𝟏, 𝒒𝒓𝟐    … … 𝒒𝒓𝑴] (3.80) 

 
The spatial spectrum of the modified PhD method can be expressed as follows: 

 

 

𝑃𝑀𝑃𝐻𝐷 

1 
(𝜃) =  

|𝒃(𝜃) 𝒒 |2 
(3.81) 

 

3.14.5.1 Numerical Examples Comparison 

 
The same parameters that are set in the simulation of Figure 3.6 are used here 

to compare the performance of the MPHD method with the classical one. Ac- 

cording to Figure 3.7, the best value for Mr is 2L-1 = 5. In the array signal 

processing stage, the PHD method exploits the whole received data matrix 

(i.e., M × N), whereas the modified exploits part of the received data matrix 

(i.e. Mr × N). As can be seen from Figure 3.8, the modified method has over- 

come this problem by producing peaks only towards the incoming signals. 
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(a) : Example (1) 
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(b) : Example (2) 
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Figure 3.8: Comparison between MPHD and PHD methods, M = 10, L = 3, 

and Mr = 5. 
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3.14.5.2 Comparison Based on Different SNRs and N. 

 
In order to ensure a fair comparison between these techniques, 1000 trials 

Monte Carlo simulation is implemented to generate three AOAs randomly. Two 

scenarios are conducted out, namely: the effect of variations SNR and the 

obtained number of snapshots of the received signals. For the first scenario, 

the SNR is changed from -20 dB to 20 dB with 5 dB step while in the second 

scenario, the number of measurements of the received signals is set to N = (1, 

3, 5, 10, 20, 50, 100, 200). The ARMSE is computed at every trial and then 

plotted, as shown in Figure 3.9 and Figure 3.10. From these figures, the esti- 

mation resolution of the MPHD method gives a better estimation resolution 

better than the PHD method through the whole testing range. 

 

        
 

      
 

  

        

 
 

 
 

       

  

 
 

      

  
 

  
 

 

 

 
 

 
 
 

 

 
 
 

 

 
 

 
 

 

 

 

 
Figure 3.9: Comparison between MPHD and PHD methods at various SNR. 
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Figure 3.10: Comparison between MPHD and PHD methods at different N 

As the MPHD technique uses a constant number of antenna elements in the 

signal processing stage, which is set to Mr = 2*L+1; then, the performance of 

the modified method does not affect with the increasing number of the antenna 

element (i.e., M). Therefore, there is no point to compare the performance of 

the MPHD based on different M with other methods. 

 

3.14.5.3 Computational Complexity Comparison 

 
The modified method is also minimized the computational complexity since it 

requires to decompose (Mr × Mr) matrix instead of decomposing (M × M) like 

the PHD method. Additionally, the modified one utilising (Mr × 1) in the search- 

ing grid step rather than using (M × 1). This, in turn, will reduce the execution 

time and required memory storage significantly. The required computational 

operations of the two methods are calculated and presented in Table 3.1, 

where M = 10, N = 100 and Jθ = 180 / 0.5. Based on the presented results, 
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the modified method reduced computational complexity with better estimation 

accuracy compared to the PHD method. Although this criterion can eliminate 

the spurious peaks efficiently, the proposed criterion becomes inactive when 

many received signals are considered to be incident to the antenna array. 

 
 

Table 3.1. The computational operations for the PHD and MPHD methods. 
 

Method The computational complexity Number of multiplications 

PHD O (M2×N + M3 +M Jθ) 14600 

MPHD O (Mr2×N + Mr3 + M𝑟 Jθ) 4425 

 

3.14.6 Different Number of Arrival Signals 
 

This simulation investigates the robustness of estimation of the AOA methods 

when many signals are arriving simultaneously. Therefore, in this scenario, the 

number of received signals is assumed to change from one to M-1. For each 

set of arrival signals, their angles are randomly generated with thousand trials 

(K = 1000) and then applied for each method. The simulation was implemented 

with a number of antenna elements M = 10, the number of samples is N = 100, 

SNR = 10 dB and d = 0.5𝜆. Figure 3.11 shows the performance estimation of 

the AOA algorithms with a different number of received sources. 

Apparently, the ARMSE increases with the increasing number of arrival signals 

except for the PHD method, for which the ARMSE decreases with the in- 

creased number of arrival signals. This confirms our judgment in the previous 

section. The opposite issue can be seen in the ESPRIT and CBF methods, 

where its ARMSE increases exponentially with the increase of incoming sig- 

nals. Therefore, when these algorithms are used in the direction-finding 
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systems, the number of antenna elements need to be much more than the 

number of the expected received signals to obtain a good estimation resolu- 

tion. 

 

 

 
Figure 3.11: ARMSE vs. the number of arrival signals comparison. 

 

3.14.7 Detecting the Number of Arrival Angles 
 

This simulation evaluates the ability of each AOA method to identify the correct 

number of arrival signals. In this simulation, the resolution of an algorithm is 

counted on its capability of resolving two or many closely spaced signals with 

a limited number of antenna elements. The same simulation parameters and 

conditions that applied in section 3.14.6 will be considered in this scenario 

again. From Figure 3.12, the ESPRIT method gives the correct estimated num- 

ber of arrival angles regardless of the increasing number of impinging signals. 

The PHD method gives a constant estimated number for all the experiments, 

which makes its performance poor in this respect. The other AOA algorithms 
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under-predict, progressively falling away from the ideal with the increasing 

number, some methods more than others. 

 

 
Figure 3.12: The detected angles comparison. 

 

3.14.8 Correlation 

 
Correlation or similarity between the arriving signals impacts negatively on the 

performance of direction estimation. Hence, it is assumed there are two signals 

incident on the antenna array with elements (M = 6) and d = 0.5λ. The number 

of samples that have been considered in this simulation is N = 100 and SNR 

= 10dB. Seven different Correlation Coefficient (CC) values between the arri- 

val signals are considered in this scenario namely (CC = 0, 0.25 0.5, 0.75, 0.9, 

0.95 and 1). For every CC, a Monte Carlo simulation with one thousand trials 

(k = 1000) using two random AOA is generated and then applied for all tech- 

niques. Figure 3.13 shows the performance of AOA methods by plotting 

ARMSE against the correlation coefficient for each method. The performance 
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of the PHD, LPE, ME, Min-Norm and MVDR methods are drop considerably 

when the arriving signals are strongly correlated. ESPRIT, Root-MUSIC and 

Root Minimum Norm are still sensitive to the correlation. MUSIC has less sen- 

sitivity to the correlation compared with previous algorithms. On the other 

hand, the performance of the CBF method is not affected by correlation even 

when the incoming signals are highly correlated. It is clear from this graph that 

the higher CC gives worse estimation accuracy and vice versa. 

 

        
 

 
Figure 3.13: Comparison based on the different correlation coefficients. 

 
To help designers or engineers from selecting the appropriate AOA technique 

and give them a clear vision about the performance and the complexity of each 

method, the advantages, disadvantages, and limitations of each method are 

summarised and presented in Table 3.2. 



 

 
 
 
 

 

Table 3.2. A comprehensive comparison between the AOA algorithms. 
 

 

Method Speed EVD 

Need 

MAV re- 

quired 

Accuracy Correlation The need for 

prior knowledge 

No. of AOAs. 

Limitations 

CBF Slow No Yes It has bad resolution with high side- 

lobe levels 

It appears does not af- 

fect with correlated sig- 

nals 

No Wide beams with high side- 

lobes level 

MVDR Slow No Yes It's accuracy better than the CBF 

method but its performance drops at a 

few numbers of snapshots. 

Its performance drops 

significantly when the ar- 

rival signals are high 

correlated 

No It suffers from singularities at 

poor SNR and a few snap- 

shots due to the inverse of the 

matrix 

ME Slow No Yes It has better accuracy than CBF and 

MVDR at good channel conditions. 

However, its performance deteriorates 

under poor channel conditions. 

More than MVDR No Like MVDR 

LPE Slow No Yes Like ME Like ME No Like ME 

PHD Me- 

dium 

Yes Yes Its accuracy drops significantly at poor 

channel conditions. 

It has poor resolution 

when the signal sources 

are highly correlated. 

No This technique has a special 

issue, since the estimation 

drops considerably with the 
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       increasing number of antenna 

elements. 

MUSIC Me- 

dium 

Yes Yes It has high accuracy and ability to de- 

tects the arrival angles even if they 

are close to each other 

Its performance less 

sensitivity to the correla- 

tion. 

Yes High complexity 

Min Norm Me- 

dium 

Yes Yes It gives high resolution like MUSIC, 

however, at low SNR, its accuracy 

drops extremely 

It still suffers from corre- 

lation issues and at high 

correlated signals, it is 

completely failed 

Yes It applies only to ULA. 

Root- 

MUSIC 

Fast Yes No It gives very high resolution; however, 

its precision drops significantly at low 

SNR 

Its performance falls 

partly with correlation 

Yes Like Min Norm in addition to 

not all the roots give the right 

angles. 

Root MN Fast Yes No It gives very high resolution; however, 

its accuracy drops significantly at low 

SNR 

Like Root-MUSIC Yes Like Root-MUSIC 

ESPRIT Fast Yes No It gives very high resolution; however, 

its resolution drops significantly at low 

SNR 

It still has low sensitivity 

to the correlation 

Yes Its performance degrades at 

poor conditions considerably. 

Propaga- 

tor 

slow No Yes It has good accuracy. It still has a sensitivity to 

the correlation. 

Yes It still requires prior knowledge 

of the number of arrival sig- 

nals. 
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3.15 Conclusions 

 
 

Several well-known AOA estimation algorithms have been analysed and stud- 

ied in this chapter. The DOA model has been presented and the antenna array 

steering vector for an arbitrary array geometry derived. The Bartlett is a simple 

method to implement since it does not require matrix inverse and eigenvalues 

decomposition; however, the width of the beam associated with peak and the 

height of the sidelobes limit the effectiveness of this method. Although it is 

found that there is a possibility to improve the accuracy of this method by in- 

creasing the number of antenna elements, however, this will increase the com- 

plexity of the system. 

 
Subspace methods techniques; offer a good trade-off between the estimation 

accuracy and computational complexity. Since the Subspace methods require 

prior knowledge of the number of arrival signals, a model order or source order 

estimators are necessary techniques have to be run before applying the sub- 

space AOA algorithms. The Root-MUSIC method has reduced the complexity 

of MUSIC by finding the roots associated with received signals instead of ex- 

tensive searching through all steering vector points [207]. However, this algo- 

rithm is only applied to the ULAs and not all of these roots give the correct 

location of AOA. 

An in-depth study and a comprehensive comparison between the standard and 

popular AOA methods have been illustrated in this chapter. An extensive 

Monte Carlo simulation on a wide range of scenarios has been performed to 

evaluate the performance of each method fairly. Generally, it was found that 
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the estimation accuracy of DOA increases with an increase in the number of 

array elements, a number of snapshots and SNR (and vice versa). These 

methods were also tested under correlation conditions. 

 
The performance of the CBF method was unaffected by the arriving signals 

being highly correlated. However, it was demonstrated that the CBF perfor- 

mance dropped significantly as the number of received signals increases or 

when the location of signals is close to each other. It has been found that MU- 

SIC gives a fair performance and good estimation precision under different 

criteria. Root-MUSIC and Root Min Norm methods also present good estima- 

tion accuracy and do not require the Manifold antenna array but are applicable 

only for ULAs. 

 
The ability to detect the angles of the signals arriving was investigated in this 

chapter as well. This experiment illustrates the strength of the AOA method 

when the number of antenna arrays is constant or limited. Only, the ESPRIT 

method can detect the correct number of the arrival angles, the performance 

of the other techniques is a different one to the other. The CBF method is the 

least method in the detecting arrival angles, since it is limited by the HPBW of 

the antenna array. 

 
It was concluded that in the case of highly scattered environments, the arrival 

signals will be highly correlated and this, in turn, will make the CM not a full 

rank matrix and not invertible. Additionally, the separation between SS and NS 

becomes difficult in the Eigen decomposition process. This will lead to a sig- 

nificant error in the estimation accuracy of DOA. Thus, especially, the MVDR, 
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Min-Norm, ME, PHD and LPE methods need a pre-processing such as spatial 

smoothing approach. 

 
The estimation error of most of the methods was considerably increased with 

decrease SNR channel. The error and estimation accuracy can be greatly im- 

proved when a filtering technique is applied, such as Kalman filter. In the PHD 

method, it was concluded that when the number of the antenna elements is 

much more than the number of arrival signals, spurious peaks are introduced 

into the spectrum. This, in turn, will deteriorate the estimation resolution signif- 

icantly as has been demonstrated in the simulation results. Therefore, the 

MPHD method has been proposed to improve the performance of the PHD 

method. The presented results showed that the MPHD method has overcome 

the false peaks, increased the estimation resolution and minimised the com- 

putational burden. Although the proposed criterion can eliminate or at least 

minimise generation spurious peaks, it is still only applicable to ULA and not 

efficient when large numbers of incident signals are considered to be received. 

Thus, the PNS algorithm is proposed in chapter 6, section 6.13, to overcome 

such limitations. 

 
Finally, a table was given to summarise the overall behaviour in addition to the 

pros, cons, and limitations of each method. 
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Chapter Four: The Effect of the Mutual 

Coupling and Elements Position Errors 

on the AOA Estimation Accuracy 

 
4.1 Introduction 

 
 

As the antenna array is the first stage of the front end that is used to support 

the direction-finding systems and thus, any errors introduced by the sensor will 

influence the rest of the whole system. In general, the phase error in the an- 

tenna array comes from element position and circuit design errors [221, 222]. 

These issues may create unwanted amplitude and phase components in the 

received signals, and this causes incorrect estimation. Furthermore, it alters 

the identical vectors of the antenna array, disturbing the CM. As a result, the 

performance and estimation accuracy of direction-finding method will give an 

incorrect estimation to the DOA. Most of the work has been achieved to study 

and calibrate the circuit error [223-225]. 

 
Another issue in direction finding systems that use antenna arrays is the effect 

of mutual coupling between the array radiators. From the electromagnetic point 

of view, the mutual coupling between the array radiators invalidates the initial 

calibration and this, in turn, will cause a significant deterioration in the perfor- 

mance of the array signal processing algorithms[226]. In many applications, 

the size of the patch and antenna array is crucial, and it should be minimised 

as small as possible. As the distance between elements of an antenna array 
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is decreased, the mutual coupling between these elements will affect the per- 

formance of localisation techniques negatively. 

 
The effect of mutual coupling is often analysed by computing the mutual im- 

pedances between the antenna elements. The values of these impedances 

are complex and depend on position and type of antenna array mainly [227]. 

In order to ensure an accurate estimation of the direction of sources, one has 

to take into account mutual coupling effects. Then, a suitable decoupling ap- 

proach to compensate this effect needs to be applied. Numerous researches 

and studies have been achieved to minimise and compensate for the impact 

of mutual coupling by developing and proposing several techniques [228-231]. 

In [231], the authors tested and investigated the performance of the AOA 

method by using a UCA consists of 4 monopoles placed on a square metal 

plate. The error improved approximately by fifty percent after mutual coupling 

compensation of AOA technique. 

 
The rest of this chapter is arranged as follows: section 4.2 proposes a small 

helical antenna with its designed parameters. The design of the ring antenna 

array with six and eight elements for tracking system applications is given in 

this section as well. The impact of mutual coupling and its mathematical model 

in the receiving mode are presented in section 4.3. Section 4.4 simulates the 

effect of the mutual coupling within an antenna array on the estimation resolu- 

tion of the AOA methods by considering two different spacing: half and quarter 

wavelength. The error of direction estimation before and after the 

compensation process is computed in this section as well. In section 4.5, the 

impact of the element error position in an antenna array is presented, the 
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mathematical model for both linear and circular arrays are derived under this 

situation. The simulation results are summarised in section 4.6 and finally, sec- 

tion 4.7 presents the chapter conclusions. 

 

4.2 Antenna Array for Localisation Applications 
 

Localisation systems are desirable when an efficient AOA estimation method 

is integrated with compact omnidirectional antenna arrays. In the direction- 

finding systems, the characteristic structure of the received signal matrix is 

used to obtain the information of direction [232]. Antenna plays an essential 

part in the performance of any communication systems. Generally, it is a de- 

vice that has the ability to transmit and/or receive electromagnetic waves and 

operates over a limited band of frequency efficiently. Therefore, it must be 

tuned to the same frequency of operating system otherwise, the transmission 

and reception will be deteriorated. Many factors need to be considered in an- 

tenna design such as resonant frequency, return loss, bandwidth and effi- 

ciency [197]. 

 

4.2.1 Proposed Small Helical Antenna 

 
Conical normal mode element is selected to have a reduced antenna height, 

Omni-directional radiation pattern, and possible acceptable bandwidth to op- 

erate on WLAN example. The helix antenna is modelled to operate at resonant 

frequency 2.45 GHz for data acquisition, and its prototype is shown in Figure 

4.1. The height, wire radius, and spacing between turns of helix antenna are 
 

17.5 mm, 0.5 mm and 6 mm, respectively. The radius of the helix at the bottom 

and the top are 5mm and 8mm, respectively. Due to the size of this antenna 
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is small compared to the free space wavelength, a simple first-order LC circuit 

was used to improve the input return loss. The parameters design of the pro- 

posed conical helical antenna can be summarized in the below Table 4.1. The 

simulated reflection coefficient at the input port is shown in Figure 4.2. in which 

a bandwidth of 120 MHz was covered from 2420 MHz to 2540 MHz. 

 
Figure 4.1: The prototype of the proposed helical antenna. 

 

Table 4.1. Showing the parameters design of the proposed helical antenna. 
 

Parameter’s name Parameter’s value 

Height 17.5 mm 

Wire radius 0.5 mm 

Spacing between turns of helix antenna 6 mm 

Radius of the helix at the bottom 5 mm 

Radius of the helix at the top 8 mm 

Inductor 7.8 nH 

Capacitor 1.7 pF 
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Figure 4.2: Input reflection coefficient. 

 
 

4.2.2 Antenna Array Design 

 
A circular array is commonly used array geometry, which can be used to in- 

crease the gain and sources detecting in three dimensions at any point in the 

space [233]. Therefore, the circular array has been designed and then inte- 

grated with signal processing methods to estimate DOA. Two geometries with 

half and quarter wavelength are considered in this work. The first geometry 

composes of six-helix elements, as shown in Figure 4.3-a, while the second 

one consists of eight elements, as shown in Figure 4.3-b. 

The radiation pattern for every single antenna was considered at its resonant 

frequency, and it is supposed that the radiation performance will be in agree- 

ment for all the elements at their resonance frequencies over the whole 

spectrum frequency bands. The radii of the six and eight-element circular ar- 

rays with half inter-element spacing are 6.12 and 8 cm, respectively. While the 
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radii of the six and eight-element circular arrays with quarter-wavelength spac- 

ing are 3.06 cm and 4 cm, respectively. 

 
(a) : Six elements (b): Eight elements. 

 
Figure 4.3: Antenna array geometries used for data acquisition. 

 
Deriving mutual coupling compensation entails developing an estimate for the 

actual array response for the specified geometries. To obtain the 

compensation matrix, mutual impedances for pairs of antennas are determined 

for many directions which show considerable angular errors in the measured 

array response in the azimuth plane. The resultant vectors must subsequently 

be applied to the AOA methods for direction estimation. 

 

4.3 Mutual Coupling Modeling 

 
 

Mutual coupling is produced due to the interaction of the electromagnetic fields 

between different elements of the antenna array. The effect of mutual coupling 

is increased as the spacing between each two antenna elements in the array 

decreased and vice versa [222]. Mutual coupling is defined as the mutual im- 

pedances between the elements of an antenna array in their transmitting end. 

Mutual impedance is a complex value that relates to the position of the 

elements of the antenna array in the geometrical plane. Several studies have 
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demonstrated that the behaviour of mutual coupling in the transmitting mode 

is different on the receiving antenna arrays mode and therefore should be 

treated differently [234, 235]. 

 

4.3.1 Receiving Mutual Impedances Modelling 

 
A receive antenna captures and intercepts electromagnetic energy in a me- 

dium or air and converts it to voltages and currents. The receiving antenna 

array has several applications such as in interference suppression and direc- 

tion finding and should have its parameters that quantify its performance. The 

correct functioning of the receiving antenna array based on the precise 

knowledge of the terminal pickup currents or voltages excited by the incoming 

electromagnetic signals. Nevertheless, most of the receiving arrays suffer from 

the mutual coupling effects that come together with incident signals and ap- 

pear in the terminal currents or voltages. Depending on mutual coupling 

strength, its effect sometimes influences the performance of the receiving ar- 

ray critically. Therefore, it is necessary to quantify and characterise the mutual 

coupling impact between antenna elements to solve this problem. 

 

In order to compute the mutual impedance in receiving mode under an external 

plane-wave excitation condition, consider the antenna elements terminated 

with a known load impedance 𝑍𝐿 [234-236]. Also, let’s suppose that the an- 

tenna array consists of M sensors, each one of them is terminated with an 

identical load impedance 𝑍𝐿. When the array is excited by an external source, 

the voltage at the antenna terminal Vk can be written as: 

𝑉𝑘    = 𝑍𝐿𝐼𝑘   = 𝑈𝑘   + 𝑊𝑘 (4.1) 
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t 

𝑍   𝑍   

− 𝑡  𝑡  

𝐿 

where 

 
𝑈𝑘 is the terminal voltage due to the direct incident signal. 

 
Wk is the voltage due to the mutual coupling with other antenna elements and 

can be defined as follows: 

𝑊𝑘     =  𝐼1𝑍
𝑘,1  + 𝐼2𝑍

𝑘,2  + ⋯ + 𝐼𝑘−1𝑍
𝑘,𝑘−1  + 𝐼𝑘+1𝑍

𝑘,𝑘+1  + ⋯ + 𝐼𝑁𝑍
𝑘,𝑁 (4.2) 

𝑡 𝑡 𝑡 𝑡 𝑡 

 

where 𝐼𝑖 is the induced current at the antenna element terminal while Zk,i is  

the receiving mutual impedance between antenna elements 𝑘 and 𝑖. The sub- 

script 𝑡 refers to the impedance of receiving mutual mode is defined at the 

antenna's terminals. The relationship between 𝑉𝑘 and 𝑈𝑘 is defined as: 

12 
  1 −   𝑡  

1𝑀 
⋯ − 𝑡      

𝑍𝐿 𝑍𝐿 𝑉 𝑈 
𝑍21 𝑍2𝑀 1 1 

 −
   𝑡 1 ⋯ −   𝑡 

 
 𝑉2 𝑈2 

𝑍𝐿 

⋮ ⋮ 
𝑍𝐿 

  
[ 
⋮
 

    𝑉𝑀 

] = [ 
⋮  

] 
𝑈𝑀 

 
(4.3) 

  𝑍 
𝑁1 

[ 𝑍𝐿 

𝑍 
𝑁2 ⋱ ⋮ 

−  
𝑍 

⋯ 1 
]
 

 

From (4.1) and (4.2), it is obvious that the computation of the receiving mutual 

impedances only depends on the terminal voltages or currents. Since the hel- 

ical antenna has an Omni-directional radiation pattern, it is supposed that the 

distribution of current remains constant regardless of the direction of the 

azimuth angle of the impinging signal. Consequently, the impedance of re- 

ceiving mutual should remain unchanged for the azimuth angle of the receiving 

signal. In order to compute the mutual impedances, two antenna elements of 

the array need to be considered each time while the other elements remaining 

loaded. The following procedures have been applied to obtain the correspond- 

ing S12 parameters: 
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12 12_1 

• Step 1: Compute (or measure) S12 at element 1's terminal with element 

2's terminal connected to a load. Denote this as S12_1. 

• Step 2: Compute (or measure) S12 at element 2's terminal with element 

1's terminal connected to a load. Denote this as S12_2. 

• Step 3: Compute (or measure) S12 at element 1's terminal with element 

2 removed from the array. Denote this as S'12_1. 

• Step 4: Compute (or measure) S12 at element 2's terminal with element 

1 removed from the array and denote this as S'12_2. 

Accordingly, the receiving mutual impedances can be obtained as follows: 
 

𝑆 12_1 − 𝑆′ 𝑍 = 𝑍 (4.4) 
𝑡 𝑆12_2 

0
 

𝑆12_2 − 𝑆′ 

 
 

(4.5) 

𝑍21 =  12_2 𝑍 
𝑡 𝑆12_1 

0
 

 

The above steps must be repeated for all pairs of sensors in an antenna array. 

 
 

4.4 Simulation Results and Discussion 

 
 

A computer simulation has been carried out to support and verify the theoreti- 

cal claims of the proposed system. The coupling matrix has to be inserted into 

the estimation method instead of the ideal steering vector to include the mutual 

coupling effects. Four examples have been considered to examine the impact 

of mutual coupling on the estimation accuracy of direction-finding. The results 

have been simulated before and after CM compensation for each case as 

follows: 
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4.4.1 Six Elements with Half Wavelength Spacing 

 
Six elements circular array with half-wavelength spacing between every two 

sensors are modelled. Two signals from different directions are considered to 

receive this circular array with SNR = 10dB. The normalised receiving mutual 

impedances of this array are computed, as shown in Table 4.2. Figure 4.4 

shows the MVDR and MUSIC spatial spectrum function before and after mu- 

tual coupling compensation, respectively. The green line represents the actual 

location of arrival signals, while the blue and red lines refer to the pseudo spec- 

trum of AOA methods before and after compensation, respectively. There is a 

significant drop in the performance of MVDR and MUSIC methods when the 

CM is used without any compensation for mutual coupling. Although there are 

two peaks, these peaks are not adequately sharp in addition to some deviation 

from targets. The actual angles, estimated angles and errors before and after 

mutual coupling compensation are given in Table 4.3. 

 
Table 4.2. Normalised receiving mutual impedances for M = 6 and d = λ/2. 

 

𝑍12 
𝑡 -0.1341 – 𝑗0.1274 𝑍41 

𝑡 -0.1659 + 𝑗0.0692 

𝑍13 
𝑡 -0.142 + 𝑗0.0460 𝑍42 

𝑡 -0.142 + 𝑗0.0460 

𝑍14 
𝑡 -0.1659 + 𝑗0.0690 𝑍43 

𝑡 -0.1341 – 𝑗0.1274 

𝑍15 
𝑡 -0.1421 + 𝑗0.0459 𝑍45 

𝑡 -0.1341 – 𝑗0.1274 

𝑍16 
𝑡 -0.1349 – 𝑗0.1282 𝑍46 

𝑡 -0.142 + 𝑗0.0460 

𝑍21 
𝑡 -0.1350 – 𝑗0.1278 𝑍51 

𝑡 -0.0498 – 𝑗0.4103 

𝑍23 
𝑡 -0.2587 + 𝑗0.04130 𝑍52 

𝑡 -0.1654 + 𝑗0.06952 
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𝑍24 
𝑡 -0.0498 – 𝑗0.4102 𝑍53 

𝑡 -0.14271 + 𝑗0.0461 

𝑍25 
𝑡 -0.1654 + 𝑗0.06951 𝑍54 

𝑡 -0.1351 – 𝑗0.1278 

𝑍26 
𝑡 -0.1427 + 𝑗0.0460 𝑍56 

𝑡 -0.2587 + 𝑗0.04130 

𝑍31 
𝑡 -0.0498 – 𝑗0.4102 𝑍61 

𝑡 -0.1350 – 𝑗0.1278 

𝑍32 
𝑡 -0.2587 + 𝑗0.04130 𝑍62 

𝑡 -0.1427 + 𝑗0.0460 

𝑍34 
𝑡 -0.1351 – 𝑗0.1279 𝑍63 

𝑡 -0.1654 + 𝑗0.06951 

𝑍35 
𝑡 -0.1426 + 𝑗0.0462 𝑍64 

𝑡 -0.0498 – 𝑗0.4102 

𝑍36 
𝑡 -0.1654 + 𝑗0.06950 𝑍65 

𝑡 -0.2587 + 𝑗0.04130 

 
 

 

 

(a) : MVDR Method. (b): MUSIC method. 
 

Figure 4.4: Spatial spectrum for two incident signals with, the six-element 

helical array with d = 𝜆/2. 
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Table 4.3. Estimation errors before and after removing the mutual coupling 
 

with M = 6 and d = 𝜆/2. 

 
 

Algorithm 𝜙𝑖 𝜙 𝑖  before com- 

pensation 

𝜙 𝑖  after com- 

pensation 

|Error before 

compensation| 

|Error after 

compensation| 

MVDR 286.5° 

 
161.3° 

282° 

 
167° 

286.5° 

 
161. 5° 

4.5° 

 
5.6° 

0° 

 
0.2° 

MUSIC 286.5° 

 
161.3° 

288° 

 
160° 

287° 

 
161° 

1.5° 

 
1.3° 

0.5° 

 
0.3° 

 
 

4.4.2 Six Elements with Quarter Wavelength Spacing 

 
Two incident waves irradiate the six-ring array from different angles. Figure 

4.5-a and Figure 4.5-b illustrate the performance of the MVDR and MUSIC 

before and after mutual coupling compensation. As it is expected, the mutual 

coupling will affect the performance of the signal processing methods nega- 

tively. There is a significant misplaced for direction estimation of incoming 

signals. However, the performance of these methods is considerably improved 

after applying a suitable decoupling method to compensate for the correlation 

matrix. This, in turn, makes the peaks sharper and minimises the AOA estima- 

tion error remarkably. Table 4.4 gives simulation results for both methods be- 

fore and after compensation. It is clear from the results; the error is extremely 

reduced after mutual coupling compensation. 
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(b) : MUSIC method. 
 

Figure 4.5: Spatial spectrum for two incident signals with, six-element small 

helix array and d = λ/4. 
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Table 4.4. Simulation results of AOA methods with M = 6 and d = 𝜆/4. 
 
 

Algorithm 𝜙𝑖 𝜙 𝑖  before com- 

pensation 

𝜙 𝑖  after com- 

pensation 

|Error before 

compensation| 

|Error after 

compensation| 

MVDR 198° 

 
139° 

223° 

 
110° 

196° 

 
139.5° 

25° 

 
29 ° 

2° 

 
0.5° 

MUSIC 198° 

 
139° 

218.5° 

 
116° 

198° 

 
139° 

20.5° 

 
23° 

0° 

 
0° 

 

4.4.3 Eight Elements with Half Wavelength Spacing 

 
Three incident waves on circular antenna array from different directions with 

SNR = 10 dB are assumed in this section. As shown in Figure 4.6-a and Figure 

4.6-b, there is one missing peak due to the mutual coupling effects. However, 

when a compensation matrix is applied, the performances of both methods are 

exponentially improved. This can be seen from these graphs and simulation 

results. The estimated angles and errors before and after mutual coupling 

compensation are given in 

 
Table 4.5. Therefore, it can be concluded that removing the mutual impacts 

within an antenna array is essential preprocessing stage to obtain accurate 

and reliable results. 
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(b) : MUSIC method. 
 

Figure 4.6: Spatial spectrum for three incident signals with, eight-element 

small helix array and d = λ/2. 
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Table 4.5. Simulation results of AOA methods with M = 8 and d = λ/2. 
 

 

Algorithm 𝜙𝑖 𝜙 𝑖  before 

compensation 

𝜙 𝑖  after com- 

pensation 

|Error before 

compensation| 

|Error after 

compensation| 

MVDR 269° 269.5° 269° 0.5° 0° 

 
136° 

 
- 

 

136.5° 
 

- 

 

0.5° 

 89°  
106° 

 
89.5° 

 
16.5° 

 
0.5° 

MUSIC 269 ° 
 

136° 

269° 

 
- 

269° 

 
136.5° 

0° 

 
- 

0° 

 
0.5° 

 89°  
106° 

 
89.5° 

 
16.7° 

 
0.3° 

 

 

4.4.4 Eight Elements with Quarter Wavelength Spacing 

 
This section simulates eight elements ring array with the inter-element spacing 

is subjected to a quarter wavelength. Also, it is assumed that three incident 

signals on this array from different angles with SNR = 10dB. These angles 

have been estimated before and after mutual coupling compensation, as 

shown in Figure 4.7-a and Figure 4.7-b. In the case without coupling compen- 

sation, considerable angular errors are observed. In contrast, the errors are 

significantly reduced after compensation, especially with the MUSIC method, 

as illustrated in Table 4.6. 
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Figure 4.7: Spatial spectrum for three incident signals with, eight-element 

small helix array and d = λ/4. 
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Table 4.6. Simulation results of AOA methods with M = 8 and d = λ/4. 
 

Algorithm 𝜙𝑖 𝜙 𝑖  before com- 

pensation 

𝜙 𝑖  after com- 

pensation 

|Error before 

compensation| 

|Error after 

compensation| 

MVDR 130° 145° 127.5° 15° 2.5° 

 
71.5° 66° 66.5° 5.5° 5° 

 
33.5° 17.5° 39° 16° 5.5° 

MUSIC 130° 143° 130.5° 13° 0.5° 

 
71.5° - 71.5° - 0° 

 
33.5° 19° 34.5° 14.5° 1° 

 

4.5 Element Position Errors within Antenna Arrays 

 
 

Calibration of an antenna array in the direction-finding and beamforming appli- 

cations is an essential part that needs to achieve it periodically since the sys- 

tem performance is susceptible to the phase errors. These errors may cause 

shifting in the direction of estimation angles, beams, and nulls. This, in turn, 

will impact on the performance of the system negatively [237]. A self-calibra- 

tion architecture has been proposed to detect the element location error by 

using near field reference sources [225]. The detected information errors have 

been substituted into the beamforming scheme, which consisting of eight sen- 

sors to compensate for the distorted pattern of the antenna array steering vec- 

tor. In this work, we will study the effect of element location error on the esti- 

mation accuracy of the AOA method at the receiving end. 1D and 2D antenna 

array geometry are included in this study namely: linear and circular arrays. 
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4.5.1 Elements Position Errors (EPEs) within Linear Array 

 
The errors in the position of the antenna elements during the fabrication and 

installation processes have a negative effect on the performance estimation of 

direction-finding systems. Thus, these errors need to be included in the an- 

tenna array vector. Consider a linear array consisting of M elements has an 

error in its element’s locations, as shown in Figure 4.8-a. From Figure 4.8-b, 

𝒽1 and 𝑎 parameters can be expressed by the following equations: 
 

 

𝒽1 

𝑒𝑦 
= 

sin 𝜃 
(4.6) 

 

𝑎   = 𝒽1 cos 𝜃 (4.7) 
 
 
 
 

 
(a) : The M errors in the location of antenna array elements that receiving sig- 

nals. 
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(b) : Element position error modelling. 

 
Figure 4.8: The DOA model of ULA under EPEs condition. 

 
If we assume the original separation between every two elements is 𝑑 = 

𝜆
, 

2 
 

then ℓ can be found as follows: 

 
ℓ = 𝑑 + 𝑒𝑥  − 𝑎 (4.8) 

 
The 𝒽2 can be given as: 

 
𝒽2  = ℓ cos 𝜃𝑘 (4.9) 

 
Then, the total time delay of the incident signal due to the element error loca- 

tion may be defined as follows: 

𝑒𝑦 

𝒽𝑇 = 𝒽1 + 𝒽2 = 
𝑠𝑖𝑛 𝜃

 
𝑒𝑦 

+ (𝑑 − 
𝑠𝑖𝑛 𝜃 

𝑐𝑜𝑠 𝜃𝑘  + 𝑒𝑥) 𝑐𝑜𝑠 𝜃𝑘 (4.10) 

 

Therefore, the antenna array steering vector becomes as described below: 

𝑘 𝑘 
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𝑎(𝜃𝑘) =   
  
  

1 
𝑒𝑥𝑝𝑗𝛽𝒽𝑇 sin 𝜃𝑘 

. 

. 

. 

 

 
(4.11) 

[𝑒𝑥𝑝𝑗𝛽𝒽𝑇(𝑀−1) sin 𝜃𝑘] 
 
 

 

4.5.2 Position Errors within Circular Array 

 
The circular array is one of the most common and widely used arrays in wire- 

less application systems. An error may occur in the location of antenna ele- 

ments through design or/and fabrication process, and this, in turn, deteriorates 

the performance of signal processing methods considerably. Due to this error, 

the time delay of the incident signal will be unequal from one element to the 

other. Therefore, these errors need to be taken into consideration to simulate 

this phenomenon accurately. Figure 4.9 depicts a model of the circular array 

in case of an error in the location of antenna elements. 

 

Figure 4.9: Elements position error modelling in a circular array. 

 
If the global origin is selected as a reference point to all array elements, then 

phase shift corresponding to the ith element shown in Figure 4.9 based on the 
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𝑥 

directional signal arrival. The unit vector that including 𝜙𝑘 and 𝜃𝑘 angles can 

be defined as follows: 

𝒖𝒌  = cos 𝜙𝑘 sin 𝜃𝑘 𝑎 𝑥  + sin 𝜙𝑘 sin 𝜃𝑘 𝑎 𝑦  + cos 𝜃𝑘 𝑎 𝑧 (4.12) 

The ith elements are located around the radius with phase angle (𝜑𝑖) 

𝒗𝒆𝒊  = 𝑥𝑖𝑎 𝑥  + 𝑦𝑖𝑎 𝑦  + 𝑧𝑖𝑎 𝑧 (4.13) 

 
And 𝑥𝑖, 𝑦𝑖 and 𝑧𝑖 are the locations of the element’s ports for the ith element. By 

assuming the ring array located on the x-y plane, then 𝑧𝑖 = 0 

𝒗𝒆𝒊  = 𝜌𝑖 𝑐𝑜𝑠 𝜑𝑖  𝑎 𝑥  + 𝜌𝑖 𝑠𝑖𝑛 𝜑𝑖  𝑎 𝑦  + 0𝑎 𝑧 (4.14) 

 
where 𝜌𝑖 is the radius between the centre and each element in the array can 

be expressed as follows: 

𝜌𝑖   = ‖𝒗𝒆𝒊‖ = √𝑥𝑖2  + 𝑦𝑖2 (4.15) 

And 𝜑𝑖 is the angular location of each element int the ring array 

𝜑𝑖 = 𝑡𝑎𝑛−1 
𝑦𝑖 

( ) 
𝑖 

(4.16) 

 

where 𝑥𝑖 and 𝑦𝑖 are the Cartesian coordinates in x and y planes respectively 

and it is described below: 

𝑥𝑖  = 𝑥𝑜𝑖 ± 𝑒𝑥𝑖 (4.17) 

 
𝑦𝑖   =  𝑦𝑜𝑖 ± 𝑒𝑦𝑖 (4.18) 

 
where 𝑥𝑜𝑖 and 𝑦𝑜𝑖 are the original Cartesian coordinates in x-y planes respec- 

tively while 𝑒𝑥𝑖 and 𝑒𝑦𝑖 are the elements position error for ith elements in the x 

and y planes, respectively. The angle (𝛼𝑒𝑖𝑘) can be obtained from the dot prod- 

uct between 𝒗𝒆𝒊 and 𝒖𝒌 vectors, as described below: 
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𝛼𝑒𝑖𝑘 
= 𝑐𝑜𝑠−1 (  

𝒗𝑒𝑖. 𝒖𝑘 
) 

‖𝒗𝑒𝑖‖‖𝒖𝑘‖ 

 

𝛼𝑒𝑖𝑘  = 𝑐𝑜𝑠−1 ((𝜌𝑖 𝑐𝑜𝑠 𝜑𝑖 𝑎 𝑥  + 𝜌𝑖 𝑠𝑖𝑛 𝜑𝑖 𝑎 𝑦)(𝑐𝑜𝑠 𝜙𝑘 𝑠𝑖𝑛 𝜃𝑘 𝑎 𝑥  + 𝑠𝑖𝑛 𝜙𝑘 𝑠𝑖𝑛 𝜃𝑘 𝑎 𝑦)) 

 
𝛼𝑒𝑖𝑘 = 𝑐𝑜𝑠−1(𝜌𝑖 𝑐𝑜𝑠 𝜑𝑖 𝑐𝑜𝑠 𝜙𝑘 𝑠𝑖𝑛 𝜃𝑘 + 𝜌𝑖 𝑠𝑖𝑛 𝜑𝑖 𝑠𝑖𝑛 𝜙𝑘 𝑠𝑖𝑛 𝜃𝑘) 

𝛼𝑒𝑖𝑘  =  𝑐𝑜𝑠−1(𝜌𝑖𝑠𝑖𝑛 𝜃𝑘  𝑐𝑜𝑠 ( 𝜙𝑘 − 𝜑𝑖)) (4.19) 

where 𝝆 is a vector with dimension (1×M), as given below: 

𝝆 = [ 𝜌0 𝜌1     𝜌2, … … … , 𝜌𝑀−1] (4.20) 

And ‖𝒖𝒌‖ can be obtained as described below 

‖𝒖𝒌‖ = √(𝑐𝑜𝑠 𝜙𝑘  𝑠𝑖𝑛 𝜃𝑘)2  + (𝑠𝑖𝑛 𝜙𝑘  𝑠𝑖𝑛 𝜃𝑘)2  + (𝑐𝑜𝑠 𝜃𝑘)2 = 1 (4.21) 

 
The time delay due to the position error can be computed from the following 

equation 

𝜏𝑒𝑖𝑘  = 𝜌𝑖 cos 𝛼𝑒𝑖𝑘 (4.22) 

 
Then, the circular array steering vector that including element position error 

 

can be defined as follows: 

 
 

𝒂(𝜃𝑘, ∅𝑘) = 

 
  

𝑒−𝑗𝛽𝜌0𝜓𝑒0 

𝑒−𝑗𝛽𝜌1𝜓𝑒1 

⋮ 

 
 
 
 

(4.23) 
⋮ 

[𝑒−𝑗𝛽𝜌𝑀−1𝜓𝑒𝑀−1 ] 

where 𝜓𝑖 is given below: 
 

 
𝜓 = 𝛽. 𝜏 2𝜋 = 𝜌 

 

cos(𝑐𝑜𝑠−1(𝜌 𝑠𝑖𝑛 𝜃 
 
𝑐𝑜𝑠 ( 𝜙 − 𝜑 ))) (4.24) 

𝑒𝑖 𝑒𝑖𝑘 𝜆 𝑖 𝑖 𝑘 𝑘 𝑖 
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4.6 Simulation Results with Elements Position Error (EPEs) 

 
 

The elements position errors in the fabrication process of the antenna array 

impact negatively on the estimation accuracy of the AOA algorithms. These 

errors alter the identical vectors of the antenna array and disturbing the CM. 

Consequently, it will cause amplitude and phase errors. Two experiments in- 

cluding Uniform Linear Array (ULA) and Uniform Circular Array (ULA) are per- 

formed to illustrate the effect of the EPEs on the estimation accuracy of the 

AOA methods, as described below. 

 

4.6.1 Elements Position Error with ULA 

 
A ULA with M = 10 elements with half-wave spacing between elements is se- 

lected in this experiment. The maximum tolerance error of fabrication machine 

is considered 1 mm; thus, the location error of each element is assumed be- 

tween -1 mm and 1 mm. According to the assumption, the element position 

error (𝒆𝒙, 𝒆𝒚) is generated randomly as given below: 

𝒆𝒙 = [0.2835 -0.2421 -0.6938 0.5882 -0.3674 -0.2438 -0.6719 -0.3560 -0.9334 

0.8175] mm. 
 

𝒆𝒚 = [ 0.6803 0.4335 0.0977 0.4034 -0.0130 0.3754 0.3924 0.2125 0.2911 

 
0.0682] mm. 

 
Three BPSK signals are incident on this array from different directions; these 

signals are assumed corrupted with AWGN. The carrier frequency (fc) of arrival 

signals is 900 MHZ. The other simulation parameters are N = 100 and SNR = 

10 dB. The performance estimation of the AOA technique under these condi- 

tions is shown in Figure 4.10. The effect of the EPEs can be seen clearly in 
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this graph, where the peaks have some deviation from the target. A 1000 

Monte Carlo simulation is performed to give a solid vision about this situation. 

This simulation includes generating three random AOAs and the element po- 

sition error (𝒆𝒙, 𝒆𝒚). 

The RMSE of each trial is computed and then plotted as CDF in Figure 4.11. 

The dashed line represents the estimation precision before error correction 

while the solid line represents the estimation resolution after the calibration 

process of the steering vector. Therefore, it can be concluded that the calibra- 

tion process of the steering vector is fundamental to compensate and eliminate 

the errors in the fabrication process. 

 
 
 
 

        
  

   

          

          

          

          

          

          

 

 

 

 
Figure 4.10: The performance estimation with coexist EPEs of a ULA. 
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Figure 4.11: The RMSE before and after calibration using ULA. 

 
 

4.6.2 Elements Position Error with UCA 

 
In the second experiment, a UCA with M = 10 elements and a half-wave spac- 

ing between elements is set. The carrier frequency of the received signals in 

this experiment is 2.4 GHz, and the angular range is [0° - 360°]. The element 

position error (𝒆𝒙,𝒆𝒚) of each antenna is generated randomly as given below: 

𝒆𝒙 = [0.5831 -0.0112 0.2775 0.9769 -0.7045 0.0889 -0.7083 0.2883 0.1365 - 

0.4144] mm 

 
𝒆𝒚 = [0.6326 0.9639 -0.0936 0.7109 0.9443 -0.2081 -0.9652 0.9997 0.3396 

 
0.7869] mm 

 
The other simulation parameters are set as the same as the parameters in the 

previous experiment. The performance estimation of the AOA technique under 
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these conditions is given in Figure 4.12. As can be seen from this graph, the 

amplitudes of two signals are affected because these errors, one of these sig- 

nals is attenuated while the other is completely suppressed. 

 

  
 

  
 

 
 

   

        

        

        

        

        

        

        

        

        

 

 

 
Figure 4.12: The performance estimation with coexist EPEs of a UCA. 

 
A 1000 Monte Carlo simulation includes 3 AOAs and elements position errors 

(𝒆𝒙, 𝒆𝒚) is carried out to illustrate the impact of the EPEs on the estimation 

accuracy in 2D array comprehensively. The RMSE of each iteration is com- 

puted and then plotted as CDF in Figure 4.13. From this graph, it is obvious 

that the error in element position affects the estimation performance of the 

AOA method negatively. This is because of the magnitude and phase errors 

which suppress the signal amplitude and/or give misplaced towards incoming 
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signals. However, the performance estimation is considerably improved after 

calibrating the steering vector as can be seen from the solid line in Figure 4.13. 

 
 

 
       

       

       

       

       

       

       

       

       

       
 

 

  

 
   

     

  

 

 

 
Figure 4.13: The RMSE of the AOA method before and after calibration. 

 
 

4.7 Conclusions 

 
 

Two circular antenna arrays with half and quarter wavelength have been 

presented to examine the impact of mutual coupling on the accuracy of direc- 

tion estimation. Both arrays were adopting conical helical antenna elements. It 

is found that the estimation accuracy is significantly deteriorated when mutual 

coupling considered. A decoupling method has been applied to compensate 

for the mutual coupling effect on the CM that leads to improve the performance 

of AOA methods and minimise the errors significantly. The errors before and 
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after the compensation process were computed and compared. It has been 

concluded that the compensation process is essential to compensate for the 

CM before exploits data in the AOA method. The marked performance im- 

provement in terms of AOA estimation, due to the compensated array re- 

sponses, allows for easier and more accurate determination of multiple signal 

sources. 

 
The effect of error that occurs in the location of antenna elements on the esti- 

mation accuracy of DOA has been investigated in this chapter as well. The 

mathematical model for both 1D and 2D array was derived and then verified 

by MATLAB software. The results with and without EPE have been presented 

and compared with useful clarifications and interpretations. It has been 

concluded that the calibration process of the steering vector is vital to avoid 

the potential mistakes in the design and fabrication of the antenna array. 
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Chapter Five: A Novel Low Complexity 

Method for 2D and 3D Direction Estima- 

tion in Multiple Array Systems 

 
5.1 Introduction 

 
 

The performance of most AOA algorithms deteriorates significantly when the 

data recorded are few or when the received signals are highly correlated. Re- 

sorting to a larger number of snapshots or removing the correlation between 

the incoming signals increases both complexity and execution time. Addition- 

ally, the large numbers of snapshots required are not always available in wire- 

less environments that change rapidly. Many applications call for a high reso- 

lution and low complexity AOA estimation method in these conditions. The 

contribution of this present chapter is to propose a simple and low complexity 

method that can be used to estimate the DOAs of signals efficiently; the pro- 

posed method is called the Propagator Direct Data Acquisition (PDDA) 

method. 

 
The PDDA algorithm is based on computing the propagator vector, which rep- 

resents the cross-correlation between the received data from the first sensor 

and the other sensors. This propagator vector retains all the information about 

how the phasors of signals arriving from various directions sum at each sensor, 

which has the effect of normalising to the phase of the first sensor and elimi- 

nating the dependency on the signal time series, which in turn improves 
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robustness to noise. Consequently, the DOA signals can be estimated effi- 

ciently with a single snapshot or a few snapshots even when the impinging 

sources are highly correlated. Furthermore, it does not require prior knowledge 

of the number of arriving signals, unlike MUSIC, ESPRIT, and other tech- 

niques. 

 
The new method estimates the directions of the received signals directly from 

the measured data without the need to construct the CM, invert the matrix or 

use EVD / SVD approaches. This decreases the complexity considerably. 

Computational complexity is investigated in terms of the required number of 

computational operations and the execution time; the comparison results 

demonstrating that the PDDA method is efficient computationally. The pro- 

posed method is implemented by using linear and circular sensor arrays to 

perform 2D and 3D estimation; many numerical examples are presented to 

show its performance. It is compared with several popular and recent AOA 

methods in terms of numbers of snapshots collected, behaviour with SNR, cor- 

relation of signals sources, and execution time. An intensive Monte Carlo sim- 

ulation is achieved with random angles over different scenarios, with the iden- 

tical conditions applied to all algorithms to ensure a fair comparison. The ex- 

perimental results show that the proposed algorithm performs best in the many 

scenarios and is comparable in other conditions to the best alternative algo- 

rithms, and with lower complexity. 

 
The rest of the chapter is organised as follows: The mathematical model of the 

proposed method and the computational complexity between PDDA and other 

techniques are presented in Section 5.2. Section 5.3 analyses the 
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computational complexity of the PDDA method at every stage of the estimation 

process and compares with several well-known AOA methods. Simulation re- 

sults of the PDDA method is given in section 5.4, while the comparison with 

other AOA techniques are appeared in section 5.5. Finally, section 5.6 sum- 

marises the findings and sets out conclusions. 

 

5.2 The Proposed AOA Algorithm 

 
 

The received data matrix can be used to estimate the AOA instead of using 

the CM. The proposed algorithm depends on computing the propagator vector, 

which represents the cross-correlation between the first row (received signal 

data from the first element) and the other rows. This has the effect of normal- 

ising to the phase of the first element and removing the dependency on the 

signal time series. The propagator vector, therefore, retains all the information 

about how the phasors of signals arriving from various directions sum at each 

sensor and removes the correlation with the steering vector, and thus elicits 

the individual AOAs. It also reduces the computational complexity compared 

to calculating the entire CM. 

Suppose that the data matrix 𝑿(𝑡)  contains N samples of data obtained  from 

 
M sensors. 𝒙(𝑡) = 𝑨𝒔(𝑡) + 𝒏(𝑡) is an M × N matrix and can be written as fol- 

 

lows:  

  
𝑥1(𝑡1) 

 
𝑥1(𝑡2) ⋯ ⋯ 𝑥1(𝑡𝑁) 

 
 

 

𝑿(𝑡) = 
𝑥2(𝑡1) 
⋮ 
⋮ 

𝑥2(𝑡2)   ⋮ 
⋮ ⋱ 
⋮ ⋮ 

⋮ 𝑥2(𝑡𝑁) 
⋮ ⋮ 
⋱ ⋮ 

 
(5.1) 

[𝑥𝑀(𝑡1) 𝑥𝑀(𝑡2) … … 𝑥𝑀(𝑡𝑁)] 
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⋮ ] 

In order to compute the propagator vector 𝒑 we divide the 𝑿(𝑡) matrix into two 

sub-matrices as follows: 

𝒉 =  [𝑥1(𝑡1) 𝑥1(𝑡2)  ⋯ ⋯ 𝑥1(𝑡𝑁)] (5.2) 

 

𝑥2(𝑡1) 𝑥2(𝑡2) ⋯ ⋯ 𝑥2(𝑡𝑁) 

𝓗 = [ 
⋮
 

⋮ ⋱  ⋮ 
⋮ ⋮  ⋱ 

⋮ (5.3) 
⋮ 

𝑥𝑀(𝑡1) 𝑥𝑀(𝑡2) … … 𝑥𝑀(𝑡𝑁) 
 

where 𝒉 represents the first row of the matrix 𝑿 whereas 𝓗 represents the 

reset of 𝑿. Now, compute vector 𝒑, as follows: 

𝒑 = 𝒉𝓗𝐻/𝒉𝒉𝐻 (5.4) 

 
𝒑 gives the cross-correlation of the time-series from each sensor element with 

that from the first element, with size 1 × (M − 1). We now add a unit element 

representing the correlation of the first row with itself. This yield: 

℮ = [1 𝒑]𝑇 (5.5) 

 
where ℮ is a vector of size 1 × M. The complexity of localisation systems 

depends on hardware, software, and operating factors. The PDDA technique 

presents lower computational complexity, as can be verified by comparing the 

number of computational operations required to construct the CM, which is 

used in most AOA methods, and that needed to compute the vector (𝒑) utilised 

in the PDDA method, as will be proven in section 5.3. Then, the spatial power 

spectrum can be obtained from the vector (℮) as follows: 

 

𝑷(𝜃, 𝜙) = |𝒂(𝜃, 𝜙) ℮|2 (5.6) 

 
To obtain narrower peaks and to minimise side-lobe levels, we propose the 

following approach: first, find the maximum point in 𝑷(𝜃, 𝜙): 
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𝒔 

𝓌  = 𝑚𝑎𝑥(𝑷(𝜃, 𝜙)) (5.7) 

 
where 𝓌 is a scalar value. The second step is subtracting the value of the 

global maximum from the other points in (5.6), this yields the following equa- 

tion: 

𝑷𝒔(𝜃, 𝜙) = 𝓌 − 𝑷 (𝜃, 𝜙) (5.8) 

 
Once this condition is achieved, we will obtain nulls in the direction of incoming 

signals. The PDDA method can be expressed in a new formula to acquire 

maximum peaks in the AOA as follows: 

 

𝑷𝑷𝑫𝑫𝑨 

1 
(𝜃, 𝜙) = 

𝑷 (𝜃, 𝜙) + 휀 
(5.9) 

 

where 휀 is a small scalar value added in order to avoid possible singularities. 

(5.9) is highly non-linear, so it exaggerates signals close to 𝓌 and suppresses 

side-lobes. With an appropriate choice of 휀 = 0.01, it is then straightforward to 

apply a threshold value to separate genuine peaks from side-lobes. The sim- 

ulation steps of the PDDA method are illustrated in Table 5.1. 

 

Table 5.1. The Pseudocode of the PDDA method 
 
 

Input: The received signals 𝐗 ∈ CM×N, with M sensors, N number 

of snapshots, L source signals. 

Output: The estimated AOAs. 

Step 1: Divide the received signal matrix into two portions as given 

in (5.2) and (5.3). 

Step 2: Construct the propagator vector (𝒑) by applying (5.4). 

Step 3: Compute the vector (℮) by using (5.5). 
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Step 4: Construct the pseudospectrum by scanning ℮ through the 

whole scanning range of the θ and /or 𝜙𝑖 planes with a 

specific scanning step. 

Step 5: Find the maximum global point in the spatial spectrum (i.e. 

𝓌). 

Step 6: Subtract the maximum value from the other values by ap- 

plying (5.8). 

Step 7: Plot the pseudospectrum using (5.9) and then Find the lo- 

cations of the peaks to detect the AOAs. 

 

5.3 Complexity Analysis 

 
 

The complexity of localisation systems describes the complexity of software, 

hardware, and operating components that needed to establish any localisation 

system, and thus, it is vital to take them into account. Speed is also an 

essential factor in any application, meaning the required execution time for 

estimating the AOAs: these should desirably be as small as possible. Typically, 

three main stages can be considered to measure the complexity of the AOA 

method, as follows: 

 

5.3.1 Construction of the CM 

 
The construction of the CM is required in most AOA methods. However, the 

PDDA method needs to compute the vector (𝒑), which less computational bur- 

den than the CM. Consider there M sensors receiving data with N snapshots, 

so the arithmetical operations that needed to construct CM and 𝒑 vector are 

given in Table 5.2. Figure 5.1 shows the required number of multiplications 

and additions with different M and N. 
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Table 5.2. Computational operations required to construct the CM compared 

with the 𝑝 vector construction. 

 

Method 

 
Computing vector 

Number of 

Multiplications 
Number of Additions Divisions 

(p) 
M × N M × (N − M) M − 1 

Computing CM M2 × N 
M2  × (N − 1) 

None 
 

 
 

  

 

(a) Multiplications required for N = 

100 and M = 1:256. 

 

 
 

 

 
(c) Multiplications required for M = 

100 and N = 1:1000. 

(b) Additions required for N = 100 

and M = 1:256. 

 

 
 

 

(d) Additions required for M = 100 

and N = 1:1000. 

Figure 5.1: The needed computational operations to construct the CM and 𝒑 
 

vector with different M and N. 

      

      

      

      

      

      

      

      

      

      

  

    

   

 



125  

5.3.2 Applying EVD, Computing Matrix Inversion or the 

Projection Matrix / Vector 

 
After computing CM, some methods need to calculate the inverse of the CM 

whereas others need to decompose it, with prior knowledge of the number of 

arrival signals. If applying EVD or computing the inversion of the CM, the re- 

quired operations are approximately O (M3). However, there is no need for 

these operations with the PDDA method. For example, the MUSIC method [74] 

apply an EVD approach to the CM in order to calculate its noise and signal 

eigenvectors, respectively. Then, they process these outcomes in the other 

stages to find the AOAs. With the Capon method [203], the calculation of the 

inverse of the CM is required to accomplish the AOA estimation task. The prop- 

agator technique [111] depends on a partition of the CM into two sub-matrices 

to obtain the propagation operator and so on for the other algorithms [111]. 

These operations give a localisation system of high computational complexity. 

In addition to the above stages, some AOA methods need previous knowledge 

of the number of arrival signals; however, this is difficult in practical applica- 

tions, and thus a pre-processing step is necessary to determine the actual 

number of arrival signal. Table 5.3 compares the complexity of the PDDA 

method with several standard AOA techniques based on the above-mentioned 

operation stages. It is evident from this table that the PDDA method has lower 

computation complexity than the other AOA methods presented. 



126  

5.3.3 Pseudospectrum Construction. 

 
Finally, the computational operations required to form a spatial spectrum are 

dependent on two factors, namely: the dimension of the matrix used and the 

scanning angle step. The former is based on the value of M and the applied 

AOA method. The latter can be determined in the following way: suppose 𝛿θ 

and 𝛿∅ represent the scanning angle steps for the elevation and azimuth 

planes, respectively. Then, the total operation numbers for these planes are 

Jθ = 90⁄𝛿θ and J∅ = 360⁄δ∅ respectively. 
 

 

Based on the above arguments, the number of multiplications and additions 

in the scanning angle process stage to construct the spatial spectrum differs 

from one method to the other. Table 5.4 compares the complexity of the PDDA 

and some popular AOA methods at this stage as described below. 

Table 5.3. The complexity comparison based on different criteria 
 

 
Method 

CM Inverse Re- 

 

quired? 

 
EVD Required? 

Knowledge of 

 

L Required? 

Capon [67] Yes No No 

Maximum Entropy [82] Yes No No 

MUSIC [74] No Yes Yes 

Min-Norm [73] No Yes Yes 

Pisarenko [69] No Yes No 

ESPRIT [27] No Yes Yes 

Root MUSIC [238] No Yes Yes 

 
Propagator [111] 

it needs to compute 
 

(L× L) matrix inverse 

 
No 

 
Yes 

PDDA No No No 
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Table 5.4. The required operations to construct the spatial spectrum. 
 
 

Method Number of Multiplications Number of Additions 

Capon M × (M + 1) (M − 1) × M + (M − 1) 

MUSIC (M − L) × (M + 1) (M − L) × (M − 1) + (M – L − 1) 

Pisarenko M M − 1 

Propagator M × (M + 1) (M − 1) × M + (M − 1) 

PDDA M M − 1 

 
The overall computational cost of the mentioned above algorithms is 

calculated and described below in Table 5.5. As can be seen from this table, 

the PDAA algorithm can find the arrival angles with lower complexity, making 

processing more efficient than with the other methods. 

Table 5.5. Showing the overall computational complexity comparison be- 

tween PDDA and popular AOA methods. 

Algorithm The needed computational operations 

Capon [67] O (M2N+ M3 + M2JθJ∅) 

Min-Norm [73] O (M2N + M3 + MJθJ∅) 

MUSIC [74] O (M2N + M3 + M2JθJ∅) 

Propagator [111] O (M2N + M2 L + M2 JθJ∅) 

AV [134] O (M2N + M2 L JθJ∅) 

CG [239] O (M2N + M2 LJθJ∅) 

OGSBI [151] O (M2N + max (M (JθJ∅)2, MLJθJ∅)) per iteration 

Root SBL [160] O (M2N+ M JθJ∅ ) per iteration 

PDDA O (MN+ M JθJ∅) 
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5.4 Numerical Simulations and Discussion 

 
 

A simulation with both ULAs and UCAs are carried out to verify the theoretical 

claims of the proposed method. 

 

5.4.1 Uniform Linear Array 

 
The simulation’s parameters are SNR = 10 dB, the number of samples N is 10, 

and the inter-element spacing is d = 0.5𝜆. The scanning step angle is 0.5°. 

Figure 5.2 shows an example of two signals incident on a ULA with M = 10 

sensors, arriving from different directions (θ = 0° and 8°). As can be seen from 

Figure 5.2, the PDDA method estimates the angles of the arrival signal accu- 

rately, and also provides sharp peaks in the directions of arrival, with negligible 

side lobes. 

 
          

          

          

          

          

          

          

          

          

          

          

          

 

 

 
Figure 5.2: Showing the performance of the PDDA method with a ULA. 
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5.4.2 Uniform Circular Array (UCA) 

 
Some applications such as radar and tracking systems require estimation of 

both elevation and azimuth angles in order accurately to track targets that are 

moving in three dimensions. Hence, the proposed method is next applied to 

the circular array, with a range of azimuth angles [0, 360°] and elevation angles 

[0, 90°]. Three cases are considered in this simulation, with the directions of 

arrival generated randomly as shown in Table 5.6. The type of received sig- 

nals is BPSK with carrier frequency fc = 10 GHz and the signals are distorted 

with AWGN. The other simulation parameters are the number of sensors. M = 

15, N = 100, SNR = 10 dB, and d = 0.5λ. 

In the first scenario, two signals are considered to reach the sensor array from 

different directions, as shown in Table 5.6. Figure 5.3 illustrates the perfor- 

mance estimation of the PDDA method for case 1. In the second scenario, 

three signals are arriving from different directions, as presented in Table 5.6, 

case 2. The performance of the PDDA method and its precision, in this case, 

are illustrated in Figure 5.4. The last simulation example considers signals 

clustered closely together as given in Table 5.6, case 3, with results shown in 

Figure 5.5. It is clear from these graphs that the proposed method gives 

accurate and sharp peaks in the directions of the targets. 

Table 5.6. Showing the actual directions of the received signals. 

Case Elevation Angles (θ) Azimuth Angles (ϕ) 

1 (32°, 50°) (40°, 200°) 

2 (42°, 44°, 46°) (69°, 163°, 298°) 

3 (39°, 36°, 17°) (115°, 40°, 20°) 
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(a) The 3D plot of the PDDA method 
 
 

 
(b) The 2D plot of the PDDA method. 

 
Figure 5.3: The performance of the PDDA method with two AOAs. 
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(a) The 3D plot of the PDDA method. 
 

 

 
(b) The 2D plot of the PDDA method 

 
Figure 5.4: The performance of the PDDA method with three AOAs. 
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(a) The 3D plot of the PDDA method. 
 
 

 
(b) The 2D plot of the PDDA method. 

 

Figure 5.5: The performance of PDDA method with three AOAs close to- 

gether. 
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5.5 Comparison with Other AOA Methods 

 
 

In this section, the performance of the PDDA method is compared with six 

commonly used AOA methods namely: MVDR, MUSIC, Min-Norm, ESPRIT, 

OGBSI, and Root-SBL. Four scenarios are considered in this comparison 

namely: the number of snapshots taken, SNR, the correlation between sources 

of the incident signals and the execution time. For the first three scenarios, the 

ARMSE is computed for each criterion. 

 

5.5.1 Number of Snapshots 

 
Typically, resorting a significant number of snapshots is not always practical in 

wireless environments, since the sources of signals are changing rapidly. This 

simulation compares the estimation accuracy of the proposed method with 

other AOA methods for obtaining a reliable estimation of DOAs signals using 

a limited number of snapshots. A ULA with M = 8 elements with half-wave 

spacing between elements is selected. Two BPSK signals (L = 2) are incident 

on this array from different directions, these signals are corrupted with AWGN, 

and the SNR is 10 dB. Five different numbers of snapshots of the received 

signals are collected in this experiment, namely: N = 1, 2, 3, 4 and 5. A thou- 

sand trials of two AOAs are randomly generated, each set being applied to all 

AOA methods. The ARMSE of every N is calculated and plotted for all tech- 

niques, as shown in Figure 5.6. 

Clearly, the PDDA method gives the best resolution compared with other AOA 

methods for a single snapshot. With N = 2 and 3, the performance estimation 

of PDDA and OGBSI are convergent, and they are the best compared with the 
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other AOA methods. At N = 4, PDDA, OGBSI, and MUSIC have roughly the 

same estimation accuracy and are better than the other algorithms. At N = 5, 

the estimation resolution of each method can be sorted in descending order 

as follows: MUSIC, OGSBI, PDDA, ESPRIT, Root-SBL, Min-Norm, and Ca- 

pon. So, the performance of the proposed method outperforms all methods 

with a single snapshot and is comparable to MUSIC and OGSBI for other num- 

bers of snapshots. The reason for poor accuracy for the Capon method is that 

when N is less than M, the Capon method suffers from singularities due to 

matrix inversion operations. 

 
 

 

 
Figure 5.6: ARMSE vs. number of snapshots with SNR = 10 dB, M = 8, L = 2, 

K = 1000 for each N. 
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5.5.2 Array-Signal to-Noise Ratio (SNR) 

 
In this scenario, we still assume the number of snapshots measured is limited 

(N = 3) but with differing SNR. The SNR at the input to the sensor array re- 

ceiver plays a crucial role in the performance of AOA in localisation systems. 

Therefore, this simulation compared the variations in the performance of AOA 

methods with a variation of SNR. A ULA consisting of M = 8 sensors and d = 

0.5λ is considered, this array receiving two BPSK signals from different direc- 

tions. 1000 Monte Carlo simulations with L = 2 are used to generate AOAs: 

these angles are applied for all algorithms. The ARMSE is computed for each 

SNR and plotted for all techniques in Figure 5.7. 

The effect of the SNR on the performance estimation of each technique can 

be clearly seen in this graph: at low SNR (i.e., SNR less than 0 dB), MUSIC 

and PDDA methods give the best accuracy compared with other AOA tech- 

niques. However, as the SNR improves the PDDA method provides the best 

estimation resolution compared with all the AOA techniques presented. The 

reason that MUSIC has better accuracy than the PDDA method at poor SNR 

is that a large amount of noise diffuses the phasors of arriving signals and this, 

in turn, affects negatively normalising the phase of the first sensor and elimi- 

nating the dependency on the signal time series. On the other hand, MUSIC 

has higher complexity than PDDA, as shown in Table 5.5. 
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Figure 5.7: ARMSE vs. SNR, with M = 8, L = 2, N = 3, 1000 Monte Carlo 

simulations for each SNR. 

 

5.5.3 Correlation 

 
Correlation or similarity between the arriving signals impacts negatively on the 

performance of direction estimation systems. A simulation is next run for two 

correlated received signals with correlation coefficient (CC = 0.95) incident on 

a linear array with M = 8 elements and d = 0.5λ. The other simulation param- 

eters are the number of samples, N = 10, and SNR = 1 dB. In order to ensure 

a fair and comprehensive comparison, a thousand sets with pairs of AOAs are 

randomly generated, each set being applied to all algorithms. The RMSE is 

computed for each trial and then plotted as a CDF. 
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Figure 5.8: The performance AOA methods comparison with CC = 0.95. 

 

As can be seen from Figure 5.8, the PDDA presents the best accuracy among 

the AOA methods, and this demonstrates that the proposed method has good 

robustness and less sensitivity to the correlation of source signals. It has also 

been observed that OGSBI and Root-SBL, based on Bayesian compressed 

sensing and sparse signal reconstruction principles, have high sensitivity to 

correlated signals. MUSIC still gives an excellent performance, whereas Min- 

Norm, ESPRIT, and MVDR algorithms perform poorly under such correlation 

conditions. 

 

5.5.4 Execution Time 

 
The speed of computation is a crucial factor for any application, hence the time 

for execution of the PDDA method is compared with state-of-the-art AOA 
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methods in identical conditions. According to Table 5.5, the computational bur- 

den mainly depends on the number of sensors (M); thus, the execution time is 

implemented and compared by changing M = [10, 20 … 100] and keeping the 

other simulation parameters constant. A MATLAB simulation was run with one 

hundred iterations (i.e., K = 100) for each method, and the average times of 

execution at each M recorded using tic and toc functions. The grid searching 

step δ = 0.5°, L = 6, SNR = 10 dB and N = 100. For the OGSBI and Root-SBL 

methods, the tolerance error and the maximum number of iterations are set at 

0.001 and 500 respectively, while the other simulation parameters for these 

are same to that given in [151, 160] respectively. 

 

 

 

 
Figure 5.9: Execution time comparison based on different M. 

All the experiments have been carried out in MATLAB R2016-b on a PC with 

a Windows 8.1 operating system, processor: Intel(R) Core (TM) i7-4790 CPU 

@ 3.6 GHz, with 32 GB installed RAM. It is obvious from Figure 5.9 that the 
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PDDA method is fastest. Minimum Norm, MUSIC, and Capon give reasonable 

speed, whereas the Root-BSL and OGBSI techniques are the slowest. This is 

because their computational complexity not only depends on the number of 

sensors but also on the other parameters such as tolerance error and the max- 

imum number of iterations, which are required to find the optimum solution. 

The exact execution time of each method may differ from these results accord- 

ing to the specifications of the computer and situations which are associated 

with the program running, but the relative behaviour for each algorithm should 

be the same. 

 

5.6 Conclusions 

 
 

A new and low complexity angle of arrival method, which estimates the AOAs 

of the received signals directly from the collected data without the need to con- 

struct the CM, has been proposed in this chapter. The reduction in complexity 

of the proposed method has been demonstrated theoretically and then ex- 

plained in terms of the number of computational operations. The reduction of 

complexity has been achieved by avoiding constructing the CM and computing 

the matrix inverse or applying eigenvalue decomposition. The PDDA was 

implemented with two types of sensor arrays: ULA and UCA. Many simulation 

examples have been illustrated the performance estimation of the new algo- 

rithm in comparison with well-assessed state-of-the-art AOA estimation meth- 

ods over a wide range of scenarios. Results show that the new method is suit- 

able for a single or a low number of snapshots, has a lower computational cost 

than existing techniques, and works well with correlated signals. 
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Chapter Six: The New Proposed Angle of 

Arrival Methods 

 
6.1 Introduction 

 
 

The military, security, and potential commercial applications for location-based 

services have motivated researchers to explore how to provide increasingly 

efficient positioning systems. As applications of these services have ex- 

panded, interest has grown significantly in accurately estimating relevant tem- 

poral as well as spatial parameters. The combination of antenna arrays with 

signal processing has become an active research area, seeking optimum ways 

to use the collected data at many sensors to perform the required estimation 

task (space-time processing) [240-243]. 

 
Recently, data traffic has grown enormously, especially since the introduction 

of the smartphone [244]. Besides, Wireless Local Area Networks (WLANs) 

have spread widely due to their convenience and flexibility. High data rates, 

increasing network capacity, and higher user density are significant to satisfy 

the demands of advanced services [245, 246]. Making highly efficient use of 

the communications resources of the spectrum, power, space, and time includ- 

ing overcoming interference and multipath fading are the main challenges for 

wireless communication systems. 

 
Smart antenna systems have been used recently in order to resolve these 

challenges and to obtain higher communication capacity since they have the 
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potential to overcome problems of multipath and interference [12, 247]. The 

essential idea behind smart antenna systems is signal processing, which 

seeks efficient methods for direction finding and adaptive beamforming, inte- 

grating these algorithms with MIMO technology [9]. As the performance of 

MIMO is critically related to the propagation environment, it is vital to model 

the space-time path accurately in order to achieve good MIMO systems [10, 

11]. AOA techniques are an essential tool in controlling the space-time path 

and provide an accurate determination of a direction of arrival at each meas- 

urement point. Many methods have been proposed during the last few dec- 

ades [248-252]. 

 
This chapter presents several new AOA algorithms that can be used to esti- 

mate the location of users and track them precisely. The necessary conditions 

and equations of each algorithm are presented and derived to demonstrate the 

concept of the proposed algorithms mathematically. The complexity of compu- 

tation is investigated and compared with popular AOA methods. An intensive 

Monte Carlo Simulation for different channel conditions are given to justify its 

superiority. The final section summarises the findings and concludes the pro- 

posed techniques. 

 

6.2 Minimum Variance Noise (MVN) Method 

 
 

The idea of the MVN method is to exploit the ML approach, which estimates 

the power of received signals from one direction whilst the other signals are 

considered as interference sources. This idea can be applied in localisation 

systems by estimating the directions of incoming sources instead of its power. 
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This is achieved by minimizing the mean output power of the array under the 

condition that some of the predefined weights are set to unity. In order to obtain 

distortion-less signals at the array output, 𝒘𝐻 𝓥G  = 1, thus, the constraint con- 

dition (𝒢) becomes: 

𝒢  = 𝒘𝐻 𝓥𝑮 − 1 (6.1) 

where 𝓥𝑮 is (M × G) identity matrix and can be defined as follows: 

 
  
  

𝓥𝑮 = 𝑀 
  
  

⏟[0    0   …    0 ]  } 
𝑮 

(6.2) 

 

where G is a predefined number. In order to maintain the suitability of the MVN 

algorithm to apply for an array configuration and at the same time keeping low 

computational complexity compared to the Capon method; G should be sub- 

ject to the following constraint, (1 < G < M). The antenna array output can be 

calculated by multiplying the received signal with antenna array weights as 

follows: 

𝒚 = 𝒘𝐻𝒙 (6.3) 

 
The variance of 𝒚 can be defined as follows: 

 

𝜎2
𝑀𝑉 =  𝑃(𝜃) = 𝐸[|𝒚|2] = 𝐸[|𝒘𝐻𝒙|2] = 𝒘𝐻 𝓡𝒙𝒙 𝒘 (6.4) 

The Lagrange optimisation technique is used to minimise the output noise var- 

iance as follows: 

ℱ(𝓥𝑮, 𝒘, 𝛶) = 𝜎2
𝑀𝑉(𝒙, 𝒘) − 𝛾 𝒢(𝓥𝑮, 𝒘) (6.5) 

where ℱ is the cost function, 𝜎2
𝑀𝑉 is the variance of the output power and 𝛾 is 

Lagrange multiplier. By substituting (6.1) and (6.4) in (6.5), gives: 

1 0 ⋯ 0 
 0 1 0 ⋮   
0 0 ⋱ 0 
⋮ ⋮ 0 1 

 0 0 ⋮ 0  
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𝒘 𝓡 

𝓥 𝓡 𝓥 

 

ℱ(𝒘) = 
𝒘𝐻 𝓡𝒙𝒙  𝒘 2 

− 𝛾(𝒘𝐻𝓥𝑮 − 1) (6.6) 
 

To obtain the optimum weights, the gradient of (6.6) must be set to zero, yield- 

ing: 

𝛻𝒘. ℱ(𝒘) = 𝓡𝒙𝒙 𝒘 − 𝛾 𝓥𝑮 = 0 
 

𝒘 = 𝛾 𝓡−𝟏 𝓥 

 
 

(6.7) 
𝒙𝒙 𝑮 

 

As we assume the signal is distortionless, then, 𝒘 = 𝟏⁄ 
𝑮 
; substituting 𝒘 in 

(6.7), yields:  
1 𝛾 = 

𝓥𝐻 𝓡−𝟏 𝓥 

 

(6.8) 
𝐺 𝒙𝒙 𝑮 

 

Next, substitute the Lagrange multiplier (𝛾) in (6.7), then, the optimum weight 

is given by: 

𝓡−𝟏 𝓥 (6.9) 
𝒘 = 𝒙𝒙 𝑮 

 

𝒐𝒑𝒕 ‖𝓥𝐻 𝓡−𝟏 𝓥 ‖ 
𝐺 𝒙𝒙 𝑮 

 

Using an idea found in time series prediction, the MVN algorithm corresponds 

to the G poles (i.e., autoregressive) model for the signal. In this case, the 

pseudo spectrum is given by the mean-squared prediction error divided by the 

magnitude squared of the spectrum of the predictor coefficients. Subsequently, 

the MVN power spectrum of an array can be defined as follows: 

𝑃(𝜃, 𝜙) = 
𝑯 
𝒐𝒑𝒕 𝒙𝒙 𝒘𝒐𝒑𝒕 

 
(6.10) 

‖𝒂(𝜃, 𝜙)𝑯  𝒘𝒐𝒑𝒕‖ 𝟐 
 

Next, Substitute (6.9) in (6.10), gives: 
 

 
𝑃(𝜃, 𝜙) 

𝐻 −𝟏 

=  𝐺 𝒙𝒙 𝑮  
 

(6.11) 
𝑀𝑉𝑁 ‖𝒂(𝜃, 𝜙)𝑯 𝓡−𝟏 𝓥 ‖ 𝟐 

𝒙𝒙 𝑮 
 

By normalising the above equation, then, the MVN method can be presented 

as follows: 

𝑃(𝜃, 𝜙)𝑀𝑉𝑁 = 
1 

‖𝒂(𝜃, 𝜙)𝑯 𝓠‖ 𝟐 (6.12) 

𝓥 
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where 𝓠 =  𝓡−𝟏 𝓥 is a matrix with size (M × G). From (6.12), it can be con- 
𝒙𝒙 𝑮 

 

cluded that the MVN method offers less complexity in the scanning process 

stage, which is needed to construct the spatial spectrum. Table 6.1 gives the 

computational load at this stage between the MVN and some AOA methods, 

namely: Capon, Propagator, and MUSIC. 

 

Table 6.1. The required computational burden to construct the spatial spec- 

trum of the MVN method vs. the popular AOA methods. 

Algorithm Computational burden 

Capon M2JθJ∅ 

Propagator M2JθJ∅ 

MUSIC M(M − L)JθJ∅ 

MVN MGJθJ∅ 

As can be noticed from Table 6.1, the MVN method gives low complexity and 

makes the processing systems more efficient when integrated with massive 

MIMO technology compared with other methods. 

 

6.3 Simulation Results and Discussion of the MVN Method 

 
 

In order to justify the theoretical claims of the new AOA algorithm, a computer 

simulation with three scenarios examines the performance estimation of the 

MVN method. 

6.3.1 2D Estimation Using Linear Arrays 

Consider a ULA with M elements numbered 0, 1… M-1 in which the separation 

between two elements is set to d = λ/2. It is worthy of mentioning that the AOA 

method requires at least two antenna elements to find the direction of a single 



145  

source in 2D estimation while three elements or more is needed in 3D estima- 

tion applications. A Gaussian noise channel was considered and used in this 

simulation, and the type of modulated signals are supposed to be BPSK. Two 

scenarios are considered, the former assumes six plane waves arriving from 

different directions incident on the ULA consisting of M = 9, two of them are 

close to each other. The SNR is set at 3 dB. The number of snapshots is ad- 

justed to be N = 100 and G = 2 and the scanning angle step is set to 0.5°. The 

performance of the MVN algorithm under this assumption is depicted in Figure 

6.1. 

 

 

 

Figure 6.1: The performance of the MVN algorithm of the first scenario. 
 

As illustrated, the MVN method produced sharp and accurate peaks towards 

the directions of the arrival signals. 

The latter supposes a ULA with M = 6 receiving four signals from different 

directions; this scenario is to evaluate the immunity of the MVN technique 

against the variation of SNR. Thus, four different SNR values namely: SNR = 
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10 dB, 0 dB, -5 dB and -10 dB are considered and used in this scenario. The 

other simulation parameters are set as the same those in the first scenario. 

The performance estimation of the MVN method under these conditions is il- 

lustrated in Figure 6.2. It is obvious from this graph; the MVN method works 

efficiently even at low SNR. However, at SNR = -10 dB, the produced peaks 

become wide and one of them shifts slightly from the actual direction, as illus- 

trated in Figure 6.2. 

 

 

 

 
Figure 6.2: The performance of the MVN method with different SNRs. 

 
 

6.3.2 3D Estimation Using Uniform Circular Array (UCA) 

 
In many commercial and military applications, the estimation of azimuth and 

elevation angles are required to locate or/and track targets accurately that are 

moving in the 3D scenario. Hence, this section simulates the performance of 

the MVN method for such applications using a circular array to find the 
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directions of six signals coming from different elevation and azimuth angles. 

The AOAs of these incident signals are labelled with a red line. The carrier 

frequency of the type of received signals is fc = 2.45 GHz, the available number 

of snapshots that used to construct the received data matrix is N = 200 with 

SNR = 10 dB and G = 5. The ring array consisting of thirty elements and d is 

set λ/2. The AOAs’ signals in the azimuth plane and elevation plane are be- 

tween [0°- 360°] and [0° - 90°] respectively. The 3D performance of the new 

technique is illustrated in Figure 6.3. 

 

 
Figure 6.3: The performance of the MVN algorithm with 6 AOAs, M = 30. 

 
Although the directions of some impinging signals are close to each other, the 

MVN algorithm resolved them and indicating sharp peaks towards these sig- 

nals. Consequently, all the directions of the arrival signals are estimated suc- 

cessfully 
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6.4 Comparison between MVN and other Methods 

 
The performance of the MVN method is compared with three popular AOA 

methods, namely: Capon, Propagator, and MUSIC. In this comparison, six 

plane waves are assumed to impinge on a ULA consisting of M = 20. The 

directions of incident signals are [θ1 = - 68°, θ2 = - 61°, θ3 = -20°, θ4 = 51°, θ5 = 

59°, θ6 = 74°]. The SNR at the array output is 3 dB, G = 2 and the searching 

angular step is 0.5°. The received data matrix is constructed by taking 100 

snapshots; these data are passed to each AOA algorithm and processed dig- 

itally according to the procedures of each method. The performance of the 

MVN and other methods are illustrated in Figure 6.4. 

          

          

          

          

          

          

          

         

        

        

 

 

 

Figure 6.4: Comparison between the MVN with other AOA methods. 
 

From this figure, it can be observed that the MVN produced six peaks in the 

directions of the incident signals compared to the other AOA methods, which 

produced only four peaks (i.e., failed to detect directions of two signals). The 

estimated angles by each method are calculated and presented in Table 6.2. 
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Another advantage of the MVN method is that it requires fewer computational 

operations to construct the spatial spectrum compared to the other methods. 

The number of needed operations is given in Table 6.3. 

 

Table 6.2. The estimated angles using different methods. 
 

Algorithm Estimated angles 

Capon - 63°, - 20°, 53°, 77° 

Propagator - 82°, - 62°, - 20°, 52.5° 

MUSIC -71.5°, -62°, - 20°, 52° 

MVN - 69.5°, - 60.5°, - 20°, 51°, 56.5°, 77.5° 

 

Table 6.3. The computational operations for spatial spectrum construction. 
 

Algorithm Computational operations 

Capon O (3.24×105) 

Propagator O (3.24×105) 

MUSIC O (2.59×105) 

MVN O (2.16×104) 

 

6.5 Root-Minimum Variance Noise (R-MVN) Method 

 
 

The idea of this method is to reduce the complexity of the MVDR by finding the 

associated roots to the incident AOAs instead of searching in the whole scan- 

ning range. The R-MVN method is only applicable to the ULA. To model this 

method, one needs to construct a polynomial whose coefficients are the ele- 

ments in the inverse of the CM. Consider 𝓙 = 𝓠 𝓠𝑯 and 𝒂(𝜃) = 𝑒−𝑗𝛽𝑑(𝑚−1)𝑠𝑖𝑛𝜃, 

then the polynomial can be given as follows:: 
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𝑀 𝑀 

𝑃(𝜃)𝑅−𝑀𝑉𝑁 = 𝒂(𝜃)𝐻 𝓙 𝒂(𝜃) = ∑ ∑ 𝑒−𝑗𝛽𝑑(𝑚−1)𝑠𝑖𝑛𝜃 𝓙𝒎𝒏 𝑒
𝑗𝛽𝑑(𝑛−1)𝑠𝑖𝑛𝜃 

𝑚=1 𝑛=1 
 

𝑀 𝑀 𝑀−1 (6.13) 
𝑃(𝜃)𝑅−𝑀𝑉𝑁 = ∑ ∑ 𝑒−𝑗𝛽𝑑(𝑛−𝑚)𝑠𝑖𝑛𝜃 𝓙𝒎𝒏 = ∑ 𝒂𝓵 𝑒

−𝑗𝛽𝑑ℓ𝑠𝑖𝑛𝜃 

𝑚=1 𝑛=1 ℓ=−𝑀+1 
 

where 𝒂𝓵 denotes to the sum of the diagonal elements of the matrix 𝓙𝒎𝒏 over 

the ℓth diagonal, i.e. 

𝒂𝓵 = ∑ 𝓙𝒎𝒏 

𝑛−𝑚=ℓ 

 

The polynomial can be defined as follows: 

 

(6.14) 

 

𝑀+1 

𝓻(𝓏) = ∑ 𝒂𝓵 𝓏−ℓ (6.15) 

ℓ=−𝑀+1 

 

The spectrum 𝑷(𝜃)𝑀𝑉𝑁 is equivalent to the polynomial 𝓻(𝓏) on the unit circuit. 

Therefore, the roots of 𝓻(𝓏) can be used to estimate the direction of arrival 

angles instead of searching in the spectrum of 𝑷(𝜃)𝑀𝑉𝑁. The roots of 𝓻(𝓏) that 

lie on or close to the unit circle are computed and used to find the directions of 

impinging signals such that: 

𝓏𝑖   = |𝓏𝑖|𝑒𝑗𝑎𝑟𝑔(𝑧𝑖)    , 𝑖 = 1, 2  … … 2𝐿 (6.16) 

The actual locations of AOAs can be obtained from the following equation: 

𝜃𝑖 
= − sin−1 ( 

1
 

𝑘𝑑 
𝑎𝑟𝑔(𝓏𝑖)) 

 
(6.17) 

 
 
 

6.6 Results and Discussions of the R-MVN Method 

 
 

A ULA consisting of ten elements with half-wavelength spacing between the 

elements is used to verify the theoretical claims of the R-MVN method. Five 

narrowband signals corrupted with AWGN are incident on this array from 
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different directions. The SNR in this example is = 10 dB, and N =100. Figure 
 

6.5 illustrates the locations of the estimated roots in the unit circle, while Figure 
 

6.6 shows the performance of the R-MVN method. As can be seen from this 

figure, the new method estimated the arrival angles accurately by finding the 

locations of the five roots. The proposed method is much lower computational 

cost than the MVN method since it does not require to search through the 

whole scanning range. Compared to the Root-MUSIC technique, the ad- 

vantages of the R-MVN method does not need the Eigen decomposition and 

prior knowledge of the arrival signals. 

 

      

      

      

      

      

      

      

      

      

      

      

      

 

 

 

Figure 6.5: The location of the estimated roots within the unit circle. 
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Figure 6.6: The performance estimation of the R-MVN method. 

 

 
6.7 Maximum Signal Subspace (MSS) Method 

 
 

The proposed estimator is dependent on applying EVD approach on the CM 

of the received signals and then selecting the eigenvector, which corresponds 

to the largest eigenvalue. This method consists of three main steps, as shown 

in Figure 6.7. Firstly, sampling the data of the incoming signals and construct- 

ing the CM. Secondly, applying the EVD approach to the CM and select the 

Eigenvector that corresponding to the largest Eigenvalue. Lastly, compute the 

pseudo spectrum and find the location of peaks. According to the matrix the- 

ory, the 𝓡𝒙𝒙 can be diagonalised by a non-singular orthogonal transformation 

matrix as follows: 
 

𝓡𝒙𝒙   = 𝑸 𝜮 𝑸𝑯 (6.18) 
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Figure 6.7: The Proposed method block diagram for direction estimation. 

 
where 𝜮 is (M×M) diagonal matrix consists of real Eigenvalues and is given 

by: 

 

𝜮 = [   
⋮ ⋱

 

0 
0 

⋯ 

 
⋮ 
𝜎𝑀 

] (6.19) 

 

𝑸 is the eigenvectors matrix and can be defined as: 

 
𝑸 = [ 𝒒𝟏, 𝒒𝟐, … … …  𝒒𝑴] (6.20) 

 
where 𝒒𝒊 is the Eigenvector column with size (M×1). For each Eigenvector 

(𝒒𝒊), there is a corresponding Eigenvalue 𝜎𝑖. These Eigenvalues have to be 

sorted in a descending way (i.e., from the largest to smallest) and then selects 

the Eigenvector, which is associated with the largest Eigenvalue. Once this 

eigenvector is obtained, the pseudo spectrum of the Largest Eigenvector (LE) 

can be defined as follows: 

𝑃𝐿𝐸   (𝜃) = 𝒒𝟏
𝑯 𝒂(𝜃) (6.21) 

𝜎1 0 … 0 
0 𝜎2 … 0 
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The above equation will search on the maximal points, which represents the 

angles of arrival. However, these peaks are wide in addition to there are high 

sidelobes associated with the pseudo spectrum of this equation. Therefore, it 

is better to search for nulls instead of maximal peaks; this can be achieved by 

subtracting the maximum value of 𝑃𝐿𝐸 (𝜃) from all other values of 𝑃𝐿𝐸 (𝜃) as 

follows: 

𝑃𝑚𝑎𝑥    =  max (𝑷𝑳𝑬 (𝜃) ) (6.22) 

𝑷𝑺 (𝜃) = 𝑃𝑚𝑎𝑥   −  𝑷𝑳𝑬 (𝜃) (6.23) 

 
The nulls that are found in the (6.23) represent the direction of arrival signals. 

Hence, this equation can be placed in the denominator to obtain sharp peaks 

in the direction of received signals as follows: 

 

𝑷𝑴𝑺𝑺 (𝜃) = 
𝑺 

1 

(𝜃) + 휀 (6.24) 

 

where 휀 is small scalar value added in order to avoid the singularities and it 
 

sets to ε = 
1 

, where 𝜎 
 

is the largest eigenvalue. 
𝜎1 

1 

 
 

6.8 Results and Discussion of the MSS Algorithm 

 
 

A computer simulation has been performed to verify and demonstrate the the- 

oretical concepts of the MSS method. This method has been applied to ULA 

consists of ten isotropic elements with a spacing distance equal to d = 0.5𝜆. 

Two BPSK signals have assumed impinging on this antenna array. Four sce- 

narios have been considered to show the performance of the MSS technique. 

The first scenario tests the ability of the MSS method to detect incoming sig- 

nals when they are close to each other. The second scenario evaluates the 

𝑷 
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behaviour of this method at different SNR. Next, the estimation resolution is 

evaluated using an intensive Monte Carlo simulation. Lastly, the performance 

of the MSS method is compared with three different AOA methods in term of 

the estimation precision and execution time. 

 

6.8.1 Angular Separation 

 
This section simulates the performance of the MSS method by considering the 

angular separation between arrival signals. The SNR is assumed 10 dB, and 

the number of snapshots taken for incident signals is N = 100 and M = 10; the 

location of the direction of signals is represented by (o). Figure 6.8-a shows 

the performance of the proposed method when the arrival signals are far from 

each other. While in the second case, it is supposed that there is a small an- 

gular separation between received signals, as shown in Figure 6.8-b. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
(a) : Large angular space between AOAs. 
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(b) : Small angular space between AOAs. 
 

Figure 6.8: The performance of the MSS method by changing the angular 

separation between AOAs. 

It is evident from these graphs that the new method can estimate the direction 

of arrival signals accurately even when these directions are close to each 

other. 

 

6.8.2 Different SNR 

 
This section tests the robustness of the proposed method and its ability to work 

efficiently even if one or more of network parameters are failed, such as the 

SNR parameter. This was achieved by changing the value of SNR at the re- 

ceiving end to be 20 dB, 0 dB, -20 dB. The other simulation parameters are 

set as the same in section 6.8.1, while the actual AOAs are denoted by (o). It 

is clear from Figure 6.9; this algorithm gives good accuracy even at poor SNR, 

and the produced peaks become sharper with increase SNR. 
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Figure 6.9: Performance of the MSS method with various SNR. 

 
 

6.8.3 The Estimation Accuracy 
 

 

The estimation accuracy is one of the most important factors which should take 

into consideration to evaluate the performance of any technique. Accuracy 

illustrates the deviation degree of the estimated angles from the actual angles. 

Hence, 10000 Monte Carlo sets have been conducted to generate two AOAs 

randomly. In this scenario, the number of measurements was N = 100 and 

SNR = 10 dB. The Average Absolute Error (AAE) is 1.422°, and the CDF is 

shown in Figure 6.10. It is clear from this figure, 80% of the AAE s less than 

2°, and this seems to be acceptable in most of the applications. 
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Figure 6.10: The CDF of total average error of the MSS method. 

 
 

6.8.4 Comparison between MSS and other Methods 
 

 

Two signals are assumed incident on ULA from different directions ( θ = -20° 

and 10°); the simulation parameters are M = 10, SNR = 10 dB, N = 100 and d 

= 0.5𝜆. The MSS and three other methods namely: Bartlett, MVDR (i.e., Ca- 

pon) and MUSIC have been applied to estimate the direction of incident sig- 

nals. The performance of each method is shown in Figure 6.11. Although all 

the presented methods were capable of detecting the AOAs, the MSS and 

MUSIC algorithms provided the sharpest peaks and highest noise isolation. A 

MATLAB programme of each method has been written and then run with ten 

thousand trials under the same conditions in order to compute the execution 

time of the above compared AOAs techniques. The execution time of each 

method is recorded and then plotted, as shown in Figure 6.12. It is obvious 
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from these graphs that the proposed technique needs less execution time than 

the other algorithms. 

 

          

         

         

          

          

          

          

          

          

          

          

 

 

 

Figure 6.11: Comparison between the MSS and other methods. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 6.12: Execution time comparison between the MSS and other AOA 

methods. 
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6.9 Subtracting Signal Subspace (SSS) Algorithm 

 
 

DOA estimation is currently an active research topic in array signal processing 

applications. Thus, a more efficient method with better accuracy than the cur- 

rent subspace AOA methods is proposed here. The new method exploits the 

orthogonality between the SS and the Array Manifold Vector (AMV), as shown 

in Figure 6.13. The fundamental idea of this algorithm is applying the EVD 

approach to the CM or SVD to the received signal data and then sorting the 

eigenvalues in ascending way. Due to the orthogonal complementarity of the 

SS and NS with AMV, DOAs can be estimated either from NS such as MUSIC 

method or from SS such as ESPRIT technique. 

 

 
Figure 6.13: The orthogonality between the SS and AMV. 

 
For computational reasons, SS is preferred since its dimension usually is much 

smaller than NS. This means the computational burden of the SSS method in 

the pseudo-spectrum construction stage using SS is much less compared to 

MUSIC. Further, SS is more efficient to use than NS. By applying the EVD 
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approach to the 𝓡𝐱𝐱 = 𝑸 𝚺 𝑸𝑯. By sorting the eigenvalues in descending way, 

yields: 

𝓡𝒙𝒙 = [ 𝚺𝑺𝑺 𝟎 𝑸𝑯 ] [    𝑺𝑺 ] =  𝑸𝑺𝑺  𝚺𝑺𝑺𝑸
𝑯    + 𝑸𝑵𝑺𝚺𝑵𝑺 𝑸

𝑯 
(6.25) 

𝟎 𝚺𝑵𝑺 
𝑯 
𝑵𝑺 

𝑺𝑺 𝑵𝑺 

 

Here, 𝚺𝑺𝑺 and 𝑸𝑺𝑺 are the signal eigenvalues and eigenvectors respectively 

and they are given as follows: 

𝜮𝑺𝑺  = [𝜎1,   𝜎2 , … …,  𝜎𝐿  ] (6.26) 

𝑸𝑺𝑺  = [𝒒𝟏,   𝒒𝟐 , … …,  𝒒𝑳 ] (6.27) 

The spatial spectrum of the SSS method can be constructed first using the 

formula below:  

𝑷𝒔𝒔  (𝜃, 𝜙) =   ‖𝒂(𝜃, 𝜙) 𝑸𝑺𝑺‖2 (6.28) 
 

In order to extract the actual peaks and remove the sidelobe efficiently, one 

proposes the following novel approach; firstly, normalise the pseudospectrum 

of the above equation using the maximum value: 

𝑷𝑵𝒐𝒓𝒎  (𝜃, 𝜙) = 𝑷𝒔𝒔(𝜃, 𝜙)/𝑚𝑎𝑥(𝑷𝒔𝒔(𝜃, 𝜙)) (6.29) 

Next, to obtain narrower nulls towards DOAs and minimize the side-lobe levels 

significantly, subtract 𝑷𝑵𝒐𝒓𝒎 (𝜃, 𝜙) from unity as follows: 

𝑷𝑺(𝜃, 𝜙) = 1 − 𝑷𝑵𝒐𝒓𝒎(𝜃, 𝜙) (6.30) 

Finally, apply the following formula to obtain peaks in the DOAs signals, 
 

1 
𝑷𝑺𝑺𝑺  (𝜃, 𝜙) = 

(𝜃, 𝜙) + 휀 (6.31) 

The needed number of computational operations to construct the pseudospec- 

tral of SSS and other AOA methods is presented in Table 6.4. 

𝑸 
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Table 6.4. Showing the required operations to construct the spatial spectrum 

using SSS and other AOA algorithm. 

 

Algorithm Capon Propagator MUSIC SSS 

Computational burden 𝑀2𝐽𝜃𝐽∅ 𝑀2𝐽𝜃𝐽∅ 𝑀(𝑀 − 𝐿)𝐽𝜃𝐽∅ 𝑀𝐿𝐽𝜃𝐽∅ 

 

Based on the above arguments, the SSS method gives a lower computational 

burden than the other AOA methods in the spatial spectrum construction 

stage. Thus, the SSS method is more efficient to implement with the massive 

MIMO technology compared to the above-presented AOA algorithms. This, in 

turn, will minimize the execution time and the required memory storage signif- 

icantly. This method can be summarized in Table 6.5. 

Table 6.5. The simulation procedures of the SSS method. 
 

Step 1 Generate L signals with N snapshots. 

Step 2 Generate the arrival angles randomly. 

Step 3 Compute the steering vector matrix and then multiply the arrival 
 
signals, add noise to the signals with certain SNR. 

Step 4 Compute the CM and then apply the EVD approach to decom- 
pose the CM and then select signal subspace. 

Step 5 Apply (6.29), (6.30) and (6.31) through the grid searching 
 

stage to form the pseudo spectrum. 

Step 6 Compute the locations of the peaks to find the arrival angles 

 
 

6.10 Results and Discussions of the SSS Method 

Computer simulations have been carried out to validate the SSS algorithm in 

three main scenarios. Firstly, the algorithm is tested with a ULA under various 

conditions such as a different number of the antenna elements, different SNR 
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levels, different numbers of snapshots, various powers of received signals, and 

different angular separations. The errors between actual and estimated angles 

are calculated to evaluate the SSS method resolution. The second scenario 

compares the estimation accuracy of the SSS method with four common AOA 

techniques, namely: Capon, Min-Norm, MUSIC, and ESPRIT based on the 

collected number of snapshots. An intensive Monte Carlo simulation is con- 

ducted to provide a reliable comparison. Finally, the SSS algorithm is imple- 

mented with planar antenna arrays for 3D estimation applications. 

 

6.10.1 Different Number of Antenna Elements 

 
The simulation used three different numbers of elements (M = 6, 15, 30), SNR 

 
= 10 dB, N = 100 samples, and inter-element spacing d = 0.5λ. Three signals 

are arriving from different directions are assumed. The first signal arrives at 0°, 

while the second and third signals arrive at -20° and 30° respectively. The ac- 

tual locations of AOAs are represented by (o). As can be seen from Figure 

6.14, this algorithm estimated the directions of received signals accurately. As 

the number of antenna elements increases, the spectrum peaks become 

sharper and resolution higher. 

 

6.10.2 Different Values of SNR 

 
The performance of the SSS method is studied with the SNR variation at the 

antenna array output. Five different values of SNR are set namely: SNR = -20 

dB, -10 dB, 0 dB, 10 dB, 20 dB and three plane waves are assumed arriving 

from 0°, 30°, and -50°. A ULA consisting of ten elements (M = 10) with spacing 



164  

         

        

        

          

          

          

          

          

 

d = 0.5λ between each adjacent elements is used; the number of snapshots is 

taken N = 100. The performance of the SSS method under these conditions is 

illustrated in Figure 6.15. 

 

Figure 6.14: The performance of the SSS algorithm with different M. 
 

 

 

 

Figure 6.15: The performance of the SSS algorithm with different SNR. 
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It can be seen from this graph the SSS method produced sharp peaks towards 

the directions of arrival signals with high resolution through the whole tested 

SNR range. However, the effect of the SNR on the performance of the SSS 

method is apparent, where the produced peaks became narrow and accurate, 

with an increase in SNR and vice versa. 

 

6.10.3 Different Numbers of Snapshots 

 
This section studies how different numbers of snapshots affect performance. 

Three different numbers of samples are used (N = 10, 100, 200): M = 10, SNR 

= 10 dB, and d = 0.5λ.  Three signals come from 30°, -20° and -70°. Figure 

 
6.16 shows that the results are accurate even with a fewer number of snap- 

shots, but resolution improves with increasing numbers of measurements. 

 
 

Figure 6.16: The performance of the SSS algorithm with different N. 
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6.10.4 Different Number of AOAs 

 
Here N = 100, M = 10, SNR = 10 dB, and d = 0.5λ. Three cases have been 

considered in this simulation: Case 1: θ = 0°; Case 2: θ = 0°, -30° and 40°; 

Case 3: θ = 60°, 40°, 0°, -30° and -80°. Figure 6.17 shows that the SSS 

method pointed sharp peaks in the directions of the arriving signals for all three 

cases. 

 

Figure 6.17: The performance of the SSS method with various AOA. 

 

 
6.10.5 Different Signal Amplitudes 

 
This section simulates the situation when the arrival signals have different 

powers. Five signals are assumed to arrive from different directions and nor- 

malised power signals: these are (-60°, -30°, 0°, 30° and 60°) and (1, 0.8, 0.6, 

0.3, 0.2) respectively. As can be seen from Figure 6.18, the algorithm is capa- 

ble of estimating the direction of arrival and the relative power level of each 

arrival signal. 
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Figure 6.18: The performance of the SSS method with different amplitudes 

 

 
6.10.6 Estimation Accuracy 

 
To evaluate the effectiveness and efficiency of the SSS method, a simulation 

is run with three signals impinging on a ULA from three different directions: ten 

thousand sets of AOAs are generated randomly. The following conditions ap- 

ply: M = 10, N = 100, d = 0.5λ, with SNR = 10 dB. The error between the actual 

and estimated angle of each signal was calculated at each iteration in addition 

to the average total error for these three signals. The CDF of each angle error, 

including the total average error, is plotted, as shown in Figure 6.19. Figure 

6.20 presents the total average error of generated angles against the number 

of iterations. It is obvious from these results the estimation accuracy of this 

algorithm is outstanding. 
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Figure 6.19: The CDF of the absolute error of the SSS method. 
 
 

 

 

Figure 6.20: The average error between actual and estimated angles. 
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6.10.7 Different Angular Separations (ASs) 

 
The performance estimation of the SSS method is examined under various 

angular separations between AOAs. Seven signals are assumed incident on 

ULA with these directions [(θ1 = -50, θ2 = -50+∆θj), (θ3 = 0°, θ4 = θ3+ ∆θj, θ5 = 

θ3−∆θj), (θ6 = 30, θ7 = θ6+∆θj)], where ∆θj is the angular separation between 

each pair of AOAs. Three ∆θj are considered namely: ∆θ = [1°, 2°, 3°], M = 

20, SNR = 10 dB, N = 100 and d = 0.5λ. 100 Monte Carlo trials for each ∆θj 

are conducted and the CDF is plotted for five steps of ∆θj. The performance of 

the SSS method under different separation is shown in Figure 6.21. The 

percentage of detection of the AOAs at each step of ∆θ = [1°, 1.5°, 2°, 2.5°] is 

0.60, 0.76, 0.98 and 100 respectively. These results reflect the strength and 

effectiveness of the SSS method. 

 

(c) : ∆θ = 2.5° (d): CDF of resolving AOAs vs. AS. 

Figure 6.21: The performance detection of the SSS method with different AS. 
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6.10.8 Comparison between SSS and other Methods 

 
In wireless environments, large numbers of the collected data are not always 

available, since the sources of signals may change rapidly. This scenario 

compares the estimation accuracy of the SSS method with four common AOA 

techniques namely: Capon, Min-Norm, MUSIC, and ESPRIT based on 

different collected number of snapshots namely: N = [1, 3, 5, 10, 20, 50, 100, 

and 200]. For each N, 1000 Monte Carlo simulation is carried out to generate 

three AOAs randomly within angular space [90° - 90°]. The other simulation 

parameters are M = 10, SNR = 10 dB, and d = 0.5λ. The ARMSE is calculated 

and then plotted, as given in Figure 6.22. According to this graph, the SSS 

method gives the best estimation resolution among the presented methods, 

especially at a single and fewer number of snapshots. 

 

 

        
 

Figure 6.22: Comparison based on a different number of snapshots. 
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6.10.8.1 Comparison Based on the Correlation 

 
Correlation or similarity between the received signals causes a drop to the 

performance of direction-finding algorithms. A simulation was run for two re- 

ceived signals with 95% correlation coefficient incident on a linear array con- 

sisting of ten elements spaced by d = 0.5λ. The performance comparison is 

illustrated in Figure 6.23. 

 

    
 

  
 

    

          

          

          

   
       

  

        

        

 

 

 
Figure 6.23: Comparison performance under coherent signals conditions. 

 
From this figure, four methods fail to estimate the direction of arrival, namely 

LPE, PHD, ME, and minimum norm. The performance of MUSIC and Capon 

are significantly deteriorated. Although Bartlett method gives reasonable 

performance and accuracy, it still suffers from high sidelobes level. In contrast, 

the SSS algorithm is the most accurate, with sharpest peaks and negligible 

sidelobes levels. 
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6.10.8.2 3D Estimation Evaluation of the SSS Method 

 
This simulation considers three Uniform Rectangular Arrays (URAs) sizes, 

namely: [5×5], [10×10] and [16×16]. In practice, 2-D arrays are used so that a 

large number of users can be tracked. Our method was applied to a 2-D array 

of isotropic elements, with separations dx = dy = λ/2, SNR = 20 dB. The angu- 

lar range of interest of elevation angle 𝜃 is [0° - 90°], and the azimuth angle ϕ 

is [0°- 360°]. The actual location of each arrival signal is represented by a red 

line and the directions of these signals are generated randomly. 

In the first scenario, the SSS method is combined with [5×5] URAs to estimate 

the directions of five signals incident on this array. The performance of the SSS 

method in this scenario is shown in Figure 6.24-a. Figure 6.24-b presents the 

axis image to explain the resolution of estimation clearly. The actual and esti- 

mated angles of both elevation and azimuth angles in addition to error are 

given in Table 6.6. 

 

The second scenario applied the SSS method to a [8×8] planar antenna array 

to estimate ten signals incident on this array from different 𝜃 and 𝜙 angles. The 

location of the arrival angles are represented by the red line while the 3D per- 

formance of the SSS method is depicted in Figure 6.25-a; Figure 6.25-b shows 

the 2D view image of this scenario. It is clear from these simulations that the 

proposed method determines the directions of arrival accurately. 
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(a) : 3D plot of the SSS method. 

(b) : 2D plot of the SSS method. 
 

Figure 6.24: The SSS method estimated five AOAs using [5×5] array. 

 
 

Table 6.6. Showing the actual, estimated AOAs, and estimation errors. 
 

Actual Angles (θ, 𝜙) Estimated angles (θ, 

𝜙) 

Absolute Error (θ, 

𝜙) 

(51.75°, 50.08°) (52°, 50°) (0.25°, 0.08°) 

(30.91°, 108.31°) (31°, 108.5°) (0.09°, 0.19°) 

(54.26°, 162.84°) (54°, 162.5°) (0.26°, 33°) 

(67.13°, 220.53°) (67°, 220.5°) (0.13°, 03°) 

(45.82°, 305.36°) (45.5°, 305.5°) (0.32°, 0.14°) 
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(a) : 3D performance estimation 
 

 

(b) : 2D view 
 

Figure 6.25: The SSS method estimated ten AOAs using [10×10] array. 

 
The last scenario evaluates the performance of the SSS method when 25 

signals are impinging on URA with (16×16) elements. Red lines indicate the 

actual directions of received signals. The performance of the SSS algorithm 
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under this scenario conditions is depicted in Figure 6.26, whereas the actual 

and estimated angles including the absolute error them are given in Table 6.7. 

 

 
(a) : The 3D estimation of the SSS method. 

 
 

 
(b) : The 2D plot of the SSS method. 

 
Figure 6.26: The SSS method estimated 25 AOAs using [16×16] array. 

Table 6.7. Presenting the actual, estimated and errors of the 25 AOAs. 
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Actual Angles (θ, ϕ) Estimated angles (θ, ϕ) Absolute Error (θ, ϕ) 

(43.54°, 181.15°) (43.5°, 181°) (0.04°, 0.15°) 

(8.12°, 215.47°) (8°, 216°) (0.12°, 0.53°) 

(75.96°, 141.89°) (76°, 142°)
 (0.04°, 0.11°)

 

(10.43°, 109.51°) (10.5°, 110°) (0°, 0.49°) 

(61.44°, 29.51°) (61.5°, 29.5°) (0.06°, 0.01°) 

(40.87°, 224.71°) (41°, 224.5°) (0.87°, 0.21°) 

(76.16°, 339.15°) (76° 339°) (0.16°, 0.15°) 

(13.04°, 310.14°) (13°, 310.5°) (0.04°, 0.36°) 

(75.58°, 75.62°) (76°, 75.5°) (0.42°, 0.12°) 

(20.76°, 151.91°)
 (21°, 152°)

 (0.24°, 0.08°)
 

(31.09°, 319.93°) (30.5°, 320°) (0.41°, 0.07°) 

(69.52°, 175.22°) (69.5°, 175°) (0.02°, 0.22°) 

(29.51°, 201.02°) (29.5°, 201°) (0.01°, 0.02°) 

(59.89°, 250.05°) (60.5°, 251°) (0.61°, 0.05°) 

(70.23°, 289.95°) (69.5°, 290°) (0.73°, 0.05°) 

(9.53°, 21.52°) (9.5°, 20.5°) (0.03°, 0.98°) 

(21.08°, 251.55°) (21°, 251°) (0.08°, 0.55°) 

(49.02°, 149.98°) (49°, 150°) (0.02°, 0.02°) 

(30.51°, 40.62°) (30.5°, 40.5°) (0.01°, 0.12°) 

(39.98°, 271.08°) (40°, 271°) (0.02°, 0.08°) 

(51.11°, 59.46°) (51°, 59.5°) (0.11°, 0.04°) 

(60.09°, 101.07°) (60.5°, 101°) (0.41°, 0.07°) 

(30.63°, 99.46°) (30.5°, 99.5°) (0.13°, 0.04°) 

(59.92°, 309.92°) (60°, 310.5°) (0.08°, 0.58°) 

(65.33°, 218.53°) (65.5°, 218.5°) (0.17°, 0.03°) 
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6.10.8.3 The Compuational Complexity Comparsion 

 
As can be seen from the obtained results, the SSS method estimated the 

twenty-five AOAs accurately with less computation complexity in the scanning 

process stage compared to the MUSIC and other AOA methods, as shown in 

Table 6.8. 

Table 6.8. The computational burden comparison between the SSS and 

other AOA methods. 

Algorithm Capon Propagator MUSIC SSS 

M = 25, L = 5 O (8.1×107) O (8.1×107) O (6.5×107) O (1.6×107) 

M = 100, L = 10 O (1.3×109) O (1.3×109) O (1.17×109) O (1.3×108) 

M = 256, L = 25 O (8.55×109) O (8.55×109) O (8.02×109) O (5.34×108) 

 

6.11 Fast Searching Signal Subspace (FSSS) Method 

 
 

The aim of present this method is to minimise the number of searching grid 

steps for the subspace methods, which need to construct its spatial spectrum. 

This can be accomplished using a few numbers of iteration instead of search- 

ing the whole range of the scanning range. The second goal is to obtain a 

better estimation resolution and resolve the very closely spaced arrival angles. 

To achieve these goals, a hybrid form between the ESPRIT and SSS tech- 

niques is produced. The hybrid method exploits the ESPRIT algorithm in the 

first stage of the AOA estimation and then applies the SSS algorithm to perform 

the final estimation. The main steps of the FSSS method can be listed below, 

and the block diagram is shown in Figure 6.27. 
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Figure 6.27: The block diagram of the FSSS method. 
 

• Use the ESPRIT method to estimate the initial locations of the arriving 

signals. 

• Insert these initial data to the SSS method and use a small angular 

range to scan around the initially estimated locations. 

• Apply the SSS method to construct the partial spatial spectrum and then 

find the locations of the produced peaks. 

 

6.12 Results and Discussions of the FSSS Method 

 
 

In this section, the performance of the FSSS method is compared with the 

MUSIC method. It should be noted the FSSS method is less computational 

complexity and faster than the SSS algorithm and gives better detection when 

the AOAs are close to each other. However, the FSSS algorithm is only appli- 

cable to ULA, and its estimation resolution depends mainly on the initial esti- 

mation. 
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The simulation parameters are SNR = 10 dB, N =100, M = 10 and d = 0.5λ. It 

is intended to find the direction of three sources located in the far-field, two of 

these sources are located very close to each other θ1 = 1°, θ1 = 1.5°. As can 

be seen from Figure 6.28-a-, the FSSS method detects all of the arriving 

sources with sharp peaks while MUSIC missed one of these sources. Another 

simulation example is considered at poor SNR = -20 dB, as shown in Figure 

6.28-b. 

Unquestionably, the FSSS method gives obvious and sharp indications in the 

direction of signal sources compared with the MUSIC method. In contrast to 

the MUSIC method, which needs the whole scanning range, FSSS method 

constructed a small range of the spatial spectrum to find the AOAs efficiently. 

This, in turn, reduced the computational burden at the searching grid stage 

significantly. 

The FSSS algorithm needs a little more computational load than the ESPRIT 

method; however, it gives better accuracy, especially at poor conditions. To 

justify this point, a numerical example is implemented to verify this advantage. 

The same simulation parameters that are set in the previous simulation are 

considered here except SNR, which set as -15 dB. Figure 6.29 shows the per- 

formance comparison between FSSS and ESPRIT techniques; it is clear from 

this figure, the FSSS method gives better AOA estimation accuracy than ES- 

PRIT algorithm. 
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(a) : SNR = 10 dB, two AOAS are very close to each other. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 
(b) : SNR = -20 dB. 

 
Figure 6.28: Comparison between FSSS and MUSIC methods. 
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Figure 6.29: The performance of the FSSS and ESPRIT methods at SNR = -10 dB. 

 

 
6.13 The Partial Noise Subspace (PNS) Method 

 
Typically, the subspace-based algorithms are susceptible to under, or 

overestimation of the number of arrival signals and any mistake in this estima- 

tion can cause a poor resolution [253]. This is because these methods exploit 

either the whole SS or NS and any error in the sources number estimation 

leads to interfering between these subspaces’ matrices such as MUSIC, Min- 

Norm, and ESPRIT methods. The reason of proposing the PNS method is to 

(i) overcome the problem of spurious peaks that appear with Pisarenko Har- 

monic Decomposition algorithm, (ii) reduce the complexity of the computations 

of the MUSIC method without debasing the performance of angle estimation 

(iii), overcome the under and overestimation number of arrival signals problem. 

The  complexity  of  computations  is  achieved  by  reducing  the  size  of the 
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scanning NS matrix in the grid searching step while retaining the essential fea- 

tures of the data described by the original noise matrix. 

The nearest rank-k matrix to M under both the Frobenius and the spectral norm 

is the lowest singular values of the difference matrix. The problem is to find a 

method of picking a k-subset of columns of M  CM×D, but without the signifi- 

cant computational burden of a full spectral analysis. This problem is identical 

to the column-subset problem of the matrix transpose mentioned in [254]. By 

applying the EVD to the CM and then sorting the eigenvalues and its associ- 

ated eigenvectors in an ascending fashion. The outcome of the CM decompo- 

sition can be divided into three submatrices as given below: 

𝜮𝑵𝑺𝟏 0 0 
𝐻 
𝑵𝑺𝟏 

𝓡𝒙𝒙  =  [𝐐 𝜮 𝐐𝑯] = [𝐐𝑵𝑺𝟏 𝐐𝑵𝑺𝟐 𝐐𝑺𝑺] [ 0 𝜮𝑵𝑺𝟐 0 
0 0                             𝜮𝑺𝑺 

𝐻 
𝑵𝑺𝟐 
𝐻 
𝑺𝑺 

] (6.32) 

 

𝜮𝑵𝑺𝟏 𝜮𝑵𝑺𝟐, and 𝜮𝑺𝑺 are the ordered diagonal values, which represent the ei- 

genvalues and can be defined as follows: 

𝚺𝑵𝑺𝟏  = [σ1,   σ2, … … , σF ] (6.33) 

𝚺𝑵𝑺𝟐  = [σ𝐹+1,   σ𝐹+2, … … , σM−L ] (6.34) 

 
𝚺𝑺𝑺  = [σM−L+1,   σM−L+2, … … , σM ] (6.35) 

The corresponding eigenvectors for the above eigenvalues can be given as 

described below:  

𝑸𝑵𝑺𝟏  = [𝒒1, 𝒒2, … …, 𝒒𝐹] (6.36) 
 

𝑸𝑵𝑺𝟐  = [𝒒𝐹+1, 𝒒𝐹+2, … …, 𝒒𝑀−𝐿] (6.37) 

𝑸𝑺𝑺  = [𝒒𝑀−𝐿+1, 𝒒𝑀−𝐿+2, … …, 𝒒𝑀] (6.38) 

Our method exploits the quasi-random nature of the Eigenspectrum of large 

correlation matrices, which acts as a “law of large numbers for matrices”. This 

𝑸 

𝑸 

] [𝑸 
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𝟏 

means that we can select first-lowest F columns from the 𝐐 matrix essentially 

and obtain a dimension-reduced problem with the same norm as the original. 

Theoretically, the first-lowest F harmonic sets within the 𝐐 matrix can provide 

the main information to estimate the DOAs and thus, our new method can be 

defined as follows: 

1 
𝑃𝑃𝑁𝑆 (𝜃, 𝜙) = 

‖𝒂(𝜃, 𝜙)𝑯 𝑸 ‖2 (6.39) 

 

The Pisarenko algorithm [207] supposes that the eigenvector (𝒒1), which is 

associated with the lowest eigenvalue (λ1) is orthogonal to the AMV regardless 

of the number of impinging signals. Thus, the spatial spectrum of the PHD 

method can be constructed using the following formula: 

𝑃𝑃𝐻𝐷 

1 
(𝜃) = 

|𝒂(𝜃)𝑯 𝒒 |2 
(6.40) 

 

However, the PHD method is only applicable to a ULA; additionally, it suffers 

from spurious peaks, which affect the estimation accuracy negatively as it was 

proved in [19]. MUSIC algorithm overcame this problem by exploiting the 

whole NS. The whole NS matrix can be expressed as follows: 

𝑸𝑵𝑺  = [𝑸𝑵𝑺𝟏 𝑸𝑵𝑺𝟐] (6.41) 

With the MUSIC method, the spatial spectrum is constructed as follows: 

1 𝑷𝑴𝑼𝑺𝑰𝑪  (𝜃, 𝜙) = 
𝒂(𝜃, 𝜙)𝐻 𝑸 𝑸 𝑯𝒂(𝜃, 𝜙) (6.42) 

𝑵𝑺 𝑵𝑺 
 

Although the MUSIC method has good estimation resolution and is applicable 

to any array geometry, it has a high computational burden and needs prior 

knowledge of the number of arriving signals. Furthermore, when this number 

is not known, a pre-processing is necessary to calculate the actual number of 

𝑵𝑺𝟏 
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arrival signals. This, in turn, will increase the computational load and the re- 

quired execution time. 

 
6.13.1 The Complexity Analysis of the PNS Method 

 
The PNS method offers a trade-off between Pisarenko Harmonic Decomposi- 

tion and MUSIC, where improve the estimation accuracy of the PHD method 

and reduce the complexity of MUSIC considerably without losing the geniality 

of applying to any array geometry. Another disadvantage of the PHD method 

was investigated in the previous work [19], is the spurious peaks that appear 

in the pseudospectral; this issue deteriorated the performance estimation of 

the PHD method significantly and made difficulty in distinguishing between the 

actual and false peaks. Table 6.9 compares the computational complexity of 

the MUSIC, PHD and PNS methods at the grid searching stage. Typically, in 

order to get accurate detection and localisation, the number of antenna ele- 

ments/sensors need to be more three times received signals at least. Addition- 

ally, in the massive MIMO system applications where M is much more than L. 

Thus, the computational complexity in the grid searching process stage will be 

costly. 

Table 6.9. Showing the computational operations required to construct the 

spatial spectrums. 

 

Method No. of multiplications No. of additions 

MUSIC (M × (M−L) + M−L−1) JθJ∅ ((M−1)×(M − L) +M−L−1) JθJ∅ 

PHD (M+1) JθJ∅ (M−1) JθJ∅ 

PNS (M × F + F−1) JθJ∅ ((M−1) × F) + F−1) JθJ∅ 
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As can be noticed from the above table, the PNS method gives low complexity 

and makes the processing systems more efficient when integrated with mas- 

sive MIMO technology compared with the MUSIC method, as verified in Figure 

6.30. 

 

 

          
 

  

 
(a) : The needed number of additions (b): The need number of multiplications 

 

Figure 6.30: The complexity of the spatial spectrum construction with L = 20 

and, F = 10 and M = 50:256 

Based on these arguments, the PNS method has minimized computational 

complexity, execution time, and the required memory storage significantly. 

 

6.14 Results and Discussions of the PNS Method 

 
 

To verify the theoretical claims of the PNS method, a computer simulation over 

a wide range of criteria is presented in this section. 



186  

6.14.1 Investigating the Effect of Spurious Peaks. 

 
The effect of spurious peaks and an incorrect number of estimated targets will 

depreciate the performance estimation systems significantly. With no prior 

knowledge of the number of arriving signals, the main challenge is to distin- 

guish between genuine and false directions of the received signals. Even if the 

number of arrival signals is known, localising the correct number of peaks is 

still a challenge. This is because some methods produce false peaks with 

sharp and high power, and it is difficult to distinguish between them the and 

real peaks. 

Thus, this section studies this problem and shows the improvements that can 

be obtained by applying the PNS method compared to the PHD and MUSIC 

methods. Two numerical examples were implemented with two poor SNRs. In 

the former, the SNR was -5 dB, whereas in the latter it was – 15 dB. A ULA 

consisting of M = 75 elements with a distance separation between any two 

adjacent sensors, d = 0.5λ is adopted in this experiment to find the arrival an- 

gles of twelve plane waves (i.e., L = 12) incident on this array. The number of 

snapshots used to collect data is N = 100. The PNS method exploits only the 

ten eigenvectors that corresponded to the lowest ten σ𝑖 

The performance comparison of these methods is depicted in Figure 6.31 and 

Figure 6.32. The symbol (o) represents the actual directions of receiving sig- 

nals while ( ) refers to the wrong directions that are detected due to the false 

peaks. To determine the DOAs from the obtained pseudo spectrum, a certain 

Threshold (Th) value needs to be set to distinguish between real and false 

peaks. The calculating of the threshold value can be summarized as follows: 
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• Normalise the angular spectrum so that the peak is 0 dB. 

 
• Find the minimum point, = min dB. 

 
• Select a specific percentage from the minimum point, e.g., referring to 

PHD in Figure 6.31, min_PHD = - 40 dB. Th_PHD = 0.5×min_PHD = -20 dB. 

For MUSIC, Th_MUSIC = 0.5×min_MUSIC = -11.5 dB and Th_PNS = 

0.5×min_PNS = -13.5 dB. The same procedures were repeated with Fig- 

ure 6.32 to detect the directions of the received signals 

From these graphs, it can be observed that the PHD method produced nine 

and ten false peaks in Figure 6.31 and Figure 6.32, respectively. In contrast to 

the PHD method, the MUSIC and PNS methods produced peaks only toward 

the actual directions. MUSIC required 4788 multiplications and 4724 additions 

operations to construct the spatial spectrum whereas, PNS method needed 

only 912 multiplications and 888 additions operations. Thus, it can be con- 

cluded that the proposed method gives better estimation performance than the 

PHD method with lower computational burden than the MUSIC method. 
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Figure 6.31: The performance comparison at SNR = -5 dB. 
 

Figure 6.32: The performance comparison at SNR = -15 dB. 



189  

6.14.2 The Performance Comparison with Different M 
 

This simulation compares the estimation resolution versus the number of an- 

tenna elements. Nine different numbers of receivers are considered and used 

in this scenario, namely: M = 20, 30, 40, 50, 60, 70, 80, 90 and 100. Ten plane 

waves (L = 10) are supposed impinging on these arrays; the other simulation 

parameters are SNR = 10 dB, N = 100, F = 10, d = 0.5𝜆. At each M, a thousand 

independent Monte Carlo simulation trials were conducted to generate the ar- 

rival angles randomly. 

Figure 6.33 illustrates the ARMSE of AOA techniques against the number of 

antenna elements. Intuitively, the estimation precision increases with increas- 

ing numbers of the antenna elements. However, with the PHD method, this 

aspect is not clear, and we could not find any improvements in the estimation 

accuracy with an increasing number of antenna elements. In contrast, the es- 

timation resolution dropped with increasing M. The interpretation of this situa- 

tion is the PHD method having a significant tendency to produce false peaks, 

as explained in section 3.14.4. This situation causes the detection of spurious 

angles, and this negatively affects its estimation resolution. 

To illustrate this situation clearly, the number of detected angles was deter- 

mined and then plotted, as shown in Figure 6.34. The same approach that was 

used in section 6.14.1 to detect the arrival angles is considered here. It is clear 

from this graph the detected angles using the PHD method is more than the 

actual arrival angles. This is due to this method produced false peaks, which 

are detected and then accounted as real angles. It is also observed that the 

number of spurious peaks increases with increasing M. 
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These issues have a negative impact on localisation systems performance. In 

contrast to the PHD method, the PNS and MUSIC methods generated peaks 

towards only the arrival angles and suppressed all the false peaks. As ex- 

pected, the estimation resolution and number of detected angles of the last 

two methods are improved significantly with an increase in the number of an- 

tenna elements. It can also be seen the PNS gives better estimation accuracy 

than MUSIC in some points, as shown in Figure 6.33 and as demonstrated in 

Figure 6.30. 

 
6.14.3 The Performance Comparison with SNR Variations. 

 
The SNR observed at the input to the antenna array receiver plays a crucial 

role in the performance of AOA in localisation systems. The performance of 

the PNS method is compared with the PHD and MUSIC methods based on the 

variation in SNR. The comparison assumes the SNR varies from -20 dB to  

20 dB with 2.5 dB step. The other simulation parameters are M = 75, N = 100, 

L = 12, F =10, and d = 0.5λ. A Monte Carlo simulation with 1000 independent 

trials have been carried out to generate the directions of the received signals 

randomly; these angles are applied for all algorithms. The ARMSE is computed 

for each SNR and then plotted for all techniques, as shown in Figure 6.35. It 

can be noticed from this figure the PNS and MUSIC techniques provided better 

estimation error than the PHD method through the whole tested range with a 

significant difference. In some SNR tested points, the performance of the PNS 

is better than the MUSIC method with the considerably less computational 

load, as demonstrated in Figure 6.30. 
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Obviously, the higher SNR gives better estimation accuracy and vice versa. 

The corresponded PSD (AOAs) for the ARMSE at SNR point is calculated and 

illustrated in Figure 6.36. The maximum value of the PSD (AOAs) should be 

one; however, the PSD (AOAs) of the PHD method is more than one. This is 

because the PHD method produces a considerable number of spurious peaks, 

which will be detected as AOAs. The PNS algorithm overcame this problem 

with significant computation reduction compared to the MUSIC method. 

 

6.14.4 The performance comparison based on different N 

 
Eight different numbers of observations are considered in this simulation 

namely: N = 50, 75, 100, 200, 300, 500, 750, 1000 and SNR is set to 10 dB. 

The other simulation parameters are set as same as those given in subsection 
 

6.14.3. The effect of the taken number of snapshots on each technique can be 

clearly seen in Figure 6.37 and Figure 6.38. The effect of the spurious peaks 

can be seen clearly from these graphs on the PHD performance estimation. 

Although the maximum PSD (AOAs) must be one, the PSD (AOAs) using the 

PHD method is more than one (see Figure 6.38); this is due to the spurious 

peaks. This effect causes a significant error in the estimation process using 

the PHD method, as presented in Figure 6.37. The estimation accuracy and 

detection probability of the PNS and MUSIC methods are comparable and out- 

perform on the PHD method extremely overall the simulated range, as illus- 

trated in these figures. 
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The dominant eigenvalues contain the essential information required to find 

the arrival angles. Therefore, the PNS method can provide the same estima- 

tion accuracy as the MUSIC method with a less computational load. 

 

6.14.5 3D Estimation using the PNS Method. 

 
In practice, 2-D arrays are used so that a large number of targets can be 

tracked accurately in both commercial and military applications. Thus, this sec- 

tion evaluates the PNS method with three different size planar arrays to esti- 

mate both elevation and azimuth angles. The simulation was applied to a 2-D 

array of isotropic elements, with separations dx = dy = λ/2, SNR = 10 dB and 

the number of the snapshots is N = 1024. The actual location of each arrival 

signal is represented by a red line and the directions of these signals are gen- 

erated randomly. 

In the first scenario, the PNS method is applied to process the received data 

from a [4×4] planar array in order to determine the directions of four incident 

signals. The CM is constructed based on the received data matrix and then, 

the EVD approach is performed to obtain four eigenvectors that associated the 

least four eigenvalues (i.e., F = 4). As can be seen from Figure 6.39-a, the 

PNS method produced four accurate peaks in the directions of the impinging 

signals. 

In the second scenario, a [8×8] planar array was combined with PNS tech- 

nique to localise the directions of 10 sources. With this scenario, F is set to 10. 

It can be observed from Figure 6.39-b; the PNS method produced ten sharp 

peaks towards the AOAs of the received signals. 
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(a): L = 4, M = [4x4] 

 

 

(a): L = 10, M = [8x8] 

 

Lastly, the PNS method was integrated with [16×16] planar antenna array to 

estimate twenty-five signals incident from different directions (L = 10). At this 

scenario, only fifteen noise eigenvectors, F = 15, are calculated and used in 

the grid searching step to form the spatial spectrum. Figure 6.39-c shows 
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the PNS method performance, where twenty-five peaks are produced to- 

wards the arriving signals. It is clear from these simulations the PNS method 

estimates the directions of arrival signals accurately. 

 

(c): L = 25, M = [16x16] 
 

Figure 6.39: The 3D estimation of the PNS method with different L and M 

 

6.15 Conclusions 

 
Many new and efficient AOA methods have been proposed in this chapter. A 

minimum variance Noise method for 2D and 3D estimation purposes has been 

proposed to reduce the complexity of computation of the Capon method and 

improve its accuracy. The advantage of the MVN is applicable to any shape of 

an antenna array and does not need prior knowledge to the number of imping- 

ing signals. The MVN algorithm depends on minimising the output noise vari- 

ance of an antenna array. The Lagrange optimisation approach has been ap- 

plied based on certain conditions to compute the optimum weights. These 
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weights were applied to linear and circular arrays to check the suitability of the 

proposed method to work in both 2D and 3D estimation applications, and the 

results justified its effectiveness with good estimation accuracy. After that, a 

Root version for this algorithm is proposed to decrease the computational bur- 

den when the method is applied to the ULA. The advantage of Root-MVN over 

Root-MUSIC does not need Eigen decomposition and prior knowledge of the 

arrival signals. 

 

The MSS method uses the orthogonality between the array manifold vector 

and the eigenvector associated with the largest eigenvalue, has been pro- 

posed in this chapter. It is a low complexity method and does not need the 

previous knowledge of the received signals since it uses only one vector re- 

gardless of arrival signals. It has been tested and evaluated with different SNR 

and different directions of AOAs to demonstrate the theoretical concepts. The 

results have verified the effectiveness of the MSS method with good resolution, 

low computational load, and small estimation error. 

 

A high accuracy AOA method, which uses the Subtracting between the max- 

imum value of the spatial power of SSS and the array manifold vector has been 

proposed in this chapter too. The principle and the mathematical model of the 

SSS method has also been given and demonstrated with many numerical ex- 

amples for both 2D and 3D estimation applications. The performance estima- 

tion of the SSS method was compared with popular AOA algorithms using in- 

tensive Monte Carlo simulation, and the results verified it has the highest res- 

olution among them. The SSS method is applicable for any array configuration 
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and gives less computational burden in the scanning process stage than 

MUSIC and other well-known AOA algorithms. 

A hybrid method called FSSS has been proposed by combining the SSS 

method combine and ESPRIT methods to minimise the number of searching 

grid steps for the spatial-subspace methods and to obtain better estimation 

resolution and resolve the unusually closely spaced arrival signals. The theo- 

retical concept and necessary conditions of the above were modelled and 

given. The performance of the FSSS technique has been compared with 

universal MUSIC and ESPRIT methods. The results show the robustness and 

effectiveness of the FSSS method. 

Finally, the PNS AOA technique for 2D and 3D estimation purposes has been 

proposed in this chapter. The PNS method is presented in a way so it can 

exploit a specific number of the eigenvectors instead of using the whole NS 

matrix as in the MUSIC method. This is, in turn, will minimize the execution 

time and dissipation of power during processing. The PNS method can be pre- 

sented as a good candidate that overcomes the problem of spurious peaks, 

and it is suitable to apply to both 2D and 3D estimation applications. The re- 

sults justified the effectiveness of the PNS method. A Monte Carlo simulation 

with a different number of antenna elements is implemented and results veri- 

fied that the detection performance and estimation accuracy of the PNS and 

MUSIC are comparable, and both are much better than the PHD algorithm. It 

is also demonstrated that PNS presents a lower computational load than the 

MUSIC method. 
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Chapter Seven: New Sampling Methodol- 

ogies to Construct Projection Matrices for 

Angle-of-Arrival Estimation 

 
7.1 Introduction 

 
 

Concomitant with the progressive growth of computing power and communi- 

cations bandwidth, the size and number of communications-related data sets 

have also increased in many applications such as telecommunications, social 

networks, military, etc. [177, 182]. The massive MIMO technology is an exam- 

ple of such essential applications, especially as applied to Fifth Generation 

(5G) wireless communication systems with high data-rate requirements. It is 

necessary to use efficient sampling methods in order to extract valuable infor- 

mation about the signal parameters from the increasingly large covariance ma- 

trices, which are typically too large and complex for effective manipulation with 

classical sampling methods [255-257]. 

From a computational point of view, the seeking of the eigenvectors and ei- 

genvalues of a matrix are complex issues, and the complexity will increase 

with increasing dimensionality of the measured matrix [258]. Furthermore, this 

search needs to be repeated for every new measurement in a non-stationary 

environment. A considerable number of adaptive methods have been pro- 

posed in the literature to find or estimate the matrix whose columns span the 

SS using the calculations of the preceding moment at each instance of the 
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newly observed data. These methods can be classified into four main groups 

[259-262]. 

The first category covers algorithms that are inspired by applying classical 

techniques such as EVD / SVD to find the eigenvalues and their associated 

eigenvectors [260, 263]. The algorithms that are derived from the power 

method can also be put in this family [264]. The second category includes the 

algorithms whose principle is based on the updating of a Hermitian matrix 

which was modified by the addition of a matrix of rank one [265]. The third 

classification contains the algorithms which consider EVD / SVD as an optimi- 

sation problem with or without the constraints of the conjugate gradient method 

[266], the gradient method [259, 267], and the Gauss-Newton method [268]. 

The last family is that of the linear methods that do not require any matrix 

decomposition, offering a significant complexity reduction [81, 269]. These al- 

gorithms compute the Projection Matrix (PM), which quantifies the similarity 

between the projected quantity and a particular basis. This chapter first inves- 

tigates the impact of the sampled number of rows/columns on the projection 

matrix construction performance for direction estimation applications. The pro- 

jection matrix is built by picking a various number of columns from the CM. It 

is observed that increasing the picked sampled columns from the CM directly 

has a positive effect on the projection matrix construction, which, in turn, en- 

hances robustness to noise. Consequently, the DOA signals can be estimated 

efficiently without the need to increase the size of the aperture array. However, 

increasing the number of CM sampled columns leads to rising in the computa- 

tional complexity of the projection matrix construction. 

To this end, an investigation covering three new sampling methodologies to 



202  

choose the positions of these columns was undertaken to determine the 

optimum strategy for maximising the estimation resolution of the PM method 

without increasing the computational complexity. For each of these methodol- 

ogies, the first and last row/column of the CM was always included, in order to 

maximise the aperture size, whereas the locations of other rows/columns were 

adjusted according to one of the following distributions: uniform, non-uniform 

and logarithmic. These distributions were chosen as being a realistic set to 

investigate the reduction of data processed in the PM while still giving valid 

AOA information and facilitating a significant reduction in computational over- 

head. These chosen methodologies also have an additional benefit, by elimi- 

nating the dependency on the signal time series, which, in turn, enhances ro- 

bustness to noise. Consequently, the AOA signals can be estimated efficiently 

with a reduced number of data measurements in the presence of poor SNRs. 

Several numerical simulation examples were implemented to illustrate the ad- 

vantage of the proposed strategies on the performance estimation of the PM 

algorithm. Then, an intensive Monte Carlo simulation was undertaken, with 

random AOA angles generated over different scenarios to ensure a fair com- 

parison. This was compared with the classical selection strategy in terms of 

numbers of snapshots collected and SNR variations. 

 

7.2 The Projection Matrix Construction 

 
 

The way of sampling the received data matrix has a significant effect on the 

signal parameters estimation. It is essential to use efficient sampling methods 

in order to extract valuable information about the signal parameters from the 
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increasingly large covariance matrices, which are typically too large and 

complex for effective manipulation with classical sampling methods [255-257]. 

The conventional sub-set sampling approach for projection matrix construction 

uses a crude slice of the CM data, and it is to be expected that such sampling 

is non-optimal. To construct a projection matrix, consider there are M elements 

receive L signals at N times, then, the collected data matrix, 𝑿(𝑡), can be given 

as follows: 

 

  
𝑥1(𝑡1) 𝑥1(𝑡2) ⋯ ⋯ 𝑥1(𝑡𝑁) 

 
 

 
𝑿(𝑡) = 

𝑥2(𝑡1) 
⋮ 
⋮ 

𝑥2(𝑡2)  ⋮ 
⋮ ⋱ 
⋮ ⋮ 

⋮ 𝑥2(𝑡𝑁) 
⋮ ⋮ 
⋱ ⋮ 

 
(7.1) 

[𝑥𝑀(𝑡1) 𝑥𝑀(𝑡2) … … 𝑥𝑀(𝑡𝑁)] 
 
 

Once the received data matrix is measured, one needs to compute 𝓡𝒙𝒙 as 

follows: 

 

𝑟11 

𝓡 = 𝑿(𝑡)𝑿(𝑡)𝑯  =  [ 
𝑟21

 

𝑟12 

𝑟22 

⋯ 𝑟1𝐿 ⋯ 
⋮ 𝑟2𝐿 ⋮ 

𝑟1𝑀 
𝑟2𝑀 ] (7.2) 

𝒙𝒙 ⋮ 
𝑟𝑀1 

⋮ 
𝑟𝑀2 

⋱ ⋮ 
… 𝑟𝑀𝐿 

⋱ ⋮ 
… 𝑟𝑀𝑀 

 

 
By applying the EVD approach to the CM: 

 
 

𝛴1 0 0 ⋯ 0 0   0 𝛴2 0 ⋯ 0 

𝓡𝒙𝒙 =  𝐐  
   
⋮ 

   ⋮ 
0 ⋱ 0 
⋮ 0 ⋱ 

⋮ 𝐐𝑯 
0 

(7.3) 

[ 0 0 0 0 𝛴𝑀] 
 

Here, 𝑸  is the square (M×M) matrix whose ith  column represents eigenvector 

 
𝒒𝒊 while 𝚺 is the diagonal matrix whose diagonal elements are the 

corresponding eigenvalues. The nearest rank-L matrix to M under both the 

https://en.wikipedia.org/wiki/Diagonal_matrix
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𝒊 

Frobenius and the spectral norm (the largest singular value of the difference 

matrix) is given by: 

𝐿 

𝓡𝒙𝒙 = ∑ 

𝒒𝒊𝛴𝑖𝒒𝐻 

 
(7.4) 

𝑖=1 

 

In other words, the rows of this decomposition are projections of the rows of M 

onto span (𝒒𝒊 : 1 ≤ 𝑖 ≤ 𝐿). Then, the projection matrix can be calculated, 

based on the SS matrix as follows: 

 

𝓤𝑺𝑺  = 𝑰𝑴  − 𝑸𝑺𝑺
𝑯(𝑸𝑺𝑺 𝑸𝑺𝑺

𝑯)−𝟏 𝑸𝑺𝑺 (7.5) 

 
Here 𝑸𝑺𝑺 = [𝒒1, 𝒒2, … …, 𝒒𝐿] is the SS matrix which associates with the  

largest L eigenvalues 𝜮𝑺𝑺 = [𝛴1, 𝛴, … …,  𝛴𝐿]. Then, the pseudo spectrum of 

the PM method based on the SS matrix can be constructed as follows [207]: 

 

𝑷𝓤𝑺𝑺 
(𝜃, 𝜙) = 

𝒂(𝜃, 𝜙)𝓤 

 
 
 

𝑺𝑺 

1 

𝓤𝑺𝑺 

 
𝑯𝒂(𝜃, 𝜙)𝑯 (7.6) 

 

With this assumption, the construction of the projection matrix is based on the 

SS eigenvectors, and therefore, the decomposition of the CM is required. The 

problem we have, however, is to find a method of picking an L-subset of 

rows/columns of M  CM×L so that projecting onto their span is almost as good 

as  projecting   onto  span   (𝒒𝒊     :  1  ≤  𝑖   ≤  𝐿)  ,  but  without   the  significant 

computational burden of a full spectral analysis. Therefore, one can directly 
 

exploit L rows/columns of the CM to construct a projection matrix without the 

need to decompose the CM as follows: 
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⋮ 

 

𝑸𝑳 

𝑟11 

= [ 
𝑟21 

𝑟𝑀1 

𝑟12 

𝑟22 

⋮ 
𝑟𝑀2 

⋯ 𝑟1𝐿 

⋮ 𝑟2𝐿 

⋱ ⋮ ] 

… 𝑟𝑀𝐿 

 
 

(7.7) 

 

However, a literature search has failed to find any work on an optimum criterion 

for sampling the rows/columns of the CM to construct the projection matrix. 

The criterion that has been used in state of the art heretofore has been largely 

based on the information in the first L rows/columns within the CM [259-261]. 

We will call this criterion as a classical method; the distribution and locations 

of these columns under this method can be shown in Figure 7.1; the blue lines 

represent the locations of the selected columns in the CM. 𝑸𝑳  = [𝒓𝒙𝒙𝒄] such 

that 𝒓𝒙𝒙𝒄  represents the set of columns in the matrix 𝓡𝒙𝒙   and 𝑐 is the set of 

column numbers. The set of columns 𝑐 in the matrix, 𝓡𝒙𝒙, which is used in the 

formula is: 

 

𝑐  = {𝑐𝑖|1  ≤ 𝑐𝑖   ≤ 𝐿} (7.8) 

 
Then, the projection matrix based on 𝑸𝑳 can be computed as follows: 

 
𝓤𝑳  = 𝑰𝑴  − 𝑸𝑳(𝑸𝑳

𝐻 𝑸𝑳)−𝟏𝑸𝑳
𝐻 (7.9) 

 
The pseudo spectrum of the PM method utilizing 𝓤𝑳 can be constructed using 

the following formula. 

 

𝑷𝓤𝑳
(𝜃, 𝜙) = 

𝒂(𝜃, 𝜙)𝓤 

1 

𝓤𝑳 

 
𝐻𝒂(𝜃, 𝜙)𝐻 (7.10) 

 

It is obvious from the above (7.10), the performance estimation of this 

algorithm is crucially dependent on the 𝑸𝑳. Therefore, we investigates the 

impact of the sampled columns on the performance of the PM method. 

𝑳 
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Figure 7.1: Showing the distribution of the selected columns of the 𝑸𝑳. 

 
The PM method assumes that the number of arrival signals is known and less 

than a number of array sensors [80]. However, it is considered a low 

complexity method since it does not need to compute the inversion or 

decomposing of the CM, such as the Capon and MUSIC methods, 

respectively. Although the PM method is categorized as a SS method, where 

L should be known in advance, it seems this assumption is not entirely 

accurate since the SS and NS matrices are obtained after applying EVD. 

Therefore, there is no need to separate these matrixes in order to calculate the 

projection matrix. 

Hence, a new projection matrix will be constructed based on selecting P 

rows/columns instead of using only L, where L ≤ P < M. Under this assumption, 

the PM method will be considered as a blind method. Then, the estimation 
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⋮ 

accuracy of the PM method will depend mainly upon the value of P; 𝑸𝑷 can be 

defined as described below; 

 

 

𝑸𝑷 

𝑟11 

= [ 
𝑟21 

𝑟𝑀1 

𝑟12 

𝑟22 

⋮ 
𝑟𝑀2 

⋯ 𝑟1𝑃 

⋮ 𝑟2𝑃 

⋱ ⋮ ] 

… 𝑟𝑀𝑃 

 
 

(7.11) 

 
 

 

7.3 Theoretical Analysis of the CM Sampling 

 
 

The way and selected sampling size of (7.11) can affect significantly on the 

signal parameters estimations. In this section, it will be proved that an increase 

in the number of sampled columns leads to an increase in the Degrees of 

Freedom (DOFs). Also, we will investigate the relationship between the 

sampled matrices and the obtained Eigen / Singular values of the L arrival 

signals. The impact of increasing the sampled columns on the computational 

complexity will be analysed in this section as well. 

 

7.3.1 Relationship between the Sampled Columns and 

DOFs 

 
For the AOA estimation, we are looking to determine the number of the 

resultant nulls of the AF instead of the number of maxima. To justify the 

advantage of angle resolution using the proposed sampled approach 

compared to the classically used one, we will compute the possible nulls 

produced using both methods. Using the classical sampling approach, the AF 

based on the L selected columns can be shaped as follows: 
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𝜂 

𝑨𝑭𝑳(𝜃) = [1  𝑒−𝑗𝜂  𝑒−𝑗2𝜂   … 𝑒−𝑗(𝐿−1)𝜂] (7.12) 

 
where 𝜂 = 𝜋 cos 𝜃; multiplying both sides of the above equation by function 

 
𝑒−𝑗𝜂, leads to: 

 

𝑨𝑭𝑳(𝜃) 𝑒−𝑗𝜂   =  [ 𝑒−𝑗𝜂    𝑒−2𝑗𝜂  𝑒−𝑗3𝜂     … 𝑒−𝑗𝐿𝜂] (7.13) 

Subtracting (7.13) from (7.12) results in: 

𝑨𝑭𝑳(𝜃) = 
(𝑒−𝑗𝐿𝜂 − 1 ) 

(𝑒−𝑗𝜂 − 1) 

(7.14) 

 

which simplifies to a sin 𝑥⁄𝑥 function: 
 

 
𝑨𝑭𝑳 

𝜂 

(𝜃) =  
sin (𝐿 2) 

sin (  ) 
 

 
(7.15) 

2 
 

From the above equation, it can be concluded there are L-1 nulls available to 

point in the directions of the incident signals. For the proposed weighting 

methodology, it is decided to select P columns and, therefore, the AF can be 

given by: 

 

𝑨𝑭𝑷(𝜃)  =  [1  𝑒−𝑗𝜂     𝑒−𝑗2𝜂 …  𝑒−𝑗(𝑃−1)𝜂] (7.16) 

Multiplying both sides of the above equation by function 𝑒−𝑗𝜂 yields: 

𝑨𝑭𝑷(𝜃)𝑒−𝑗𝜂  = [1  𝑒−2𝑗𝜂     𝑒−𝑗3𝜂 … 𝑒−𝑗𝑃𝜂] (7.17) 

 

Subtracting (7.17) from (7.16) results in: 
 

 

𝑨𝑭 

 
(𝑒 (𝜃) = 

 
−𝑗𝑃𝜂 

 
− 1 ) 

 𝜂 

= 
sin (𝑃 2) 

 
(7.18) 𝑷 (𝑒−𝑗𝜂 − 1)  𝜂 

sin (  ) 
2 
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𝑳 

The generated array nulls using the proposed sampling method occur when 
 

the numerator argument (𝑃−1) cos 
𝜃 

 

= ±𝑛𝜋. Hence, 

2 
 
 

𝜃    = cos−1 (± 
2𝑛𝜋

 

𝑃 
 
 
 

) , 𝑛 = 1, 2, … , 𝑃 − 1) (7.19) 
𝑃 (𝑃 − 1) 

 

Obviously, the total number of nulls that can be obtained from the above 

equation is P − 1, and this number can be increased by increasing the P 

sampled columns. To compare the expected number of nulls that can be 

pointed towards the angles of the received signals between the classical and 

proposed sampling methodologies, we divided (7.18) on (7.15). The Number 

of Nulls Ratio (NNR) for both approaches can be computed as follows: 

𝑨𝑭𝑷(𝜃) 
𝑁𝑁𝑅   =    

𝑨𝑭 (𝜃) 

P − 1 
= 

L − 1 

 

(7.20) 

 

Based on the above arguments, the resolution can be varied when the weights 

are changed for which the DOFs even they are equal for both examples. The 

ratio of the nulls can play a significant role in adjusting the AOAs resolution to 

resolve very closely spaced incidents signals on the array. 

 

7.3.2 Relationship between the Sampled Columns and the 

Eigen / Singular Values. 

It is well-known that the estimation accuracy is directly proportional to the 

power of the eigenvalues. To this end, a CM that contains data for seven 

signals is generated randomly with size (30 × 30). Then, 𝑸𝑷 has been sampled 

based on different values of P namely: P = ( 7, 10, 15, 20, 24, 27), where the 

SVD applied to each sampled matrix as follows: 
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𝑸𝑷   = 𝓤𝟏  𝚺 𝓤𝟐
𝑯 (7.21) 

The summation of the L largest singular values for each sampled matrix is 

calculated as follows: 

𝐿 

𝑆𝑉  = ∑ Σ𝑖 
𝑖=1 

 

The calculated results are plotted as a CDF, as shown in Figure 7.2. 

 

(7.22) 

 
 

     

     

     

     

     

     
   

      
 

      

 

     
 
 

     

 

 

 

 

Figure 7.2: The sampling columns impact on the obtained singular values. 

Apparently, the obtained power of the L dominated singular values increased 

significantly with the increasing number of sampled columns. Thus, one can 

improve the performance of the PM method by increasing only the number of 

sampled columns at the projection matrix construction step. Then, the 

projection matrix based on the proposed sampled matrix, 𝑸𝑷, can be computed 

as follows: 
 

𝓤𝑷  = 𝑰𝑴  − 𝑸𝑷  (𝑸𝑷
𝐻 𝑸𝑷)−1 𝑸𝑷

𝐻 (7.23) 
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Finally, the spatial spectrum of the proposed method can be constructed as 

given below: 

𝑷𝓤𝑷
(𝜃, 𝜙) = 

𝒂(𝜃, 𝜙)𝓤
 

1 

𝓤𝑷 

 
𝐻𝒂(𝜃, 𝜙)𝐻 (7.24) 

 
 

7.3.3 The Computational Complexity Analysis 

 
The computational complexity of the PM method can be summarized in three 

main stages. Firstly, it needs to construct the CM, which costs O (M2N). After 

that, it is necessary to compute the projection matrix, which costs O (M2 P) 

arithmetic operations. These operations are much less compute-intensive than 

the methods that require inversion or decomposition of the CM, which costs 

approximately O (M3) [82]. With massive MIMO, the burden O (M3) suffers from 

infeasibly high computational complexity. 

Generally, obtaining limited hardware cost with large array apertures causes 

serious challenges for real-time signal processing and parameter estimation. 

The reduction in the quantity of calculations by using this method, compared 

to the methods that need CM decomposition such as MUSIC, ESPRIT, etc. or 

the methods which require the CM inversion such as Capon, is O (P/M), where 

typically M ≫ P. Finally, the complexity of computations of the PM method at 

the searching grid step is O (M2  × 180/δθ), where δθ  is scanning step. The 

overall complexity of the PM method based on the new methodologies is O 
 

(M2N + M2P + M2Jθ ), where Jθ = 
180 

.
 

δθ 

𝑷 
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7.4 Investgation the Effect of the Number of Selected 

Sampled Columns on the AOA Estimation Accuray 

 
To verify the theoretical claims of our investigation, MATLAB software has 

been used to simulate the presented method and compare it with other AOA 

methods. The simulation is divided into three main scenarios; the first scenario 

investigates the effect of changing a number of rows/columns used (P) with 

SNR variations. The second scenario shows the impact of changing P with the 

available number of snapshots that used to collect the matrix data. Finally, the 

proposed methodology is compared with several AOA methods in terms of the 

estimation accuracy and the required computational burden. Each scenario 

has been implemented with intensive Monte Carlo simulation to ensure a fair 

and robust comparison of results. 

 

7.4.1 Inter-comparison: Numerical Example 

 
A numerical example is presented to justify and show the advantage of the 

increasing number of sampled columns in the calculation of the projection 

matrix. In this example, seven plane waves (L = 7) are assumed impinging on 

ULA with M = 30 and d = 0.5𝜆; the number of snapshots used to collect data 

matrix is N =100, and the SNR at the array output is 10 dB. The scanning step 

angle is δθ  = 0.5°. The directions of the plane waves have been generated 

randomly and indicated by a red circle. Two sets of angles are supposed 
 

incident on the antenna array with close directions; the first set consists of two 

angles and the second consists of three angles. Six different values of P = [7, 

10, 15, 20, 24, 27] columns have been used to construct the projection matrix. 
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The performance estimation of the PM method with P = L = 7 failed to detect 

three angles, as shown in Figure 7.3, whereas, its performance with the P = 

10 failed to detect two targets. 

 

 

         
 

 

 

Figure 7.3: The performance of the PM method with different P. 

 
However, with P = 15, the PM method found difficulty in resolving one of the 

sets with two close AOAs on the right side. At P = 20, 24, and 27, the PM 

method detects all the arrival angles successfully, and the produced peaks 

become sharp and accurate. This demonstrates that the estimation resolution 

of the PM technique increases with increasing the number of sampled columns 

in the matrix projection construction. 

However, as P increases, the computational burden is slightly increased, as 

shown in Table 7.1. It can be concluded the PM method is still work even with 

overestimating case (i.e., P > L) and its estimation accuracy increase with 

increasing P. 
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Table 7.1. The computational complexity of the PM method based on 

different P. 

 

No. of sampled columns The computational load 

P = 7 O (3.3×105) 

P = 10 O (3.33×105) 

P = 15 O (3.37×105) 

P = 20 O (3.42×105) 

P = 24 O (3.45×105) 

P = 27 O (3.48×105) 

 

7.4.2 Comparison Based on different SNRs 

 
The SNR observed at the input to the antenna array receiver plays a crucial 

role in the performance estimation of direction-finding systems. This scenario 

investigates the variations in the performance estimation of PM methods with 

a variation of SNR. Five different values of P = [7, 10, 15, 20, 25] are 

considered in this scenario, and for each P, the SNR is assumed to vary from 

-10 dB to 20 dB in 2.5 dB increments. In order to investigate the effect of P 

values intensively, two thousand independent trials Monte Carlo simulation (K 

= 2000) are carried out at each step. The 2000 sets of seven AOAs are 

randomly generated within the angular range [-90°, 90°], each set being 

applied to each P to ensure a fair comparison. The other simulation parameters 

are assumed the same as those given in section 7.4.1. The ARMSE of every 

SNR is calculated and then plotted for all the selected P, as shown in Figure 

7.4. Whereas Figure 7.5 illustrates the PSD (AOAs) of the PM method at each 
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P. Unquestionably, the ARMSE and PSD (AOAs) of the PM method are 

improved considerably with increased P. This is due to increasing P resulting 

in an increase in the aperture size of the sampled matrix and obtained data 

from the CM. These advantages will enable the PM method of resolving two 

or many closely spaced signals with a limited number of antenna array 

elements. 

 

 

             
 

 
Figure 7.4: ARMSE vs SNR comparison with different P. 
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Figure 7.5: The corresponding detection probability of the AOAs Figure 7.4 

 
 

7.4.3 Comparsion with Different Numbers of Snapshots 

 
The second scenario is an investigation of the number of the measurements 

of data taken with various values of P for obtaining a reliable estimation for 

signals emitters. Six different number of the sampled columns have been used 

to construct the projection matrix, namely: P = [7, 10, 15, 20, 24, and 27]. At 

each number of the selected columns, six number of snapshots, namely: N = 

[30, 50, 75, 100, 200, and 300] with SNR = 3 dB to study the impact of sampled 

columns of the effectiveness of the projection matrix method. The other 

simulation parameters were set as same as those that given in section 7.4.1, 

while the same Monte Carlo simulation is applied here to ensure a reliable 

investigation. 
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The ARMSE and the percentage of the detection probability of AOAs are 

computed for all the P values and then plotted, as illustrated in Figure 7.6 and 

Figure 7.7, respectively. Clearly, increasing P leads to increase both the 

estimation accuracy and the detection probability of the PM method through 

the whole number of snapshot range. It can be seen any increase in the 

number of covariance sampled columns leads to improve the capability of the 

PM method to distinguish two or many closely spaced signals with a limited 

number of antenna elements. This issue has a positive effect on the 

localisation system to detect the correct number of arrival signals without 

increasing the aperture size of an antenna array. On the other hand, the 

computational burden of the projection matrix (𝓤𝑷) will slightly rise. 

 

 

      
 

 
Figure 7.6: ARMSE vs the number of snapshots comparison with a 

different number of sampled columns. 
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Figure 7.7: The corresponding PSD (AOAs) for Figure 7.6. 

 

7.4.4 Comparison with Others AOA Methods 
 

This section compares the performance of the PM method based on the 

proposed sampled matrix approach with the well-known AOA methods such 

as Capon, MUSIC, Propagator, and the original PM method. This comparison 

includes the impact of the collected number of snapshots on the estimation 

precision. Six different number of the data observation is assumed namely: N 

= [30, 50, 75, 100, 200, 300]. The number of the receivers is selected M = 30 

and the distance between the adjacent sensors adjusted to half-wavelength. 

The SNR at the array output is set to 10 dB and the proposed projection matrix 

constructed based on P = 20 column samples. 2000 trials were applied to 

generate the arrival angles randomly and then applied these generated AOAs 

to all compared methods to ensure a fair comparison. 
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The estimation resolution is evaluated in terms of the ARMSE and Figure 7.8 

shows the ARMSE of each method against the number of snapshots that used 

to measure the received data matrix, whereas Figure 7.9 illustrates the 

successful number of the detected angles. As can be seen from these graphs, 

the proposed method outperforms on the other methods through the whole 

tested range. It is worth mentioning that the proposed method can be applied 

directly to the CM without the need to know the number of arrival signals 

compared to the MUSIC, Propagator, and the original PM methods. As can be 

seen from Table 7.2, the computational burden of the proposed method is less 

than Capon and MUSIC algorithms and higher than the Propagator and 

original PM algorithms. However, the estimation accuracy of the presented 

method is significantly better than the Propagator, and original PM techniques 

through the whole tested range. 

 

 

      
 

Figure 7.8: Comparison between the proposed sampled method and other 

AOA techniques. 
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Figure 7.9: The corresponding detection probability of the AOAs for Figure 

7.8. 

Table 7.2. Showing the required number of multiplications of each method. 
 

 

7.5 The Proposed New Sampling Methodologies 

 
 

Theoretically, the CM is an object which represents the true statistical 

interdependence structure of the underlying population units based on 

collected or experimental measurements. The selected sampling matrix 𝑸 

Algorithm Number of Multiplications 

Capon O (3.5×105) 

MUSIC O (3.5×105) 

Propagator O (3.3×105) 

Original PM O (3.3×105) 

Proposed O (3.4×105) 
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gives some picture of that interdependence structure. The important question 

is to what extent the selected sample, 𝑸, presents a right representation of the 

SS matrix?. Thus, the approach of sampling the rows/columns of the 𝑸 matrix 

has significant effects on the estimation resolution as described by [254]. 

Volume sampling is the picking of l-subsets of the rows/columns of a given 

matrix with probabilities proportional to the squared volumes. It was first 

introduced in [270] in the context of low-rank approximation of matrices. This 

means that we can select rows/columns from the matrix necessarily at random 

and obtain a dimension-reduced problem with essentially the same norm as 

the original. The behaviour of the largest L eigenvalues is based mainly on the 

way of sampling the CM. 

To this end, we seek to expand the array aperture of 𝑸𝑳 without introducing 

new problems such as grating lobes, angle estimation ambiguity, and 

increasing the computational burden. Thus, new sampling methodologies are 

proposed to increase the possibility of selecting the columns that 

corresponded to the largest L eigenvalues. We have chosen three 

representative methods, (i) uniform, (ii) non-uniform and (iii) logarithmic 

distributions. We have found that, in the signal processing stage, there are 

apparent differences in performance using these methodologies compared to 

the classical one as will be demonstrated in the next sub-sections. 

 

7.5.1 The Uniform Sampling Criterion (USC) 

 
Instead of the straightforward approach shown in Figure 7.1, it is intuitively 

reasonable to consider a more distributed approach to the allocation of the 
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columns of the subspace matrix. As a first trial, a uniform spatial distribution 

was applied to extract the received data in the CM efficiently. Thus, 𝑸𝑈𝑆𝐶 was 

constructed using a uniform structure instead of utilizing the first L 

rows/columns of 𝓡𝒙𝒙. In this structure, the distance between the L columns is 

set uniformly; this can be defined by the specification of a system of subsets 

of the product (M × L) approach below, 

 

 

𝑐 = {𝑐𝑖|𝑐𝑖 = 1 + 𝑟𝑜𝑢𝑛𝑑 ( 
(𝑖 − 1) ∙ (𝑀 − 1) 

(𝐿 − 1) 
) for 𝑖 = {1,2, … , 𝐿}} (7.25) 

 

 

The methodology of selected CM columns based on the above formula can be 

shown in Figure 7.10. 

 
Figure 7.10: Showing the distribution of the selected columns of 𝑸𝑼𝑺𝑪 

 
It is clear from this figure the size of the obtained aperture array of 𝑸𝑈𝑆𝐶 is 

wider than that one with 𝑸𝑳 as illustrated in Figure 7.1. It can be also observed 

that the distance between the adjacent columns of 𝑸𝑈𝑆𝐶 is larger than that one 

with the 𝑸𝑳.This, in turn, will removes the dependency on the signal time series 
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𝐴𝐹𝑈𝑆𝐶 (𝜃) = 2  

and reduce the correlation with the steering vector and thus elicits the 

individual AOAs. To demonstrate the advantage of this sampling methodology, 

the number of DOFs is calculated and compared with the classical sampling 

approach. To this end, consider the number of the selected sample columns 

C = L. With the uniform sampling, the space between each two adjacent 

sampled columns is set U = round (M / C), where U is the uniform sampling 

factor. Based on the uniform sampling criterion, the AF can be given by: 

 

𝐴𝐹𝑈𝑆𝐶 (𝜃) =  [1  𝑒−𝑗(𝑈−1)𝜂      𝑒−𝑗(2𝑈−1)𝜂 …  𝑒−𝑗(6𝑈−1)𝜂] (7.26) 

Multiply both sides of the above equation by function, 𝑒−𝑗𝑈𝜂, yields to: 

𝐴𝐹𝑈𝑆𝐶 (𝜃)𝑒−𝑗𝑈𝜂  = [𝑒−𝑗𝑈𝜂   𝑒−𝑗(2𝑈−1)𝜂   𝑒−𝑗(3𝑈−1)𝜂  … 𝑒−𝑗(𝐶𝑈−1)𝜂] (7.27) 

Subtract (7.27) from (7.26) results in: 

𝐴𝐹𝑈𝑆𝐶 (𝜃) = 
(𝑒−𝑗(𝐶𝑈−1)𝜂 − 1 ) 

(𝑒−𝑗𝑈𝜂 − 1) 

(7.28) 

 

By simplifying the above equation, it can be presented as follows: 

 
(𝐶𝑈 − 1)𝜂 

s in ( ) 

𝑈𝜂 
sin ( 2 ) 

(7.29) 

 

Obviously, the total number of nulls that can be obtained from the above 

equation is CU - 1, and this number is much more than one obtained by (7.15). 

To compare the expected number of nulls that can be pointed towards the 

angles of the received signals between the classical and uniform sampling 

methodologies, we divided (7.29) on (7.15). The NNR for both approaches can 

be computed as follows: 
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𝐴𝐹𝑈𝑆𝐶 (𝜃) CU − 1 
𝑁𝑅 = = (7.30) 

𝐴𝐹𝐶 (𝜃) L − 1 

 

Based on the uniform distribution of the selected number of columns, the 

minimum. These results confined only the uniform weighting; however, the 

resolution can be varied when the weights are changed for which the degrees 

of freedoms even they are equal for both examples the ratio of the nulls can 

play a significant role. Based on the uniform selecting criterion, the projection 

matrix can be computed as follows: 

𝓤𝑈𝑆𝐶  = 𝑰𝑴  − 𝑸𝑈𝑆𝐶 (𝑸
𝐻 𝑸𝑈𝑆𝐶 )

−𝟏 𝑸𝐻 (7.31) 
𝑈𝑆𝐶 𝑈𝑆𝐶 

 

Then, the pseudospectral of the PM method based on the classical criterion 

can be constructed as follows: 

1 
𝑷𝑈𝑆𝐶 (𝜃, 𝜙) = 

‖𝒂(𝜃,  𝜙) �� 

 

 
𝑈𝑆𝐶 ‖𝟐 (7.32) 

 

The simulation steps of the PM method using the uniform sampling 

methodology is given in Table 7.3. 

Table 7.3. Showing the simulation steps of the PM method using USC. 
 

Input The received data matrix 𝑿 ∈ 𝐶𝑀×𝑁, with M receivers, N number of 

 
measurements, L incident signals. 

Output The estimated AOAs. 

Step 1 Construct the CM as given in (7.2). 

Step 2 Construct 𝑸𝑼𝑺𝑪 = 𝓡𝒙𝒙 (round [(linspace (1, M, C))], ∶) 

Step 3 Compute the projection matrix (𝓤𝑼𝑺𝑪) using (7.31). 

Step 4 Construct the pseudo spectrum using (7.32). 
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7.5.2 The Non-Uniform/Random Sampling Criterion (NSC) 

 
As an alternative distributed structure, a randomised distribution was tested: 

this exploits the quasi-random nature of the Eigenspectrum of large correlation 

matrices, which acts as a “law of large numbers for matrices” [254]. Random 

matrix theory is a useful tool in many different fields, combining linear algebra 

and probability theory. In quantum optics, the transformation obtained by ran- 

dom matrices has proven the advantage of quantum over classical computation, 

as evidenced by the Bason sampling model [271]. 

Hence, as an alternative distributed structure, a randomized distribution is pro- 

posed to form the projection matrix: this utilizes the Eigen spectrum quasi-ran- 

dom nature of the massive covariance matrices, which performs as a “law of 

large numbers for matrices” [254]. This is intended to consider randomly the 

statistics of gaps between the adjacent columns. In probability theory, this type 

of matrix is generated by selecting some or all rows or columns randomly. Thus, 

the proposed methodology of selecting the columns using this criterion neces- 

sarily includes the first and last columns while the other elements were deter- 

mined as follows: 

 

𝑟11 𝑟1𝑐 ⋯ 𝑟1𝑐 𝑟1𝑀 

𝑸 = ({ 
𝑟21 

} { 
𝑟2𝑐

 
⋮ 𝑟2𝑐 }   { 

𝑟2𝑀 }) (7.33) 
𝑁𝑆𝐶 ⋮ 

𝑟𝑀1 

⋮ 
𝑟𝑀𝑐 

⋱ ⋮ 
… 𝑟𝑀𝑐 

⋮ 
𝑟𝑀𝑀 

 

Here, 𝑐 = 𝑐𝑖|𝑐𝑖 is a unique random variable in the set and is defined as follows: 

𝑐 = {ℤ𝑀  = {1, 2, … , 𝑀} for 𝑖 = {1, 2, … , 𝐿 − 2}} (7.34) 

It is assumed that the sampled matrix 𝑸𝑁𝑆𝐶 contains random 

columns {𝒒𝟏 ⋯ ⋯  𝒒𝑳}, that are drawn from a Probability Density Function 
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𝑁𝑆𝐶 

(PDF) defined over the distribution of the selected columns, as illustrated in 

Figure 7.11. The proposed sampling methodology can improve the weights of 

eigenvectors significantly and this, in turn, will have a positive effect on the signal 

parameter estimations. To demonstrate the advantage of the proposed 

distribution, one can compute the characteristic function of the eigenvalues that 

are associated with the signal eigenvectors in terms of the input sampled data 

and then determine the density function of the eigenvalue energies. In other 

words, the calculated weights of the signal eigenvectors when using non- 

uniform matrix sampling should be larger than the weights of such signal 

eigenvectors based on the classical sampling approach. 

 
 

Figure 7.11: Showing the distribution of the selected columns of 𝑸NSC. 

 
To this end, consider 𝑼 = 𝑸𝑯 𝑸𝑁𝑆𝐶: this is a symmetric matrix characterized  

by a certain Joint Probability Density Function (JPDF) of sampled data, as 

described below: 

 

ℙ[ 𝑼] = ℙ (𝑢11, 𝑢22, …  …,   𝑢𝐿𝐿) (7.35) 
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By applying the EVD to 𝑼 yields: 

 

𝑼 = 𝜪 𝜦 𝜪𝐻 (7.36) 

 
where 𝚶 is an (L×L) eigenvector matrix while 𝚲 = diag(𝜆1, 𝜆2, … … , 𝜆𝐿) is a 

diagonal matrix with dimension (L×L). It is assumed that 𝚲 has real eigenvalues, 

and the JPDF of 𝑼 in terms of 𝚲 and 𝚶 can be defined as follows: 

ℙ({𝑢11, … , 𝑢𝐿𝐿}{𝑑𝑢11, … , 𝑑𝑢𝐿𝐿}) 

= ℙ̅(({𝜆1, … , 𝜆𝐿} {𝜪})({𝑑𝜆1, … , 𝑑𝜆𝐿𝐿}𝑑{𝜪})) 

(7.37) 

 

where ℙ̅({𝜆1, … , 𝜆𝐿} {𝚶}) is the JPDF of the eigenvalues and eigenvectors and 

can be computed in terms of the sampled data of 𝑼as follows: 

 

ℙ̅({𝜆1, … , 𝜆𝐿} {𝜪}) = ℙ (𝑢11(𝜆, {𝜪}), … , 𝑢𝐿𝐿(𝜆, {𝜪})) 

 

× 𝓙|𝑼 → {𝜆⃑,  𝜪}| 

 
(7.38) 

 

Here, 𝓙 is a Jacobian matrix and generally could depend on the eigenvalues (𝜆 ) 

and the components of the eigenvectors (𝚶) [272]. However, 𝓙 is based largely 

on the eigenvalues, and therefore it can be given as follows: 

⃑ ℬ 

𝓙|𝑼 → {𝜆, 𝜪}| = ∏|𝜆𝑗 − 𝜆𝑘 | 
𝑗<𝑘 

(7.39) 

 

Here, ℬ is the Dyson index [273]. The JPDF of the eigenvalues alone can be 

obtained by utilizing the following formula: 

ℙ̿(𝜆1, … , 𝜆𝐿) = ∫ 𝑑𝚶 ℙ̅({𝜆1, 𝜆2, … … , 𝜆𝐿} {𝚶}) 
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𝑖 

 

ℙ̿(𝜆1, … , 𝜆𝐿) = ∫ 𝑑𝚶 ℙ (𝑢11(𝜆, {𝚶}), … , 𝑢𝐿𝐿(𝜆, {𝚶}))  (|∏|𝜆𝑗 

𝑗<𝑘 

(7.40) 

 

 
ℬ 

− 𝜆𝑘 | | ) 
 
 
 

The integral over {𝚶} can be performed by assuming the observed matrix is 

rotationally invariant. 

ℙ[𝑼] = ℙ [𝑢11 …  𝑢𝐿𝐿] = ∫ 𝑑𝚶ℙ (𝑢11(𝜆, {𝜪}) …  𝑢𝐿𝐿(𝜆, {𝜪})) 

 
According to the Weyl’s lemma theorem constraint, if the given matrix is 

rotationally invariant [274, 275], then JPDF can only be modelled as the trace 

function of 𝑼 entries as follows: 

ℙ (𝑢11(𝜆, {𝚶}) …  𝑢𝐿𝐿(𝜆, {𝚶})) = 𝝋(𝑇𝑟{𝑼} … 𝑇𝑟{𝑼𝐿}) (7.41) 

 
where 

 

𝐿 

𝝋(𝑇𝑟{𝑼}) =  𝝋 (∑ 𝜆𝑖) 

𝑖=1 

 

By substituting (7.41) in (7.40), the JPDF of the eigenvalues becomes as 

follows: 

 

ℙ̿(𝜆1 , … , 𝜆𝐿 ) = ℂ�� |∏|𝜆𝑗 

𝑗<𝑘 

− 𝜆𝑘 
ℬ 

| | 𝝋 (∑ 𝜆𝑖 , … , ∑ 𝜆𝐿) 

 

Further simplification of ℙ̿(𝜆1, … , 𝜆𝐿) can be given as follows: 
 

 ℙ̿(𝜆  , … , 𝜆 ) 
 2 (− ∑𝐿 

 
[𝒱(𝜆𝑖)]) 

(7.42)
 

1 𝐿 = ℂ𝐿 |∏(𝜆𝑗 − 𝜆𝑘) 
𝑗<𝑘 

| 𝑒 𝑖=1 

 

where ℂ𝐿 = ∫ 𝑑𝜪 is a constant and 𝒱(𝜆𝑖) is a certain function of the eigenvalues. 
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𝑗>𝑘 

The Average-Spectra Density Function (ASDF) of the eigenvalues can be 

expressed as follows: 

𝐿 
1 

𝒫𝐿(𝜆) = 〈
𝐿 
∑ 𝛿(𝜆 − 𝜆𝑖)〉 (7.43) 

𝑖=1 
 

where 𝛿 is a delta function. Now, the characterized function of 𝒫𝐿(𝜆) can be 

obtained in terms of ℙ̿(𝜆1, … , 𝜆𝐿) as follows: 

 
𝒫 (𝜆) = ∫ … ∫(𝑑𝜆 

 
, … , 𝑑𝜆 

 
)ℙ̿(𝜆 

 
, … , 𝜆 

𝐿 
1 ) ∑ 𝛿(𝜆 − 𝜆 ) 

 

𝐿 1 𝐿 1 𝐿 𝐿 𝑖 

𝑖=1 

 

As ℙ̿ is a symmetric function of eigenvalues, then the ASDF (𝒫𝐿(𝜆)), becomes 

as follows: 

𝒫𝐿(𝜆) = ∫ … ∫ 𝑑𝜆2, … , 𝜆𝑑𝐿   ℙ̿(𝜆1, … , 𝜆𝐿) (7.44) 

 
The task that now arises is to evaluate L-1 fold integrals of 𝒫𝐿(𝜆): 

 
1 2     (− ∑�� 

 
 

 [𝒱(𝜆𝑖)]) 

𝒫𝐿(𝜆1) = 
𝐿 
∫ 𝑑𝜆2, … , 𝜆𝑑𝐿 ∏(𝜆𝑗 − 𝜆𝑘) 𝑒 

𝑗<𝑘 

𝑖=1 (7.45) 

 

Here, 𝑍𝐿 is a normalization factor and to simplify the above formula, the 
 

orthogonal polynomial technique can be used to replace ∏𝐿 (𝜆𝑗 − 𝜆𝑘) with 
 

determinant as follows: 
 

 

∆𝐿 

1 1 … 1 

(𝜆 )  = 𝑑𝑒𝑡 ( 
𝜆1 𝜆2 … 𝜆𝐿 ) 
⋮ ⋮ ⋱ ⋮ 
𝜆𝐿−1 𝜆𝐿−1 … 𝜆𝐿−1 

 
 

(7.46) 

1 2 𝐿 
 

The Vandermonde determinant can be applied to rewrite (7.46) in order to obtain 

a full number of the polynomials, as follows: 

𝑍 
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𝑗=1 

𝑗=0 

𝑗=0 

2 

(   (  ) ) 

𝑖=1 

2 

𝐿 

𝑖=1 𝐿 

∏(𝜆1) ∏(𝜆2) … ∏(𝜆𝐿) 
0 0 0 

∆  (𝜆 )  = 
1

  ∏(𝜆1) 
𝑑𝑒𝑡 

∏(𝜆2) … ∏(𝜆𝐿)  
𝐿 𝑎0 … 𝑎𝐿−1 

1 1 1 

⋮ ⋮ ⋱ ⋮ 

∏(𝜆1) 

( 𝐿−1 

∏(𝜆2) 
𝐿−1 

… ∏(𝜆𝐿) 

𝐿−1 ) 

 

Now, the eigenvalues can be efficiently selected from the Vandermonde 

determinant matrix to enhance the performance projection matrix. As 

(𝑑𝑒𝑡 𝐵)2  = det(𝐵𝑇𝐵) = 𝑑𝑒𝑡(∑𝐿 𝐵𝑗𝑖𝐵𝑗𝑘), then: 
 

∆2(𝜆⃑) = 
1

 
(∏𝐿−1 𝑎 )

2
 

 
𝐿 

𝑑𝑒𝑡 (∑ ∏(𝜆𝑖) ∏(𝜆𝑘 

 
)) (7.47) 

𝑗=0 𝑗 𝑗=1 𝑗−1 𝑗−1 

 
 
 
 

By inserting the weight function, 𝑒− ∑
𝑀

 
[𝒱(𝜆𝑖)], into (7.47) such that 

 

(∏ℓ=1 𝜉ℓ) det(ℱ(𝑖, 𝑗)) = 𝑑𝑒𝑡 (√𝜉𝑖𝜉𝑗 ℱ(𝑖, 𝑗)) this yields: 

 

𝑒(− ∑𝐿     [𝒱(𝜆𝑖)])∆2(𝜆) = 
𝑑𝑒𝑡 (∑𝐿−1 ∅𝑗(𝜆𝑖) ∅𝑗(𝜆𝑘)) 

(∏𝐿−1 𝑎𝑗) 

 
(7.48) 

where ∅𝑖(𝑥) = 𝑒 −
1
𝒱(𝑥) ∏𝑖 𝑥 and 𝑎𝑗 is the polynomial coefficient. Then, the JPDF 

 

of (7.42) can be reformulated as follows: 
 

ℙ̿(𝜆 1 
, … … , 𝜆 ) = 

 
𝑑𝑒𝑡(𝒦 (𝜆 , 𝜆 )) (7.49) 

1 𝐿 𝑍 (∏𝐿−1 𝑎 )
2

 𝐿 𝑖 𝑘 

𝐿 𝑗=0   𝑗 
 

Here, 𝒦𝐿(𝜆𝑖, 𝜆𝑘) represents the kernel density function [276, 277], and it is 

defined as follows: 

 

𝒦𝐿(𝑥, 𝑥´) = 𝑒 
 1 

−2 𝒱 𝑥 +𝒱(𝑥´) 

𝐿−1 

∑ ∏ (𝑥) ∏ (𝑥´) 

 
(7.50) 

𝑗=0 
𝑗 𝑗
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𝒦𝐿 is dependent mainly on the model distribution used (i.e., 𝒱(𝑥)) and on the 
 

type of selected polynomial. The best choice of selection ∏𝑗(𝑥) is to be 
 

orthonormal with respect to 𝒱(𝑥) as described below: 

 

∫ 𝑑𝑥 𝑒−𝒱(𝑥) ∏ (𝑥) ∏ (𝑥) = 𝛿𝑖𝑗 
𝑖 𝑗 

 

Then, the polynomial (∏𝑗(𝑥)) for such a Gaussian distribution case can be given 
 

as follows:  
ℋ (

 𝑥 
) 

 
 

𝑗   
√2 ∏ (𝑥) =    (7.51) 

𝑗 
√√2 2𝑗 𝑗! 

 

Here, ℋ𝑗 is a Hermitian polynomial. If the polynomials ∏𝑖(𝑥) are chosen as 
 

orthonormal with respect to 𝒱(𝑥), then the integral of the product of two kernel 

functions can be obtained by applying the kernel reproducing property, as 

follows: 

∫ 𝑑𝑦 𝒦𝐿(𝑥, 𝑦)𝒦𝐿(𝑦, 𝑧) = 𝒦𝐿(𝑥, 𝑧) (7.52) 

 
To compute ∫ 𝑑𝜆2, … , 𝜆𝑑𝐿 𝑑𝑒𝑡(𝒦𝐿(𝜆𝑖, 𝜆𝑘)), consider 𝔍𝐿(𝒙) to be an (L×L) matrix 

whose entries depend on a vector 𝒙 = [𝑥1, 𝑥2, … … , 𝑥𝐿] and have  the 

following form: 

𝔍𝐿𝑖𝑗   = ℱ(𝑥𝑖, 𝑥𝑗) (7.53) 

where ℱ satisfies the reproducing property (i.e., ∫ 𝑑𝑦 ℱ(𝑥, 𝑦)ℱ(𝑦, 𝑧) = ℱ(𝑥, 𝑧) ). 

This then yields: 

∫ 𝑑𝑒𝑡[𝔍𝐿(𝒙)]𝑑𝑥𝐿  = [𝑞 − (𝐿 − 1)]𝑑𝑒𝑡(𝔍𝐿−1(𝒙̃)) (7.54) 

 
where �̃� = (𝑥1, 𝑥2, … … , 𝑥𝐿−1) and 𝑞 = ∫ ℱ(𝑥𝑖, 𝑥𝑗)𝑑𝑥. This is known as the 

Dyson-Gaudin integration lemma. Based on this theorem, it can be seen that 
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𝑗=0 

the size of the determinant decreases after every integration. Using the above 

property and substituting 𝜆 instead and then integrating the kernel function (i.e., 

𝒦𝐿(𝜆𝑖, 𝜆𝑗)) over 𝑑𝜆𝐿 yields: 

 

∫ 𝑑𝑒𝑡 (𝒦𝐿(𝜆𝑖, 𝜆𝑗)) 𝑑𝜆𝐿 = 𝑑𝑒𝑡 (𝒦𝐿(𝜆𝑖, 𝜆𝑗)) 
𝑖,𝑗=1,…,  𝐿 𝑖,𝑗=1,…, 𝐿−1 

 
 

By using the orthogonality property such as 𝑞 = ∫ 𝒦𝐿(𝑥, 𝑥)𝑑𝑥 = L, then one can 

apply the Domino effect property as follows: 

∫ … ∫ 𝑑𝑒𝑡 (𝒦𝐿(𝜆𝑖, 𝜆𝑗)) 𝑑𝜆𝑘+1 … 𝑑𝜆𝐿 
𝑖,𝑗=1,2,… ,𝐿 

 

= (𝐿 − 𝑘)! × 𝑑𝑒𝑡 (𝒦𝐿(𝜆𝑖, 𝜆𝑗)) 
1≤ 𝑖,𝑗 ≤ 𝑘 

 

 

Setting 𝑘 = 0 and integrating the kernel determinant overall eigenvalues, the 

outcome can be given as follows: 

∫ … ∫ 𝑑𝑒𝑡 (𝒦𝐿(𝜆𝑖, 𝜆𝑗)) 𝑑𝜆1 … 𝑑𝜆𝐿 = 𝐿! (7.55) 
𝑖,𝑗=1,2,… ,𝐿 

 

From the above formula, it can be noticed that the kernel determinant has 

vanished. Next, it is necessary to compute the normalization constant, 𝒵𝐿, as 

follows: 

𝒫𝐿(𝜆) = ∫ 𝑑𝜆1, … , 𝑑𝜆𝐿 ℙ̿(𝜆1, … , 𝜆𝐿) = 1 
 

 
1 

1 = 
𝒵𝐿(∏

𝐿−1 𝑎𝑗) 
2 ∫ 𝑑𝑒𝑡 (𝒦𝐿(𝜆𝑖, 𝜆𝑗)) 

𝑖,𝑗=1,2,… ,𝐿 

 

𝑑𝜆1 … 𝑑𝜆𝐿 

 
 

𝐿! 
𝒵𝐿   = 

(∏𝐿−1 𝑎 )
2 (7.56) 

𝑗=0   𝑗 

 

Substituting (7.56) into (7.45), the following formula is obtained: 



233  

𝑗=0 

√ 

𝑗 

 𝒫 (𝜆 𝐿! ) =  ∫ 𝑑𝜆  … 𝜆 𝑒− ∑�� 𝒱(𝜆𝑖) ∏(𝜆 2 − 𝜆 ) 
𝐿 1 

 
 

(∏𝐿−1 𝑎𝑗) 
2 𝑑𝐿 𝑖=1 𝑗 𝑘 

𝑗<𝑘 

 

After several manipulations, 𝒫𝐿(𝜆1) can be written as follows: 
 

1 
𝒫𝐿(𝜆1) = 

𝐿! 
∫ 𝑑𝜆2, … , 𝜆𝑑𝐿𝑑𝑒𝑡(𝒦𝐿(𝜆𝑖, 𝜆𝑘)) 

By utilizing the Domino effect property and setting 𝑘 = 0, this yields: 

 
1 1 

𝒫𝐿(𝜆1) = 
𝐿! 

(𝐿 − 1)! 𝒦𝐿(𝜆1, 𝜆1)  = 
𝐿 
𝒦𝐿(𝜆1, 𝜆1) (7.57) 

 
Finally, the ASDF of the eigenvalues for finite L can be computed as follows: 

 

 

1  1 𝜆2 
 

 

 

 
𝜆2 

 
 

 

 
𝐿−1 

2 (
 𝜆

 ) 
 

1 𝜆2 
 

 

 

 
𝐿−1 

2 (
 𝜆

 ) 

𝒫𝐿(𝜆) = 𝑒
−2( 2 + 2 ) 

∑  √2 
=

 
𝐿 2𝜋2𝑗 𝑗! 

𝑗=0 

 

 

𝐿√2𝜋 
𝑒− 2  ∑  √2  

2𝑗 𝑗! 
𝑗=0 

(7.58) 

 

The Cumulative Distribution Function (CDF) of the eigenvalues can then be 
 

computed as follows:  

𝐿−1 ℋ2 (
  

) 
𝜆2 − 

 
 

 

 

𝑗 
√2 (7.59) 

𝐶𝐷𝐹𝐿 (𝜆) = ∫ 𝒫𝐿(𝜆)𝑑𝜆 = ∫ 
𝐿 

𝑒 
√2𝜋 

2  ∑ 
𝑗=0 2𝑗 𝑗! 

𝑑𝜆
 

 

 

Equation (7.59) can be applied to calculate the density function of the 

eigenvalues, based on the proposed and classical sampling approaches. Many 

numerical methods can be used to solve (7.59) ; however, the MATLAB function 

“dblquad” can be exploited to solve this formula. As shown in Figure 7.12, the 

obtained eigenvalues using the new sampling matrix methodology have more 

energy than those obtained by the classical approach. This feature will enhance 

noise immunity and improve the estimation, requiring a smaller number of 

snapshots, as will be demonstrated section 7.6. 

ℋ ℋ 

2 

𝑗 

1 
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𝑁𝑆𝐶 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
          

 

Figure 7.12: The CDF of eigenvalues summation based on the NSC and 
classical sampling methodologies with M = 100 and L = 10. 

 

 
Based on the non-uniform sampling methodology, the projection matrix can be 

computed as follows: 

𝓤𝑁𝑆𝐶  =   𝑰𝑴  − 𝑸𝑁𝑆𝐶 (𝑸
𝐻 𝑸𝑁𝑆𝐶)−𝟏 𝑸𝐻 (7.60) 
𝑁𝑆𝐶 𝑁𝑆𝐶 

 

Then, the pseudo spectrum of the PM method based on this criterion can be 
 

constructed as follows: 

 
𝑷𝑁𝑆𝐶 

 

 
1 

(𝜃, 𝜙) = 
‖𝒂(𝜃, 𝜙) 𝓤 ‖𝟐 

 

 
(7.61) 

 

The simulation procedures using non-uniform matrix sampling can be 

summarised in Table 7.4. 
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LSC 

Table 7.4. Showing the simulation steps of the PM method using NSC. 
 

Input The received data matrix 𝑋 ∈ 𝐶𝑀×𝑁, with M receivers, N number of 

 
measurements, L incident signals. 

Output The estimated AOAs. 

Step 1 Compute the CM as presented (7.2). 

Step 2 Construct 𝑸𝑵𝑺𝑪 = 𝓡𝒙𝒙 ([1 𝑠𝑜𝑟𝑡 (𝑟𝑎𝑛𝑑𝑝𝑒𝑟𝑚 (𝑀 − 2, 𝐿 − 2)) + 𝑀], ∶) 

Step 3 Compute the projection matrix (𝒰𝑁𝑆𝐶) utilising (7.60). 

Step 4 Construct the pseudospectral of the PM method using (7.61). 

 

7.5.3 The Logarithmical Sampling Criterion (LSC) 

 
As a third alternative test, a logarithmic distribution was created. Like the 

randomised distribution, this combines a range of sampling resolutions, 

although in a non-random way. The columns of 𝑸𝑳𝑆𝐶 using this criterion are 

illustrated in Figure 7.13 and can be determined as follows: 

(𝑖−1)∙𝑙𝑜𝑔10(𝑀) 
 

 
(7.62) 

𝑐 = {𝑐𝑖|𝑐𝑖  = 𝑟𝑜𝑢𝑛𝑑 (10 (𝐿−1) ) for 𝑖 = {1, 2, … , 𝐿} } 

 

Based on the Logarithmical sampling methodology, the projection matrix can 

be computed as follows: 

𝓤𝐿𝑆𝐶  =  𝑰𝑴  − 𝑸𝐿𝑆𝐶(𝑸𝐻   𝑸𝐿𝑆𝐶)−𝟏 𝑸𝐻 (7.63) 
𝐿𝑆𝐶 𝐿𝑆𝐶 

 

Then, the pseudospectral of the PM method based on the LSC can be 
 

constructed as follows: 

 
𝑷LSC 

 

 
1 

(𝜃, 𝜙) = 
‖𝒂(𝜃, 𝜙) 𝓤 ‖𝟐 

 
 

(7.64) 
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Figure 7.13: Showing the distribution of the selected columns of 𝑸𝐿𝑆𝐶 . 

The simulation procedures using logarithmical matrix sampling is given in 

Table 7.5. 

Table 7.5. Showing the simulation steps of the PM method using LSC. 
 

Input The received data matrix 𝑋 ∈ 𝐶𝑀×𝑁, with M receivers, N number 

of measurements, L incident signals. 

Output The estimated AOAs. 

Step 1 Compute the CM using (7.2). 

Step 2 Construct, 𝑸𝐋𝐒𝐂 = 𝓡𝒙𝒙 (round [(logspace (0, log10 (M), L))], ∶) 

Step 3 Compute the projection matrix (𝓤𝑳𝑺𝑪) utilizing (7.63). 

Step 4 Construct the pseudospectrum using (7.64). 
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7.6 Numerical Simulations and Discussion of the Proposed 

Sampling Methodologies 

 
To evaluate the potential advantages of the proposed sampling 

methodologies, computer simulations over a wide range of criteria were 

undertaken and the results compared with those from the classical criterion, 

as used to construct the projection matrix. Three main types of test were 

undertaken, firstly to compare the performance of the PM method using the 

various techniques with a fixed value of SNR. Secondly to do the same with 

variations of SNR and thirdly to investigate the performance of the PM method 

using the suggested methodologies with a different number of snapshots used 

to collect the data matrix 

 

7.6.1 Inter-comparisons: Numerical Examples 

 
Two numerical scenarios were implemented with different incident AOAs to 

illustrate such an effect. A uniform linear array consisting of M = 21 with d = 

0.5λ was considered to receive seven narrowband signals (L = 7) from sources 

located in the far-field, with their AOAs randomly generated. The number of 

measurements to construct the CM was set as N = 100 and SNR at the array 

output 5 dB. In the first example, four of the received signals were postulated 

to be incident at closely similar angles, in order to investigate the ability to 

resolve and detect directions of signals under this circumstance. The 

performance of the PM method using the proposed criteria compares to the 

classical criterion is shown in Figure 7.14. 
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As can be observed from Figure 7.14, the PM based on the three proposed 

methodologies detected all of the impinging signals, whereas the classical 

criterion failed to detect the direction of two of the closely-spaced signals. 

Example 2 investigated the challenge that faces AOA determination when 

several signals are incident at angles widely distant from the broadside 

direction, some of them close to each other. The performance of the PM was 

simulated based on each criterion and then plotted, as illustrated in Figure 

7.15. 

 
          

          

          

          

          

          

          

         
 
 
 
 

 

        

 

 

 

 
Figure 7.14: The performance of the PM method under Ex.1 conditions. 
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Figure 7.15: The performance of the PM method under Ex.2 conditions. 

 
On the other hand, the PM method using all of the proposed methodologies 

discriminated all of the impinging signals. It can be seen clearly that the PM 

method based on the classical criterion failed to discriminate two AOAs on 

opposite ends of the angular spectrum. 

 

7.6.2 The Performance Estimation Comparison Based on 

the SNR Variations 

 
The SNR observed at the input to the antenna array receiver plays a crucial 

role in the performance estimation of direction-finding systems. Thus, the 

influence of the suggested methodologies on the performance estimation of 

the PM method with different SNR levels is presented and compared with the 

classical criterion in this section. The SNR is assumed to vary from -10 dB to 
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20 dB in 2.5 dB increments. Seven plane waves (L = 7) from different directions 

are supposed incident on a ULA consisting of M = 30 sensors with d = 0.5λ. 

One hundred snapshots are considered and used to construct the received 

data matrix. Two thousand independent trials were carried out to generate the 

arrival angles randomly and then applied for all techniques equally. 

The ARMSE for each SNR was computed and then plotted, as shown in Figure 
 

7.16. The corresponding detected angles for each SNR were calculated as 

well and the probability of successful detection of the discriminated angles is 

presented in Figure 7.17. It is clear from these graphs that the proposed new 

methodologies show significant improvements in terms of the estimation 

resolution and PSD (AOAs) of the PM method compared to the classical 

approach. It can be observed from Figure 7.16 that the estimation accuracy of 

the PM method based on the proposed methodologies gives around 10 dB of 

improvement compared to the classical one. 

For example, the ARMSE of the PM method using the proposed 

methodologies at SNR = 0 dB is approximately the same as with the classical 

methodology at SNR = 10 dB. The same point can be observed with the PSD 

(AOAs) evaluation, as shown in Figure 7.17. In this figure, the PSD (AOAs) of 

the PM method using the proposed techniques at SNR = 0 dB is 0.87: however, 

the PSD (AOAs) of the PM method using the classical criterion requires SNR 

= 10 dB to give the same estimation accuracy. This means that the presented 

methodologies have all enhanced the performance estimation of the PM by 10 

dB compared to the classical criterion. 
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Figure 7.16: Showing the ARMSE vs. SNR variations comparison. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 7.17: The corresponding detected AOAs of Figure 7.16 vs. SNR. 
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7.6.3 The performance estimation comparison based on 

the different collected number of snapshots 

 
The third scenario evaluates the effect of the presented methodologies on the 

performance of the PM method with a different number of snapshots. Seven 

different numbers of snapshots were used: N = [50, 75, 100, 200, 500, 750, 

and 1000]. The other simulation parameters were set to be the same as those 

given in section 7.6.2 except that the SNR was set at 3 dB. The ARMSE and 

PSD (AOAs) of the PM method based on the LSC, USC and NSC distributions 

were computed and then plotted, as shown in Figure 7.18 and Figure 7.19, 

respectively. It is clear that all of the proposed methodologies increase the 

estimation accuracy and the probability of detection of the PM method over the 

simulated range of snapshot numbers, in comparison with the classical 

criterion. 

 

 

       
 

 
Figure 7.18: ARMSE vs. different N comparison. 
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Figure 7.19: The corresponding detected AOAs of Figure 7.18 vs. N. 

 
This verifies that the sampling approach to select subsets of rows/columns 

inside the CM has a significant positive impact on the estimation accuracy of 

the PM technique. It can be seen clearly from these figures that the 

performance accuracy of the PM method with the suggested methodologies at 

N = 100 is better than with the classical criterion at N = 1000 snapshots. It is 

relevant to note that these improvements were accomplished without any 

increase in the computational load. 

 

7.7 Conclusions 

 
 

The way of sampling effect on the CM has been investigated in this chapter. It 

was proven that the approach of sampling the rows/columns of a matrix has a 

substantial influence on the performance of the PM algorithm. Various 
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sampled matrices have been applied to construct the projection matrices in 

order to estimate the DOAs of the signals. It is found the estimation accuracy 

and PSD (AOAs) of the PM method were improved significantly by increasing 

the number of sampled columns in the matrix projection construction step only 

without the requirement to increase the physical size of the aperture array. 

These improvements have been tested over a wide range of the SNRs and 

number of the collected data. 

Then, new efficient sampling methodologies have been proposed to construct 

such projection matrices to estimate the directions of multiple arriving signals. 

The proposed methodologies were chosen to test a realistic range of 

distributed positions of rows or columns to be selected within the CM and use 

this to construct the projection matrix. Three sampling strategies were tested: 

uniform, non-uniform (i.e., random) and logarithmic. The bases of these 

approaches and the working principle of the PM method were presented and 

modelled. It was found that these approaches have a significant impact on 

retaining all of the relevant information while removing the dependency on the 

signal time series: they also reduced the correlation with the steering vector 

and thus elicit the individual AOAs. Several numerical examples were 

implemented to investigate and illustrate the performance of the PM with these 

approaches. An intensive Monte Carlo simulation was implemented with 

different values of SNR and the number of snapshots to illustrate and compare 

the enhancement that could be realised by the new methodologies. The 

simulation results showed that the proposed methodologies gave significant 

improvements in both the estimation accuracy and PSD (AOAs) compared 

with the classical approach. 
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Chapter Eight: Antenna Arrays Weights 

Optimisation Using Adaptive Beamform- 

ing Algorithms 

 
8.1 Introduction 

 
 

Recently, smart antenna systems have been used in modern mobile commu- 

nication systems to mitigate interference sources and increase the capacity of 

the communication link. A smart antenna system is an array with a digital signal 

processing ability to receive and transmit in an adaptive manner [12, 247, 278]. 

Although it may seem that such smart systems are novel, the fundamentals 

are not new; in the 1970s, 1980s, and 2000s many special issues of the IEEE 

Transactions on Antennas and Propagation were devoted to smart antenna 

arrays and associated signal processing algorithms [279-281]. 

Applebaum developed a technique to control the cancellation of interferes sig- 

nals adaptively [282, 283]. This technique was called as the Howells-Ap- 

plebaum method. In [284], some efforts have been achieved to modify and 

improve the performance of radar systems by including digital beamforming 

and adaptive beamforming methods. In [285], the author provided a framework 

for the analysis and development of blind adaptive beamforming algorithms: 

by using adaptive antenna arrays, the control system has complete flexibility 

and determines how the gains of the arrays are adjusted. In this method, gains 
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are adjusted such that the control system can maximise the gain from the 

desired source while attenuating the signal from an interfering user. 

In [286], the authors explained how to apply the least mean square (LMS) and 

MUSIC methods, giving a practical design of a smart antenna system employ- 

ing direction-of-arrival estimation and adaptive beamforming technique. In 

their work, Rani et al. (2009) examined the use of beamforming for adaptive 

antennas, with adaptive methods to determine the weights in Wide Code Divi- 

sion Multiple Access (WCDMA) mobile communication system [287]. Bahri 

and Bendimerad (2009) suggested a downlink multi-input multi-output multiple 

carrier CDMA system which integrated the LMS method for adaptive beam- 

forming purposes[288]. The authors in [289] described and compared various 

reference-signal based methods in addition to blind adaptive methods. 

In this chapter, the idea and the principles of the adaptive beamforming 

technology are investigated and analysed. The necessary equations and con- 

ditions that used to realise smart antenna systems are analysed and given. 

Two well-known adaptive beamforming algorithms are studied and compared 

to determine the optimum weights of an antenna array. The obtained weights 

are used to enhance the desired users and to make nulls or attenuation in the 

directions of the interference sources. A simple and low complexity digital 

beamforming algorithm that can be applied to an arbitrary antenna array is 

proposed for computing the optimum weights. The proposed algorithm is com- 

bined with linear and planar arrays at millimetre-wave bands to generate mul- 

tiple beams for 5G mobile applications. The results are presented and dis- 

cussed. Finally, a concluding summary is given by the end of this chapter. 
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8.2 Adaptive Antenna Array Model 

 
 

Consider there are L signals arriving at array from different angles θ1, θ2, …, 

θL, as shown in Figure 8.1. The L signals are made up two sets namely: D 

desired signals and I interference signals. Thus, the signal induced on all ele- 

ments using vector notation is: 

𝐷 𝐼 

𝒙(𝑡) = ∑ 𝒔𝒌(𝑡) 𝒂(𝜽𝒌) + ∑ 𝒔𝒊(𝑡) 𝒂(𝜽𝒊) + 𝒏(𝑡) (8.1) 
𝑘=1 𝑖=1 

 

𝒙(𝑡)  = 𝒙𝒔(𝑡)  + 𝒙𝒊(𝑡) + 𝒏(𝑡) 𝑡 = 1, 2, … …, N (8.2) 

 
Here, 𝒔𝒌(𝑡) represents the kth desired signal and 𝒂(𝜽𝒌) denotes the steering 

vector of the kth desired signals, while 𝒔𝒊(𝑡) and 𝒂(𝜽𝒊) denote the ith interferes 

and the steering vector of the ith interference signals, respectively. 

 

 
Figure 8.1: M antenna elements with L induced signals. 

 
By assuming all signals and the noise have zero mean stationary process and 

independent, then array output can be obtained by multiplying the received 

signals at the weights as follows: 
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𝒚(𝑡) = 𝒘 𝒙(𝑡) = 𝒚𝒔(𝑡)  + 𝒚𝒊(𝑡) + 𝒚𝒏(𝑡) (8.3) 

 
The output power of each desired, interference and noise signal are given in 

 

the following equations:  
 

𝒚𝒔(𝑡) =  𝒘𝐻 𝒙𝒔(𝑡) (8.4) 

𝒚𝒊(𝑡) =  𝒘𝐻 𝒙𝒊(𝑡) (8.5) 

𝒚𝒏(𝑡) =  𝒘𝐻 𝒏(𝑡) (8.6) 

 

The correlation matrix of each signal can be expressed as: 
 

𝓡𝒔𝒔   =   𝐸[ 𝒙𝒔(𝑡) 𝒙𝒔(𝑡)𝐻] (8.7) 

𝓡𝒊𝒊  =   𝐸[ 𝒙𝒊(𝑡) 𝒙𝒊(𝑡)𝐻] (8.8) 

𝓡𝒏𝒏  =   𝐸[ 𝒏(𝑡) 𝒏(𝑡)𝐻] (8.9) 

 
where 𝓡𝒔𝒔, 𝓡𝒊𝒊 and 𝓡𝒏𝒏 are the desired signal, interference signals, and noise 

correlation matrices, respectively. 

By supposing the first element as a reference, the steering vector, 𝒂(𝜃), of 

signal M elements is given by the following equation: 

 
  
  

𝒂(𝜃) =   
  
  

1 
𝑒𝑥𝑝(𝑗𝛽𝑑𝑠𝑖𝑛𝜃) 

. 

. 

. 

 
 

(8.10) 

[𝑒𝑥𝑝(𝑗𝛽𝑑(𝑀 − 1)𝑠𝑖𝑛𝜃)] 

 

where 𝛽 denotes the propagation constant, and 𝑑 refers to the distance be- 

tween every two adjacent elements. Finally, AF can be expressed as follows: 

𝐴𝐹(𝜃) = 𝒘𝑯𝒂(𝜃) (8.11) 

 
AF is defined as a function of the array geometry and amplitude/phase shifts 

applied to individual elements [18]. Array radiation pattern is the output spatial 

power distribution and computed by the vector sum of the fields radiated by 
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𝜆 

𝜆 0 0 

the individual antennas. To derive the AF that includes both 𝜃 and ∅, it is 

assumed an M1×M2 planar array located in the x-y plane, as shown in Figure 

8.2, where M1 is the number of antenna elements in the x-direction while M2 is 

the number of elements in the y-direction. 

 
Figure 8.2: Planar array with uniformly spaced elements. 

 
In order to construct a beam towards the arrival desired signal, it is necessary 

first to compute the steering vector of the planar antenna array: 

𝒂(𝜃, 𝜙)𝑀1×𝑀2  = 𝒂𝒙(𝜃, 𝜙) 𝒂𝒚(𝜃, 𝜙) (8.12) 

 
where 𝒂𝒙(𝜃, 𝜙) and 𝒂𝒚(𝜃, 𝜙) are the steering vectors in the horizontal and ver- 

tical direction, respectively, as defined by the following equations: 

𝑀1 

𝒂𝒙(𝜃, 𝜙) = ∑ 𝑤𝑚 𝑒 
𝑚=1 

𝑗
𝜋𝑑𝑥( 𝑚−1)(𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 −𝑠𝑖𝑛 𝜃0 𝑐𝑜𝑠 𝜙0) (8.13) 

 

 
𝒂𝒚 

𝑀2 

(𝜃, 𝜙) = ∑ 𝒘𝒏 
𝑛=1 

 

𝑒𝑗 
 𝜋𝑑𝑦( 𝑛−1)(𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 −𝑠𝑖𝑛 𝜃   𝑠𝑖𝑛 𝜙  ) (8.14) 
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The total steering vector can be obtained by multiplying 𝒂𝒙(𝜃, 𝜙) and 𝒂𝒚(𝜃, 𝜙), 

which yields: 

𝑀1   𝑀2 

𝒂(𝜃, 𝜙)𝑀1×𝑀2 = ∑ ∑ 𝒘𝒎𝒏𝑒
𝑗( 𝑚−1)𝛽𝑥 × 𝑒𝑗( 𝑛−1)𝛽𝑦 (8.15) 

𝑚=1 𝑛=1 

 

where 𝛽𝑥 and 𝛽𝑦 are the phase increments per element in the x and y direc- 
 

tions, respectively: 

 
 = 

𝜋𝑑𝑥 (𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 − 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 
 

 
 

(8.16) ) 
𝑥 𝜆 0 0 

 

 = 
𝜋𝑑𝑦 

(𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 − 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜙 
 

(8.17) ) 
𝑦 𝜆 0 0 

 

And 𝒘𝒎𝒏  is the amplitude excitation of the elements: 

 
𝒘𝒎𝒏  = 𝒘𝒎. 𝒘𝒏 (8.18) 

 
Finally, the AF of a planar array can be expressed as follows: 

 
𝐴𝐹(𝜃, 𝜙) = 𝒘𝒎𝒏

𝑯𝒂(𝜃, 𝜙)𝑀1×𝑀2 (8.19) 

 
 

8.3 Adaptive Beamforming 

 
 

In general, adaptive beamforming is an effective technique because it makes 

use of a digital algorithm which dynamically optimises the array pattern ac- 

cording to the changing electromagnetic environment [290]. Therefore, adap- 

tive arrays maximise the Signal-to-Interference-plus-Noise Ratio (SINR) and 

not just the SNR. This dynamic adaptation of the antenna array response di- 

rects focused beams to specific users and constitutes a new mechanism for 

multiuser access to the base station [291]. Smart antenna patterns are 

controlled via algorithms based upon specific criteria: maximising SINR, 
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Minimising Variance (MV), minimising the MSE, steering toward a useful 

source, nulling interfering signals, or tracking moving users [66, 292, 293]. 

 

8.3.1 Least Mean Square (LSM) Algorithm 

 
One of the simplest algorithms for adaptive processing is based on LMS error. 

The LMS algorithm belongs to the trained algorithm category in which a refer- 

ence signal is used to update the weights at each iteration [294, 295] so that 

we search for the optimal weight, which would make the array output as close 

as possible to the reference signal. This is the weight that minimises the MSE, 

as shown in Figure 8.3 [207]. The algorithm contains three steps in each re- 

cursion [16]: 

• Compute the processed signal with the current weights, 

 

• Generate the error between the processed signal and the desired signal. 
 

• Adjust the weights using the new error information by the gradient method. 

 
The error can be defined as the desired signal minus the weighted output of 

the array [16]: 

휀(𝑡) = 𝑑𝑟(𝑡) − 𝒘𝐻𝒙(𝑡) (8.20) 

The squared error is given by 
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Figure 8.3: Block diagram of the MSE adaptive system. 

 
|휀(𝑡)|2  = |𝑑𝑟(𝑡) − 𝒘𝐻𝒙(𝑡)|2 (8.21) 

The cost function is defined as: 

𝐽( 𝑤 ) = 𝐷𝑟   − 2 𝑤𝐻 𝒓 + 𝒘𝐻 𝓡𝒙𝒙 𝒘 (8.22) 

 
And 

 
𝒓𝒅𝒙   = 𝐸[𝑑𝑟

∗. (𝒙𝒔  (𝑡) + 𝒙𝒊 (𝑡) + 𝒏(𝑡))] (8.23) 

 
𝓡𝒙𝒙   = 𝐸[𝒙(𝑡)𝒙(𝑡)𝐻] = 𝓡𝒔𝒔  + 𝓡𝒖𝒖 (8.24) 

 

where 𝐷 = |𝑑(𝑡)|2 and 𝒓𝒅𝒙 = 𝐸[𝑑𝑟
∗𝒙(𝑡))]. The quantity in (8.22) is usually 

called the cost function, and it is convenient to find its minimum value in order 

to find the optimum weights of the system. This achieved by taking the gradient 

of (8.22) with respect to the weight vector ∇w(. ) and equating it to zero: 
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𝒙𝒙 

𝛻𝒘(𝐸[|휀|2]) = 2 𝓡𝒙𝒙 𝒘 − 2 𝒓𝒅𝒙 

 
The optimum weights providing the minimum MSE can be found by simplifying 

the above equation as: 

𝒘𝒐𝒑𝒕 = 𝓡 −𝟏 𝒓 (8.25) 

 

By using the gradient of the cost function, the LMS solution is found as: 

 
𝒘𝑳𝑴𝑺(𝑡 + 1) = 𝒘(𝑡) + 𝜇 휀∗(𝑡) 𝒙(𝑡) (8.26) 

where 𝜇 is the step size parameter controlling the rate of adaptation. 

The convergence speed of the LMS method in (8.26) is substantially propor- 

tional to the μ value. If the step-size value is very small, the convergence rate 

will become slow, the over-damped case. If the convergence is too slow for 

the varying angles of arrival, it is possible that the adaptive array would not 

catch the desired signal quickly enough to track the varying signal. On the 

other hand, if the step-size is very large, the LMS algorithm will overshoot the 

optimum weights, exhibiting under-damping: the attempted convergence is too 

fast, and this will make the weights oscillate about the optimum, so the desired 

signal will not be precisely tracked. Therefore, it is necessary to choose a step- 

size in a range that ensures convergence [16]: 

 

0 ≤ 𝜇 ≤ 
1 

2 𝑡𝑟𝑎𝑐𝑒[ 𝓡  

 
 
 
𝒙𝒙 

 
] (8.27) 

 

where “trace” means sum the diagonal elements of 𝓡  𝒙𝒙, the estimated corre- 

lation matrix. 

𝒅𝒙 
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𝑵 

𝒙𝒙 

. 

8.3.2 Sample Matrix Inversion (SMI) Algorithm 

 
An alternative to the relatively slowly converging LMS scheme is the SMI al- 

gorithm, also known as direct matrix inversion [16]. SMI algorithm employs the 

CM that includes both desired and interference signals to determine the opti- 

mal weights. The sample matrix is a time-averaged estimate of the array cor- 

relation matrix using N samples. With random ergodic noise in the correlation, 

the time-averaged estimate will equal the actual correlation matrix. As we use 

an N–long block of data, this method is called a block-adaptive approach, 

which adapts the weights block by block. N samples of signal Matrix 𝑋 define 

the M × N matrix [16]: 

  
𝑥1(1 + 𝑘𝑁) 𝑥1(2 + 𝑘𝑁) … 𝑥1(𝑁 + 𝑘𝑁) 

 
 

  𝑥2(1 + 𝑘𝑁) 𝑥2(2 + 𝑘𝑁) … 𝑥2(𝑁 + 𝑘𝑁)    

𝑿𝑵(𝑡) = 
.
 

. 

(8.28) 

[𝑥𝑀(1 + 𝑘𝑁) 𝑥𝑀(2 + 𝑘𝑁) … 𝑥𝑀(𝑁 + 𝑘𝑁)] 
 

Here, 𝑘 is the block index and 𝑁 is the block length. Then the estimate of the 
 

array correlation matrix is 

 
𝓡  

 

 
1 (𝑘) = 𝑿 

 

 

 
(𝑘) 𝑿𝐻(𝑘) (8.29) 

𝒙𝒙 𝑁 𝑵 𝑵 

 

And the estimate of the correlation vector is 
 

 

𝒓  

 
 

𝒅𝒙 

1 
(𝑘) = (𝒅𝒓 

𝑁 
∗(𝑘) 𝑿𝐻(𝑘) ) 

(8.30)
 

 

In addition, the desired signal vector can be defined by 
 

𝒅𝒓(𝑘) = [𝒅𝒓𝟏(1 + 𝑘𝑁)  𝒅𝒓𝟐(2 + 𝑘𝑁), … … , 𝒅𝒓𝑵(𝑁 + 𝑘𝑁)] (8.31) 

The SMI weights can be calculated for the kth block of length N as: 

𝒘𝑺𝑴𝑰(𝑘) =   𝓡 −𝟏(𝑘) 𝒓 (𝑘) (8.32) 
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8.4 Simulation Results and Discussion of the LMS and SMI 

Beamforming Methods 

 
8.4.1 The LMS Algorithm 

 
A ULA system with M = 10 elements of spacing d = 0.5𝜆 is adopted here. The 

desired signal arrives at the antenna at 𝜃𝐷 and there is one interference signal 

at 𝜃𝐼 with additive white noise. The angular range of interest is [−900 , 900]. 

Case (1): Desired signal at θD = 00  and interference signal at θI  =  300. 

Case (2): Desired signal at θD = 400 and the interference signal at θI = 600. 

Case (3): Desired signal at θD = −300 and the interference signal at θI = 

−800. 

 
To find the instantaneous weights vector of the LMS algorithm: 

Step 1: Assume that the initial array weights are all zero. 

Step 2: Find steering vectors for the desired user 𝒂𝑫(𝜃) and interferer 𝒂𝑰(𝜃). 

Step 3: Find the total AF as 𝑨(𝜃) = 𝒂𝑫(𝜃) + 𝒂𝑰(𝜃) 

Step 4: Find the correlation matrix as: 𝓡𝒙𝒙 = 𝑿𝑿𝐻 

 
Step 5: Calculate the convergence parameter (𝜇) for the three cases using 

(8.27): 

𝜇1 = 0.0114, 𝜇2 = 0.0113, 𝜇3 = 0.0112 

 
Step 6: Find the instantaneous value of the received signal 𝒙(𝑡) using (8.1). 

Step 7: Find the instantaneous value of the array output 𝒚(𝑡) utilising (8.3) 
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Step 8: Find the instantaneous value of the error signal 휀(𝑡) between the ref- 

erence signal and the array output using (8.20). 

Step 9: Calculate the weights vector of the next iteration using (8.26). 

 
Step 10: Repeat steps (6) to (9) until iteration 100. The resulting weights vector 

for the three cases are: 

 

(11) Finally, AF can be found using (8.11). 

 
The variation of the magnitude of each weight vs. iteration number of the 

LMS algorithm for case 2 is shown in Figure 8.4. Figure 8.5 shows the resulting 

MSE which converges to near-zero approximately after 48 iterations. Figure 

8.6 shows how the array output acquires and tracks the desired signal after 

some 65 iterations. Finally, the resultant AF for all three cases is shown in 

Figure 8.7, which has a peak at the desired direction and null at the interfering 

direction, independent of the statistical characteristics of the arriving signals. 

Case (1): 𝑤𝐿𝑀𝑆 = Case (2): 𝑤𝐿𝑀𝑆 = Case (3): 𝑤𝐿𝑀𝑆 = 

0.0915  + 0.0101i 
 0.0916  − 0.0102i  
 0.1118  − 0.0101i  

0.0904 + 0.0002i 
 −0.0343 + 0.0865i    

0.0897 − 0.0077i 
0.0116 − 0.0935i  

    
.1118 + 0.0102i

 
 

 −0.0698 − 0.0709i  

 0 
  
0.1014 − 0.0325i

 
 

 −0.1130 − 0.0088i  

 0.0915  + 0.0101i  
 0.0916  − 0.0102i  
 0.1118  − 0.0101i  
 0.1118  + 0.0102i  
 0.0915 + 0.0101i 
[0.0916 − 0.0102i] 

    
 −0.0210  + 0.1087i  

 −0.0844  − 0.0717i  

  
  
  
  

0.0108 + 0.1111i
 
 

0.0914 − 0.0099i  
  

0.0099 − 0.0914i  
  0.0995 − 0.0380i  

  
 −0.1111 − 0.0108i  

 −0.0101  + 0.0990i  
 −0.0808  − 0.0461i  
[ 0.0705 − 0.0566i] 

  
 
[ 

0.0089  +  0.1130i  
0.0935  −  0.0117i  

0.0077 − 0.0897i] 
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Figure 8.4: The LMS algorithm weights variations at case2. 
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Figure 8.6: Tracking the desired signal using the LMS algorithm in case 2. 
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Slow convergence limits the usefulness of this algorithm in dynamic environ- 

ments where the signal must be captured quickly, also a limitation when chan- 

nel conditions are rapidly changing. As shown in Figure 8.6, the LMS algorithm 

did not converge until after 65 iterations, after more than half of the duration of 

the signal of interest. 

 

8.4.2 The SMI Algorithm 

 
A ULA system with M = 10 elements array and spacing d = 0.5λ is adopted 

here. Assume the reference signal is the same as the  desired  signal,  

namely 𝑑𝑟(𝑡) = 𝑠(𝑡). The angular range of interest is [ −90° , 90°]. 

Case (1): Desired signal at θD = 20° and the interference signal at θI = 40°. 

Case (2): Desired signal at θD = 50° and the interference signal at θI = 80°. 

Case (3): Desired signal at 𝜃𝐷 = −30° and the interference signal at θI = 

−60°. 

 
To calculate the weights vector: 

 
Step 1: Find steering vectors for the desired user (𝒂𝟎) and interferer(𝒂𝟏). 

Step 2: Find total received signal 𝑿(𝑘) using (8.28). 

Step 3: Find the estimated signal correlation matrix(𝓡  𝒙𝒙 ) using (8.29). 

Step 4: Find the estimated signal correlation vector (𝒓 𝒅) using (8.30). 

Step 5: Calculate the inverse of the signal correlation matrix. 

Step 6: The instantaneous weights vector can be found using (8.32). 

Step 7: Repeat steps (2) to (6) until iteration 100. 
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Step 8: Finally, the AF can be found using (8.11). 

 
The variation of the magnitude of each weight against the iteration number is 

shown in Figure 8.8, whereas Figure 8.9 shows the resulting MSE, which con- 

verges to near zero after ten iterations. 

 

 

 
Figure 8.8: The SMI algorithm magnitude weights at case 1. 
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0.0959  +  0.0460𝑖  
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[ 
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Figure 8.9: The MSE of the SMI algorithm at case 1. 
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Figure 8.11: The normalised magnitude of the AF using SMI. 

 

Although Figure 8.10 shows how the array output converges quickly after ten 

iterations, it never acquires the desired signal. Finally, the resultant AF is 

shown in Figure 8.11, with a peak at the desired direction and null in the inter- 

fering direction. Although SMI method is faster than the LMS algorithm, it suf- 

fers from singularities. This is because the SMI algorithm inverts the correlation 

matrix, which results in errors and ill-conditions. The advantage and draw- 

backs of the LSM and SMI are presented in Table 8.1. 

Table 8.1. Comparison between the LMS and SMI Algorithms. 
 
 

Criterion LMS Algorithm SMI Algorithm 

Working principle Minimising the MSE Estimation of the array 

between the received weights by using the 

signal and a reference correlation matrix 

signal. 

case 1, D=20, I=40 
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Convergence Slow convergence. Faster than the LMS al- 
 

gorithm. 

Complexity and accu- 

racy 

Lower complexity than 

SMI: does not require 

direct matrix inversion 

or memory offers better 

stability. 

Several drawbacks as 

it depends on direct 

matrix inversion: may 

result in errors or sin- 

gularities. 

Desired signal 

knowledge 

It depends on a refer- 

ence signal which is 

like or highly correlated 

with the desired signal 

It depends on the cor- 

relation matrix to esti- 

mate the desired sig- 

nal. 

 

8.5 The Proposed Beamforming Algorithm 

 
 

This algorithm finds the maximum likelihood estimation of the power of the 

desired signal assuming all other signals as interference sources. Let’s as- 

sumes we want to produce a beam in the direction of a useful signal in order 

to enhance the reception channel while the rest directions will be considered 

as unwanted or interference sources. Then, the output of the desired signal, 

interference signal, and noise can be expressed as: 

𝑃𝑠 = 𝒘𝑯 𝓡𝒔𝒔 𝒘 (8.33) 

𝑃𝑖 = 𝒘𝑯 𝓡𝒊𝒊 𝒘 (8.34) 

𝑃𝑛 = 𝒘𝑯 𝓡𝒏𝒏 𝒘 (8.35) 
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where 𝑃𝑠, 𝑃𝑖 and 𝑃𝑛 represent the signal, interference, and random noise 

power, respectively. Consequently, the output SNR, Signal to Interference 

(SIR) and SINR can be expressed as [296]: 

𝑃𝑠 𝒘𝑯 𝓡𝒔𝒔 𝒘 (8.36) 
𝑆𝑁𝑅 = 

𝑃𝑛 

= 
𝒘𝑯 𝓡 𝒏𝒏 𝒘 

 

𝑃𝑠 𝒘𝑯 𝓡𝒔𝒔 𝒘 (8.37) 
𝑆𝐼𝑅 = 

𝑃𝑖 
= 
𝒘𝑯 𝓡 𝒊𝒊 𝒘 

 

𝑃𝑠 𝑃𝑠 𝒘𝑯 𝓡𝒔𝒔 𝒘 (8.38) 
𝑆𝐼𝑁𝑅 = 

𝑃𝑖 + 𝑃𝑛 
= 
𝑃𝑢 

= 
𝒘𝑯 𝓡 𝒖𝒖 𝒘 

 

where 𝓡𝒖𝒖  is the correlation matrix for unwanted signal and is expressed as: 

𝓡𝒖𝒖  = 𝓡𝒊𝒊 + 𝓡𝒏𝒏 (8.39) 

And the unwanted signal power (𝑃𝑢) can be written by: 

𝑃𝑢      =   𝒘𝑯 𝓡𝒖𝒖 𝒘 (8.40) 

As our assumption is to enhance the reception channel in a specific direction 

while all the rest directions are considered as unwanted, the noise correlation 

matrix of the downlink channel needs to be computed. Once this goal is 

achieved, one needs to divide 𝓡𝒏𝒏 into two submatrices based on the number 

of desired users as described below: 

𝓡𝒏𝒏𝟏   } 𝐷 𝓡𝒏𝒏  =  [ ]  (8.41) 
𝓡𝒏𝒏𝟐 } 𝑀 − 𝐷 

 

where D is the number of the desired signals. 
 

Then, the Projection Noise Correlation Matrix (PNCM) can be given as follows: 
 

𝓟𝑷𝑵𝑪𝑴  = 𝑰𝑴  −  𝓡𝒏𝒏𝟏
𝑯  ( 𝓡𝒏𝒏𝟏 𝓡𝒏𝒏𝟏

𝑯)
−𝟏
𝓡𝒏𝒏𝟏 (8.42) 

A joint probability density 𝑃(𝑥⁄𝑥𝑠) is used to estimate the parameter 𝒙𝒔 as de- 

scribed below. 
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𝑛 

𝒔 

𝑛 

𝐷 

𝐷 

𝑃(𝒙⁄𝒙  ) = 
1

 𝑒−{(𝒙− 𝒂𝑫𝒔)𝐻 𝓟𝑷𝑵𝑪𝑴  (𝒙− 𝒂𝑫𝒔 )} (8.43) 
𝒔 √2𝜋𝜎2 

 

As the desired parameter is located in the exponent, one needs to take log 

function for both sides so that the log-likelihood function can be given as de- 

scribed below: 

𝐿[𝒙] = − ln[𝑃(𝒙⁄𝒙  )] = 𝐶{(𝒙 − 𝒂𝐷𝒔)𝐻𝓟𝑷𝑵𝑪𝑴(𝒙  − 𝒂𝐷𝒔)} (8.44) 
 

where C = 
1

 

√2𝜋𝜎2 

is a constant 

 

To maximise the log-likelihood function, 𝐿[𝒙] needs to be derived partially with 
 

respect to 𝒔 and set it to zero as follows: 

 
𝜕𝐿[𝒙] 

= 0 ⟹ 
𝜕𝐿[𝒙] 

= −2 𝒂𝐻 𝓟
 

  

 
 
𝒙 + 2𝒔 𝒂𝐻 𝓟 𝒂 

𝜕𝑠 𝜕𝑠 𝐷 
 
 𝒂𝐻 𝓟𝑷𝑁𝐶𝑀 

𝑃𝑁𝐶𝑀 𝐷 𝑃𝑁𝐶𝑀 𝐷 

𝒔  = 
  𝐷 

𝒙 = 𝒙 𝒘 
𝒂𝐻𝓟𝑃𝑁𝐶𝑀 𝒂𝐷 

𝑃𝑁𝐶𝑀 
(8.45) 

 

Then, the obtained optimum weights are: 
 𝒂𝐻 𝓟𝑃𝑁𝐶𝑀 

𝒘𝑃𝑁𝐶𝑀 = 
  𝐷  

𝒂𝐻𝓟𝑷𝑁𝐶𝑀 𝒂𝐷 
(8.46) 

 

As can be seen from this equation, the new method can compute the optimum 

weights without the need to know or compute the signal and interference cor- 

relation matrix. It also avoids the calculation the inverse or applying the Eigen 

decomposition operations, which makes the new method is more efficient com- 

pared to the current beamforming methods. 
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𝑛 

8.6 Simulation Results and Discussions of the Proposed 

Beamforming Algorithm 

 
To justify the performance of the PNCM beamforming algorithm, a computer 

simulation including both MATLAB and CST MICROWAVE® STUDIO 

software are performed. Three scenarios are considered to demonstrate the 

effectiveness of the new beamforming method. Firstly, it is combined with ULA 

to produce multiple beams and generate nulls in the directions of the interfer- 

ence sources. Whereas in the second scenario, the new beamforming is ap- 

plied to a planar array to produce 3D multiple beams. Lastly, the proposed 

method is compared with several beamforming algorithms. In the first two sce- 

narios, a compact 22 GHz linear and planar antenna arrays that designed in 

[297] are adopted here to serve as a front end for possible 5G applications. 

 
 

8.6.1 2D Beamforming Using Uniform Phased Array 

 
A ULA consisting of 16 patch antenna elements with half equally spaced, d  = 

 
6.8 mm is adopted here to enhance the reception channel of two desired users 

located at 𝜃0  =  - 40° and 0°. Two interference sources located at angles 𝜃𝑖   = 

- 60° and 25° and the noise variance  𝜎2  =  0.1. The power of desired and in- 
 

ference signals at the receiving end is set to unity. The obtained optimum 

weights are computed using the PNCM algorithm and fed to the phased array 

in order to produce two beams towards the interested users and attenuate the 

radiation power in the directions of the interference emitters. Firstly, this exam- 

ple is implemented using MATLAB software and the obtained result shown in 

Figure 8.12 where the green and red lines indicate the location of the desired 
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and interference users, respectively. This scenario is repeated using CST MI- 

CROWAVE® STUDIO software where the mutual coupling is included, and 

the radiation pattern is illustrated in Figure 8.13 and Figure 8.14. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

 
Figure 8.12: The simulated AF of the linear array with M = 16. 

 

 

Figure 8.13: The directivity of the phased array towards the desired users. 
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Figure 8.14: The 3D radiation pattern of ULA after weights feeding. 

 

As illustrated, the linear phased array based on the PNCM beamforming algo- 

rithm produced two main beams towards the desired users and makes nulling 

and attenuation towards the interference sources. 

 

8.6.2 3D Beamforming based on Planar Array 

 
Although linear arrays are simple to implement, many applications need scan- 

ning in three dimensions, for which a linear array is not suitable: for example, 

tracking radars, mobile communications and remote sensing [197]. Planar ar- 

rays look promising for future cellular networks. They are more versatile as 

they can scan in any direction of θ and ∅. Furthermore, planar arrays have low 

sidelobe levels and higher directivity and provide a symmetrical pattern [298]. 

The proposed beamforming algorithm is combined with a planar array consist- 

ing of 64 elements in order to enhance the reception of three useful signal 
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sources. The directions of these sources are defined in terms of elevation and 

azimuth angles, as given in Table 8.2. 

Table 8.2. The directions of the three desired users. 
 

Users (1) (2) (3) 

AOAs θ = 21° and ϕ = 257° θ = 32° and ϕ = 143° θ = 21° and ϕ = 32° 

 

These angles are passed to the beamforming algorithm, and the received 

signals are processed digitally to calculate the optimum weights that can be 

used to generate beams and to maximise the radiated power in the directions 

of the wanted users. Thus, the obtained weights are applied to the antenna 

arrays in which those weights capable of steering beams in 3D with 18 dB 

realised gain towards each desired user. The proposed scheme is firstly tested 

in MATLAB, and the radiation pattern is shown in Figure 8.15. As shown, the 

tested beamforming scheme formed three visible beams in the directions of 

the interest users and at the same time suppressed the radiated power in the 

other directions. 

To confirm the advantage of the proposed scheme, these weights are fed to a 

planar array consists of [8 × 8] probe-fed patch antenna elements with an 

overall dimension of 55 × 55 × 0.8 mm3. A low-cost FR4 material with thick- 

ness, permittivity, and loss tangent of 0.8 mm, 4.3, and 0.025 has been used 

respectively as antenna substrate. The distance between antenna elements is 

chosen as λ/2 (6.8 mm) of the operation frequency (22 GHz). The CST MICRO- 

WAVE® STUDIO software is adopted here to perform and simulate this 

scenario in order to obtain results close to the practical situation. The 3D radi- 

ation pattern of this tested phase array after feeding these to the low-cost planar 

mm-wave phased antenna array is shown in Figure 8.16. 
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Figure 8.15: The 3D beamforming using MATLAB software with M1 = M2 = 8. 
 

 
Figure 8.16: The 3D radiation pattern low-cost planar mm-wave phased an- 

tenna array with M1 = M2 = 8. 
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As illustrated, this scheme (I.e., the planar array + digital beamforming algo- 

rithm) produced three different beams in the directions of the desired users 

compared to the work in [297], which produced and rotated only one beam. 

 

8.6.3 Comparison with Other Beamforming Algorithms 

 
In this subsection, the PNCM is compared with two well-known beamforming 

algorithms, namely: the Minimum Mean Square Error (MMSE) and Minimum 

Variance (MV) [207]. A ULA consisting of 50 antenna elements with half 

equally spaced is considered and used in this comparison. Six desired signal 

sources located in the far-field are assumed, the directions of the arrival sig- 

nals at the receiving end are 𝜃𝐷   =  [- 50°, - 41°, - 22°, 6°, 36°, 55°]. The signal 

variance is 𝜎2  =  1 while the noise variaince 𝜎2  = 0.1. To enhance the recep- 
𝑠 𝑛 

 

tion channel, one needs to maximase the gain in these directions. 100 snap- 

shots are taken to collect the signals data. The directions of these signals are 

assumed to be known or computed by an AOA method. 

The received data are passed to each beamforming technique in order to com- 

pute the weights. The calculated weights of each algorithm are fed to the linear 

array separately to form multiple beams in the directions of signals’ sources. 

The radiation pattern of the phased linear antenna array based on each beam- 

forming algorithm is computed and illustrated in Figure 8.17. As shown, both 

MV and MMSE failed to produce beam at direction θ = - 50°. Although the 

MMSE gives the lowest sidelobe levels, it provided poor gain towards some 

directions such as: θ = - 6° and - 41°. However, the proposed beamforming 

method formed six beams with maximum power radiation in the directions of 

the desired signals. 
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Figure 8.17: The beamforming comparison between the proposed algo- 

rithm and the MMSE and MV techniques. 

8.7 Conclusions 

 
First, the weight optimisation for smart antenna wireless communication sys- 

tems, to direct the main beam in the direction of the desired signal and place 

nulls in the direction of interfering signals using LMS and SMI adaptive beam- 

forming algorithms have been investigated. It was concluded that the LMS al- 

gorithm was less complex and did not need direct matrix inversion, but it is 

slow in convergence time. The SMI algorithm was faster than the LMS algo- 

rithm but had several drawbacks: its computational complexity and potential to 

create singularities can cause problems. Then, a new-efficient beamforming 

algorithm was proposed and combined with two antenna arrays configurations. 

The mathematical model of the proposed method to generate multiple simul- 

taneous beams has been derived for both antenna arrays models. The pro- 

duced weights by the beamforming method were fed to the planar array 

through CST software to justify the required beams. 
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Chapter Nine: Dual-Band Antenna Array 

Low Complexity DOA System for Track- 

ing and localisation Applications 

 
9.1 Introduction 

 
 

Position awareness is an active research topic, playing an essential role in 

various felids, for instance, localisation applications, search-and-rescue oper- 

ations, and tracking systems [299-302]. Additionally, the Federal Communica- 

tions Commission (FCC) requires wireless network operators to determine the 

location of mobile subscribers within a few meters for emergency 911 calls 

[303]. In a tracking system, it is very desirable that both the transmitter and 

receiver sensor arrays are small and discrete. In practice, the tracking systems 

might employ more than one localisation solution such as a combination of 

Radio Frequency (RF) [304] and the Global Positioning System (GPS) [305], 

the latter competing for available space with the sensor array. 

Although GPS is a useful technology that can give accurate position-aware- 

ness around the world, its efficiency drops in harsh environments, for example, 

in caves, in urban canyons, under tree canopies and inside and buildings [306]. 

This is because most GPS signals cannot penetrate such obstructions [307]. 

Thus, new-effective position approaches are required for utilizing in such en- 

vironments. A wideband localisation system is an alternative solution to pro- 

vide an accurate location in GPS-denied environments [50, 308]. 
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In general, position-aware networks made up two categories, namely: anchors 

and agents. The location of the former can be obtained from the GPS or oper- 

ator network, while the locations of the latter are mostly unidentified, and their 

locations need to be found. To find their locations and/or directions under 

multipath propagation conditions, every node requires a wideband transceiver, 

so positioning system could be accomplished using the radio signalling be- 

tween agents and their neighbouring anchors. Localising a target requires 

many signals to be sent from the tags, and the associated position of the 

tracked object can then be identified from these incoming signals using the 

variability of waveform matrices. 

As a result of potential physical obstacles in the Line-of-Sight (LOS) path, Non- 

LOS (NLOS) circumstance can result. This situation in addition to multipath 

and interference together with fading issues arising as a consequence. How- 

ever, location parameters can be obtained, based on the nature of wave prop- 

agation, utilising Received Signal Strength (RSS), Time of Arrival/Difference 

of Arrival (TOA/TDOA), and AOA approaches [38-40, 42]. Due to the proper- 

ties of the propagation medium, the TOA approach requires a knowledge of 

the nature and dielectric properties of various penetrable building materials to 

estimate the Euclidean distance properly [309]. It has been analytically proven 

in [51] that neither TOA/TDOA nor RSS ranging techniques can achieve a po- 

sitioning resolution with the required range needed for safety applications. 

More notably, TOA/TDOA methods suffer from inaccurate synchronisation, 

whereas RSS is very sensitive to shadowing and to multipath effects since 

signal strength is attenuated with distance and by urban structures [43, 44]. 
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AOA is an approach which estimates the arrival angles of the agents’ signals 

arriving at the base stations to determine their target locations [310, 311]. To 

estimate AOA, only two elements are needed in a 2D estimation, whereas 

three or more elements are required in 3D estimation. Due to the impinging 

signals being affected by random phenomena, e.g., shadowing, scattering, 

and fading, the localisation of a user’s position can be uncertain. However, the 

wideband AOA system can determine not only the direction of the direct path 

of emitter but also the angles of multiple paths, thus providing further infor- 

mation to use in determining the angles and the locations of targets. 

In the current state of the art, relatively few studies have investigated localisa- 

tion and tracking system accuracy under NLOS and multipath propagation 

conditions [312-314]. In [314], the information of the first arrival path was only 

exploited to estimate the arrival angle and neglected the other paths coeffi- 

cients. However, the direction of the first arrival path not always gives the cor- 

rect estimation of the wanted or hidden object. Other works use narrowband 

model, which basically utilise averaging of the received paths and are not 

appropriate to the wide Bandwidth (BW) AOA systems [241]. Notably, the 

wideband AOA system provides precise and reliable range measurements due 

to its robustness and fine delay precision in harsh environments [315]. 

The traditional approaches to sensor design for VHF/UHF systems result in 

large physical structures which are not suitable for tracking applications: they 

are also difficult to deploy. Recently, the design of electrically small antennas 

for these frequencies has found increasing interest from researchers [316, 

317]. The sensor array size is crucial in many applications: typically, it needs 

to be adjusted as small as possible. One possible approach is to decrease the 
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separation space between the elements of the sensor array. However, the mu- 

tual coupling effects will increase, and a decoupling approach is required [20]. 

It is suggested that, for tracking applications or in situations where random 

deployments are required, antennas with omnidirectional radiation patterns are 

more suitable [318]. Due to antenna size is relative to the wavelength, antenna 

will have high Q values and thus very narrow BW. Therefore, applications such 

as the one presented in this work require improved designs of electrically small 

sensors for low-frequency use. 

Thus, a low-complexity localisation system for tracking objects is presented. A 

geometrically small omnidirectional dual-band array of spiral sensors for low- 

frequency applications is proposed: an array of six spiral sensors is designed 

and fabricated to work on both frequency bands. The distance between ele- 

ments is made as small as possible, and decoupling is applied. The sensor 

array is combined with a new efficient AOA algorithm to find the angles of the 

arriving paths. The OFDM scheme is integrated with the AOA method and 

used to combat multipath phenomena, with the received signals split into many 

small narrowband sub-carriers to improve the estimation accuracy. The pro- 

posed system is planned to be deployed on the roof of cars for tracking and 

localisation purposes. The system was first implemented to track a non-sta- 

tionary object by utilising a single snapshot to estimate its direction. The PV 

technique performance is compared with several AOA techniques, and 

subsequently, two scenarios are implemented: outdoor to outdoor and outdoor 

to indoor localisation applications, each with multipath propagation. These sce- 

narios were established via the Wireless-InSite software [319], in which multi- 

path propagations and NLOS are considered and used to localise and track 
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an agents’ positions. The estimated direction was considered the strongest 

signal strength, least TOA and the average of all or some arrival sub-carriers. 

 

9.2 Proposed Sensor Array Geometry for AOA Modeling 

 
 

Although linear arrays are simple to implement, they are not suitable for sce- 

narios where the estimation of both azimuth and elevation angles is required, 

or to cover 360°. The natural choice for these situations is a UCA [320]. The 

size of the sensor array is crucial in many applications, where it needs to be 

as small as is necessary to provide a small practical volume. Typically, it is 

most desirable for tracking systems and localisation to combine a small 

compact omnidirectional sensor array with an efficient AOA technique. Thus, 

a 𝜆/3 dual-band miniaturised sensor array having multiple spiral arms was pro- 

posed, as shown in Figure 9.1. 

This array configuration is capable of working in dual-band mode. The sepa- 

ration distance between the three sensors (i.e. either 1, 3, 5 or 2, 4, 6) operated 

in the lower band (402 MHz) was set to be d1 = 𝜆lower/3, where, 𝜆lower = c/flower = 

74.63 cm, hence, d1 = 24.88 cm. It should be noted that all six sensor elements 

are used with the higher frequency band (837 MHz) in the signal processing 

stage, whereas only three elements (two different triangles) are used for the 

lower frequency band (402 MHz). The first triangle comprises sensors 1, 3 and 

5, with the second one sensors 2, 4 and 6. The radius of the ring array (𝑟) is 

𝑟 =
 0.5𝑑1  

cos 30° 
= 14.36 cm. For the higher band, all six sensors are used, and 

 

hence, 𝑑2 = 2𝑟 sin 30°, is also 14.36 cm. 
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Figure 9.1: AOA modelling with the proposed antenna array geometry. 

 
The array in Figure 9.1 receives L signals from different directions and thus 

the measured data, 𝒙𝑪(𝑡), that including incident signal, 𝒔(𝑡), and the additive 

noise, 𝒏(𝑡), is expressed in the formula below; 

 

𝒙𝑪(𝑡) = 𝑪𝑹𝑨(𝜃,  𝜙) 𝒔(𝑡) + 𝒏(𝑡) 𝑡 = 1, 2, … … 𝐿 (9.1) 

 
where 𝑪𝑅 is the coupling matrix between sensor elements when the array is in 

use for a real measurement environment. This matrix has dimensions of 

(M×M), where M is the number of sensors. The steering vector matrix is: 

𝑨(𝜃, 𝜙) = [ 𝒂(𝜃1, 𝜙1) … … 𝒂(𝜃𝐾, 𝜙𝐾) ]. 

 
Now, the steering vector for proposed array geometry that including the eleva- 

tion angle (𝜃𝑘) and azimuth angle (𝜙𝑘) is needed to compute; to achieve this, 

we define unit vectors that included 𝜃𝑘 and 𝜙𝑘 angles as follows: 

𝒖𝒌  = 𝑐𝑜𝑠 𝜙𝑘 𝑠𝑖𝑛 𝜃𝑘 𝑎 𝑥  + 𝑠𝑖𝑛 𝜙𝑘 𝑠𝑖𝑛 𝜃𝑘 𝑎 𝑦  + 𝑐𝑜𝑠 𝜃𝑘 𝑎 𝑧 (9.2) 
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where 𝑎 𝑥 , 𝑎 𝑦    and 𝑎 𝑧  are unit vectors. 

 

The vector, 𝒗𝒊, that represents the distance from the central point to the rest of 

the sensors can be defined as follows: 

𝒗𝒊  = 𝑟𝑖𝑐𝑜𝑠 𝜑𝑖  𝑎 𝑥  + 𝑟𝑖 𝑠𝑖𝑛 𝜑𝑖  𝑎 𝑦 , 𝑖 =  1, 2, … , 𝑀. (9.3) 
 

where 𝜑𝑖 = 
2𝜋 

(𝑖 − 1) is the angular separation. 
𝑀 

 

By utilizing the dot product between 𝒗𝒊 and 𝒖𝒌 vectors, the angle, 𝛼𝑖𝑘 can be 

determined as follows: 

𝛼𝑖𝑘  =  𝑐𝑜𝑠−1(𝑠𝑖𝑛 𝜃𝑘  𝑐𝑜𝑠 ( 𝜙𝑘 − 𝜑𝑖)) (9.4) 

To calculate the phase difference, the plane wave time delay needs to be com- 

puted: this can be done by using the difference in distance (𝜏𝑖𝑘) as presented 

below: 

𝜏𝑖𝑘  = 𝑟 𝑐𝑜𝑠 𝛼𝑖𝑘  =   𝑟𝑠𝑖𝑛 𝜃𝑘  𝑐𝑜𝑠 ( 𝜙𝑘 − 𝜑𝑖) (9.5) 

The phase difference (𝜓𝑖𝑘) can be found as follows: 

𝜓𝑖𝑘 = 𝛽. 𝜏𝑖𝑘 = 
2𝜋 

𝜆 
𝑟𝑠𝑖𝑛 𝜃𝑘 𝑐𝑜𝑠 ( 𝜙𝑘 − 𝜑𝑖) 

(9.6) 

 

Then, the steering vector of the proposed array is given by: 
 

𝒂(𝜃𝑘,  𝜙𝑘) = [𝑒−𝑗𝜓1𝑘 𝑒−𝑗𝜓2𝑘 … … 𝑒−𝑗𝜓𝑀𝑘 ] (9.7) 

Now, the uncoupled voltage vector 𝒙(t) can be achieved as follows: 

𝑥1(𝑡) 𝑥𝐶1(𝑡) 
𝒙(𝑡) = [ 

𝑥2(𝑡) 
] = 𝑪−𝟏 𝒙𝑪(𝑡)𝑻 = 𝑪−𝟏 [ 

𝑥𝐶2(𝑡) 
] (9.8) 

⋮ 𝑴 

𝑥𝑀(𝑡) 

where 𝑪𝑴 is defined as follows: 

𝑴 ⋮ 

𝑥𝐶𝑀(𝑡) 
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𝑍   𝑍   

−   𝑡  𝑡  

𝐿 

12 
  1 −   𝑡  

1𝑀 
⋯ −   𝑡   

𝑍𝐿 𝑍𝐿 

𝑍21 𝑍2𝑀  

  −
   𝑡 1 ⋯ −   𝑡  

𝑪𝑴 = 𝑍𝐿 

⋮ ⋮ 
𝑍𝐿 

  𝑍 
𝑀1 

[ 𝑍𝐿 

𝑍 
𝑀2 ⋱ ⋮ 

−  
𝑍 

⋯ 1 
]
 

 

Note, the full steps of calculating 𝑪𝑴 has been given in section 4.3. 

 

 
9.3 Sensor Design and Implementation 

 
 

As the front-end of the wireless communication link, the antenna/sensor per- 

formance strongly affects the system quality, e.g., link budget and direction- 

finding accuracy. The sensor should be designed as an integral component of 

the total system and its possible working environment. Multi-element low pro- 

file antennas were first proposed in [321]: the height reduction in the traditional 

monopole antenna was achieved by using four structures similar to the In- 

verted F Antenna (IFA) employing folded horizontal elements and resulting in 

suited elements, thus leaving four vertically radiating walls. The design pro- 

duced a monopole-like radiation pattern. In the present work, the idea pre- 

sented in [321] is further extended using a logarithmic spiral design to maintain 

the low profile and vertical polarisation but with enhanced antenna bandwidth 

and dual-band ability. 

The Chu limit states that the fractional bandwidth depends on the size of the 

sensor and, for applications requiring VHF/UHF bands, this presents a sub- 

stantial challenge in terms of sensor design, in that it requires sufficient imped- 

ance bandwidth without increasing the overall sensor size. The proposed sen- 

sor was designed using a circular double-sided printed circuit board with a 
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logarithmic layout, as shown in Figure 9.2-a to obtain the best possible band- 

width under small size condition. 

 

The logarithmic spiral is preferred as this geometry usually provides better 

bandwidth than thin strip square spiral. The sensor structure uses an FR-4 

substrate with a thickness of 1.16 mm, a dielectric constant 휀𝑟 of 4.3 and loss 

tangent of 0.02. The log-spiral multi-arm consisting of four spirals and they 

have been printed on the top of the substrate with a radius of 6 mm, Each 

spiral has 1.12 turns, and the progression factor is 0.26 with a 5 increment 

angle. These spirals serve as the horizontal elements, analogous to those of 

the folded monopole. The other parameters of the design of the top layout are 

shown in Figure 9.2-b, and their values are given in Table 9.1. 

 

Due to the small size of the antenna, a matching circuit was added on the 

bottom layer to obtain a sufficient bandwidth. The matching stubs and feeding 

point are illustrated in Figure 9.2-c. There are four shorting vias and four short- 

ing pins, as depicted in Figure 9.2-d. The shorting vias are used to connect the 

logarithmic spirals to the matching circuit through a cylinder with length 1.6 mm 

and radius 1 mm. Whereas, the shorting pins are used to connect the matching 

circuit to the ground plane through a cylinder with height 16.4 mm (i.e., the 

height from the ground plane to the top layer). The structure of the matching 

stubs is depicted in Figure 9.2-e. These parameters have been computed and 

optimised to perform appropriately at the required resonant frequencies, as 

given in Table 9.2. Based on these optimised design parameters, the multi- 

arm logarithmic spiral antenna was fabricated: it is illustrated in Figure 9.3. 



282  

 
 
 

 

(a) : The logarithmic spiral top 

layout. 

(b) : Zoomed-in of the stub with 

dimension design details. 

  
 

 

(c) : The bottom layout. (d): The 3D view of the spiral 

antenna. 

 
 

(e): One matching stub with dimensional design details. 
 

Figure 9.2: The model design of the proposed logarithmic spiral antenna. 
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Table 9.1. Showing the designed parameters of the stub circuit. 
 

Parameter Lt1 Lt2 Lt3 Lt4 Lt5 Wt1 Wt2 𝛾 

Value (mm) 2.4 4.54 3.2 3.12 1.64 1 1.5 45° 

 
 

Table 9.2. Showing the designed parameters of the matching circuit. 
 
 

Parameter Ls Ws L1 L2 L3 L4 L5 W1 = W2 

Value (mm) 31 1 3.5 7.5 4 6 18.6 0.5 

 

 

 

(a) : The top layer (b): The bottom layer (c): The 3D printed antenna 

Figure 9.3: The fabricated log-spiral antenna. 

The sensor array geometry proposed in Figure 9.1 has been installed and 

tested in an anechoic chamber, as shown in Figure 9.4. The simulated and 

measured return loss (i.e., S11) for one of these sensors over the two bands, 

with the other sensors matched at 50 Ω, is shown in Figure 9.5. For the lower 

band, the spectrum bandwidth at -10 dB reflection coefficient is 5 MHz, which 

is equivalent to 1.24% fractional BW over the desired lower frequency band. 

With the higher band, the obtained bandwidth is 12 MHz, equivalent to 1.43% 

fractional BW. 
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(a) : The measurement setup. (b): Zoomed in of the prototype re- 

ceiver antenna array. 

Figure 9.4: Testing the proposed antenna array geometry. 

 

 

Figure 9.5: Input reflection coefficient; simulated: solid line, measured: 

dashed line. 

The measured received signals for two co-polarization transmitted signals cov- 

ering the selected frequencies are shown in Figure 9.6. It should be noted that 

the transmitted power was kept at -25 dBm for both measurements’ setup. 

Looking carefully to the received power distribution, one can confirm that the 
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antenna is vertically polarised at H-plane (i.e., xy cutting) where the transmitter 

antenna is on its H principle plane, as shown in Figure 9.1; whereas E plane 

is the xz or yz cutting plane when the transmitter is in its E principle. The 

asymmetry of the E plane is probably due to the imperfect alignment during 

the measurement for which the appearance of a weak null due to the ground 

plane size is not big enough. Clearly, the antenna exhibits omnidirectional ra- 

diation in both frequency bands. Due to the small size of the antenna element, 

the design concept of the proposed antenna array suites the development to 

integrate the RF- frontend for the tracking system applications. 

 

 

(a): 402 MHz (b): 837 MHz 

 
Figure 9.6: Measured received signal (dBm). 

 
 

9.4 OFDM Scheme Modelling 

 
 

The OFDM scheme can provide many more suitable solutions than a single 

carrier modulation scheme. Thus, it is used here to enhance the flat fading of 

narrow multi-carrier modulation over a broadband spectrum and to overcome 
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the problems associated with multipath effects within the propagation channel. 

The higher time resolution and the higher number of array elements make it 

easier to estimate the true angle of arrivals. To describe the methodology of 

the multi-carrier system, consider the impulse response channel defined as 

follows: 

𝑛 

𝒉(𝜏) = ∑ 𝓾𝑘 𝑒𝑗𝑘 𝛿(𝑡 − 𝜏𝑘) 
𝑘=1 

 
(9.9) 

 

where 𝓾𝑘 is the amplitude path, k represents the phase of the incident path, 

𝜏𝑘 is the time delay of receiving each path, whereas n is the total number of 

received paths. The following input signal is then applied to this: 

 

𝑓(𝑡, 𝜔) =  𝑒𝑗𝑡 (9.10) 

 
And the output can be simplified to the following: 

 

 
𝑛 

𝒔(𝑡, ) = 𝑒𝑗𝑡 ∑ 𝓾𝑘 𝑒𝑗
𝑘 𝑒𝑗𝜏𝑘 = 𝑒𝑗𝑡𝑼() (9.11) 

𝑘=1 

 

Extending U () over a baseband bandwidth, B, (as depicted in Figure 9.7) 

for Nf sub-carriers frequencies, then, the ith frequency sample can be ex- 

pressed by: 

 

Figure 9.7: Assumed bandwidth range. 
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𝐵 

𝒇𝒊  =  − 
2

 + (𝑖 − 1 ) 𝐵 

𝑁𝑓−1 
For 𝑖 = 1, 2……. Nf (9.12) 

 

Here 
 
 

(𝑁𝑓   − 1)∆𝑓 =  𝐵 (9.13) 

 
The time of sampling is stated as follows: 

 
 

1 𝐵 1 
= ⟹ ∆𝑡 = (9.14) 

2∆𝑡 2 𝐵 
 

Therefore, the least frequency of sampling should be: 
 
 

 

𝑓𝑠 

𝐵 
≥ 2 × 

2 
(9.15) 

 

The ith uniform frequency sample of U () can be given by: 
 
 

𝑛 

𝑼(2𝜋𝑓𝑖) = ∑ 𝓾𝑘 𝑒𝑗𝑘 𝑒−𝑗𝜏𝑘 𝑒−𝑗2𝜋𝑓𝑖𝜏𝑘 (9.16) 

𝑘=1 

 

It should be noted that the above frequency-domain equation will represent the 

received signal at the output port of the mth sensor, and this is simply equiva- 

lent to: 

𝒙𝒎(𝑓) =  𝑆𝑚(𝜔). 𝐻𝑚(𝜔) = {𝑈(2𝜋𝑓𝑖)} (9.17) 

 
Now if the thermal noise is added to the received signal and by applying the 

Inverse Fast Fourier Transform (IFFT), the signal in the time domain, 𝒙𝒎(𝒕), 

can be expressed as follows: 

 

𝒙𝒎(𝑡) =  𝐼𝐹𝐹𝑇(𝑆(𝜔). 𝐻(𝜔)) + 𝑛(𝑡) (9.18) 

 
This signal will be used in section 9.5 to extract the AOAs. The average delay 

spread for each received element was computed over several scenarios of 
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multiple carriers and found between 0.5 𝜇s to 1.5 𝜇s. Thus, the coherence 

bandwidth utilised for such values is between 0.66 MHz and 2 MHz. The 

OFDM signal was implemented over a wide bandwidth of 5 MHz; therefore, it 

can be assumed that a frequency selective channel has been created, based 

on the values of the coherence bandwidth. Further, based on the range of 

OFDM signal bandwidth, AOA estimation can be applied using several criteria. 

For example, greatest carrier strength (i.e. the highest power level of the sub- 

carrier in the OFDM), least TOA (i.e. the time of arrival of the first sub-carrier) 

and the averaging of all, or a small number of received paths to estimate the 

AOA (for example the average over the first ten sub-carriers). 

 

9.5 The Projection Vector (PV) Algorithm 

 
 

There are many challenges encountered by direction-finding systems caused 

by propagation environments such as multipath propagation, lack of data (low 

rate of snapshots) and the time-varying nature of the propagation environment. 

Moreover, the arriving signals typically suffer from fading channels which 

cause a low signal to noise ratio. The robustness AOA method is an essential 

factor in any localisation system: this means the ability of the system to work 

efficiently when one or many parameters are failing within the network. A ro- 

bust method will efficiently localise the signal source even with low SNR and 

few snapshots available about the arriving signals 

Typically, most of the current AOA methods need to form the CM first and then 

apply specific processes to determine the angles of arriving signals. For ex- 

ample, the MUSIC method [74] apply an EVD approach to the CM in order to 

calculate its noise and signal eigenvectors, respectively. Then, they process 
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these outcomes in the other stages to find the AOAs. With the Capon method 

[203], the calculation of the inverse of the CM is required to accomplish the 

AOA estimation task. The propagator technique [111] depends on a partition 

of the CM into two sub-matrices to obtain the propagation operator and so on 

for the other algorithms [111]. These operations give a high computational 

complexity localisation system. 

Several applications need a low complexity and high-accuracy AOA estimation 

algorithm under these conditions. To satisfy this need, it can be shown that the 

directions of the incoming signals can be directly obtained from the measured 

signals without the requirement to compute 𝓡𝒙𝒙 . Thus, a low computational 

complexity AOA algorithm based on a single snapshot is proposed to 

overcome the challenges mentioned above. This method calculates the Cross- 

Correlation Vector (CCV) between the measured signal in the first antenna 

element and the rest elements. To model this algorithm, suppose the sensor 

array receives a single snapshot of data obtained from M sensors; the meas- 

ured data is processed by the OFDM modulation scheme, 𝒙𝒎(t), that can be 

described below; 

𝒙𝒎(t) =  [𝑥1(𝑡1) 𝑥2(𝑡1)  ⋯ ⋯ 𝑥𝑀(𝑡1)] (9.19) 

Divide 𝒙𝒎(t) into two sub-vectors as follows: 

ℎ1  =  [𝑥1(𝑡1)] (9.20) 

𝒉𝟐  = [𝑥2(𝑡1) 𝑥3(𝑡1)  ⋯  ⋯ 𝑥𝑀(𝑡1) ] (9.21) 

ℎ1 represents the measured data at the first sensor element whilst 𝒉𝟐 contains 

the data obtained from the rest of the elements. Now, compute the propagator 

vector as follows:  
𝒑 = ℎ1  𝒉𝟐/ℎ1 ℎ1

𝐻 (9.22) 
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𝒑 denotes to the CCV of the time-series from the first antenna element with 

rest of the antenna elements. This has the impact of normalise to the first an- 

tenna phase and eliminating the dependence on the time series of the signal. 

Consequently, 𝒑 assimilates all the data about how the phasors of the incom- 

ing signals from different angles sum at every antenna element. It also reduces 

the dependency with the steering vectors and hence extracts the incoming an- 

gles efficiently. This, in turn, enhances immunity to noise and therefore, the 

AOAs can be found efficiently with a single/few numbers of data measure- 

ments and/or poor SNRs). The auto-correlation of the first element with itself, 

𝒽 = 𝑥1(𝑡)𝑥1(𝑡) was added since the size of 𝒑 is 1 × (M−1); this yields: 

𝒗 = [𝒽 𝒑]𝑇 (9.23) 

 
Then, the pseudo spectrum can be constructed using the formula below; 

 

𝑷(𝜃𝑘,  𝜙𝑘) =  |𝒂(𝜃𝑘, 𝜙𝑘) 𝒗|2 (9.24) 

To eliminate the sidelobes and extract the real peaks efficiently, firstly the spa- 

tial spectrum of the above formula is normalized as described below; 

𝑃𝑁𝑜𝑟𝑚  (𝜃𝑘,  𝜙𝑘)  =  𝑃(𝜃𝑘, 𝜙𝑘)/𝑚𝑎𝑥(𝑃(𝜃𝑘, 𝜙𝑘)) (9.25) 

Next, subtract 𝑷𝑵𝒐𝒓𝒎 (𝜃𝑘, 𝜙𝑘) from unity as follows: 

𝑃𝑆(𝜃𝑘,  𝜙𝑘) =  1 − 𝑃𝑁𝑜𝑟𝑚(𝜃𝑘, 𝜙𝑘) (9.26) 

The final equation that is used to determine the arrival angles becomes: 

𝑃𝑃𝑉 (𝜃𝑘 ,  𝜙𝑘) = 
𝑃 (��

 
1 
, 𝜙 

 
) + 휀 

(9.27) 

𝑆 𝑘 𝑘 
 

Here, 휀 is a small scalar value (휀 = 0.01) inserted to overcome the potential 

singularities that may occur due to the subtraction and inversion processes in 

the pseudo spectral construction stage. Additionally, the PV method has a low 

computational burden as demonstrated in section 9.5.2. 
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9.5.1 Cramer-Rao Lower Boundary (CRLB) of the PV 

Method 

 
Typically, CRLB is an efficient tool that can be used to measure the perfor- 

mance of any unbiased DOA estimator: it computes the physical impossibility 

of the variance being less than the bound [322]. In other words, the CRLB 

represents the statistical lower bound of the mean-square error between an 

estimator and its actual value [323, 324]. Thus, the CRLB of the PV method is 

derived and used as an optimality criterion for the parameter estimation prob- 

lem. It is calculated from the probability likelihood function of the received sig- 

nal, where the received signal is modeled as a complex Gaussian random var- 

iable with a deterministic mean to include both weak and strong scattering 

[325, 326]. From (9.23), the projection vector can be presented here as follows: 

𝒗(𝑡) = [𝒽 𝒑] = [𝑥1(𝑡)𝑥1(𝑡) 𝑥1(𝑡){𝑥2(𝑡) ⋯ 𝑥𝑀(𝑡)}] 

 
𝒗(𝑡) = 𝑥1(𝑡)[𝑥1(𝑡) ⋯ ⋯ 𝑥𝑀(𝑡)] = 𝑥1(𝑡) 𝒙(𝑡) 

 
For simplicity, 𝑨(𝜃, 𝜙) and 𝒂(𝜃, 𝜃) will be written as 𝑨 and 𝒂, respectively. By 

assuming the received signal, 𝒙(𝑡), contains both AWGN and color noises, 

𝒗(𝑡) becomes as follows: 

𝒗(𝑡) = 𝑥1(𝑡){𝑨 𝒔(𝑡) + 𝒆(𝑡)} ⟹ 𝒆(𝑡) = 𝓰(𝑡) − 𝑨 𝒔(𝑡) (9.28) 

where 𝓰(𝑡) = 
𝑣(𝑡) 

, 𝑒(𝑡) = 𝑛(𝑡) + 𝑚(𝑡), 𝑚(𝑡) is the non-Gaussian or color 
𝑥1(𝑡) 

 
noise. The Probability Density Function (PDF) of the Gaussian and non- 

Gaussian noise can be given as follows: 

𝑓(𝒏𝒊(𝑡)) = 𝑓(�̅�𝒊(𝑡))𝑓(�̃�𝒊(𝑡)) (9.29) 

𝑓(𝒎𝒊(𝑡)) = 𝑓(�̅� 𝒊(𝑡))𝑓(�̃� 𝒊(𝑡)) (9.30) 
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𝑖 𝑗  
2 

Parametric techniques are used to evaluate the Gaussian noise distributions. 

One can use a kernel or Laplace method to estimate the PDF of non-Gaussian 

noise [327, 328]. The CRLB matrix is defined as the inverse of the Fisher In- 

formation Matrix (FIM) [329]: 

CRLB = 𝑱−𝟏 (9.31) 
 

The FIM is given as follows [330]: 

 
𝜕 𝑙𝑛 𝑓(𝒗|𝝍) 

 
 

 
 
𝜕 𝑙𝑛 𝑓(𝒗|𝝍) 𝑻 

 
 

 
 

(9.32) 
𝑱 = 𝑬 [ 

𝜕𝝍 
(
 𝜕𝝍 

) ] 

Here, 𝝍 is a vector of the unknown parameters and defined as follows [331]: 
 

𝝍  =  [𝜎2 �̅�(1)𝑇�̃�(1)𝑇  ⋯ ⋯ �̅�(𝐿)𝑇�̃�(𝐿)𝑇 𝜃𝑇]𝑇 (9.33) 

For an unbiased AOA estimator, the following condition needs to be satisfied: 

    𝑇 (9.34) 
𝑬 [(𝛙 − 𝛙)(𝛙 − 𝛙) ] ≥ CRLB 

 

where 𝝍  is an estimate of 𝝍. It can be seen from (9.34) that the CRLB gives 

the best achievable estimation resolution for an unbiased AOA estimator. The 

PDF of the real part of the Gaussian noise can be written as follows: 

1 
𝑓�̅�𝑖(�̅�𝑖(𝑡)) =   �� 

√2𝜋𝜎⁄2
 

−( 
�̅�𝑖(𝑡)2

)
 

𝜎2 
 

(9.35) 

 

While the PDF of the real part of the non-Gaussian noise can be defined as 

follows: 

1 𝑓    (�̅�  (𝑡)) =    
𝑇 

∑ 𝑒 
(  �̅�  (𝑡)−�̅�   )

2
 

−( ) 
2𝜚̅ 

 
(9.36) 

�̅�𝑖 𝑖 
 

√2𝜋 𝑇𝜚̅2 
 
𝑗=1 

 

Then, the PDF of the real part of the mixed noise �̅�𝑖(𝑡)  and �̅�𝑖(𝑡)  is given 

below, 
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𝑖 𝑗  

𝑖 𝑖 𝑖 

𝑇 

(  �̅�  (𝑡)−�̅�   )
2

 
−( ) 𝜎2 2 

𝑓𝑒̅𝑖 (𝑒�̅� (𝑡)) = 
𝑗=1 𝑒 
√ 

2( 
 

𝜎2 

⁄2+𝜚̅   ) 

 
2 

(9.37) 

𝑇 2𝜋 ( ⁄2 + 𝜚 ) 
 

The PDF of the total mixed noise, including the real and imaginary parts is 

given as follows: 

𝑇 𝑇 

𝑓𝑒 (𝑒𝑖(𝑡)) = 𝑓�̅� (𝑒�̅� (𝑡))𝑓�̃� (𝑒̃𝑖(𝑡)) = ℳ ∑ 𝑒−�̅� ∑ 𝑒−�̃� (9.38) 

𝑗=1 𝑗=1 
 

where ℳ = 
1

 , 𝑇 denotes the number of survey set, �̅� = 
2 𝜎2 2     𝜎2 2 

2𝜋𝑇   √(     ⁄2+𝜚̅   )(     ⁄2+𝜚̃   ) 

(𝑒̅ (𝑡)− �̅� )
2

 2 (�̃� (𝑡)− �̃� ) 
     𝑖 𝑗       and  �̃�             =   𝑖 𝑗 . 𝜎2 2 𝜎2 2 

2(     ⁄2+𝜚̅   ) 2(     ⁄2+𝜚̃   ) 

The PDF of the 𝑓(𝑒𝑖(𝑡)) can be obtained by substituting (9.28) in (9.38), yield- 

ing: 

(�̅�  (𝑡)− ∑𝐾 (𝐴 �̅�   (𝑡)−�̃� 2 𝑠   (𝑡))−�̅�   ) 
𝑇 −(     𝑖 𝑘=1    𝑖𝑘  𝑘 𝑖𝑘   𝑘 𝑗 ) 

𝜎2 2 

𝑓(𝑣𝑖(𝑡)) = ℳ ∑ 𝑒 2(     ⁄2+𝜚̅   ) 

𝑗=1 (9.39) 

(�̃�  (𝑡)− ∑𝐾 (𝐴 �̅�   (𝑡)+�̃� 2 𝑠   (𝑡))−�̅�   ) 
𝑇 −(     𝑖 𝑘=1    𝑖𝑘  𝑘 𝑖𝑘   𝑘 𝑗 ) 

𝜎2 2 

× ∑ 𝑒 

𝑗=1 

2(     ⁄2+𝜚̃   ) 

The joint PDF 𝑓(𝒗|𝝍) can be given as follows: 

𝐿 𝑀 

𝑓(𝒗|𝝍) = ∏ ∏ 𝑓(𝑣𝑖(𝑡)) (9.40) 
𝑡=1  𝑖=1 

By taking the partial derivative of (9.40), this yield: 

𝐿 𝑀 
𝜕 ln 𝑓(𝒗|𝝍) 1 

= ∑ ∑ 𝜕 ln 𝑓(𝑣𝑖(𝑡)) 
 (9.41) 

𝜕𝝍  
𝑡=1 𝑖=1 

𝑓(𝑣𝑖(𝑡)) 𝜕𝝍 

 

Now, we substitute (9.41) into, (9.32) giving: 

∑ 
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∆ 

𝑡 

⋯ 

1 𝐿 

𝐿 𝑀 𝐿 𝑀 
1 1 

∑ ∑ ∑ ∑ 
𝑡 =1 𝑖 =1 𝑡 =1 𝑖 =1 

𝑓(𝑣𝑖1(𝑡1)) 𝑓(𝑣𝑖2(𝑡2)) (9.42) 
𝑱𝒎𝒏 = 𝑬 1 1 2 2 

𝜕𝑓(𝑣𝑖1(𝑡1)) 𝜕𝑓(𝑣𝑖2(𝑡2)) 
 

{ 𝜕𝝍𝑚 𝜕𝝍𝑛 } 
 

It should be noted that all the terms for 𝑡1 ≠ 𝑡2 and 𝑖1 ≠ 𝑖2 are equal to zero 

[325] and, thus (9.42) becomes: 
 

𝐿 𝑀 
1 𝑱 = 𝑬 {∑ ∑ 𝜕𝑓(𝑣𝑖(𝑡)) 𝜕𝑓(𝑣𝑖(𝑡))

} (9.43)
 

𝒎𝒏  
𝑡=1 𝑖=1 

2 

𝑓(𝑣𝑖(𝑡)) 𝜕𝝍𝑚 𝜕𝝍𝑛 

 

By substituting (9.43) Into (9.32), we obtain: 

 

 
𝜉 0 ⋯ 
0 𝐺 ⋯ 

0 0 
0 ∆1

  

𝑱 =   ⋮ 
 0 
[0 

⋮ ⋱ ⋮ 
0 ⋯ 𝐺 
𝑇 𝑇 
1 𝐿 

⋮ 
∆𝐿  

𝚼 ] 

(9.44) 

 

Here, 𝜉  = 
𝜎2

 

𝑀𝐿 
[325], whereas the other parameters of the J matrix are derived 

 

and defined as given in Appendix A. Now, the CRLB can be found by substi- 
 

tuting (9.44) into (9.31), yielding: 

 
 

𝐶𝑅𝐿𝐵(𝜃) = {𝚼 − [∆𝑇 … ∆𝑇] [ 

 

 
𝑮−1 ⋯ 0 
⋮ ⋱ ⋮ 
0 ⋯ 𝑮−1 

 

∆1 
−𝟏 

] [ ⋮ ]} 
∆𝐿 

 

The above equation can be simplified as follows: 
 

𝑳 

𝐶𝑅𝐿𝐵 (𝜃) = (𝚼 − ∑ ∆𝑇𝑮−1∆𝑡) 

−𝟏  
(9.45) 

𝒕=𝟏 

 

Then, the lowest estimation error of the PV method under the CRLB criterion 

can be obtained as follows: 

1 
𝑃𝑉𝐶𝑅𝐿𝐵   = 

𝐾  
𝑡𝑟𝑎𝑐𝑒{𝐶𝑅𝐿𝐵 (𝜃)} (9.46) 

∆ 
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9.5.2 Complexity Analysis 

 
Based on the arguments and the criteria presented in section 5.3, the compu- 

tational complexity of this method is compared with several standard AOA al- 

gorithms, as shown in Table 9.3. As can be seen from Table 9.3, the PV algo- 

rithm can find the arrival angles with lower complexity, making processing 

more efficient than with the other methods. 

 
 

Table 9.3.The complexity comparison between several AOA algorithms. 
 
 

Algorithm The needed computational operations 

Capon [67] O (M2N+ M3 + M2JθJ∅) 

Min-Norm [73] O (M2N + M3 + MJθJ∅) 

MUSIC [74] O (M2N + M3 + M2JθJ∅) 

Propagator [111] O (M2N + M2 L + M2 JθJ∅) 

AV [134] O (M2N + M2 L JθJ∅) 

CG [239] O (M2N + M2 LJθJ∅) 

OGSBI [151] O (M2N + max (M (JθJ∅)2, MLJθJ∅)) per iteration 

Root SBL [160] O (M2N + M JθJ∅ ) per iteration 

PV O (MN+ M JθJ∅) 

 

9.6 Numerical Simulations and Discussion 

 
 

Localisation and tracking of unknown objects based on a single 

snapshot/measurement is a very important aspect since large numbers of 

measurements are not continuously obtainable in wireless communication 
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systems, especially when the tracked objectives are changing rapidly. To verify 

and demonstrate the theoretical claims of the suggested system, three main 

scenarios are simulated. The first scenario was tracking of a non-stationary 

object for public security applications. The second was an outdoor to outdoor 

tracking scenario, whereas outdoor to indoor localisation was conducted in the 

last scenario, as would be relevant for search-and-rescue operations. 

 

9.6.1 Tracking a Non-stationary Object 

 
In this test, the performance of the proposed system was evaluated when es- 

timating the direction of a moveable object for tracking applications. As the 

tracked object moves from one place to the other, its corresponding direction 

changes as well. Therefore, it is required to estimate the direction of this object 

adaptively. The tracked object was assumed to travel in a zigzag route; the 

total travel distance was 6 km. The proposed 6-element spiral antenna array 

was considered as used to find the direction of this object using only a single 

snapshot with an SNR of 3 dB. At each 200 m, a measurement was taken to 

determine the direction of the movement towards the tracked object. 

The performance of the PV method within the proposed scheme was com- 

pared with several well-known AOA methods, as shown in Figure 9.8. It can 

be clearly seen that the Capon and ESPRIT algorithms mainly failed to track 

the moveable object, whereas the MUSIC and Root SBL methods give better 

performance estimation than the previous algorithms. Although the OGSBI al- 

gorithm provided good tracking estimation, it failed during some points of the 

tracking process, namely at 4.4 km and 5 km points with an error up to 50°. It 

is clear that the PV method gives the best tracking accuracy among the 
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methods considered, and it made the receiver travel in the correct path during 

the whole tracking route. Additionally, it has low computational complexity, as 

presented in Table 9.3. 

 

       

       

       

       

       

       

      

      
 

       
 

 
Figure 9.8: The tracking performance comparison of several AOA methods. 

 
To provide an intensive and more robust comparison, the same scenario was 

repeated with a total travelled distance of 40 km. The same AOA methods, in 

addition to the Minimum Norm method, were used to track the wanted object. 

At each movement step, the direction of the moveable transmitter was 

estimated, and then the absolute estimation error calculated: the results are 

illustrated in Figure 9.9. The obtained results confirmed that the PV method 

provides the best tracking estimation accuracy among the other AOA methods 

under a single snapshot condition. The CRLB of the PV method is computed 

and included in this figure to show the lowest estimation error that can be 
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achieved using the PV method under this scenario conditions. It can be 

observed from this figure that the PV estimation error does not exceed 10° 

through the whole tracking scenario. This, in turn, will keep the receiver on the 

proper path and hence it will reach the destination in less time. For this reason, 

the PV method is used in the next two tracking scenarios. 

 

      

      

      

      

      

       

 
    

    

    

    

 

 

Figure 9.9: The estimation error comparison during the tracking process. 

 
 

9.6.2 Outdoor to Outdoor Localisation Scenario 

 
This tracking scenario considered an urban environment in the city of Ottawa 

as a model to test the tracking system performance. The 6-element spiral an- 

tenna array was supposed, placed on top of a car, the height of the vehicle is 

set to 1.5 m. The car model adopted in the Wireless-InSite software was rep- 

resented by conducting material only, and the antenna array was placed on 
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top of a car. The ground plane of the antenna array was separated from the 

top of the vehicle by 4 mm. In this scenario, the lower frequency (f = 402 MHz) 

was considered, and therefore two triangles of elements, based on the super- 

position theory, were implemented as described in section 9.2. An urban area 

consists of many buildings of different materials and height levels: maximum 

height of 50 m was used for the evaluation process, as shown in Figure 9.10. 

An omnidirectional transmitting antenna was located at a height of 1.5 m, and 

the transmitted power was set to be 30 dBm. 

 

1 

2 
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Figure 9.10: Showing outdoor to outdoor tracking scenario; 1 is the start- 

ing point of the tracking process, and 2 is the location of the hidden object. 

 

With a single snapshot during the whole tracking process, the proposed sensor 

array was assumed to receive ten paths at each element, each having different 

power, TOA, and phase. The collected data were passed to the OFDM 

scheme; the modulation bandwidth is set to 5 MHz. This bandwidth is divided 

into 32 subcarriers, as illustrated in Figure 9.11.  It was assumed there is ten 
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paths arriving at the receiver end; however, due to obstructions, shadowing, 

and fading phenomena, the number of received paths could be less than ten. 

 

 

 
(a) (b) 

 

 

(c) (d) 
 

 

 

 
(e) (f) 

 

Figure 9.11: OFDM scheme using 32 subcarriers of the Tr1 element set at 

the Rx1-1 point; a, c, and e represent the normalized power of the Tr1 sen- 

sors while b, d, and f represent the corresponding phases for each 

element. 

The IFFT was applied to the obtained channel transfer function to acquire the 

impulse response with arriving paths. A superposition theory was applied using 

the first and second triangular sets of elements, Tr1 and Tr2 and therefore, two 

different received data matrices were constructed, based on these triangles. 

In order to remove the coupling effects that can influence on the estimation 
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accuracy, a decoupling method was applied to remove such effects [229]. After 

this, the data for each triangular set were passed to the PV method to estimate 

and track the location of the agent. 

The scanning angle step was set at δ∅ = 0.5° and 휀 = 0.01. The inference of 

the movement from one place to another considered the computed angle 

based on four strategies, namely: the least TOA OFDM sub-carrier, the strong- 

est OFDM sub-carrier and the average of all, or some of a selected number of, 

OFDM sub-carriers. The ultimate decision on the movement takes into account 

all the strategies mentioned above by computing the mean estimated angle 

(𝜙 𝑚), defined in the equation below: 

(𝜙 1  + 𝜙 2  + 𝜙 3  + 𝜙 4) + (𝜙 1  + 𝜙 2  + 𝜙 3  + 𝜙 4) 

𝜙 𝑚  =   𝑇𝑟1 𝑇𝑟2 

8 

where 𝜙 1  is the estimated angle based on the least TOA OFDM sub-carrier, 

𝜙 2  is the estimated angle based on the strongest OFDM sub-carrier, 𝜙 3  is the 

estimated angle based on the average of the loudest five OFDM sub-carriers 

and 𝜙 4  is the estimated angle based on the average of all OFDM sub-carriers. 

The RSS method can be implemented on any wireless communication system 

without the need to change the hardware significantly. It can measure the av- 

erage strength of incident signals from different paths at any given location. 

Thus, the RSS method was used as an extra tool to ensure that tracking was 

on the correct route, by reading the strength of the received paths at each 

move. 

The first measurement in the tracking process was taken at point Rx1-1 and 

then at point Rx2-1 and so on until the last point at Rx8-1. The car’s position 
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measurements at these points and the location of the hidden object are given 

in Table 9.4. At each measurement point, the estimated angles 𝜙 1, 𝜙 2, 𝜙 3  and 

𝜙 4  based on both the Tr1  and Tr2 sets were computed, the results being given 

in Table 9.5. The mean estimated angle, 𝜙 𝑚, was calculated and presented in 

Table 9.6 and then it was used as a final decision on the movement from one 

location to the other. The RSS was measured at each position, as presented 

in Table 9.6 and compared with the previous reading to ensure that the re- 

ceiver travelled in the correct trajectory. 

Table 9.4. Showing the sequence and location of the receiver at each point in 

the tracking process in addition to the transmitter location. 

Tracking steps Receiver Location (x/m) Receiver Location (y/m) 

a. Rx1-1 990 352 

b. Rx2-1 910 349 

c. Rx3-1 845 349 

d. Rx4-1 842 269 

e. Rx5-1 842 159 

f. Rx6-1 771 157 

g. Rx7-1 771 87 

h. Rx8-1 749 40 

i. Tx1 700 34 

At the Rx1-1 and Rx2-1 points, 𝜙 𝑚   is 186.24º and 203.62º respectively, and 

therefore, the car moved towards the left direction, and another measurement 

was taken at the Rx3-1 point, as shown in Figure 9.10. The measured RSS at 

this point compared to the previous two readings confirmed that the tracking 
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process was proceeding correctly. The measured angle at this point, 𝜙 𝑚, was 

271.74º and thus the direction of the car’s movement was changed by 90º (i.e., 

it turned left) and, it continued in the same direction until it reached point Rx5- 

1 since the measured angle at Rx4-1 was 269.12º. The mean estimated angle 

at the Rx5-1 point was 206.18º and, hence, the direction of movement was 

turned right, as shown in Figure 9.10. 

A new measurement was taken at the point Rx6-1, and the measured angles 

at this point indicate that the movement direction needed to be turned left, as 

given in Figure 9.12 and Table 9.6. Thus, the movement direction was 

changed, and another new measurement was taken at point Rx7-1, where the 

direction was slightly changed towards the right to find the hidden object. 

Lastly, all the measured angles at the point Rx8-1 based on several strategies 

indicated the location of the hidden object accurately, as given in Table 9.5. 

It is also clear from this table that the measured RSS during the tracking steps 

showed that the vehicle travels in the correct direction towards the object. The 

performance of the PV method using both Tr1 and Tr2 through these positions 

is depicted in Figure 9.12. As can be seen from this graph, this method 

provides sharp peaks and accurate estimation using only three sensors. The 

overall performance of the system can be presented based on the locations of 

the receiver at all the measurement points, indicated by red circles, and the 

corresponding mean estimated directions at these points, as shown in Figure 

9.13. 
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(a) : Direction estimation using Tr1. 

 

 

 

 
(b) : Direction estimation using Tr2. 

 

Figure 9.12: The estimated AOA at each movement using the PV method. 



306  

Table 9.5. Showing the estimated direction at each movement using Tr1 and 

Tr2 with several criteria. 

 

Move No. 𝜙 1 𝜙 2 𝜙 3 𝜙 4 

 
Rx1-1 

Tr1 186.5° 186° 185° 188° 

Tr2 186.5° 185.5° 184.5° 188° 

 
Rx2-1 

Tr1 192.5° 218.5° 192° 210.5° 

Tr2 189.5° 220° 189° 217° 

 
Rx3-1 

Tr1 272.5° 275.5° 272.5° 268° 

Tr2 272.5° 272° 272.5° 268.5° 

 
Rx4-1 

Tr1 269.5° 270° 269.5° 269° 

Tr2 268.5° 269.5° 268.5° 268.5° 

 
Rx5-1 

Tr1 203° 197° 202.5° 205° 

Tr2 203.5° 217° 204° 217.5° 

 
Rx6-1 

Tr1 259° 257° 248.5° 245.5° 

Tr2 237.5° 244.5° 259° 241° 

 
Rx7-1 

Tr1 230.5° 239° 231° 234° 

Tr2 230.5° 239° 231º 233.5° 

 
Rx8-1 

Tr1 184° 184° 184.5° 187° 

Tr2 184.5° 184.5° 185° 187.5° 

 

The blue-ray represents the route of the vehicle movement during the tracking 

process. This system is suitable to be placed above a mobile vehicle to work 

as a base station for tracking and search applications. Therefore, it is a pow- 

erful tool to adopt for such applications. 
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Table 9.6. Showing the RSS, 𝜙 𝑚, the mean actual direction (𝜙𝑚) and the ab- 

solute estimation error at each movement. 

Move No. RSS (dBm) 𝜙 𝑚  (deg.) 𝜙𝑚 (deg.) err (deg.) 

Rx1-1 -125.98 186.24° 183.95° 2.29° 

Rx2-1 -120.587 203.62° 204.95° 1.33° 

Rx3-1 -85.721 271.74° 270.28° 1.46° 

Rx4-1 -82.400 269.12° 264.84° 4.28° 

Rx5-1 -62.506 206.18° 199.72° 7.46° 

Rx6-1 -58.599 249° 240.15° 8.85° 

Rx7-1 -42.160 233.56° 231.44° 2.12° 

Rx8-1 -24.973 185.12° 185.71° 0.59° 

 

Figure 9.13: The overall tracking system performance. 
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9.6.3 Outdoor to Indoor Localisation Scenario 

 
This scenario investigates the performance of the localisation system to de- 

duce, for emergency or security applications, the position of an agent located 

inside a building. Since the tracking process typically starts from outside and 

most of the buildings consist of many floors, the estimation of both azimuth 

and elevation angles was required to ensure accurate localisation. In this sce- 

nario, the eastern half of the campus of Bradford University (England), illus- 

trated in Figure 9.14, was considered. The campus was modelled using the 

Wireless-Insite software, as shown in Figure 9.15. All the relevant building ma- 

terials, for instance, brick, concrete, glasses, wood, and other materials were 

taken into account in the testbed model. 

 

 
Figure 9.14: The University of Bradford campus (Eastern half). 



309  

Further to this, the permittivity and conductivity of these materials were 

calculated and inserted in the Wireless InSite software to ensure an accurate 

simulation process. It is relevant to mention that as the number of paths in- 

creased, and the differences in power between these paths decreased, the 

decisions about direction became more difficult. The higher frequency (f = 837 

MHz) band was chosen, and therefore all six elements of the spiral sensor 

array could be exploited in the signal processing stage. 

 
Figure 9.15: Showing outdoor-indoor tracking scenario; 1 is the starting point 

of the tracking process, 2 is the Horton Building, 3 is the location of the hid- 

den object at the fifth floor inside the Chesham B Block, 4 is the Carlton and 

Sports Buildings. 

4 

3 

2 

1 
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An omnidirectional transmitter antenna was placed at point 3, as shown in Fig- 

ure 9.15); at this point, the receiver was assumed located 1.5 m above the 

ground. As this type of environment suffers from intensive multiple propagation 

paths, the tracking process in this scenario was applied same criteria such as 

the earliest TOA path, the strengths path, etc., to support the direction of the 

movement. The mean estimated angles, (𝜃    ,    
∑4      𝜃 𝑖  , 

∑4 𝜙 𝑖), were used 
 

  

𝑚 𝜙𝑚) = ( 𝑖=1 𝑖 
4 4 

 

as the ultimate decision to move from one place to another. 

 
The tracking process started by receiving the channel response and then pro- 

cessed using OFDM modulation scheme over 5 MHz BW. The BW is divided 

into 32 subcarriers. After this, the IFFT technique was applied to the received 

channel transfer function to acquire the impulse response with 10 paths. Next, 

the collected data matrix was constructed and a decoupling method applied. 

Finally, the PV method was used to determine the direction of the received 

signal paths. The RSS was also measured in this scenario for the same reason 

as in the previous scenario. 

The first measurement in the tracking process was at point Rx1.1 (i.e., No. 1 

in Figure 9.15). The estimated AOA based on the least TOA sub-carrier criteria 

indicated a line in the direction of the hidden transmitter appearing to be inside 

the Horton block, No. 2 in Figure 9.15. However, the estimated angles at this 

point, taking account of all the other criteria show the received paths coming 

from different directions, as given in Table 9.7 and Figure 9.16-a. Hence, the 

movement decision based on the mean estimated angles is to move forward, 

and another measurement was then taken at point Rx1.2. At this point, the 

measured directions were used to determine the next movement forward in 
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the direction of the transmitter. The estimation performance of the scheme is 

depicted in Figure 9.16-b. The movement decision was also to move forward, 

and the third measurement was considered at point Rx1.3. The performance 

estimation at this point is depicted in Figure 9.16-c, whilst the estimated angles 

based on each criterion are presented in Table 9.7. Based on the mean 

estimated angles in Table 9.8, the direction of the movement was changed by 

90°. The measured RSS at Rx1.3 is, -58 dBm, compared to the first and sec- 

ond readings, -72.5 dBm and -67.6 dBm respectively, verified that the receiver 

was approaching the location of the hidden object. 

 

At Rx1.4, the computed angles based on the least TOA sub-carrier, loudest 

sub-carrier and averaging all of the sub-carriers indicated that the tracked ob- 

ject existed inside the Chesham B block (No. 3 in Figure 9.15), as shown in 

Figure 9.16-d and Table 9.7. However, the computed angles based on the av- 

eraging of five loudest sub-carriers indicated the hidden object to be inside the 

Horton building. As it is clear that the test environment suffers from extensive 

multipath propagation, another new measurement was required to ensure ac- 

curate localisation. Hence, based on the obtained values of 𝜃 𝑚  and 𝜙 𝑚  at this 

point, the movement’s direction was slightly altered by 20°. The next reading 

was taken at point Rx1.5. The obtained direction at this point confirmed that 

the hidden object was indeed located inside the Chesham building, as given 

in Figure 9.16-e. 

To make sure the estimation was correct, another movement was added, 

namely at the Rx1.6 point. The direction now obtained confirmed the hidden 

object to be inside the Chesham building. This can be seen clearly from Figure 

9.16-f and the recorded results in Table 9.7 and Table 9.8. 
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Table 9.7. The estimated angles at each move based on several scenarios. 
 

Move No. (𝜃 1, 𝜙 1) (𝜃 2,   𝜙 2) (𝜃 3, 𝜙 3) (𝜃 4, 𝜙 4) 

Rx1.1 (90°, 150°) (63°, 96°) (80°, 92°) (53°, 107°) 

Rx1.2 (90°, 54°) (90°, 127°) (76°, 95°) (71°, 99.5°) 

Rx1.3 (78°, 157.5°) (90°,150.5°) (69°, 247v) (63°, 241.5°) 

Rx1.4 (78°,155.5°) (79°, 154°) (90°, 295°) (90°, 191.5°) 

Rx1.5 (71.5°, 89°) (74°,109.5°) (73°,119.5°) (72.5°, 101°) 

Rx1.6 (64.5°, 104°) (50°, 82.5°) (59°, 130°) (90°, 80°) 

Table 9.8. Showing the RSS and mean estimated angles (𝜃 𝑚, 𝜙 𝑚). 
 
 

Move No. RSS (dBm) (𝜃 𝑚, 𝜙 𝑚) 

a. Rx1.1 -72.525 (71.5°, 111.25°) 

b. Rx1.2 -67.604 (81.75°, 93.87°) 

c. Rx1.3 -58.037 (75°, 199.12°) 

d. Rx1.4 -53.398 (84.25°, 199°) 

e. Rx1.5 -49.486 (72.75°, 104.5°) 

f. Rx1.6 -46.053 (65.87°, 99.25°) 

Based on the above argument and according to the results given in Figure 9.16 

and Table 9.8, the scheme has determined the location of the hidden object, 

overcoming multipath effects. The proposed scheme roughly determined the 

position of the tracked object at the fourth move (see Figure 9.16-d) and then 

finally confirmed that at points Rx1.5 and Rx1.6 (see Figure 9.16-e and Figure 

9.16-f). 
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(a): First move at Rx1.1 point. (b): Second move at Rx1.2 point. 
 
 

 
(c): Third move at Rx1.3 point. (d): Fourth move at Rx1.4 point. 

 
 

 
(e): Fifth move at Rx1.5 point. (f): Sixth move at Rx1.6 point. 

Figure 9.16:  The 3D estimated AOAs with the outdoor-indoor scenario. 
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9.7 Conclusions 

 
 

In this chapter, a dual-band compact-size, and low complexity localisation sys- 

tem has been proposed for outdoor and outdoor-indoor tracking applications, 

based on an efficient AOA method and using small omnidirectional spiral an- 

tennas for possible integration on top of vehicles. A sensor array geometry 

which is capable of working in dual-band mode simultaneously was modelled, 

and a superposition theory for two different triangular subarrays was applied 

to enhance the performance of the proposed tracking system at the lower fre- 

quency. An OFDM modulation scheme over a wideband spectrum was used 

to improve the performance of the tracking system. Decoupling was applied to 

compensate for mutual coupling and hence to improve the estimation accu- 

racy. 

The proposed system based on the PV algorithm was used to track a movea- 

ble object and compared with the many popular AOA techniques. The obtained 

results verified the effectiveness and strength of the PV technique for such 

applications. Two localisation scenarios were implemented; outdoor to outdoor 

and outdoor to indoor using single measurement and under multipath propa- 

gation conditions to evaluate and test the proposed tracking system perfor- 

mance. The decision on the movement from one position to another consid- 

ered the earliest TOA sub-carrier, the highest sub-carrier power, and the aver- 

age of some and all of the arrival sub-carriers to support the estimated direction 

of the tracking process. The RSS was read and used as an extra tool to make 

sure the receiver movement was in the correct route. The results demonstrated 

that the proposed scheme worked efficiently. 
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Chapter Ten: Conclusions and Future 

Work 

10.1 Summary and Conclusions 

 
The main results and outcomes that have been achieved through the thesis 

can be summarised as follows: 

 
Firstly, a comprehensive survey for the AOA and beamforming approaches 

have been presented. Numerous techniques in terms of the progress and the 

new development of AOA methods were addressed. It also illustrated the prin- 

ciple concepts of beam steering, null steering, and beamforming enhanced the 

desired signal reception. Then, a 2D DOA model with an arbitrary antenna 

array was presented and the array steering / manifold vector derived. The con- 

ventional and widely used AOA techniques have been analyzed and investi- 

gated; the idea and working principle of each method were given. A compre- 

hensive comparison over a wide range of scenarios between these AOA meth- 

ods was accomplished to evaluate the estimation accuracy of each one. The 

advantages, disadvantages, and limitation of each method have been summa- 

rised and compared. A list of useful and interesting suggestions and recom- 

mendations have been presented to give a clear vision for the designer about 

the performance estimation and the complexity of each method in order to se- 

lect the appropriate technique for the required applications. 

 
A small conical helical antenna with Omni-directional radiation for WLAN ap- 

plications where are two ring arrays with six and eight sensors have been 
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designed. These arrays were then integrated with the AOA algorithm to detect 

the direction of the received signal, which can be used later for tracking the 

targets. It has been concluded the compensation or removing the effects of 

mutual coupling within antenna array radiators in advance is very important to 

ensure accurate estimation. The results showed that the estimation error after 

compensation of mutual coupling is much better than with the mutual coupling. 

The issue of the error in the position antenna sensors that may happen in the 

array design is studied and analysed as well. It is also observed the array man- 

ifold vector needs to be calibrated to avoid such errors. 

After that, a novel low complexity AOA method, called PDDA has been pro- 

posed to find the directions of the received signals. It avoids: 

• The need for a priori knowing the number of signals, nowadays quite pro- 

hibitive because of the diffusion and the time variance of the wireless ser- 

vices. 

• The computation of the CM, which slows the DOA estimation and requires 

a hardware implementation of the receiver too complex for most mobile 

systems and devices. 

• The heavy load computational such as Eigen decomposition or inverse ma- 

trix operations. 

• Indeed, only the voltages measured at the output of the array elements are 

required as input data (i.e., the estimation of the CM is not necessary). 

The simulated and experimental results showed that the PDDA method can 

provide accurate estimation under a few numbers of measurements, and when 

the received signals are highly correlated. 
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In addition to the mentioned above method, several new-efficient AOA meth- 

ods based on different ideas have been proposed to reduce the computational 

complexity and/or overcome some drawbacks that associated with the current 

algorithms. These methods are namely: minimum variance noise, root mini- 

mum variance noise, maximum signal subspace, subtracting signal subspace, 

partial noise subspace, and fast searching signal subspace. The main idea 

including the mathematical equations and necessary conditions of these meth- 

ods were derived and given. The simulation results were discussed and com- 

pared with current AOA methods to evaluate the performance and estimation 

accuracy of the proposed techniques. Both 2D and 3D estimation of multiple 

arrival signals were achieved. The results show that the superior estimated 

direction of the proposed methods. 

Additionally, new-efficient methodologies to enhance and improve the estima- 

tion resolution of the projection matrix method were proposed in this work. 

These methodologies are uniform sampling matrix, non-uniform sampling ma- 

trix, and logarithmic sampling matrix. These methodologies were applied to 

select the optimum positions of rows/columns that are located inside the CM 

and use it to construct the projection matrix. It has found these approaches 

have a significant impact on retains all the information and removes the de- 

pendency on the signal time series. It is also reduced the correlation with the 

steering vector and thus elicits the individual AOAs. The simulation results 

showed that the proposed methodologies have significant improvements in 

both the estimation accuracy and PSD (AOAs) compared with the classical 

one. 

The idea of adaptive beamforming technology in wireless mobile 
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communication has also investigated in this thesis. Two adaptive beamforming 

algorithms have been used for optimising and setting the weights of smart an- 

tenna systems, namely the LMS and SIM algorithms. A new digital beamform- 

ing algorithm was proposed to compute the optimum weights with less com- 

putational complexity compared to the other beamforming methods. The di- 

rection of the main beam of the antenna system was adjusted to enhance the 

wanted signals while interfering signals are mitigated by having nulls pointed 

in their directions. The produced weights by the beamforming method were fed 

to the planar array through CST software to justify the required beams. 

Finally, a dual-band compact-size and low complexity localisation system was 

proposed for tracking applications based on an efficient AOA method and us- 

ing small omnidirectional spiral antennas for possible integration on top of ve- 

hicles. The sensor array was modelled in a way that can work in dual-band 

mode simultaneously, and a superposition theory for two different triangular 

subarrays was applied to enhance the performance of the proposed tracking 

system at the lower frequency. An OFDM modulation scheme over a wideband 

spectrum was used to improve the performance of the tracking system. De- 

coupling was applied to compensate for mutual coupling and hence to improve 

the estimation accuracy. Two localisation scenarios were implemented; out- 

door to outdoor and outdoor to indoor using single measurement and under 

multipath propagation conditions to evaluate and test the proposed tracking 

system performance. The decision on the movement from one position to an- 

other considered the earliest TOA sub-carrier, the highest sub-carrier power, 

and the average of some and all of the arrival sub-carriers to support the 
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estimated direction of the tracking process. The results demonstrated that the 

proposed scheme worked efficiently. 

 

10.2 Future Work 

 
To extend this work, the following three points are recommended to develop 

the presented work: 

Firstly, Field Programmable Gate Array (FPGA) technology has acquired sig- 

nificant attention due to its greater flexibility and higher bandwidth that resulted 

from the parallel architecture [332]. The reason from chosen FPGA technique, 

since it offers the engineering designer many practical facilities to build a re- 

configurable prototyping digital system with many advantages such as flexibil- 

ity, reconfiguration, and optimisation compared with the DSP and ASIC. Addi- 

tionally, it can be embedded more functionality into a small silicon area without 

compromising any of the performance parameters such as accuracy and 

speed [333]. 

 

In the last decade, FPGA has been developed to be System on Chip (SoC), 

which contains different units such as Multiply Accumulate Units (MAC), pro- 

cessor cores, and embedded multipliers, etc. These circuits have integrated 

with FPGA chip to optimise and give low power consumption with high perfor- 

mance[334]. The process of implementation FPGA is performed by converting 

a higher-level system description into a lower level implementation in terms of 

signal flow through hardware circuits, as bitstreams. The form of data flow such 

as streams bits can be represented either in floating-point number format or 

fixed point. Therefore, it is recommended to implement the angle of arrival and 

/ or adaptive beamforming methods using Altera or Xilinx FPGA boards based 
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on generated data from MATLAB software that emulate a real-time communi- 

cation system. This emulated data can include: 

• Stationary and non-stationary users. 
 

• Different channel models. 
 

• Narrowband and wideband spectrum applications. 
 

Secondly, instead of installing the proposed antenna in chapter 9 on the top of 

vehicles, it is recommended to fit on the bottom of a drone. This will make the 

tracking or localisation process is more efficient compared to the ground mo- 

bile tracking station. It will also reduce the blocking and intensive multipath 

issues. 

Finally, it is recommended to use the AOA localisation for patient monitoring. 

This will be achieved through installed many array receivers in different loca- 

tions within indoor environments. For this application, the patient is supplied 

with active sensors that are capable of making an appropriate communication 

with that array receivers. On the other hand, for small areas, passive tags can 

be used to replace the active tags such as a low-cost wearable Radio Fre- 

quency Identification (RFID) tag mounted on ordinary clothing items. The re- 

ceived signals from all these sensors will be considered and combined to esti- 

mate the exact AOAs. This also includes the patient positions and orientations 

that can support the sustainability of patient monitoring. The proposed system 

can be used to determine the extent to which the person is moving as expected 

during predefined daytime periods, thus providing a suitable health metric, and 

when the person collapses or falls on the floor thus triggering an appropriate 

alarm for immediate action. 
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2 

∆𝑡2 

Appendix A 
 

The parameters of (9.44) have been derived and the results can be given as 
 

follows:  
𝑮 =  [

𝑮1 𝑮2] (A. 1) 
𝑮𝑇 𝑮3 

 

𝑮1, 𝑮2 and 𝑮3 can be obtained as follows: 
 

𝑀 𝑀 

𝑮1  =  𝑐1 ∑ �̅�𝑇�̅�𝑖  + 𝑐2 ∑ �̃�𝑇�̃�𝑖 (A. 2) 
𝑖 

𝑖=1 

𝑖 

𝑖=1 
 

𝑀 𝑀 

𝑮2  =  −𝑐1 ∑ �̅�𝑇�̃�𝑖  + 𝑐2 ∑ �̃�𝑇�̅�𝑖 (A. 3) 
𝑖 

𝑖=1 

𝑖 

𝑖=1 
 

𝑀 𝑀 

𝑮3  =  𝑐1 ∑ �̃�𝑇�̃�𝑖  + 𝑐2 ∑ �̅�𝑇�̅�𝑖 (A. 4) 
𝑖 

𝑖=1 

𝑖 

𝑖=1 
 

𝑐1 and 𝑐2 can be calculated using the formulas below: 
 

−∞ +∞ 
𝑦2 

𝑐1 =  ∫ ∫ 
     1 

𝑑𝑒̅𝑑𝑒 ̃
𝑓(𝑒) (A. 5) 

+∞   −∞ 
 

−∞ +∞ 
𝑦2 

𝑐2 =  ∫ ∫ 
     2 

𝑑𝑒̅𝑑𝑒 ̃
𝑓(𝑒) (A. 6) 

+∞   −∞ 
 

𝑦1 and 𝑦2 can be defined as follows: 
 

𝑇 𝑇 

𝑦1 = ℳ ∑ 𝑒−�̅� �̅� ∑ 𝑒−�̃� (A. 7) 

𝑗=1 𝑗=1 
 

𝑇 𝑇 

𝑦2  = ℳ ∑ 𝑒−�̅� ∑ 𝑒−�̃� �̃� (A. 8) 

𝑗=1 𝑗=1 
 

∆𝑡= [
∆𝑡1] (A. 9) 

∆𝑡1 and ∆𝑡2 can be computed as given below: 
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) ̃ 𝑫 

𝑀 

∆𝑡1= 𝑐1 ∑(�̅�𝑇  �̅�(𝑡) �̅�𝑖  − �̅�𝑇�̃�(𝑡)�̃�𝑖) 
𝑖 𝑖 

𝑖=1 

 
𝑀 

 
(A. 10) 

+  𝑐2 ∑(�̃�𝑇  �̃�(𝑡) �̅�𝑖  + �̃�𝑇  �̅�(𝑡)�̃�𝑖) 
𝑖 𝑖 

𝑖=1 

 
𝑀 

∆𝑡2  = −𝑐1 ∑(�̃�𝑇�̅�(𝑡)�̅�𝑖  − �̃�𝑇  �̃�(𝑡)�̃�𝑖) 
𝑖 𝑖 

𝑖=1 

 
𝑀 

 
(A. 11) 

+  𝑐2 ∑(�̅�𝑇  �̃�(𝑡) �̅�𝑖  + �̅�𝑇  �̅�(𝑡) �̃�𝑖) 
𝑖 𝑖 

𝑖=1 

 

where 

 

𝓠(𝑡) = 𝓰(𝑡)𝑯 𝓰(𝑡) 

 
𝑫𝒊 = [𝑫𝑻 𝑫𝑻 ⋯ ⋯ 𝑫𝑻  ] 

𝟏 𝟐 𝑴 

 
 

𝑫𝒊 = [
𝝏𝑨𝒊𝟏 

𝝏𝜽𝟏 

… … 
𝝏𝑨𝒊𝑲 

] , 𝑖 = 1, … 𝐾 
𝝏𝜽𝑲 

 

Finally, 𝚼 can be given as described below: 
 

𝐿 
�̅�𝑻  �̅�(𝑡)𝑻 �̅�(𝑡)�̅� − �̅�𝑻�̅�(𝑡)𝑻 �̃�(𝑡)�̃� 

𝚼 = ∑ 𝑐1 ( ̃𝑻 ̃( )𝑻 �̅�(𝑡)�̅� + �̃�𝑻�̃�(𝑡)𝑻  ̃( ) ̃
) 

 

𝑡=1 
− 𝑫 𝓠 𝑡 

 
𝐿 

𝓠 𝑡 𝑫 
(A. 12) 

�̅�𝑻  �̅�(𝑡)𝑻 �̅�(𝑡)�̅� + �̅�𝑻�̅�(𝑡)𝑻 �̃�(𝑡)�̃� 
+ ∑ 𝑐2 (

+�̃�𝑻�̃�(𝑡)𝑻 �̅�(𝑡) �̅� + �̃�𝑻�̃�(𝑡)𝑻 �̃�(𝑡 
)

 
𝑡=1 

 

When �̅�(𝑡) and �̃�(𝑡) have the same distribution, then 
 

−∞ +∞ 
𝑦2 

𝑐1 = 𝑐2 =  ∫ ∫ 
     1 

𝑑𝑒̅𝑑𝑒 ̃
𝑓(𝑒) (A. 13) 

+∞   −∞ 
 

𝑮 =  [�̅�
 −�̃�] 
�̃� �̅� (A. 14) 
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�̃�𝑖   𝑡 

𝐿 

𝚼 = 𝑐1 ∑ 𝑅𝑒 {𝑫𝑯 𝓠(𝑡)𝑯 𝓠(𝑡) 𝑫} 
𝑡=1 

 
(A. 15) 

 

𝑮 =  𝑐1  𝑨𝑯 𝑨 (A. 16) 

∆(𝑡) =  𝑐1  𝑨𝑯 𝓠(𝑡) 𝑫 (A. 17) 

 
Many numerical methods can be used to solve 𝑐1; however, one can exploit 

the MATLAB function “dblquad” to obtain 𝑐1. When non-Gaussian noise goes 

to zero (i.e., 𝒎(𝑡)), then, 𝑚  → 0,  �̅�  → 0,  �̃�  →  0  and therefore, the limit of  

(9.38) becomes as follows: 

 

 
lim 

𝑚(𝑡)→0 

 
𝑓𝑒𝑖 

 
(𝑒𝑖(𝑡)) = 

1 
 

 

𝝅𝜎2 

�̅�𝑖(𝑡)2 

𝑒
(− 

𝜎2 )𝑒
(− 

( )2 

𝜎2    ) (A. 18) 

 

The limit of (A. 7) is: 

 
1 �̅�𝑖(𝑡)2 

 
 

�̅� (𝑡)2 �̃�𝑖(𝑡)2 
 

 

lim 
𝑚(𝑡)→0 

𝑦1 = 
(− 

𝝅𝜎2 
𝑒

 
𝜎2    ) 

(  𝑖 ) 𝑒
(− 

𝜎2 

2 

𝜎2    ) (A. 19) 

 

By substituting (A. 18) and (A. 19) into (A. 13) and taking the limit yields: 
 
 

−∞ +∞ 𝑦2 2 
lim 

𝑚(𝑡)→0 
𝑐1 = lim ∫ ∫ 

𝑚(𝑡)→0 

     1 
𝑑𝑒̅𝑑𝑒̃ = 

𝑓(𝑒) 𝜎2 (A. 20) 
+∞   −∞ 

 

Under these conditions, (9.45) becomes as follows: 
 
 

 
𝜎2 

𝐶𝑅𝐿𝐵(𝜃) = 

𝐿 −1 

(∑ 𝑅𝑒{𝑫𝑯 𝓦 𝓠(𝑡)𝑫}) 
 

(A. 21) 
2𝐿  

𝑡=1 

 

Where 𝓦 = 𝑰 − 𝑨(𝑨𝑯𝑨)−𝟏𝑨𝑯 

⁄ 
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