
 

University of Bradford eThesis 
This thesis is hosted in Bradford Scholars – The University of Bradford Open Access 
repository. Visit the repository for full metadata or to contact the repository team 

  
© University of Bradford. This work is licenced for reuse under a Creative Commons 

Licence. 

 

https://bradscholars.brad.ac.uk/
http://creativecommons.org/licenses/by-nc-nd/3.0/
http://creativecommons.org/licenses/by-nc-nd/3.0/
http://creativecommons.org/licenses/by-nc-nd/3.0/
http://creativecommons.org/licenses/by-nc-nd/3.0/


MULTIUSER MULTI INPUT SINGLE OUTPUT 

(MU-MISO) BEAMFORMING FOR 5G WIRELESS 

AND MOBILE NETWORKS 

 

 

 

 

 
K. W. H. HAMEED 

 

 

 

 

 

 
PhD 

 

 

 

 

 

 

 

 
University of Bradford 

2019 



Multiuser Multi Input Single Output (MU-MISO) 

Beamforming for 5G Wireless and Mobile Networks 

 
A Road Map for Fast and Low Complexity User Selection, 

Beamforming Scheme Through a MU-MISO for 5G Wireless and 

Mobile Networks 

 
 
 
 
 

Khalid Waleed Hameed HAMEED 

 
 
 
 
 
 
 

 
Submitted for the Degree of 

Doctor of Philosophy 

 
 
 
 
 
 

 
Faculty of Engineering and Informatics 

University of Bradford 

2019 



i  

Abstract 
 

Khalid Waleed Hameed Hameed 
 

Multiuser Multi Input Single Output (MU-MISO) Beamforming for 5G 
Wireless and Mobile Networks 

 

A Road Map for Fast and Low Complexity User Selection, Beamforming 
Scheme Through a MU-MISO for 5G Wireless and Mobile Networks 

 
Keywords: Multiple Input Multiple Output (MIMO), Multiuser Multi Input Single 
Output (MU-MISO), Beamforming, Antennas array, 5G Network, Optimization 

process, User selection, Rate splitting, Statistical beamforming 

 
 

Multi-User Multi-Input Multi-Output (MU-MIMO) systems are considered to be the 
sustainable technologies of the current and future of the upcoming wireless and 
mobile networks generations. The perspectives of these technologies under 
several scenarios is the focus of the present thesis. 

 
The initial system model covers the MU-MIMO, especially in the massive form 
that is considered to be the promising ideas and pillars of the 5G network. It is 
observed that the optimal number of users should be served in the time-frequency 
resource even though the maximum limitation of the MU-MIMO is governed by 
the total receiving antennas (K) is less than or equal to the base station antennas 
(M). The system capacity of the massive MIMO (mMIMO) under perfect channel 
state information (CSI) of uncorrelated channel is investigated and studied. Two 
types of precoders were applied, one is directly based on channel inversion, and 
the other uses the Eigen decomposition that is derived subject to the signal to a 
leakage maximization problem. The two precoders show a degree of equivalency 
under certain assumptions for the number of antennas at the user end. 

 
The convex optimization of multi-antenna networks to achieve the design model 
of optimum beamformer (BF) based on the uniform linear array (ULA) is  
studied. The ULA is selected for its simplicity to analyse many scenarios and its 
importance to match the future network applied millimetre wave (mmWave) 
spectrum. The maximum beams generated by the ULA are explored in terms of 
several physical system parameters. The duality between the MU-MIMO and ULA 
and how they are related based on beamformer operation are detailed and 
discussed. 

 
Finally, two approaches for overloaded systems are presented when the 
availability of massive array that is not guaranteed due to physical restrictions 
since the existence of a large number of devices will result in breaking the 
dimension rule (i.e., K ≤ M). As a solution, a low complexity users selection 
algorithm is proposed. The channel considered is uncorrelated with full and 
perfect knowledge at the BS. In particular, these two channel conditions may 
not be available in all scenarios. The CSI may be imperfect, and even the 
instantaneous form does not exist. A hybrid precoder between the mixed CSI 
(includes imperfect and statistical) and rate splitting approach is proposed to deal 
with an overloaded system under a low number of BS antennas. 
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Chapter 1 

Introduction 

1.1 Motivation 
 

The use of the internet and communication became a vital part of our life today. 

They have been involved in almost every application from simple to complicated 

processes; including shopping, online banking, dentist and GP appointments, 

flight, train and bus ticket issuing, and so on, in addition to the entertainment sides 

like online gaming. The amount of data are used by these applications are 

growing day by day. Even the standard calling which transformed from a typical 

voice call to video and looking forward to hologram video calling. 

 
 

The wireless communication has the advantage over the wired one for its easy 

deployment and flexibility. According to [1], the growth of global mobile data traffic 

from 2017 to 2022 is expected to be around 7 times, and the video traffic will be 

79% in contrast to 59% in 2022 and 2017 respectively. Mobile-connected devices 

will construct 43% (55.8% of them will be smartphones) of all networked devices. 

Figure 1.1 represents the growth in Internet Protocol (IP) and internet traffics. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.1: Percentage growth of mobile traffic. 
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High interest is given for the use of wireless and mobile communications, in terms 

of firstly, cost and reduced power consumption and secondly coverage and 

capacity improvement. The traffic requirement could be attained by the usage of 

more spectrum, increasing the Spectral Efficiency (SE) and denser cell network 

[2]. To achieve the 5G communication systems requirements, the technology of 

components and architecture design changes are required [3]. For architecture, 

this includes small cells, Cloud Radio Access Network (C-RAN), multiRadio 

Access Technology (m-RAT) whereas for technologies, Cooperative Multi-Point 

(CoMP), massive Multi-Input Multi-Output (mMIMO) and mmWaves [4]. 

 
 

Multi-antenna enhances the performance of the system in terms of data rate (i.e., 

capacity) and reliability (i.e., bit error rate (BER)) using the diversity and spatial 

multiplexing offered by the Multi-Input Multi-Output (MIMO) system [5, 6]. When 

the number of antennas at the Base Station (BS) is increased to a very large 

number [7], it is known as a mMIMO and that is proposed as one of the main 

pillars of 5G [3]. In the mMIMO system, some randomness caused by large scale 

fading in the normal Multi-User MIMO (MU-MIMO) will start to look as a 

deterministic, and this will enable the reduction of the transmitted power [8]. Due 

to the size of mMIMO (excluding the mmWave), it is mostly used for outdoor 

deployment. In such a case, the mMIMO may suffer from correlated channel 

behaviour. The correlation comes from the lack of scattering or due to 

manufacturing issues (insufficient spacing between antenna spacing) [9]. For 

digital precoder, a large number of antennas requires a large number of RF 

chains. The requirement of a large number of RF chains will lead to an increment 

in the cost and power consumption [10], especially if the frequency used at the 
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mmWaves spectrum [11]. Moreover, the precoding algorithms used in mMIMO 

must require high computation process. 

 
 

Another promising technology that is proposed to meet the 5G requirements is 

the Ultra-Dense Networks (UDNs) where the resources are distributed efficiently 

and dynamically [12]. On top of that a mobile Base Station (mBS) using an 

Unmanned Aerial Vehicle (UAV) was used recently by Google, Facebook, Nokia 

and Huawei [13-15] due to several advantages [14] such as the capability of 

operation in danger/disaster areas, easy/fast deployment and enhancement of 

the covered area. On the other hand for the BS in terrestrial networks, the position 

of the BS and the coverage area are selected and designed according to long 

term average traffic behaviour [16]. This sometimes is not attainable due to 

several cases like temporary, critical and unexpected traffic [16]. Drones (or UAV) 

are proposed and expected to be an important component of next-generation 

cellular network architectures [13, 14]. By mounting BSs on UAVs and/or any 

other mobile vehicles one can have a mBS [17] that can be available temporary 

at certain position (area) to provide the service in the absence of the 

contemporary BS. It should be noted that the drones can be classified according 

to their wings to fixed and rotary [18] or to their altitude (coverage area) to low- 

altitude platforms (LAPs) or high-altitude platforms (HAPs) [13, 14]. 

 
 

1.2 Aims and Objectives 
 

Based on the previous section, the aims of this thesis can be classified into three 

primary goals. The first one is to improve the knowledge about the mMIMO, while 

the second goal is to get better understanding of MU-MIMO and its relation to 

the simple and basic antenna array such as the Uniform Linear Array (ULA). 
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Finally, the third goal is to contribute to drone BS development for 5G/B5G 

networks. 

 
 

The first goal is attained through the realisation of four objectives, these are: 
 

• The first is finding the optimal mMIMO point of operation in terms of the 

number of users served. 

• The second and the third objectives are to check the existence of optimal 

operation point under another channel model (Rician instead of Rayleigh) 

and other precoder approach (signal to leakage optimisation instead of 

normal channel inversion one). 

• The fourth objective is to prove the similarity between the ZF and the SLNR 

precoders. 

 
 

The second goal of this thesis probed through three objectives: 
 

• The first one is to find the optimum beam generated and compare it with 

other methods. 

• The second objective is to find the performance edge of the optimum 

beamforming. 

• Then a comparison between ULA and MU-MIMO through the existing 

methods for ULA was illustrated. 

 
 

The third goal is applied when the MU-MIMO system is overloaded. And since 

the payload of the UAV BS should be minimised, then the number of antennas 

and processing capabilities are low. Therefore, there are two objectives stated 

towards the third goal, these are; 

• The first approach is to propose a new user selection algorithm, 
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• And the second one is the usage of rate splitting (RS) approach with the 

absence of instantaneous Channel State Information (CSI) of some users. 

 

 
1.3 Key Contributions 

 
The main contributions of the present work could be summarised in the following: 

 

• The performance relation with the ratio between BS antennas to the 

number of user in MU-MIMO system is presented. The optimal ratio was 

found (approximately equals to 1.2), which supports in maximising the 

system capacity in the future design. 

• The performance of the MU-MIMO system behaviour under other 

scenarios setting was explored in terms of channel correlation, 

imperfection of CSI, and Rician channel environment. The results show 

that the same performance behaviour of the first achievement (point 

above) is reserved. 

• The work in the first point was extended to include another precoder 

design, tackling the signal to leakage maximisation methodology. A similar 

performance was shown between the ZF and SLNR precoders. 

• The equivalency between the ZF and SLNR precoders due to similarity in 

behaviour is resolved. The equivalency between them was proven 

mathematically and by simulation for single antenna users case. The best 

regulation factor for both ZF and SLR was also presented, and the 

preference of using the Signal to Leakage and Noise Ratio (SLNR) 

precoder was shown for multi antennas users and presented through 

simulation. 

• Optimum beam generation was presented. The weights to generate the 

beams were calculated through a Matlab toolbox to solve the weights 
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optimisation problem. The edge performance of the optimum beam 

generation is investigated. The effect of angle range, sidelobe level and 

the number of antennas on the maximum number of users is presented. 

• The application of ULA beamforming under a single path to a multipath 

scenario is detailed. The transition from a single path to multipath in 

performance is shown via simulation. The duality between the ULA and 

Multi-User Multi-Input Single Output (MU-MISO) is explored through 

several examples. 

• A new simple user selection algorithm method was proposed and 

presented. The method was applied to MU-MIMO systems using Zero 

Forcing (ZF) precoder. The method was evaluated based on performing 

statistical analysis for the optimally selected users. It was concluded that 

the proposed method presents a low complexity level and good capacity 

performance in comparison to previously published data. It has also shown 

a very low complexity O(UM). The method could be an appropriately 

selected candidate to the BSs that requires low complexity algorithm to 

deal with the fast-changing channel. 

• A hybrid precoder scheme was introduced. The proposed scheme 

combines a precoder for mixed CSI (imperfect and statistical) with the RS 

approach. This combination was done to utilise the benefits of both RS 

and the precoder for mixed CSI approaches. The results show a good 

performance enhancement in terms of capacity in the mid to high Signal 

to Noise Ratio (SNR) regime. 
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1.4 Thesis Structure 
 

The rest of the thesis is organised as follows: In Chapter 2, a comprehensive 

review of 5G techniques is presented. These techniquies were studied, compared 

and then classified. Finally, one of these is discussed in details. 

 
 

Chapter 3 analyses the performance of channel inversion zero-forcing precoder 

for mMIMO to achieve optimal point of operation. The system model is 

implemented and performed via Matlab. The procedure is presented including the 

water-filling algorithm. The results presented include the performance under 

Rayleigh fading channel with perfect conditions in addition to some imperfections 

such as the use of correlated channel and error in CSI. The results for Rician 

channel are presented via an analytical analysis where the concavity 

performance is still reserved. 

 
 

In Chapter 4, the SLNR precoder performance and the duality with ZF is 

discussed. First, the derivation of the SLNR precoder is presented. Then the 

difference between the generalised and normal Eigen decomposition 

performance is presented. The performance of this precoder over Rayleigh 

channel is presented. The second part of the work in this chapter is devoted to 

the mathematical derivation of the equivalency between the ZF and the SLNR 

precoder. Comprehensive results to test the performance equivalency and 

difference between them are demonstrated. 

 
 

While Chapter 5 presents the discussion on ULA and its duality with MU-MISO 

scenario. The optimal beamforming via optimisation toolbox is presented and 

compared with other beamforming methods. Then the edge of using this method 



8  

to generate orthogonal beams is tested in terms of edge performance under 

several conditions and constraints. The duality between ULA and MU-MISO is 

tested in the last section. 

 
 

The last next two chapters, (i.e., Chapter 6 and Chapter 7) are dealing with the 

overloaded systems. 

 
 

In Chapter 6, a review on user selection algorithms is detailed. Further discussion 

included two more selection algorithms. For each proposed algorithm, the 

statistics of some metrics for the optimal users are tested. First, the optimal users 

are selected, and their metrics are calculated and saved. Then the statistical 

performance in terms of Probability Distribution Function (PDF) is presented. 

Based on these results performances, the two algorithms are proposed. 

 
 

In Chapter 7, another approach is presented. A sophisticated channel model that 

describes the correlation and imperfection (error) is investigated. The statistical 

beamforming for lack of information in channel state and an enhanced version of 

it are presented. The limitation of the enhanced statistical beamforming is 

presented. The RS approach and its performance is discussed. And finally, the 

hybrid precoder that utilises the statistical beamforming and RS is proposed, and 

results are discussed and compared. 

 
 

Finally, Chapter 8 summarised the conclusions of the present work and stated 

the recommendations for further work. 
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Chapter 2 

Background 

In this chapter, a review on 5G wireless network techniques is presented. The 

techniques are categorised into three dimensions: technologies, architechture 

and management algorithms. Then one of management alogrithms, which is 

considered as an essential design in 4G and also proposed for 5G is presented, 

namely the CoMP. The classification and challenges for CoMP are presented. 

The classification presented is from two points of view, the transmission 

perspective and the network architecture. The challenges facing the deployment 

and the implementation of the CoMPs in real life are discussed from the Backhaul 

and CSI perspectives. 

 
 

2.1 List of 5G techniques 
 

The techniques proposed for 5G can be organised into three main classes, these 

are wireless technologies, wireless network architecture, and resource 

management algorithms. The wireless technologies include the air interface keys 

like mmWaves and mMIMO. While the wireless network architecture covers the 

ultra-dense networks, small cells and heterogeneous networks (with multi-tier 

and mRAT). The functionality one concerns with the CoMP, C-RAN, Network 

Functions Virtualisation (NFV), Software Defined Network (SDN), Self Organizing 

Network (SON), phantom cell, liquid cell and plane separation. 

 
 

2.1.1 Wireless Technologies 
 

The wireless technologies proposed for 5G will be detailed in the following sub- 

sections. 
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2.1.1.1 MmWaves 
 

As stated before in Chapter 1, 5G needs more capacity. Terrestrial networks are 

restricted to their operation bandwidth ranging from several hundred MHz to a 

few GHz [19]. Most cellular networks work in sub 3GHz spectrum [20]. One 

possible use of 5G is to explore the 30-300 GHz band [20] where there is a vast 

amount of idle spectrum 30-300 GHz with length 1-10mm [19]. MmWaves, till 

recently was unsuitable for cellular communications because of short-range due 

to strong path-loss, rain and atmospheric absorption, low diffraction and 

penetration, equipment cost and low power transmitted from current amplifier [19- 

21]. However, recent measurement shows similarity between mmWaves and 

microwaves in terms of distance-dependent path-loss and NLOS 

communications and difference in sensitivity to blockage [3]. Indeed, mmWaves 

was used for long transmission in point to point scheme, but the components 

were big and consume a lot of power to be effective [22]. The cost and power of 

semiconductors have fallen rapidly [19], so many solutions may be available. The 

main two features leading to the use of mmWave are the high bandwidth which 

results in high throughput, and small wavelength which leads to small antenna 

size [20]. Hence the front end system can implement a lot of antenna elements 

in the same size of antenna working in the normal band. The usage of large 

antenna array could be a solution to the power loss issue [20]. The antenna array 

is directed to apply to the well-known beamforming technique; that can be 

realised in practice using analogue, digital or hybrid methods [21]. In [23] two 

structures for mmWaves hybrid beamformer were considered and the Energy 

Efficiency (EE) was analysed. 
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Atmospheric absorption and path loss may be seen also as an advantage in 

terms of isolation [19], where the effect of certain BS does not interfere with the 

coverage area of other BSs. The mmWaves may also be used for backhauling, 

where small BS are connected with macro BS through a wireless mmWave link 

to offer the required throughput instead of using fibre optic links because of ease 

of deployment and flexibility characteristics inherited from wireless 

communication in general. In the direction of using mmWaves as an option to 

deliver the high speed data in backhaul, [24] suggested the use of mmWave to 

support the backhaul required for UDN in 5G architecture using mMIMO. The 

bands that are used for mmWave are guided by the research done. Most of the 

current mmWaves research focuses on 28, 38, 60 and E-band [25]. 

 
 

2.1.1.2 mMIMO 
 

In a MU-MIMO system, if the number of antennas at the BS is increased to be 

very large compared to the number of devices then it is called mMIMO or Large 

Scale Array (LSA) [3, 26]. The mMIMO antenna configuration may be co-located 

or distributed [27]. mMIMO will be one of the most used technologies in 5G [28]. 

The benefits of mMIMO are enhancing the SE without need to BS densification, 

smoothing out the channel response, simplifing transceiver design due to quasi- 

orthogonal channel [19], and it can also improve EE [27]. 

 
 

2.1.2 Wireless Network Architecture 
 

The change in architecture which includes the move towards more densification 

in the cells, means the usage of a small cell. The small cells may be used in a 

single tier, such that all of the cells in the cluster are identical and no one of the 

cells has any privilege. Or they can be in a multi-tier scheme such that the small 
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cells rule is to boost the throughput in certain areas or to support coverage for 

the area it is deployed in. 

 
 

The multi-tier scheme means that there is an umbrella cell that provides control 

or both control and traffic signals to the users in the served area and there are 

one or more small cells that provide traffic or both control and traffic signals to 

the users in its coverage area. Moreover, the Heterogeneous Network (HetNet) 

may be considered in another form where mRAT supports the desired area. 

 
 

2.1.2.1 Ultra-Dense Networks (UDNs) 
 

Network densification, in general, is a combination of spatial and spectral 

aggregation [20]. UDN is considered as a promising technology for 5G [24, 29]. 

UDNs are requiring high data rates, and the mmWave band is expected to be 

used due to wide bandwidth signals, and to mitigate path loss and ensure low 

interference high-gain beamforming [30]. 

 
 

2.1.2.2 Small Cells 
 

Usually, the main design objective for macrocell BSs is to cover a large area, and 

hence, their capabilities are restricted to handle low data traffic like voice [31]. SE 

enhancement and more bandwidth utilisation options are restricted somehow due 

to reaching the theoretical limits for the first option and the cost for the second 

[32]. To increase the system capacity, cell size may be reduced [31]. A small cell 

is a BS that consumes low power and design aspects (to provide extracellular 

coverage) with low cost [33]. The deployment is usually done by the end-user not 

by the provider and connected to the network through wired connection like 

Digital Subscriber Line (DSL) [34]. The small cell radius is much smaller than the 
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convenient macrocell, and hence the power required to get the same Quality of 

Service (QoS) is much lower [33]. There is a transition from the user deployed 

cells to the operator deployed cells in the industry and academia [35]. The small 

cells are operating in three modes: the open mode where all users are allowed to 

access; the closed mode where only registered users are allowed to join the 

network; the third one is a hybrid between the closed and the open access modes 

where unknown users are allowed to access in a limited manner [33]. 

 
 

2.1.2.3 Heterogeneous Network (HetNet) 
 

A HetNet, is a wireless network whose BS nodes are different in terms of power, 

coverage size and band [32, 36]. It may contain two types of nodes, the high and 

the low power nodes [36]. The HetNet may be macrocell with a number of small 

cells (micro, pico, and femto) to increase capacity or provide coverage in some 

area where the macro ones cannot cover it or the deployment is costly [37]. It 

may include Wireless Local Area Network (WLAN) and Wireless Personal Area 

Network (WPAN) technologies. Hence it can be said that HetNets are networks 

that contain different radio technologies [32]. 

 
 

2.1.3 Algorithms 
 

The spirit of the cellular network system, i.e., the soft component or what can be 

called “algorithms” are to be discussed in subsequent sections. These are 

important to operate the system and to control the resource utilisation and to 

share them between the users. 
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2.1.3.1 Cooperative Multi-Point (CoMP) 
 

If a larger-scale multiple-input, multiple-output (MIMO) system is distributed over 

a geographical area in groups then it can be called CoMP [38]. It is a technique 

where some information is exchanged between the cooperated BSs to mitigate 

or overcome the interference effect that occurred between cells [39, 40]. They 

utilise the bad effect of the interference to achieve useful signals [41]. More 

details are presented later in section 2.2. 

 
 

2.1.3.2 Cloud Radio Access Network (C-RAN) 
 

C-RAN is a new architecture for the cellular network where cloud computing is 

centralised and has the ability to support both existing and future wireless 

communication standards [42]. In comparison to the conventional Radio Access 

Networks (RANs), the C-RAN has a strong point in the ability of deploying many 

Remote Radio Heads (RRHs) [42]. Moreover, it can provide high SE and EE at 

the same time it minimises the capital and the operation costs [43]. In China, a 

realisation trial of C-RAN for the 2G and 3G results in 70 percent energy saving 

in the OPerational EXpenses (OPEX) [44]. 

 
 

2.1.3.3 Network Function Virtualization (NFV) / Software Defined Network 

(SDN) 

NFV is the concept of transferring network functions from dedicated hardware 

appliances to software-based applications running on commercial off-the-shelf 

(COTS) equipment [45]. The advantages of using NFV (not limited to) are: cost 

reduction for equipment, power and development [46]. NFV is related to another 

technology, the SDN. SDN and NFV are two different independent technologies 

[45] but complementary to each other, and each one can leverage off the other 
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to improve the flexibility and simplicity of networks and service delivery over them 

[47]. SDN is a networking technology that decouples the control plane from the 

underlying data plane and consolidates the control functions into a logically 

centralised controller [48]. 

 
 

2.2 Cooperative Multi-Points (CoMPs) 
 

In this section, CoMP mentioned in section 2.1.3.1 is discussed in more details 

here. Their types and how they are classified are presented. The challenges 

facing the deployment and operation of the CoMP are also highlighted. 

 
 

Coordinated multipoint, network MIMO or cooperative MIMO is one of the 

important ideas that have an important role in enhancing the cell edge 

performance in terms of data rate and SE more than what is possible with MIMO 

Orthogonal Frequency Division Multiplexing (OFDM) [39]. CoMP could be looked 

at like the latest phase of MIMO communication, which begun with a point to point 

MIMO then expands to point to multi-point MIMO and finally to the 

coordinated/cooperative multi-cell MIMO concepts [49]. 

 
 

The deployment of CoMP concept is a result of backhaul connection 

improvement, where a larger amount of data can be exchanged and shared 

between BSs quickly [50]. This technique is usually called “multi-cell MIMO” in 

academia and is also termed as CoMP in 3GPP LTE-Advanced systems [51]. 

 
 

2.2.1 Types of Cooperative Multi-Point (CoMP) 
 

The CoMP can be classified mainly according to the transmission scheme and 

the network architecture. 
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2.2.1.1 The Transmission Scheme 
 

According to the transmission scheme used, the CoMPs could be classified under 

the Coordinated Scheduling/ Coordinated Beamforming (CS/CB) scheme or joint 

processing (JP) scheme [50, 52]. In JP scenario, the cooperated BSs are fully 

cooperative, i.e., they share both of the user’s data and the channel states [52], 

they also form a large Distributed Antenna System (DAS), and act as “networked 

MIMO”, and they can be effectively looked at as single cell [53]. Indeed, they 

cooperate in the signal level [54]. 

 
 

In contrast, for the other case, the BSs are only required to share a small amount 

of information, and their coordination will be at the beamforming level [54]. In this 

scheme, the users are connected to one BS only and receive the information form 

their intended BS, not from all BSs [55]. The BSs exchange the beamforming 

strategies, scheduling and resource allocation information [55]. 

 
 

2.2.1.2 The Network Structure 
 

Another way to classify the CoMP is the network perspective, in which the 

cooperation could be centralised or distributed [56, 57]. 

 
 

In the centralised algorithms, all information required to implement the 

coordination are sent via the network backhaul to a central control unit where the 

computations are taking place to evaluate the precoder and the scheduling 

processes [56, 58]. Centralised algorithms require the knowledge of the global 

CSI, which means that the full channel matrix is required [57]. The need for huge 

signalling overhead is the drawback of this type of cooperation [56]. 
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Another approach is the distributed cooperation where each BS optimises the 

resource allocation for its users based on the information exchange with all other 

BSs, and a central control unit is no longer necessary [56]. In contrast to 

centralised approaches where the global CSI is needed, distributed approaches 

depend on the existence of local CSI [57]. 

 
 

2.2.2 Challenges 

 

The main challenges that may limit the achievable gains in multi-cell cooperation 

technologies are the existence of both correct, accurate and up-to-date CSI and 

the low latency high capacity error-free backhaul [4]. 

 
 

2.2.2.1 Backhaul 
 

The backhaul for CoMP issues contains three sides: the architecture and 

technologies, the latency requirements and capacity requirements [39]. The 

deployment of CoMP heavily depends on the backhaul used to connect the BSs 

together, where the latency and the capacity of it put guidelines for features of 

the transmission scheme type that can be used and the resultant performance 

[40]. The capacity requirements for the backhaul depend mainly on the system 

bandwidth, the used connection topology and the system size in terms of users 

served and BSs in cooperation [40]. 

 
 

Moving from JT to CS/CB somehow reduces the burden on the backhaul and 

relaxes the synchronisation and latency requirements. However, accurate and 

instantaneous CSI are still significant challenges to be achieved in CoMP 

deployment. 
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2.2.2.2 Channel State Information (CSI) 
 

The assumptions of perfect knowledge of CSI is used by most of the work on 

CoMP [59]. However, this is not true. In the real implementation, the BSs cannot 

have a perfect CSI easily [60], due to several reasons like quantised estimation 

and limited feedback [61]. Thus it is expected to have error that could lead to the 

unguaranteed QoS [61]. Then, the CSI imperfection should be taken into account 

through the design process. Channel estimation error may affect the uplink 

achievable ergodic rate with Maximum Ratio Combining (MRC) and Zero Forcing 

(ZF) receivers [52]. When there is an imperfect CSI, the channel capacity 

estimation may be over-estimated, and the data rate may exceed the maximum 

capacity and fail to transmit the data and results in data outage [62]. 

 
 

2.3 Summary and Conclusions 
 

In this chapter, a review on 5G techniques has been presented. The classification 

of these techniques under three directions. These directions are the wireless 

technology, network architecture and functionality. The techniques for each 

direction was beifly illustrated. More details on the CoMP was presented in terms 

of categories and deployment challenges. It is observed from this chapter that the 

mMIMO and mmWaves are related to each other and with other techniques in 

other direction such as UDN. In the following three chapters Chapter 3, Chapter 

4 and Chapter 5 the research was inspired by the mMIMO and mmWaves topics. 
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Chapter 3 
 

Multi-User Multi-Input Single Output 

(MU-MISO) Performance 

 

In this chapter, the performance of the mMIMO system is explored under two- 

channel scenarios. These are the Rayleigh and Rician channels. Part of the work 

presented in this chapter is based on the work stated in [63]. 

 
 

The first part of the chapter presents a short review of the literature on multi-user 

transmission; and then in section 3.2, the ZF performance under Rayleigh 

channel is simulated to achieve the optimum point of operation. Thereafter, it is 

followed by a study of the performance with Rician channel. The approach is 

based on mathematical derivation rather than being simulation-based. Finally, the 

last part of this chapter presents the outcomes and summarises conclusions from 

this work. 

 
 

3.1 Introduction 
 

There are many goals and objectives that can define any communication system, 

such as speed, reliability, low cost and EE operation. Rate increment is also 

rejuvenated demand in communication systems. Mainly the capacity is governed 

by the well-known Shannon equation: 

Rsh = log2 (1+ SNR) (3.1) 

 
One way to increase the capacity is to increase the power transmitted, hence the 

SNR will increase sequently. In multi-user and multi-cell systems where there are 

other pairs sharing the same time-frequency resource, the increase of the power 

will affect the capacity in a reverse manner. The interference term will appear and 
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limits the bound of the capacity. The use of multiple antennas at the transmitter, 

the receiver or both can enhance the array gain, diversity gain, interference 

suppression and multiplexing gain [64-67]. 

 
 

In diversity mode, MIMO utilises the multipath that the signals flow in to enhance 

the BER for given SNR. The estimation that is more precise can be attained if 

there are more copies available at the receiver. Hence, robustness against error 

will be achieved. In the spatial multiplexing, instead of transmitting just a single 

symbol via the multipath and acquire multi copies, multi symbols are transmitted 

simultaneously over the channel to increase the capacity of the system 

depending on the differences between channels. MIMO can come in three 

configurations: multi-input single-output (MISO), single-output multi-input (SIMO) 

and multi-input multi-output (MIMO). 

 
 

MU-MIMO is a quite similar operation of point to point (p-t-p) MIMO but with split 

independent antennas at one end [68]. However, the sharing in time-frequency 

resource [69] between users will increase interferences, and its mitigation will be 

crucial [70]. To overcome the interferences caused by sharing the resources, 

there are two categories of precoding [71] the linear and the non-linear ones. The 

non-linear precoding is optimal, but with the cost of computation complexity [72]. 

The linear precoding, on the other hand, is suboptimal, yet, easy to implement 

and it is the practical option notably when system size is increased (in terms of 

antennas at the BS or active users). In time-division Duplexing (TDD), mMIMO 

has several attractive features [9]: first, it provides a replacement for the small 

cell deployment to increase the capacity; Second, it will reduce the required 

power to the transmission, which is good from the industrial and the 
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environmental point of view; Third, for channel estimation, the feedback is related 

to the number of users rather than the antennas at BS. 

 
 

There are some references that touch the optimal number of users to be served 

in a MU-MIMO environment such as in [70, 73-75]. In [70] the optimal number of 

users for a mMIMO system was derived under perfect channel without 

consideration for user distribution over the cell. The optimal number of users with 

random user distribution over the cell was found in [73]. In contrast, the imperfect 

channel estimation effect on the results was considered in [74, 75] for distributed 

and undistributed users over the cell, respectively. 

Table 3.1: Scenario comparison used in different works (Correlation, imperfect CSI and large 

scale fading) . 

 

Reference Correlation Imperfect CSI Large scale fading 

[75] N Y N 

[70] N N N 

[73] N N Y 

[74] Y Y Y 

[63] Y Y N 

 

 

3.2 Zero Forcing (ZF) performance Under Rayleigh Channel 
 

In this section, the performance of the mMIMO is explored. The scenario 

considered is a single cell with a BS serving multi single-antenna users. The main 

goal of the simulation is to find the optimum point of operation in terms of served 

users. The effect of BS antennas number, transmitted SNR value, error 

percentage, and inter-user correlation are also considered. The power allocation 

through the water-filling algorithm is considered. 
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k k n,k 

3.2.1 System Model 
 

Consider a BS with M antennas to be operated in a single cell environment. And 

there are K single-antenna users, as shown in Figure 3.1: 

 

 
Figure 3.1: The simulated models and channels between the BS and K users. 

 

The users are assumed to be single-antenna users. Then, the channel between 

the BS and each user is defined as a MISO channel. Assume a perfect channel 

knowledge at both transmitter BS and receiver k . The received signal at the kth 

user can be modelled by the following equation: 

yk = hk x + nk (3.2) 
 

Where h  is the channel from the BS to the ith user, n N (0, 2
 ) is 

 

the additive white Gaussian noise, and x  
M 1 is the transmitted signal from the 

 

BS which is expressed as: 

 
K 

x = wk sk 

k =1 

(3.3) 

 

where wk  is the beam-former (pre-coder) for the ith user, and the sk is the 
 

intended signal for that user. The pre-coder used is channel inversion is known 

as ZF, where the pre-coder forces the interference caused by other users (the 

1M 

M 1 
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Inter-User Interference (IUI)) to be zero. The ZF pre-coder can be implemented 

by the following equation: 

W = H(H
H 

H)
−1

 (3.4) 

 
where 

 
T 

H = h
T 
, h

T 
, , h

T   
1 2 K 

(3.5) 

 

Where H is the total channels matrix for all users, H  
KM . It is worth to mention 

 

that the channel used in the simulation is slow flat fading channel, it has a single 

tap, and there is no Inter-Symbol Interference (ISI). The variance of the channel 

for all users is assumed to be fixed and equals 1. 

 
 

3.2.2 Simulation Algorithm 
 

In this section, the simulation algorithm used to implement the system is 

presented. The algorithm is adapted from Emil Björnson’s site and is for the 

simulation of figure 2 / Massive MIMO Communications chapter in [76]. 

 
 

For the given scenario, the water-filling power allocation algorithm is applied. The 

water-filling algorithm enables the system to achieve the highest capacity by 

finding the optimum power distribution over the users. Users with low capacity in 

the system after power allocation may be discarded, and the effective channel for 

each user is changed. The capacity calculation is done in the final step using the 

power set from the allocation algorithm. Figure 3.2 shows the flow chart of the 

simulation. 
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Figure 3.2: The simulation flow chart. 

 

The water filling algorithm here is slightly different from that known for the point 

to point MIMO proposed in [77], where the water-filling algorithm is applied for 

equivalent SISO channels obtained from Eigenvalue decomposition. In this case, 

the channels for each user are already separated at the receivers, and the 

effective channel value which is used for the algorithm is single for each user. So, 

the water filling is applied for users instead of equivalent channels. One can resort 

to the rate equation given by: 
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K 

Csys  =  log2 (1+ SINRk ) 
k =1 

(3.6) 

 

where C
sys 

is the system capacity in bit/s/Hz, and SINRk is the Signal to 
 

Interference and Noise Ratio (SINR) for user k and given by: 

 
h w 

2
 

SINR  =
 k k 

k

 


K  

h  w   
2  

+  2 
j =1, j k k j n 

 

(3.7) 

 
From Figure 3.1, the channel matrix can be presented as: 

 
 h11 h1M    

H =   
  
hK1 hKM  

 

 
(3.8) 

 
where the rows vectors presented the channel vectors from the transmitter to a 

particular receiver, and the column vectors presented the channels from a 

particular transmitter antenna to different users. Let W be the precoding matrix; 

it is presented as: 

 w11 w1K    

W =   
  
wM 1 wMK 

 

 
(3.9) 

 

The transmitted signal from the mth antenna TXm can be written as: 

 

TXm  = wm1s1  + wm2s2 + + wmK sK (3.10) 
 

while the received signal at the receiver k , yk can be written as: 

 

yk  = hk1TX1 + hk 2TX1 + + hkMTXM (3.11) 
 

This signal represents the total effect of the channel on the transmitted signals 

from the transmitter side, which include the desired and the interference signals. 

If one looks at the effect on the transmitted desired signal only, then the following 

could be written to describe the mentioned quantity (the received desired signal 

dk ): 
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dk  = hk1w1k  + hk 2w2k  + + hkM wMk (3.12) 
 

These terms (in the above quantity) is indeed the element of the Schur product 

(the elements-wise product) between the user’s channel matrix and the transpose 

of the user’s precoder matrix. Define a matrix H_teff (total effect) as following: 

H_teff = H W (3.13) 

 
This matrix shows the effect of the desired signal and the interference signals. 

The Signal to Interference Ratio (SIR) for a certain receiver will be: 

SIR  = 
Desiredk = 

Desiredk 

k 
Interference Total − Desired 

k k k 

(3.14) 


M 

h   w 
SIR  = m=1 km mk 

k 


K 


M 

h   w
 

j =1, j k m=1 km mj 

 

(3.15) 

 
In order to consider the computation efficient, one can notice that the desired 

term is the diagonal terms of the total effect matrix. So the Signal to Interference 

Ratio (SIR) vector can be described as the diagonal term of the total effect 

channel matrix over the row summation of the rest elements. 

 
 

3.2.3 Results 
 

In this section, the results obtained from the simulation will be discussed. Figure 
 

3.3 shows the relation between the BS antennas and the number of users served 

by the BS. As it is seen clearly the variations are coherent with MIMO behaviour. 

For a specific number of users (which confront the number of receiver antennas 

in SU-MIMO case), the increase in the number of transmission antennas leads to 

an increase in the capacity for a certain range. 
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Figure 3.3: The performance of SE against the number of BS antennas for various numbers of 

users (the start and step size of K is 5). 

Figure 3.4 is from another perspective; it demonstrates the system behaviour 

under increasing the ratio between the number of antennas and the number of 

single-antenna users. It can be noticed clearly that the capacity is increased after 

the ratio 1, then it starts to decrease after approximately the ratio 1.2 and keeps 

decreasing. It can also be observed from the figure that after the peak for each 

curve, the general shape for all curves is similar. It is worth to mention that this 

result agrees with that previously achieved in [78]. 
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Figure 3.4: The performance for different no of BS antennas according to the ratio with SNR=5 

dB. 

Figure 3.5 reveals the effect of increasing the SNR on the system capacity. It can 

be noticed easily from Figure 3.5, that the peak in the capacity curve moves 

towards higher ratio direction (less user per cell) when the SNR decreased while 

the concave behaviour tends to vanish as the peak move to ratio 1 as the SNR 

increased; which means that the peak reaches the end of the curve for high SNR. 

 
 

An important issue is an existence and accuracy of the CSI. In the real scenario, 

the perfect CSI is unpractical. In Figure 3.6, the effect of imperfection of the CSI 

was explained. A simple imperfection model is used here, while a more 

sophisticated model is used later in Chapter 7. The figure reveals the effect of 

inaccuracy in estimating and feeding back of CSI to the BS. The more error 

percentage, the less capacity achieved. 
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Figure 3.5: Performance of different SNR values for M=100. 
 
 

 
Figure 3.6: Performance for imperfect CSI, SNR =5 dB, M=100. 
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Figure 3.7: The CDF of achievable rate for 100 antenna elements at BS and SNR= 5 dB for 

different ratio (M/K). 

Figure 3.7 shows the capacity performance in a statistical manner in which the 

Cumulative Distribution Function (CDF) of the achievable capacity for different 

M/K ratio is demonstrated. As it can be observed, for each channel realisation 

generated randomly, the variation in the achievable capacity is changed. This 

figure shows that for a lower ratio, the variation in the capacity is significant. As 

the ratio increased, the range of the variation in the achievable capacity is 

decreased while the average keeps increasing. After the peak point, the average 

of the achievable capacity starts decreasing, and the variation in the achievable 

capacity vanishes till the capacity becomes a certain value instead of a wide 

range of values as in the first curve. 

 
 

The correlation may occur at the receiver and/or the transmitter side. The 

correlated matrix is modelled as the one in [79]: 
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H = R1/ 2HR1/ 2 

corr R T (3.16) 
 

Where RR and RT are the correlation matrices at receiver and transmitter ends, 
 

respectively. Figure 3.8 shows the effect of correlation between antennas at the 

receiver only. In our simulation, only the receiver correlation is considered which 

occurs between handset antennas only (i.e., intra user antenna correlation). In 

other words, the correlation between different user’s antennas assumed to be 

zero as well as the correlation between BS antennas. The cause of ignoring the 

correlation between the users is that they are distributed over the cell and the 

distance between them is considerable compared to the wavelength, so there is 

no correlation effect. The BS antennas could be distributed on the BS site such 

that the correlation is minimised to the degree that is vanished and hence ignored. 

It can be noticed that the difference in capacity for a larger number of users tends 

to vanish. 

 
Figure 3.8: Performance for SNR =5 dB, M=100 with and without correlation. 
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3.3 Zero Forcing (ZF) Performance Under Rician Channel 
 

In [70] and [63], the concavity of capacity curve over active user’s number was 

proven, and the optimal number of users to be scheduled to get the best 

performance was found under the Rayleigh fading channel scenario. In this 

section, the concavity of the capacity curves is proved and the optimal point of 

operation is found under Rician channel environment. 

 
 

Since the combination of mMIMO with mmWaves [20, 80] is considered one of 

the essential enablers for 5G, it is crucial to study the performance precoding 

strategies under mmWaves channel model. The mmWaves channel could be 

modelled as clustered model [81] or simplified to limited scattering [82]. Rician 

channel was used to model the mmWave environment in [83] since the line of 

sight component effect is the biggest among the other NLOS components. 

 
 

From a mathematical point of view, since the capacity is a function, then one can 

examine whether it has an optimal point or not over any variable range that affects 

the curve. The seeking for the optimal point is done by finding the first and the 

second derivatives of the capacity equation for the inspected variable, these two 

derivatives, i.e., the first and the second result in finding the optimal point and 

proving the concavity of the curve, respectively. 

 
 

In this section, the Rician channel effect was considered. In contrast to [83], 

where the effect of Rician factor on optimal values of M , K and SNR were 

studied, here the concavity over K is proven. 
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= r  

3.3.1 Mathematical Model 
 

Herein, the system, channel and user distribution models in [83] will be adopted. 

Figure 3.9 shows the system assumed to support K single antenna users by a 

BS with M antennas where M  K . 

 

 

 
Figure 3.9: The system model. 

 

The channel vector for each user has two parts, the fast and the large scale 

fadings: 

g
R  

=  h
R

 
k k     k (3.17) 

 

The first part is the large scale fading. For the user k is modelled by 
− p 

k k k 

 

, where rk is the distance between the user and the BS,  p  2 is the path loss 
 

exponent  and   is the shadowing effect and this follows the lognormal 

distribution. The users are distributed in the cell of radius R uniformly with 

minimum distance r0 
from the BS. The polar coordinated probability density 

 

function is then given by: 

 
 2r 

r  r  R 
f (r ) = 

 
R2 − r2  0

  0 


 0 otherwise, 

 
(3.18) 
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kk 

n 

and: 

 

f ( ) =  
1 

0    2 
2 

(3.19) 

 

The fast part assumed to be Rician where it contains two parts, the random HR 

 

and the deterministic HR , as can be found in [84-88]. The Rician factor for the 
 

user k is given by Ω ; then Ω will be a diagonal matrix that contains the Rician 

factors for all of the users. The total fast fading channel is given by: 

 

1                    1 

H   = (Ω (Ω + I   )
−1 )2  H   + ((Ω + I   )

−1 )2  H 
R K R K R 

(3.20) 

 

Given that sk , wk and pk represent respectively the modulated symbol, the 

 

beamformer weights and the power assigned for the user k (where 

 

 

 pk = PT 

k =1 

 

here PT is the total transmitted power), then total transmitted vector for the user 
 

k is given by: 

 
K    

X =  pk wk sk 

k =1 

(3.21) 

 
which leads to the received signal at the user  k with additive Gaussian noise 

 

(AWGN) that follows normal distribution n ~ N (0, 2 ) can be presented as: 

 
 

y  =  hR 
X + n 

k k     k k (3.22) 
 

If the precoder used is zero-forcing precoder, then the average sum-rate, 

according to Shannon’s capacity equation is: 

R = E 
 K   

log  

1+ 

pk k k  


 
DL  2  

 2  
 k =1  n  

(3.23) 

 
With the assumption of rank-1 channel mean, the equation (3.23) can be 

approximated to [83]: 

K 
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e 

0 

 

 P  (K +1)e
( (M −K +1))  

R = K log  1+ 
T  

DL 2   2 
K ( +1)( ( K −1) +1)  

 n  

 
(3.24) 

 
 

2 2 R2 r2  
 

  R ln R−r0 ln r0 − + 0  
 − 
 R2 −r2 

2 2  
 

where  
 

 

 

In the following sections, the first and the second derivatives of the equation with 

respect to the number of active users per cell (to prove concavity and to find the 

optimal number of users) will be driven. 

 
 

3.3.2 Close Form Derivation 
 

This section will present the closed form for the first derivative of the equation 

(3.24). By using the rules in Table 3.2, then the first derivative is given by: 

 
 

 

 
where 

 

c = 
PT     

 2 
n 

(3.26) 

−
 6(M −K +1)+1 

t ( ) 
 12(M −K +1)2    3(M − K +1) +1  
  

1  =  K +1 e    +1   6(M − K +1)
2  

  

 

(3.27) 

−
 6(M −K +1)+1 
  

t  =  (M − K +1)e 
 12(M −K +1)

2 

 
  

2 

 
(3.28) 

−
 6(M −K +1)+1 
  t3  = (K +1)(M − K +1)e   (2K + 2K −  +1)  12(M −K +1)2  2 2 

 
(3.29) 

 −
 6(M −K +1)+1    

t  = K 
2   2 

+   + K  −2 
+1) + 

 PT    
(K +1)(M − K +1)e 

 12(M −K +1)
2  

 
5 ( ) ( 

  2 


   

 

 
n 

 

 
 

(3.30) 

g   = K 22   + K 2 − K2 + K 
2 kk kk kk (3.31) 

P 

and  = Ω . 
kk 

 dR  
= K (log  e) 

c ( g2 (t1  + t2 ) − t3 ) 
+ log  

 t5   

 

dK 
b 

g t 
2   

g  

 

2 5    2   

 
(3.25) 
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Table 3.2: Derivation formulas. 
 
 

Function The derivative 

f ( x) = g ( x) h ( x) 
df 

= g ( x) h( x) + h ( x) g( x) 
dx 

y = logb ( f ( x)) 
df ( x) 

dy 
= (log e)  dx   

dx 
b 

f ( x) 

f ( x) = 1+ z ( x) 
df 

= 
dz 

dx dx 

f ( x) = 
g ( x)

 
h ( x) 

df ( x) 
= 

h ( x) g( x) − g ( x) h( x) 
dx h2 ( x) 

 

 

3.3.3 Curve Fitting Approximated Form 
 

In this section, the first and second derivation is to be found using the curve fitting 

approach. Due to the different values of Ms and Ks, the plotting of capacity 

surface corresponding two axis (the BS antennas and the user’s antennas) will 

not be applicable due to the difference of points to be used in drawing the capacity 

curve for each number of antenna at the BS. As a result, one can resort to a new 

variable, the (M / K) ratio, where it will be used instead of K axis. Now after re- 

aliening the capacity curves in x-axis (each curve represents specific value of BS 

antennas number), there is still another problem which is the aligning in the y- 

axis. The maximum and minimum values, as well as the other values along the 

curve line, are different, then trying to find a polynomial that can govern all of the 

curves is impossible. A possible solution is to shift and normalise the curves so 

that it can be said that their performance will be the same. It is worth to notice 

that the shifting of the equation and scaling it (for both of them in either up 

direction or down direction) will not affect the overall shape or general behaviour 

(i.e. the convexity and/or concavity). Then if one shifts down the capacity curve 



38  

such that the lower point will be zero, scaling down the curve such that the peak 

point will be one. The resultant surface of the aggregated capacity curves will be 

coherent to some degree with respect to the ratio values. The following figure, 

Figure 3.10, represents the modification that conserves (reserve) the behaviour 

of the function. 

 

(a) Original curve (b) Shifting effect on curve (c) Scaling after shifting 

Figure 3.10: Curve reserving characteristic modification. 

 

Now apply the curve fitting for each capacity curve independently (in which 

different curves for a different number of BS antennas are considered), one can 

get polynomial coefficients that can regenerate the modified capacity curves. The 

change of the polynomial order will change the degree of fitting of the recovered 

curve with the original curve. The curve fitting for the individual curves in some 

orders (depend on the number of points taken to plot the capacity curve) can give 

no error or very small amount of error for one or two points per curve. The values 

of the coefficients (for specific power of variable) are approximately the same for 

all curves. As a result, instead of implementing many polynomials each 

corresponding to one curve, one can take the average of the coefficients and 

make a small sacrifice in the accuracy of the resultant curves. Then one can get 

a general/global curve that can govern the behaviour of the curves for all possible 

values of  M   over the required  (M / K ) ratio range. It is worth to notice that the 

original equation contains many variables while the approximated one is a 

polynomial of finite order (with the number of terms less than the total number of 
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points used to draw the capacity curve). This outcome will simplify the finding of 

the first and second derivatives for rate equation. 

 
 

3.3.4 Concavity Proof 
 

In this section, the values of the first and second derivative with respect to the 
 

(M / K ) ratio will be presented according to the previous discussions. Starting 
 

with closed-form derived from the original equation, and then the derivative 

equation extracted via Matlab is presented. The original derivation is the 

verification that of Matlab, so one can go further and say that the second 

derivative via Matlab is valid also. The second derivative is very complex, so 

resorting to Matlab or other software like wolfarm ALPHA [89] or Cymath [90] will 

be a good choice. 

 
 

Because the original derivation is complicated, one can resort to curve fitting to 

prove the convexity of the original equation. However, at the moment, this will be 

ignored, and the convexity will be proven through Matlab derivation. As 

mentioned before, Matlab has the capability to find the derivative of certain 

equations (and consequently the second derivative). First of all, one needs to 

define the variables that the equation includes. This is done through “syms” 

function [91]. 

syms x y z 
 

After defining the variables to be used in the equation, the derivative of that 

equation could be found via another Matlab function, namely the “diff” function. 

The following results, from Figure 3.11 to Figure 3.13 consider the parameters in 

Table 3.3. 
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Table 3.3: Simulation parameters. 
 
 

Parameter value 

R 600 m 

ro 50 m 

P 3.7 

 2 
n -114 dBm 

 N (1.88, 4.13) 

iterations 10 

 
 

From Figure 3.11 and Figure 3.12, it can be concluded that the derivative using 

Matlab and original derivation is almost the same even though the small number 

of iterations used to perform the simulation (because the random value of  ). 

Using the same approach with Matlab, the second derivative could be attained, 

where its surface is drawn in Figure 3.13. 

 
Figure 3.11: First derivative surface using a closed-form equation derived by hand. 
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Figure 3.12: First derivative surface using a closed-form equation derived using Matlab. 
 

 

 
Figure 3.13: Second derivative surface using a closed-form equation derived using Matlab. 
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3.3.4.1 Fully Curve Fitting 
 

Another method to find the first derivative is to convert the exact equation (that 

used to describe the performance of the system in terms of capacity) into a 

polynomial of a certain parameter (here the chosen one is the (M / K ) ratio). 
 

Then the derivative can be found easily. Unfortunately, the parameters to be used 

as the variables in the capacity equation are different ( M and K ), so the curve 

fitting of each curve will result in a polynomial that fits with that curve which 

represents the performance of the system with specific values of ( M and K ) and 

not fit with the other curves. Normalising the surface by removing certain DC level 

from each curve, (the value depends on the curve itself and equals to the 

minimum sum-rate). Then all curves need to be scaled down such that the 

maximum point equals to 1. Then the curve fitting is applied to each curve alone 

to extract the corresponding coefficients. The homologous coefficients to be 

averaged, then a global polynomial that fits all curves with a reasonable degree 

of error is achieved. 

 

 
Figure 3.14: Original and curve fitted modified capacity surfaces. 



43  

 
 

Figure 3.15: Second derivative of the modified capacity curve. 

 

Figure 3.14 shows the original modified capacity surface with the curve fitted ones 

generated by the average coefficient polynomial. The derivation of the polynomial 

is straightforward and can be implemented by hand or through utilising Matlab. 

Figure 3.15 shows the second derivative of the equation; it can be noticed quickly 

that the curve before the point x=1.5 is negative, which means the curve is convex 

in that region. 

 
 

As can be seen, the fitted curves have some ripples as the ratio is increased, 

even they are small they may give inaccurate results. Therefore, when 

considering the derivative, one has to be careful not to consider the high region 

of ratio. Then the resultant polynomial can be considered as a replacement or 

approximation to the original equation. 
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3.3.5 Optimal Point Derivation 
 

In this section, the optimal number of user’s calculations is presented. Even 

though it can be evaluated the exact equation for the first derivative, the finding 

of the point at which the curve crosses the zero line is somehow tricky. The 

resorting to curve fitting will be a good solution. Figure 3.16, shows the first 

derivative using the curve fitting with polynomial order equals to 13 with respect 

to (M / K ) ratio. The curve crosses the zero line at the point (approximately) 1.25. 

Figure 3.16: First derivative of the modified capacity curve. 

 
 
 

 

3.4 Conclusions 
 

In this chapter, the system model for the single-cell environment with single 

antenna users has been presented. The mathematical model was used to 

simulate the performance of mMIMO under the existence of a high number of 

users. First, the generic channel model (the Rayleigh channel) was examined. 
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The simulation results show that the performance behaves in a non-monotonical 

way. The variation of the channel will not affect the concavity that exists in the 

basic model. The variations include channel estimation error and channel 

correlation. In the second part, the concavity was also proved but in an analytical 

method. The channel model adopted in the second part was the Rician channel. 
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Chapter 4 
 

Signal to Leakage and Noise Ratio (SLNR) Precoder 
 

In this chapter, another precoder type is discussed. This precoder based on the 

optimisation of the Signal to Leakage Ratio (SLR) maximisation problem. The 

work mainly falls into two parts. The first part discusses the performance of the 

precoder. The performance of the precoder shows a similarity with that discussed 

in Chapter 3. The second part of the chapter analyses mathematically the 

equivalency between the two precoders. The work presented in this chapter is 

based on the work in [92] and [93]. 

 
 

4.1 Introduction 
 

The most straightforward beamforming strategy is the channel inversion method 

or as known as ZF [94], which was discussed in the previous chapter. This 

primary method can be enhanced using Regularised ZF (RZF) [95], sometimes 

called Minimum Mean Square Error (MMSE) [96]. Another approach is to 

optimise the weights of the beamformer to improve performance. This is done by 

framing the optimisation problem in terms of the SINR. This approach has the 

drawback of coupled variables between different users such as an increase in 

signal power level for one user will increase the leakage (interference) for other 

users. Another promising optimisation approach was proposed in [97] and later 

developed in [98] and [99], where they use the SLR/SLNR as a metric to be 

optimised rather than SINR. 

 
 

The performance of the SLNR precoder in real channel measured through a 

sounder was studied in [100]. To avoid inversion and squaring the matrix to avert 

singularities in high SNR, a new scheme was proposed in [101]. [102] proposes 



47  

a power allocation scheme based on SINR of sub-stream for the SLNR precoder, 

while [103] proposes the SLNR value as a criterion for the power allocation. The 

authors in [104] proposed two power allocation (optimal and suboptimal) to 

overcome allocation mismatch in [105] and [103]. [106] proposes two decoders 

to support multi stream transmission in MU-MIMO environment. The first one is 

based on SVD and utilise water-filling power allocation, the second uses Identity 

matrix with no power allocation. In the context of multicell environment, a power 

allocation scheme [107] was proposed per user rather than per antenna or per 

stream. The leakage term was used as a reference in [108] for the power 

allocation rather than the channel norm or the SLNR term. [109] deals with 

theoretical analysis of two-tier heterogeneous networks and imperfect CSI. The 

authors of [110, 111] propose another definition for SLNR, where the structure of 

the receiver is taken in account. Later in [112] they extend the work in [110] and 

[111] to multicell environment. The SLNR is used also for full duplex transmission 

[113, 114]. 

 
 

This section examines the performance of the SLNR under the variation of SNR, 

the relation with the number of BS antennas, the number of users and the number 

of antennas per user and later developing the previous works in [63, 70]. Results 

show that there are some limitations to be considered during the design of a 

system. The performance of the system is not necessarily monotonic; it can 

exhibit a peak depending on the number of BS antennas, number of users and 

number of antennas per user. 
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4.2 Signal to Leakage and Noise Ratio (SLNR) Performance 
 

The system model here, in general, is the same as that considered in Section 

3.2.1, the difference is that the users may have multi antennas rather than the 

single one. The channel for the user k is then described as: 

 h1,1,k h1,M ,k   

H  = 
  

k   
hN ,1,k hN ,M ,k 

 

 
(4.1) 

 

where hn,m,k is the channel between antenna m at BS to antenna n at user k . At 
 

the user k , the received signal y k will be a vector instead of a single value 

 
yk = Hk x + nk (4.2) 

 

where x is the transmitted signal and n k is the noise vector at the hand set 
 

antennas. 

 
 
 

4.2.1 Signal to Leakage Ratio (SLR) Optimisation 
 

The aim is to find a precoder, which maximises the SLNR. In other words, the 

precoder increases the power through the channel to the intended user while 

simultaneously minimising the interference generated by the user precoder on 

the other users served by the BS. 

 
 

As stated in Section 4.1, the SINR leads to a coupled optimisation problem, a 

decoupling could be done by utilising the SLNR as in [97-99]. The SLNR is given 

by: 

SLNR  = 
S
 

k 
L + N 

0 

(4.3) 

 

where S is the signal power, L is the leakaged signal power and N0 is the noise 
 

power for all antennas. The leakage term is: 
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1 

H 

k 

k 

K 

Lk =  H j wk 

j =1 
j k    

 

(4.4) 

 

The problem may be formulated in two ways. The first ignores the noise term and 

maximises the SLR: 

Sk  = 
Hk wk 

L 


K     

H  w 
k 

j 
j =1 
j k    

  
 
 
 

k 

 
(4.5) 

 
This equation can be rewritten as follows: 

 
S 

= 
w

H 
H

H 
H w 

      k k k k  
 

  

L w
H 

H
H 

H w 
k k k k 

(4.6) 

 

where H   = H
T

 and the solution is [97]: 

 
w

H 
H

H 
H w   

  H H max  (Hk  Hk , Hk  Hk ) 
      k k k k  

  

w
H 

H
H 

H w 
k k k k 

(4.7) 

 

where 
max is the largest eigen value. The optimal beamformer is: 

 

w
o  

 max.GEV (H
H 

H  , H
H 

H  ) 
k k k k k (4.8) 

 
 

 

and if H is invertible, then (4.8) will be: 
 

w
o  

 max.EV ((H
H 

H  )
−1 

H
H 

H  ) 
k k k k k 

 

(4.9) 

 

The method is extended to include the effect of noise in [98], so (4.5) becomes: 

 
S 

= 
Hk wk 

L + N 


K     

H  w + N 2 
0 

j k n 
j =1 
j k    

 
(4.10) 

 
The corresponding equations for (4.8) and (4.9) are: 

 

w
o  

 max.GEV (H
H 

H  , H
H 

H   + N 2I ) 
k k k k k n (4.11) 

w
o  

 max.EV ((H
H 

H   + N 2I)
−1 

H
H 

H  ) 
k k k n k k 

 
(4.12) 

HT HT 

k −1 k +1 
H T 

K 

T 
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NM    

4.2.2 Performance of Eigen Value Decomposition (EVD) and Generalised 

Eigen Value Decomposition (GEVD) 

The SLR and SLNR approaches have been proposed previously [97-99], but a 

new viewpoint is obtained here by applying the method over a wider range and 

analysing the effects on the behaviour of the EVD and GEVD, permitting one to 

understand the overall benefits from SLNR maximisation for the total system. The 

GEVD for two matrices A and B is given by 

AV = BΛV (4.13) 
 

where Λ and V are two matrices representing the eigen values and eigen 

vectores respectively. If B is a not singular matrix (i.e. B−1 exists) then: 

B
−1

AV = ΛV (4.14) 
 

which is the same as DV = ΛV for D = B
−1

A . In general, if there is a matrix 
 

c  where N = N + N then it is composed of two matrices a and b : 
1 2 

 
T 

c = a
T 

b
T   (4.15) 

 

The GEVD for the two matrices A = a
H 

a and B = b
H 

b gives two matrices Λ 
 

and V . The columns of the matrix V contain candidates to be in the null space 

of the matrix b , i.e., give zeros when multiplied by the matrix b . If a is the user 

channel, b is the leakage channel and c is the aggregated channel, then V is 

expected to have at least one vector that gives a zero and a non-zero result when 

multiplied by b and a respectively. However, that can be misleading as this 

assumption depends on the dimension of c . Table 4.1 compares the GEVD for 

different cases of M , N , N1 and N2 . 
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Note that the solution vector is associated with the largest eigenvalue for this 
 

case. If the equation is flipped to be GEVD(B, A) then the eigenvector associated 
 

with the lowest absolute value should be selected. 
 

Table 4.1: Performance of GEVD precoder. 
 
 

 
Case 

Sub 
 

Case 

Solution(s) 
 

exist? 

 
Number of solutions 

N  M  yes  N1 

N = M N1 = N2 yes = N1 

N  M N2  M no  

 N2  M yes (M − N2 ) 

 

 

4.2.3 Rayleigh Channel 
 

In this section, a set of carefully selected representative results is presented to 

give a clear understanding of the behaviour of the system in terms of the SLR 

and SLNR criteria. 

 
 

4.2.3.1 Signal to Leakage Ratio (SLR) Results 
 

Figure 4.1 shows the capacity performance versus increasing in the SNR for 

different numbers of users. As can be seen, the increment in the number of users 

per system will increase the capacity due to the increment in total data transferred 

through the wireless channel. 

 
 

The monotonicity of the curve does not hold in all cases. As seen in Figure 4.2, 

the number of antennas per user affects the performance. For a low number of 

users, the curves retain the same behaviour, but with increasing numbers of 
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users, the curves take another arrangement. The capacity starts at a certain level 

and increases to a maximum after which it decreases. At 5 dB SNR, the peak is 

at 60 users while for 10 dB the peak falls to 50 users. At higher SNR, the higher 

capacity relation still holds. 

 

 
Figure 4.1: System performance in terms of capacity versus SNR for different numbers of 

single-antenna users. 

 

As can be seen from Figure 4.1 and Figure 4.2, the capacity due to the increment 

in the number of users served by the system can be affected by the number of 

antennas per user. To give more clarification, Figure 4.3 illustrates the effect of 

varying numbers of user antennas per scenario. There are two types of curves: 

The first set, for fewer user antennas, resembles the performance shown in 

Figure 4.2, also showing increasing capacity with increasing antenna numbers. 

The second set has a different shape, tending to saturate at lower SNR values. 

For SNR below 5dB, the peak is at 4 antennas per user while after 5 dB SNR the 

peak moves to 3 antennas per user for 30 users served by a 100 antenna BS. 
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Figure 4.2: System performance in terms of capacity versus SNR fordifferent numbers of two 

antenna users. 

Another perspective can be obtained by combining two criteria (the number of 

users and the number of antennas at the BS) as in Figure 4.4. This figure shows 

that the curves have peaks, at different positions and different values. The 

position of the peak (in terms of the number of users) tends to move down with 

the increase of the ratio M/K as the number of antennas per user is increased. 
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Figure 4.3: System performance in terms of capacity versus SNR for different numbers of 

antennas per user. 

 

 
 

Figure 4.4: System performance in terms of capacity versus BS antennas to users ratio for 

SNR=0 dB. 
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Figure 4.5: System performance in terms of capacity versus BS antennas to users ratio for 

SNR=5 dB. 

 

 

Figure 4.6: System performance in terms of capacity versus antenna per user for different 

numbers of users per cell for SNR=5 dB. 
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As the SNR is increased, the capacity is increased as expected, but the maximum 
 

point attained is changed. Now it becomes at N = 1 with ratio equals one (i.e. 
 

K = M ) as shown in Figure 4.5, where the SNR is increased from 0 dB to 5 dB. 
 
 
 

 

 
Figure 4.7: System performance in terms of capacity versus antenna per user for different 

numbers of users per cell for SNR=5 dB. 

 

Another perspective of the problem can be seen in Figure 4.6. In this figure, one 

can see a peak also in terms of antenna users; at 2 antennas per user for a higher 

number of users (60 and more), with the peak at higher numbers of antennas as 

the number of users decreases. The capacity has a concave shape over the 

number of users, and it occurs at 60 users when the number of BS antennas is 

100, and the SNR is 0 dB. In Figure 4.7, when the SNR increased, like the 

previous case, the curves shift up due to enhancement in SINR at the receiver. 

One can notice that the highest capacity could be achieved at N = 1. 
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4.2.3.2 SLNR Results 
 

In this section, the capacity curves presented in the previous section are 

presented also, but for SLNR rather than SLR. The values used are slightly 

different to reveal the performance in the best way. 

 
 

Figure 4.8, Figure 4.9 and Figure 4.10, like Figure 4.1 and Figure 4.2, show the 

performance of the capacity versus SNR for different number of users and certain 

number of antennas per user handset. In Figure 4.8, increasing the number of 

users will result in increment in the capacity until certain level (around 80), and 

then it starts to decrease. If the number of antennas at user handset is increased, 

then the optimal number of served users is changed. For N = 2 , the number of 
 

users equals to 40 users, while for N = 3 the number equals to 30 users. 
 
 

 

The Figure 4.11 and Figure 4.12 are coherent with Figure 4.3 in terms of 

performance perspective. All of them present the capacity effect by SNR for a 

different number of handset antennas and fixed number of users. The SLNR 

shows a monotonic performance to the increase in handset antennas in contrast 

to non-monotonic performance of SLR shown in Figure 4.3. 
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Figure 4.8: System performance in terms of capacity versus SNR for different numbers of 

single-antenna users. 

 

 

Figure 4.9: System performance in terms of capacity versus SNR for different numbers of dual- 

antenna users. 
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Figure 4.10: System performance in terms of capacity versus SNR for different numbers of triple 

antenna users. 

 

 

Figure 4.11: System performance in terms of capacity versus SNR for different numbers of 

antennas per users. 
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Figure 4.12: System performance in terms of capacity versus SNR for different numbers of 

antennas per users. 

 

 

Figure 4.13: System performance in terms of capacity versus BS antennas to users ratio for 

SNR=0 dB. 
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Figure 4.14: System performance in terms of capacity versus BS antennas to users ratio for 

SNR=5 dB. 

Figure 4.13 and Figure 4.14 are similar to Figure 4.4 and Figure 4.5 respectively. 

They present the effect of changing the ratio of the BS antennas (M) to the 

number of users (K). The performance of the system is not overlapped in contrast 

to the overlapping occurred in SLR case, at least in the examined range. 

 
 

Finally, Figure 4.15 shows a comparison of three approaches. The first variation 

uses the eigenvalue decomposition (in black) instead of the generalised 

eigenvalue decomposition (red line), i.e., using equation (4.9) instead of (4.8). 

The third variation (blue line), shows results where the effect of noise was 

included using equation (4.12) to evaluate the weights of the beamformer. In this 

figure, different settings of users hand set antennas and SNR values are 

presented. The curves show the superiority of the SLNR over the SLR in general. 

In general, the superiority vanishes gradually as the quantity KN cross the value 
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M 

of M . The second observation is that the EVD is better than GEVD unless the 
 

system is relaxed (i.e., KN ) and works in high SNR. 
 

 

Figure 4.15: Capacity versus the number of users, comparing three methods. 
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n 

4.3 Equivalency 
 

In Chapter 1 and the previous section, two precoders were presented and their 

performance was tested under various scenarios such as the number of antennas 

at BS, the number of users, the number of antennas at the handset and the SNR. 

These two precoders show a non-monotonic performance in terms of capacity 

against the change in (M / K ) ratio. 
 
 

 

The authors of [115] and [116] show, in two different approaches, the equivalency 

between the RZF (or MMSE) and the SLNR precoders. In the section, a hybrid 

approach between the methods used in these two references was utilised to 

achieve the same result with simple mathematical models. 

 
 

4.3.1 Mathematical Model 
 

The mathematical model used here is the same as that used in the previous 

chapters with the channel in Rayleigh model. 

 
 

4.3.2 Proposed Proof of Equivalency 
 

For simplification of the mathematics, some definitions need to be established 

first. Let a be the user channel and b is the leakage channel. Now define A and 

B as follows: 

A = a
H 

a (4.16) 

B = b
H 

b (4.17) 

Q = (B +  2
I ) 

n 

 

(4.18) 
 

where  
2
 is the noise variance and I is the identity matrix. From [116], the SLNR 

 

weights are given by: 
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=  

RZF R 

R n 

w
o  

 max.EV ((B + N 2I)
−1 

A) 
k n 

 

(4.19) 

 

which can be rewritten as (for N = 1): 

 
wSLNR   Q  a = (B +  I) a 

−1   H 2 −1 H (4.20) 
 

From Lemma 1 in [115]: 

 
C

−1
d  (C + dd

H 
)

−1
d (4.21) 

 

where C is a matrix and d is a vector, then by letting C = ( 2I + B) and d = a
H

 

 

results in: 
 

( 
2
I + B)

−1 
a

H 
 ( 

2
I + B + A)

−1
a

H
 

n n (4.22) 

 
which leads to: 

 
( 

2
I + B)

−1 
a

H 
 ( 

2
I + H

H 
H)

−1
a

H
 

n n (4.23) 
 

where H
H 

H = A + B . Now from [117], the RZF precoder is given by: 
 

 
W  (H

H 
H +  I)

−1 
H

H
 

RZF  R (4.24) 
 

here 2
 is the regularisaition factor, and reduced to: 

w  (H
H 

H +  I)
−1

h
H

 

4.3.3 Results 

In this section, results are presented to give a general perspective and to prove 

the equality between RZF and SLNR in a certain case. The non-regularised 

version of the methods is that where the effect of the channel only is considered 

in the optimisation of the beamformer weights, while the regularised version takes 

the effect of the additive white Gaussian noise into account by adding a factor 

related to this noise. The first three figures, Figure 4.16, Figure 4.17 and Figure 

4.18, present a comparison between two approaches of ZF, the first one is the 

use of the pseudo-inverse (pinv) function in Matlab and referred to as ZF1. The 
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second one is  (H
H 

H )
−1 

H
H

 and referred to as ZF2. Three observations can be 

 

obtained from these figures. First, it can be observed that for single-antenna 

users the two variations and the regularised version have the same performance. 

The second one is that in general, ZF has better performance than Maximum 

Ratio Transmission (MRT) at mid to high SNR range. The third one, when the 

statement ( KN  M ) is true, the ZF1 and ZF2 have the same performance. If the 
 

condition is missed then ZF1 is better than ZF2. 
 
 

 
Figure 4.16: Performance comparison between MRT, two versions of ZF, and RZF for a single 

antenna at user’s location. 
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Figure 4.17: Performance comparison between MRT, two versions of ZF and RZF for 4 

antennas at users’ location. 

 

 

Figure 4.18: Performance comparison between MRT, two versions of ZF and RZF for 8 

antennas at users’ location. 
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n 

The next two sets, including the figures from Figure 4.19 to Figure 4.24, present 
 

the performance of RZF and SLNR with different regularisation terms ( 2I ,  
2 
MI 

n n 

 

 2 KI ,  2 NI and I ) in each figure. The figures are drawn for different numbers 
n n 

 

of antennas at the users’ ends (1, 4 and 8). The same behaviour mentioned in 

the first set when the number of antennas per user was changed also noticed 

with different regularisation factors. The conclusion from these figures is that the 

regularisation factor  2
I is the best choice as it gives better performance 

 

compared with the others, for both beamformers. 
 
 

 
Figure 4.19: Performance comparison for RZF with different regularisation term for single 

antenna users. 
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Figure 4.20: Performance comparison for RZF with different regularisation term for users with 4 

antennas. 

 

 

Figure 4.21: Performance comparison for RZF with different regularisation term for users with 8 

antennas. 
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Figure 4.22: Performance comparison for SLNR with different regularisation term for single- 

antenna users. 

 

 

Figure 4.23: Performance comparison for SLNR with different regularisation term for users with 

4 antennas. 
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n 

n 

n 

 
 
 

Figure 4.24: Performance comparison for SLNR with different regularisation term for users with 

8 antennas. 

Figure 4.25, Figure 4.26 and Figure 4.27 show the relation between RZF and 

SLNR. Figure 4.25 reveals the equivalence between RZF and SLNR for the case 

of single-antenna users, using the regularisation factor  2
I , however, when the 

numbers of antennas at the user are increased, the two methods start to diverge. 

It should be noticed that the regularisation factor used in [99] is  
2 
NI which leads 

to lower performance than that of RZF with regularisation factor ( 2
I ). 

 
Table 4.2: Capacity saturation for different cases under the examined SNR range. 

 
 

 
Method 

Antennas Per User 

1 4 8 

ZF No Factor dependent Yes 

SL No Factor dependent Yes 
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Figure 4.25: Equivalence between RZF and SLNR with single-antenna users and regularisation 

factor =  2 
I . 

 

 
Figure 4.26: Performance comparison between RZF and SLNR for 4 antennas at user side and 

regularisation factor =  2 
I . 
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Figure 4.27: Performance comparison between RZF and SLNR for 8 antennas at user side and 

regularisation factor =  2 
I . 

4.4 Conclusions 
 

In this chapter, another precoder has been presented and discussed, namely 

SLNR. This precoder optimisation problem is relaxed from the variable coupling 

that exists in SINR optimisation problem. The derivation of the precoder was 

presented. The simulation results show that the precoder has a similar behaviour 

to the ZF discussed in the previous chapter. This leads to a question of whether 

they are equivalent or not. This question was answered in the second part of the 

chapter, Section 4.3. The equivalency is held for a certain case when the receiver 

has a single antenna only. Besides, a study was held on the regularisation factor 

that could enhance the performance of the system. Different values were 

proposed, and one was selected as it gives the best performance. 
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Chapter 5 
 

The Performance of Uniform Linear Array (ULA) Beamformers 

In this chapter, the performance of the ULA is discussed. The study includes three 

sections. The first section deals with the generation of the optimum beam through 

the utilising of convex optimisation toolbox. In the second, the performance edge 

of this beamformer is explored. Finally, a comparison was made between the 

precoders that are used in both ULA and MU-MIMO to reveal the duality between 

them in section three. Part of this work is extended and modified based on 

previous work in [118]. 

 
 

5.1 Introduction 
 

By changing the phase between different antennas, one can control the beam 

direction where the maximum gain would appear [119]. If the gain and the phase 

(in the phased array) of the signals induced on various elements are changed 

dynamically before combining to justify the gain of the array then this will be called 

adaptive antenna [119]. If the antenna elements array is combined with signal 

processing to transmit or receive adaptively [120, 121] and without handoffs 

between beams [122] then it is called smart antenna. The addition of the signal 

processing will contribute to enhancing the degree of freedom in the system 

design, which in turn enhances the overall system performance [123]. 

 
 

Beamforming is a process that is used to direct the maximum gain of an array to 

a particular direction [124]. Beamforming covers both phased array and smart 

antenna systems. The importance of beamforming comes from the wide usage 

of many applications, ranging from normal communication to detection 

applications in medicine, astronomy, seismology and many more [125]. The 
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beamforming may be implemented in an analogue or digital forms. In digital 

beamforming, a digital signal processor will implement the signal processing at 

baseband level, in which, a bigger flexibility with more degrees of freedom to 

implement efficient beamforming algorithms is introduced [66]. The beamforming 

algorithm is chosen for a given application relay fundamentally upon the 

transmitter and the receiver characteristics, the type of the radio channel, and the 

range of frequency used [66]. The excellent understanding of the algorithms 

behaviours and performances is crucial in such selection. The geometry of 

antenna array may be linearly [126, 127], circularly [127, 128], hexagonal shape 

[129], or take the form of rectangular, triangular, V-shape, Y-shape and L-shape 

[130]. Anyhow, the uniform linear array is the simpler one. Therefore, the present 

work considers the methods of using ULA to prove the concept. 

 
 

5.2 Optimum Beam Generation 

 
5.2.1 Mathematical Model 

 

Consider a ULA with M elements spaced by 0.5 where  is the wavelength of 

the operating frequency, as shown in Figure 5.1 and Figure 5.2. The desired 

source (or destination) is at the direction des , and there are O interference 
 

sources (or eavesdroppers) at direction int (i ) where i = 1: O . 

The field pattern of the ULA after weighting is 
 

P( ) = A( ) w (5.1) 

 
where 

 
  

j 2 
d 

sin 
  

j 2 
d 

(M −1)sin 
  

A( ) = 1 e
 

 
 

e
 

 
 

 
    

  

 

(5.2) 

 
presents the steering vector for a certain angle. 
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Figure 5.1: Signal processing model for ULA. 
 
 

 
Figure 5.2: Geometric spacing of ULA. 

 

5.2.2 Algorithms 
 

In this section, four beamforming methods are presented. The four selected 

methods are: the matrix inversion beamforming, optimised one through CVXR 

toolbox (a convex optimisation Matlab based toolbox) [131, 132], Eigenvalue 

decomposition-based and the proposed one depending on Schur matrix 

decomposition. 

 
 

5.2.2.1 Inversion 
 

The easiest way to find the weights for beamforming the pattern towards a certain 

direction is applied through the inverse of the whole steering vector-matrix [133]. 

In simple words, the cross product of the steering vector of an incident wave with 
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the corresponding weighting vector tends to be unity. This can be formulated as 

in the following equation: 

A( )  w = 
1  = 

des
 

0 elsewhere 
 

(5.3) 

 

This could be rewritten as: 
 

A w = u (5.4) 

 
where u is a vector with zero entries except with the same index of θdes which 

equals 1. The equation can be reformulated as: 

w = A
†
u (5.5) 

 

Where () † is the pseudo inverse operator. Even though this method is easy and 

simple to implement, it has some drawbacks as can be observed from the results 

in the next section. It cannot guarantee the nulls to be in certain directions; in 

addition, the beam magnitude in the desired direction tends to not equal zero (i.e., 

related to dB scale). 

 
 

5.2.2.2 Optimised Beamformer via CVXR Tool 
 

Instead of the use of channel inversion, one can optimise the behaviour of the 

pattern results from the weights applied to the antenna array. The optimisation 

problem cost function may be either to minimise the maximum value for sidelobe 

level or the norm of weights vector; whereas, the related constraints are either to 

set power in the desired direction to unity and null at interference or both in 

addition to setting the side lobe power less than or equals to a specific value for 

the latter case. The generic code used in this article could be found in [134]. Thus, 

one can write the following: 
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Leak Leak 

min sidelobe 

s.t. Adir  w = 1 

AInt  w = 0 

 
(5.6) 

 

5.2.2.3 Eigenvalue Decomposition Based Method 
 

This method is adopted from [99], it also found in [133] for ULA scenario that 

represents the signal to interference (SIR) Maximisation. The method was 

proposed for the multipath channel where the beam is not directed to a certain 

position in the three dimensions geometry, but to a certain channel direction in 

multidimensional space. The idea is to increase the signal power transmitted to 

the desired direction in comparison to the signal power leaked (in case of 

transmission) or interference (in case of reception) due to that transmission 

towards other users/ signal sources. The problem can be stated in the following 

formula: 

SLR = 
S
 

L 
(5.7) 

SLR =  
A (des ) wo 

A (leak ) wo 

 
(5.8) 

 
The solution for maximising this term could be obtained by [99]: 

 

wo   = max.GEVD ((A(des )   A( )) , (A( )   A( ))) 
H H 

des Leak Leak (5.9) 

 
or could be reduced to: 

 

wo  = max.EVD ((A(Leak )   A( ))  (A( )   A( ))) 
H 

−1 
H

 

Leak des des 

 

(5.10) 
 

If the term (A( )
H 

A( )) is invertible. 

 
 
 

5.2.2.4 Proposed Method 
 

The proposed method is to use the Schur decomposition. It is given by: 

 
A = UTU

−1
 (5.11) 
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Leak Leak 

A( )  A( ) 

where A is a complex square matrix, U is unitary matrix (i.e.,U 
−1 

= U
H ) an d T is 

an upper triangle matrix. 

Let A = (A( )
H 

A( )) , then: 

 
wo  = min.Schur (A(Leak )   A( )) 

H 

Leak (5.12) 
 

Due to the Hermitian structure of matrix A, then the triangle matrix T will be a 

diagonal matrix. This method is similar to the previous method (GEVD/ EVD) in 

terms of selecting the vectors from a matrix decomposition process. The 

difference in this method is that the vector is selected according to the smallest 

value (that approaches to zero) and the second issue is that only matrix 

H 

Leak Leak 
is used. 

 
 
 

5.2.3 Results 
 

In this section, a selected set of results is presented to demonstrate the 

performance of the mentioned methods. Figure 5.3, represents the field pattern 

in dB scale for the different methods. From Figure 5.3, it is noticed that almost all 

methods (except the Direct method) has a very deep nulls towards the 

interferences directions, while the difference between them is in terms of gain 

towards the desired directions. 

 
 

The CDF for the SIR gives a clear explanation of the effect of these deep nulls. 

The next figure, Figure 5.4, reveals the performance of the methods regarding 

this issue. The direct method (the inversion one) has the lowest performance 

because it dose not ensure nulls or even a certain level of power towards the 

interference direction. As a result, interference always contributes somehow to 

the received signal. 
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Figure 5.3: The field pattern of different methods. 
 
 

 

Figure 5.4: SIR CDF performance for the performer over four methods. 
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In contrast to the SIR, the signal level is another measure. One can have a high 

SIR level if the interferences fall in nulls directions, but the question is what about 

the signal to noise level which depends mainly on signal level for specific noise 

floor value ?. Figure 5.5 shows the performance of these methods from the signal 

level perspective. From the mentioned figure, it is easy to observe that the 

inversion approach has better performance since its’ interest is based on 

maximising the power toward the desired direction. 

 

 

Figure 5.5: Signal power CDF performance for the performer over four methods. 

 

The last two figures are not enough; the new perspective is a combination of the 

last two ones as shown in Figure 5.6. The CVXR based weights are the best ones 

since it maximises the power toward the signal and at the same time tries to make 

nulls deeper towards interferences. 



81  

 
 

 
Figure 5.6: SINR performance. 

 

To complete the picture, a draw for the average behaviour of the method over the 

noise power range should be illustrated. The average token is not for the whole 

values. The upper and lower 10% of the elements are discarded since these 

elements are radical in their values. Only the median around 80% of the elements 

are taken into account when counting the average. 

 
 

As shown in Figure 5.7, all of the methods perform naturally with the increase of 

noise level, which leads to a decrement in SINR level at the end. It is interesting 

to note that CVXR based method is better for noise power lower than 2dB, while 

for the range larger than this threshold, the direct method is better. 
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Figure 5.7: Performance of SINR average over noise range for M=5. 

 
 
 
 

From the next two figures, Figure 5.8 and Figure 5.9, in contrast with results in 

Figure 5.7, two points could be concluded. The first one is that the crossing point 

between the CVXR performance curve and the direct method performance curve 

moves towards a lower noise power level. The second thing to be noticed is that 

the GEVD and Schur decomposition-based methods start to outperform the direct 

method for the lower number of antennas at the low noise levels. 

 
 

An interesting result in Figure 5.10. The GEVD and Schur decomposition-based 

methods show better performance than CVXR and direct method, while the 

CVXR reserved the lowest curve along with the simulation range. The superiority 

of decomposition methods is not held for the whole range. 
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Figure 5.8: SINR performance for M=8. 
 
 
 

 

Figure 5.9: SINR performance for M=15. 
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Figure 5.10: SINR performance for M=8. 
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5.3 Maximum Beam Generation 
 

The communication systems, in general, are divided into two main categories: 

the wired and the wireless. Generally, in wired communication the transmission 

suffers no interference if suitable precautions are followed; this is due to the 

dedicated physical medium used in the transmission. On the other hand, wireless 

communication shares the physical medium between all transmitters, which use 

the same time-frequency resource. This will lead to an interference phenomenon. 

A possible solution for reducing interference is to use TDD, Frequency Division 

Duplexing (FDD) or SDMA. The latter is known as orthogonal beamforming [135]. 

As stated previously, by applying certain weighting (and /or phase shifting) to the 

antennae, the beam pattern generated could be formed in certain shapes or could 

be steered. Depending on the idea of MU-MIMO and the duality between MU- 

MIMO and the array beamformer, the orthogonal beams can be a credible 

solution for mitigating the interference effects. 

 
 

For the next generation of wireless 5G networks, the requirement of higher data 

rates leads to the proposition of mMIMO, UDN and millimetre waves (mmWaves). 

The usage of mmWaves, even though it provides very high bandwidth, comes 

with the cost of a very short range of transmission, attenuation and atmospheric 

absorption characteristics which may be considered a strength with the 

deployment of small cells [19, 136]. Multiple antennas and beamforming are 

utilised to constrain power in certain directions [20]. The generation of a single 

beam towards a certain user will generate sidelobes towards arbitrary directions 

and nulls towards others. If one can control the direction of the nulls to be in the 

directions of the other users, then one can call this an orthogonal beam to the 

beams those generated towards other users. In general, one can generate an 
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infinite number of beams towards an infinite number of angles by playing with the 

weights (if the weights are to be with infinite precision). The limitations of weight 

accuracy and decimal length will affect the number of generated beams. 

However, their number is still huge. If another constraint is added on the sidelobe 

level of the generated beams, their number will decrease and, as a result, only a 

sub-set from the original set is obtained. Some of the beams are orthogonal to 

each other whilst the others are not. Actually, there are many sets that have 

orthogonal beams. The sets start with two elements and get larger and larger. In 

this section, the finding of the set that contains the largest number of orthogonal 

beams is attained. 

 
 

Based on the above, the maximum number of orthogonal beams that could be 

generated with different side lobe constraints for different system configurations 

and scenarios is studied. The system is modelled, and three optimisation 

problems are presented. Two of these optimisation problems are solved via CVX 

the Matlab based toolbox. The CVX will generate a weight vector for each user 

alone, and by moving the user to the next position, another weight is resulted and 

so on. Then, by aggregating the weights, the side lobe effect will be superposed, 

and their effect could be summed. The resultant side lobe will consider the criteria 

at which the comparison is held on. 

 
 

5.3.1 System Model 
 

The mathematical model used here is quite similar to that presented in the 

previous section. 
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5.3.2 Problem Formulation 
 

In this section, the optimisation problems applied to the optimisation software are 
 

presented. First of all, there are some definitions to be stated. a_dir  is the 
 

steering vector towards the desired direction, A_null  represents the 
 

steering vectors towards the interferences directions (other users/orthogonal 

users), while A_side is the steering vector of all other directions except those 

falling in the beam generated towards the desired direction. 

Problem 1:This problem aims at minimising the side lobe effect while keeping 
 

nulls in the interference direction and normalised beam at the desired one. 
 

minimise max(A_side  w) 

s.t. a_dir  w = 1 

A_null  w = 0 

 
(5.13) 

 
Problem 2: in this problem, the aim is to minimise the power used by minimising 

the norm of the generated weights. 

minimise norm(w) 

s.t. a_dir  w = 1 

A_null  w = 0 

 
(5.14) 

 
Problem 3: the drawback of Problem 2 is that there is no concern given to the 

sidelobe level, to overcome this problem an additional constraint is placed in the 

problem 

minimise norm(w) 

s.t. a_dir  w = 1 

A_null  w = 0 

A_side  w  sidelobe level 

 
 

(5.15) 

 
where sidelobe level is the sidelobe level required for a certain system in linear 

scale. The additional constraint is to ensure that the field pattern level in the other 

directions (not desired nor interference) are lower certain level. 

M 1 

M ( K −1) 
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5.3.3 Flow Chart 
 

In this section, the flow chart for finding the maximum number of beams that can 

be generated for a certain number of antennae at the BS and scan range is 

presented. As mentioned before, the angles are distributed uniformly over the 

range of interest. After finding the angle set, one has to generate a beam that 

gives a maximum to the desired direction and gives null to the interference 

direction. Thus, if one collocates these beam patterns, the effect at each direction 

is almost the same as that of the corresponding beam because the other beams 

generated have no effects (i.e., null) in that direction. The flow chart is presented 

in Figure 5.11. 

 
 

5.3.4 Results 
 

In this section, the results show the performance of the optimisation problems 

and the limitations of the system in terms of generation of orthogonal beams due 

to some constraints are presented. The first problem will adopt with side lobe 

limitation up to -10 dB for users distributed within ±60° as a reference and 

compare other variations to it by changing the problem formulation, sidelobe level 

and user distribution angle range. First of all, the performance of the reference 

scenario is presented with details. 
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Figure 5.11: Sidelobe level finding flow chart. 
 

 

 
 

Figure 5.12: Separate beams performance of problem 1 for 120°. 
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From Figure 5.12, three observations can be made due to the increment of the 

number of BS antenna. The first one is that for certain number of beams with 

lower sidelobe level can be generated as the array size is enlarged (in terms of 

the number of elements). The second observation is that more antenna elements 

can generate more orthogonal beams. The last one is that enhancement in the 

performance is not in a linear manner with the number of antenna elements 

raising. 

 
 

The next one, Figure 5.13, shows the performance of the aggregated beam, 

which is generated by superposing all the beams at the same time. Since the side 

lobe for each one is not at zero levels when the beams are collocated their sum 

has a finite value, and this value does not equal any of the original beams, yet it 

equals the sum of their effect towards these directions. The maximum number of 

orthogonal beams that can be generated via a certain number of antenna 

elements differs from one constraint level to another. As the required side lobe 

level decreased, the constraint becomes harder, and thus a lower number of 

orthogonal beams can be generated. 
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Figure 5.13: Aggregated beams performance of Problem 1 for 120°. 
 

 

 

 
Figure 5.14: Performance of Problem 1 with -10 dB side lobe level (60,90,105,120,150 and 

180°). 
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Figure 5.14 shows the performance of optimisation Problem 1 for achieving 

maximum side lobe less than or equals to -10 dB for different scan angle ranges. 

It could be noticed easily that for certain range of angles, the number of achieved 

users is lower in the low number of antennae regime. This is caused due to the 

small angular space that allows the users to move in. With the same number of 

users and antennas, a smaller angle of scan means denser users and narrower 

beams could be generated. The problem constraint will then be harder. On the 

other hand, as one moves to a higher number of antennas at the BS, a narrower 

beam could be generated, and this means more users could be served. This is 

clear from the general performance of all curves. However, there is an increase 

in the number of achieved beams in each curve, and this increment is not linear 

or equal among the curves. For a higher angle range and more users, the 

probability of the existence of some users approaching the broadside is 

increased. The beam pattern at the broadside direction is difficult to be achieved 

with certain constraints. So, this will lead to a reduction in performance in 

comparison to other cases, even though the degree of freedom is larger, and 

there is more area (angular displacement) to move within. 

 
 

Figure 5.15 shows the performance in terms of maximum sidelobe level. It is 

easily noticed that the lower the level of required side lobe, the lower the number 

of achieved orthogonal beams due to more restricted constraints in the problem. 

Figure 5.16, shows the performance of two different optimisation problems, 

namely Problem 1 and Problem2. 
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Figure 5.15: Performance of Problem 1 for 120° for different side lobe level. 
 

 

 

 
Figure 5.16: Two optimisation problem performances. 
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Figure 5.17: Performance with and without weight vector normalisation. 

 

Figure 5.17 shows the effect in performance if the weights are normalised. The 

normalisation process shifts up the beam pattern such that it can fight a higher 

noise level. The un-normalised weights have a maximum gain of unity but have 

deeper nulls. When the weights are normalised, i.e., the power of the weighting 

vector justifies unity, it means that the power is scaled up if the original power is 

lower than one and vice versa. 
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5.4 Multi-User Multi-Input Single Output (MU-MISO)/ Uniform Linear Array 

(ULA) Duality 

5.4.1 Uniform Linear Array (ULA) Performance 
 

In this section, the performance of different methods applied for ULA over various 

environmental parameters is presented and discussed. Figure 5.18 shows the 

performance of ULA using three different methods, namely the channel inversion, 

Eigen decomposition and Schur decomposition. The scenario is for the AWGN 

channel, which has only one path for each source. The scenario includes one 

desired and three interfering signals. It can be seen that the channel inversion 

outperforms other results within the examined range, and they meet at a noise 

power of -6 dB. 

 

 

Figure 5.18: Average SINR versus noise power for three different methods with a single signal 

and three interference sources. 

Figure 5.19 is for the same configuration and parameters except that the numbers 
 

of signal paths and interfering signals are increased to be 3 and 5,  respectively. 
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The meeting point moves from -6 dB to 1 dB, and the two other methods (SLR 

and Schur) are better than channel inversion for the lower noise regime. The 

noise power value (at which the priority is flipped) increases when the constraint 

becomes stricter (i.e., when the numbers of desired and interference paths are 

increased). 

 

 
Figure 5.19: Average SINR versus noise power for three different methods with three signal and 

five interference paths. 

 

Figure 5.20 shows the result for another set of methods, including the channel 

inversion as a reference. The same settings for Figure 5.18 are repeated here. 

The curves show identical performance between channel inversion and 

Maximum Likelihood (ML); in addition to the results between Mean Square Error 

(MSE) and Minimum Variance (MV). 

The SINR variations shown in Figure 5.20 were quietly un-similar to that depicted 

in Figure 5.21 (it should be noted that in Figure 5.21, the scenario of Figure 5.19 
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was applied). The MSE and MV diverge in a semi-constant ratio, and they look 

parallel in performance (at least in the examined range of noise power). On other 

hand, the channel inversion and ML shows similar performance. These methods 

met in point that is far from the tested range. Moreover, it could be observed that 

channel inversion and MV meet after the 4 dB point. 

 

 
Figure 5.20: Average SINR versus noise power for four different methods with one signal and 

three interference paths. 

 

Figures Figure 5.18, Figure 5.19, Figure 5.20 and Figure 5.21 show that 

performance is affected by the numbers of signals and interference sources. To 

make this clear the effect of these factors, Figure 5.22 presents a different 

perspective, with SINR plotted versus signal number. In this scenario, the ratio 

between the number of interference sources and desired paths assumed to be 

3:1; whereas the signal number factor is the number of desired signals (paths). 

Most methods get worse when moving towards higher numbers of signals except 

SLR and Schur decomposition. For these two methods, the increment of signals 
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will provide more power. The effect of the interferences is minor because they 

can be distinguished in terms of subspaces (in vector analysis). This can be 

implemented till a certain level (the subspaces are split enough). After a certain 

point, related to the number of antennas per BS, the system cannot split the 

signals from the interference, leading to a reduction in performance. 

 

 
Figure 5.21: Average SINR versus noise power for three different methods with three signal and 

five interference paths. 
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Figure 5.22: SINR performance versus signal number factor for all methods at noise level = -6 

dB. 

 

 
Figure 5.23: SINR performance versus signal number factor for all methods with noise level = 8 

dB. 
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Figure 5.23 shows the performance for the same configuration of Figure 5.22, 

with higher noise power, 8 dB. The channel inversion and MSE show almost 

constant behaviour while MV and ML decrease to a saturated level (just above - 

4 dB). On the other hand, SLR and Schur decomposition methods start with very 

low SINR at low signal number factor. The greater the signal number factor, the 

greater the average SINR achieved. 

 
 

5.4.2 ULA Method Adoption 
 

In this section, the adoption of the methods in MU-MISO environment is 

presented. The first method examined is the well-known ZF method which is the 

reflection of the channel inversion used in ULA scenario. The second method is 

the signal leakage based method. This method is implemented by using the 

eigenvalue decomposition to evaluate the weights related to the SLR 

maximisation. In contrast with ULA, it corresponds to the ratio of signal to 

interference maximisation in ULA environments. The third method is the 

proposed one, where Schur decomposition is resorted instead of using 

eigenvalue decomposition. In the MU-MISO case, the performance of the second 

and the third methods is the same as depicted in Figure 5.24. 
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Figure 5.24: Capacity performance in the MU-MISO environment. 
 

 

 

Figure 5.25: Capacity performance in the MU-MISO environment. 
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Figure 5.25 shows the implementation of a final set of methods (that are well 

studied in ULA in literature) in the MU scenario. The simulation results indicate 

that there is a duality between the ULA and MU-MISO scenarios since all 

beamforming methods are applicable for both. The curves reveal that although 

these methods are outperformed by the ZF, they show a logical behaviour over 

the SNR range. 

 
 

5.5 Conclusions 
 

A new perspective on ULA and MU-MISO performances under a single-cell 

environment and Rayleigh channel have been presented. This chapter aims to 

reveal the duality existing between the two systems (i.e., the ULA and the MU- 

MISO) under the given scenario (i.e., the number of interferences to desired 

signal and number of antennas elements). The optimal beamforming via an 

optimisation toolbox was studied. The results show the advantages of the 

beamformer weights optimisation in a certain range (below 0, 1 and 2 dB for M=5, 

M=8 and M=15 respectively for 3 signals interfere one desired signal). These 

results are used then to find the performance edge of ULA in terms of maximum 

served users per time-frequency resource. The final point is that a comparison 

was made to verify the ability to utilise ULA methods to MU-MISO that will help 

later in developing new algorithms for MU-MISO. ULA will simplify the problem 

since the visualising of the beams is feasible in contrast to the MU-MISO case. 

Hence, it could be recommended that for beamforming problem, one can design 

the method in ULA environment and then apply it to MU-MISO. 
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Chapter 6 

User Selection 

As mentioned in the previous chapters that the MU-MIMO has a dimensional 

restriction. This restriction is that the total number of receiving antennas should 

be less than or equals to the number of those used for transmission at the BS. 

This condition may not always be verified. Consequently, seeking a solution to 

this problem is essential. One of the solutions is the user selection, which will be 

discussed in this chapter. This chapter falls into two parts; it discuss two proposed 

algorithms to select users to enhance the system performance in terms of 

capacity. The two algorithms are statistically derived. The first part proposes three 

metrics, namely signal power, interference power and leakage power. The 

second one utilises the channel gain and correlation between users. The work in 

this chapter relies on the work in [137]. 

 
 

6.1 Introduction 
 

MIMO in single-user form can deliver significant gain for both channel capacity 

and reliability [71] even if there is no information about the channel. If such 

information is available at the transmitter, spatial multiplexing can be used to 

attain higher throughput [138]. A simple way to perform the beamformer is to 

utilise the inverse or the pseudo inverse process to the channel when the number 

of users (single antenna users) equals to or less than the number of transmission 

antennas [95]. As soon as the number of users is increased, the performance of 

the system degraded due to channel deficiency. Therefore, one can resort to 

select a subset from the users to increase the capacity. The optimal way to do 

that is to investigate all the possibilities of user groups combination. However, 

this method has a very high computational burden on the system. 
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The authors in [139] proposed a user selection algorithm to cope the channel 

rank deficiency (i.e., the number of antennas at the BS is less than those at 

users), the algorithm is based on dirty paper coding (DPC) and QR 

decomposition, and in fact it is a greedy method for downlink MU-MISO system. 

In [138], the authors proposed a user selection method for the simple ZF 

(Channel inversion Precoder). They compared the proposed method to that in 

[139], they showed by simulation that their algorithm achieves more than 85% of 

the sum-rate that is attained in [139] for antennas at BS ≤8. As the number of 

users increases, the gap between the two methods decreases while the 

increment in BS antennas enlarges the gap. In [140] a successive projection was 

utilised to generate a greedy selection method. They found that as the number of 

users grows to infinity, the ZFBF could achieve the DPC capacity. The projection 

approach was mentioned in [141] where the Semi-orthogonal User Selection 

(SUS) algorithm was proposed. The SUS was simplified later in [142] to reduce 

the complexity with maintaining the same capacity performance. In [143], authors 

proposed two methods: the first one is capacity based where users are selected 

one by one (greedily). This method is suboptimal and less complex in comparison 

with brute-force, yet it is still computing prohibitive. The second one is the 

Frobenius norm-based. The main idea is that the norm is an indicator of the 

energy in the channel, which can be represented by the sum of the Eigenvalues 

of HHH. The disadvantage of this method lies in its ditdifficulty to be used with 

MU-MIMO case and limited to only MU-MISO configuration since the Gram– 

Schmidt orthogonalisation can be applied to vectors only not matrices [144]. In 

[145], the authors proposed to use the correlation between user’s channels as a 

metric for user selection. The idea behind this is that the high correlation between 

user’s channels could result in a rank deficiency of the system matrix, which in 
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turn leads to dropping in the upper bound of the MU-MISO system [145]. A user 

selection method for MU-MIMO downlink system was proposed by [146]. To 

cover some of the jobs on the user side, where each user has to compute the 

Singular Value Decomposition (SVD) of its channel and return the set of vectors 

with Eigenvalues larger than a certain level to the BS. Then at the BS, the same 

orthogonality equation of [145] is applied, yet the input is the vectors rather than 

the channel itself. In [147], a recursive update for the determinant in the capacity 

equation was used. 

 
 

Instead of selecting one user per iteration, a group of users who do not attain a 

certain level of correlation are selected as candidates for capacity based selection 

to select the best user. This will reduce the user's pool and hence reduce the 

complexity. The algorithm in [148] gives better performance in terms of capacity 

than that in [145], it also has lower complexity than SUS [141]. In [149] a SUS 

was proposed to generalise the algorithms in [139] and [141] to consider multi- 

antenna receivers using Eigen beamforming. In [150], the distance between 

subspaces spanned by the vectors of users' channels is proposed to be used as 

a selection metric. The method starts with calculating the channel projection for 

all users. Then selecting those who have the large distance summation among 

the user’s pool. The work in [151] presented a sequential water filling (SWF) 

algorithm and the complexity was further reduced by utilising LQ decomposition 

which converts the calculation of the Moore-Penrose matrix inverse to one vector- 

matrix multiplication. [152] proposed a new metric for user selection with perfect 

or partial CSIT. The selection was made for the user that has the largest chordal 

distance with the previously selected ones. The chordal distance is used to 

measure the angle between two matrices. The chordal distance was also adopted 
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later by [144]. The authors of [153] suggested an iterative algorithm to reduce the 

complexity of user selection algorithms. The criteria that are used are squared 

row norms of effective channels. The principal angles between subspaces 

concept to find the eigenvalues of effective channels that are used as a selection 

metric was applied by [154]. User selection for mMIMO was studied by [74, 155]. 

In [155], the authors proposed rank adaptation with user selection in hybrid 

beamforming for further reduction in complexity for the mMIMO system where the 

channel matrix is very large. The idea is to remove the users with high leakage 

on the other users as a first step. In [156], the effect of different channel estimation 

on the performance of algorithms in [139] and [138] was studied. A similar 

research direction on the channel estimation effect was conducted in [157] and 

[158]. [157] introduced a CQI based on Frobenius norm (received SINR). The 

Frobenius norm in [157] has a limitation, so [158] proposed a determinant based 

CQI for user selection. The determinant was used for user selection in [159], yet 

it was used at the BS rather than used for CQI feedback from the user. A 

decremental algorithm rather than the incremental approach used by almost all 

works in the literature was proposed by [160]. [161] and [162] studied the user 

selection in a multi-cell environment rather than single-cell scenario. 

 
 

The correlation was used to simplify the computation of the capacity equation in 

[163]. The authors of [164] and [165] proposed to use the equation for the largest 

projection power where the correlation is multiplied by channel norm (the channel 

gain) to find the largest projection power. The method was proposed for two 

users. Later this method was further developed for the multi-user scenario in [166] 

using geometric mean to find the correlation of the newly selected user to the 

previously selected ones. The correlation was used in user selection for 3D- 
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n 

MIMO systems in [167]. The following two sections present two proposed user 

selection methods based on statistical behaviour. The first one is for signal, 

interference and leakage based method while the second is for channel gain and 

correlation based method. The last section is dedicated for conclusions. 

 
 

6.2 Signal Interference and Leakage Based Two-Stage User Selection 

 
6.2.1 System Model 

 
Consider a telecommunication cell with a BS of M antennas. The BS has to select 

 

K      single    antenna    users    from    total     U      users    in    the    cell.    Let 
 

U = k1 be the entire user set, and K  U is the selected user 
 

set. U = U is the number of total users, K = K is the number of users to be 
 

selected. The equation (6.1) should be satisfied. 
 

K  M  U (6.1) 
 

The CSI represented by the channel matrix H  
UM is assumed to be already 

 

known at the BS. The channel is assumed to be a slow-flat fading channel, and 

its elements are complex Gaussian i.i.d. random variable. 

hk ,m  ~ N (0,1) (6.2) 

 
The received signal at user k side is given by: 

 

yk = hk wk sk +  hk w j s j + nk 

jK 
jk    

 

(6.3) 

 

where n  ~ N (0, 
2 
) is the additive white Gaussian noise at the user k with 

k n 

 

power equals  
2 , sk       and wk  are the modulated symbol and the 

 

beamforming weighting vector for the user k respectively. W represents the 

aggregated weights for all users 

W = [w1 w K ] (6.4) 

kK kU  

M 1 
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The weights for ZFBF could be obtained easily using pseudo-inverse operation: 

 
W = H

†
 (6.5) 

 
It should be noted that the channel matrix should meet the dimension restriction 

(number of users is less than or equal to the number of antennas). The aim is to 

find the users’ set that maximises the sum rate subject to K  U [160]. This can 

be written mathematically as: 
 

K = arg max  log2 (1+ SINRk ) 
K U 

kK 

s.t. K  M 

 
(6.6) 

 
where 

 

SINR  = 
hk wk

 
k 

 h  w +  2
 

k j n 
jK 
jk    

 
(6.7) 

 
6.2.2 Studied Metrics 

 
In this section, the parameters that are used as metrics to measure the selection 

or omitting of a user are described. The parameters are calculated based on the 

weighting vector: including the desired received signal, leakage and interference. 

The last two can come in four forms; these are the pure form, the minimum, the 

maximum and the ratio to the signal value. The following equation calculates the 

generated signal due to the transmission: 

Sig_mat = HW (6.8) 
 

where W M U in which, M  U to achieve the ZF Precoding. It should be 
 

noticed that this has not happened in this case, and thus, it has to select the 

proper user set to achieve the possible highest capacity. The diagonal of (6.8) 

represents the signal received by each user as in (6.9). And each row excluding 

the diagonal element represents the interference on the concerned user as in 

(6.10). The columns (with eliminating the diagonal elements) represent the 
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leakage that the user imposes on others as in (6.11). The sum of rows gives the 

total signals received by the user. 

Rx_signal = diag(Sig_mat) (6.9) 

Interferencek = Sig_mat(: \k, k) (6.10) 

Leakagek = Sig_mat(k,: \k) (6.11) 

Ik = sum(Interferencek ) (6.12) 

Ik _ max = max(Interferencek ) (6.13) 

Ik _ min = min(Interferencek ) (6.14) 

Lk = sum(Leakagek ) (6.15) 

Lk _ max = max(Leakagek ) (6.16) 

Lk _ min = min(Leakagek ) (6.17) 

SINR = 
Rx_signal(k) 

k 
1+ I 

k 

 
(6.18) 

SLR = 
Rx_signal(k) 

k 
L

 
k 

 
(6.19) 

 
6.2.3 Statistical Performance 

 
6.2.3.1 The Parameters Performance 

 
In this section, the parameters mentioned in the previous section are studied from 

a statistical perspective. The algorithm used to generate Figure 6.2, Figure 6.3 

and Figure 6.4 is as follows: for each BS antenna and the number of users set 

many iterations are implemented to achieve a good tolerance value. In each 

iteration, a channel matrix is generated, and all possible combinations of users 

set are tested in terms of capacity. This way is called the brute-force algorithm. 

The users are arranged according to the parameters discussed before. The 

position of the selected users (those that give the highest possible capacity) and 
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the omitted (discarded) are saved in two arrays for each parameter. The 

histograms for each two related arrays (belonging to the same metric) are plotted 

together. This plot gives an indication of how are the users behaving according 

to a certain metric in the full system (without omitting). Figure 6.1 represents an 

algorithm to extract the statistical performance of different metrics for selected 

and discarded users. 

 
Figure 6.1: Extracting metric performance flow chart. 

 

From the three Figures Figure 6.2, Figure 6.3 and Figure 6.4, the following 

observations can be concluded. The first one is that the signal for the small 

difference between the number of users and the BS antenna tends to be higher 

for selected users than those omitted. When the difference increased, this 

performance starts to vanish. Therefore, this parameter is not attractive enough 
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to be selected as a selection metric. The second is for the interference with its 

derivations (total, minimum, maximum and signal ratio). Here the concentration 

is on two metrics only; namely the total interference and SINR. The total 

interference for low difference regime tends to be the lowest values for the 

selected users. This performance starts to change as the difference increased 

until it reverses for high values of difference. For high values, the interference for 

the selected users tends to be higher. The SINR has the opposite performance, 

as it tends to be high for the low difference regime while for the large difference 

one; it tends to be low as shown by the simulation results. The last one is the 

leakage, which is the effect of certain users transmitted signals on the other 

users. Like the previous parameter (i.e., the interference), it has four variations 

including total, minimum, maximum and signal ratio. 

 

 

Figure 6.2: Parameters behaviour for a system with total users=5 and BS antennas=4 at SNR=5 

dB; x-axis represents the position according to the parameter and y-axis is the number of 

repetitions; Blue bars for selected and yellow ones for Omitted. 
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The discussion will be limited to the total and SLR. The leakage has a different 

starting point. The values neither tend to be in the high end nor the low end, but 

the users are concentrated in the middle. While increasing the difference, the 

optimal users distribution settles and tends to be in the low end. The last one is 

the SLR, that has almost a stable performance. 

 

 

Figure 6.3: Parameters behaviour for a system with total users=8 and BS antennas=4 at SNR=5 

dB; x-axis represents the position according to the parameter and y-axis is the number of 

repetitions; Blue bars for selected and yellow ones for Omitted. 
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Figure 6.4: Parameters behaviour for a system with total users=8 and BS antennas=7 at SNR=5 

dB; x-axis represents the position according to the parameter and y-axis is the number of 

repetitions; Blue bars for selected and yellow ones for Omitted. 

 

6.2.3.2 The Optimal Number of Users 
 

Even though the maximum number of served single antenna users by a BS with 

M antennas is M as mentioned previously, this is not the optimum number of 

users, since for some cases the highest capacity could be achieved for a certain 

channel realisation will be for number of users less than M. In this section, 

simulation results show that the optimum number of users is not necessarily the 

maximum number of users servable. 

 
 

Figure 6.5 and Figure 6.6 represent the Probability Distribution Function (PDF) of 

the number of optimal users set. As shown, it can be noticed quickly that the 
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optimal number is not the maximum nor fixed. For lower difference values, lower 

values appear (even though some rarely happen). By moving to a higher 

difference regime, the number of optimal user distribution tends to increase. The 

most occurred set length depends on the antenna size and number of total users. 

Table 6.1 presents the peak of the number of optimal users for different M and K. 

 
 

Table 6.1: Most probable number of users in the optimum setting for the maximum capacity. 
 
 

 
K 

M 

4 5 6 7 

5 3    

6 4 4   

7 4 4 5  

8 4 5 5 6 

9 4 5 5 6 

10 4 5 5 6 

11 4 5 6 6 

12 4 5 6 6 

13 4 5 6 7 

14 4 5 6 7 

15 4 5 6 7 

16 4 5 6 7 

17 4 5 6 7 

18 4 5 6 7 
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Figure 6.5: Number of optimal users for M=4 and different user pool. 
 
 

 

Figure 6.6: Number of optimal users for M=7 and different user pool. 
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6.2.4 Simulation Results 
 

In this section, two user selection schemes are presented. The first scheme uses 

the maximum number of possible users, while the second one uses the peak 

number of optimal users for a particular setting. The results are compared with 

the brute-force algorithm (optimal selection) and a random selection of the users. 

 
 

The main concept is to consider the whole system and find the metric of interest 

(after calculating the weights); next, all users are arranged according to the 

desired metric, and then, the ultimate users (at either high or low end) are 

considered. After that, the precoders for those selected users are re- 

generated.The metrics being used are the interference, SINR, leakage and SLR. 

Table 6.2 presents the algorithm. 

Table 6.2: Pseudo-code for the proposed user selection algorithm. 

 
 

1) For given H, M and K find W using equation (6.5). 
 

2) Find the metrics using equations (6.9) to (6.19). 
 

3) Arrange the users according to the metrics (Interference, Leakage, SINR 

and SLR). 

4) Select the probable best users (those got highest or lowest rank among 

others according to a certain metric). 

5) Find the new weights for the selectedusers using equation (6.5). 
 
 

 

A combination of all four metrics is used also. The combination algorithm stated 

as follows: firstly, users are arranged according to the metrics where each user 

is given a number related to its position in the arrangement. Each user has four 

numbers describing its position for each metric (the sorting is either in ascending 

or descending manner). With summation, these four numbers are then abstracted 
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into one. Then by arranging the users according to the new number and selecting 

the ultimate users, the algorithm comes to the end. Finally, the new weighting 

vector for the selected users is regenerated as done in the first step. 

 
 

6.2.4.1 Maximum User Selection 
 

In this section, the results for user selection are presented. In Figure 6.7 and 
 

Figure 6.8, the performance of the selection algorithm for M = 4 and M = 7 is 
 

presented, respectively. It is evident that the brute-force has the best 

performance since it is the optimal selection, while the random selection, on 

average has the lowest performance. The brute-force performance is enhanced 

by increasing the number of users because there will be more options to select 

and discard (bigger users’ pool). The probability that there are semi-orthogonal 

users is increased proportionally with the number of users. On the other hand, 

the other methods are enhanced due to more contrasting in the distribution of the 

users (in terms of metrics). 

 
 

By evoking Figure 6.2, Figure 6.3 and Figure 6.4, the specific performance of 

some curves could be explained. The first curve is the interference one. Since it 

starts with a particular behaviour and gradually changed, there is a transition area 

in the middle. In this area, the distribution of the users is not skewed toward a 

high or low direction, but it has peaks at both sides. For M = 4 and M = 7 , this 
 

happens when the number of users equals 6 and 11 respectively. 

 
 

The other curve to be described is the leakage curve. It starts with poor 

performance in comparison with other selection curves; then performance 

becomes better. The same reason mentioned above for the interference curve is 
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applicable here. The distribution of the users falls on the edges, so choosing 

either edge will fail to allocate the optimal users. To overcome this deficiency for 

both curves, one can select the users on the edges (i.e., those who have high 

and low metric values). 

 

Figure 6.7: User selection performance using different metrics for M=4. 

 

6.2.4.2 Optimum User Selection 
 

In this section, enhanced user selection is presented. In this scheme, the number 

of selected users is chosen according to the most probable number of optimum 

users. The maximum number of users (equals M) will not be adopted for the 

whole range. It could be noticed that the results are enhanced for the points in 

the beginning of the curves. This is due to the number of optimal users not being 

the same as the maximum (refer to Table 6.1 for more information). 
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Figure 6.8: User selection performance using different metrics for M=7. 

 
 

 
 

Figure 6.9: User selection performance with max optimal users using different metrics for M=4. 
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Figure 6.9 and Figure 6.10 show the results for M=4 and M=7 respectively. The 

start point of SLR, all metric approach and random selection curves are enhanced 

clearly from 17.4 to 18 b/s/Hz, from 14.22 to 18.73 b/s/Hz and from 12 to 15 

b/s/Hz respectively for M=4. For the case M=7, there is an enhancement of the 

performance in terms of the capacity for the low range (K=8 to K=12). After this 

range (i.e., K=8 to K=12), the system performance will match the original values 

of the maximum user selection scheme. The exegesis of this performance is that 

the users will be distributed over a broader range, and the number of probable 

leakaged optimal users to the discarded users region will increase. 

 

 

Figure 6.10: User selection performance with max optimal users using different metrics for M=7. 

 
 
 

 

6.2.4.3 Two-Phase User Selection 

Referring to Figure 6.11, it can be observed that the more substantial difference 

between number of users and antennas at the BS, the more contrast in 

distribution. Therefore, if one arranges the users and discard the lowest group in 
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terms of SLR, one can guarantee that at least half of non-optimal users are 

omitted with sacrificing a very small number of optimal users (less than 5%). This 

will reduce the capacity a little due to discarding some of the optimal users. 

However, it will boost the processing speed by reducing the selection set up to 

half. Figure 6.12 presents the CDF for results in Figure 6.11 

 
Figure 6.11: Parameters behaviour for a system with total users=30 and BS antennas=4 at 

SNR=5 dB (dark for optimal users and light for omitted ones). 

 

The next phase, the same process of finding the weights, arranging the users 

and selecting the users on the edge is done (i.e., the process is done twice the 

first is on the original set and the second is on the candidate set). Figure 6.13 

shows the performance of the two-phase algorithm. It shows that this method 

enhances the performance (in terms of capacity) of the user selection for a large 

number of users in comparison to previously proposed algorithms. 
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Figure 6.12: CDF for results in Figure 6.11. 
 
 

 

Figure 6.13: User selection performance with a two-phase algorithm using different metrics for 

M=4. 
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Table 6.3 gives a summarisation of the enhancement obtained from developed 

algorithms. 

Table 6.3: Selected points (Start at K=5 end at K=32) 
 
 

 
Method 

Max U Optimal U Two Phases Hybrid 

Start End Start / End Start / End Start / End 

Brute- Force 20.9 / 26.5 --- --- --- 

SLR 17.4 / 21.4 18 /21.36 17.37 /22.7 18.18 / 22.33 

All 14.22 / 22.24 18.73 / 22.11 14.27 / 24.28 18.72 / 24.2 

Random 
 
Selection 

 
12 

 
15 /11.97 

  

 

 

6.2.5 Complexity 
 

In this section, a comparison between the greedy algorithm and the proposed 

one is presented in terms of complexity. The comparison was made with some 

assumptions. The addition and subtraction processes included in the selection 

process were ignored. The primary two operations considered are the pseudo 

inverse and matrix multiplication. The first operation has the following complexity 

[168]: 

C(m, n, ) = − 
3 

n 2 
+ 

1 
(4n + 2m +1)n + mn

2 
+ 

1 
n

3 
− 

1 
n

2
 

2 2 2 2 
(6.20) 

 

for a matrix A  C
mn 

, where  is the rank of the matrix. The matrix multiplication 
 

has the complexity of [162]: 
 

C = 8mon (6.21) 

 

for two complex matrices with mo and o n dimensions. Figure 6.14 shows that 

for lower range of users (less than 40 per cell for BS antennas =4) the proposed 

method has lower requirements of operations. Table 6.4 shows the intersection 
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points in terms of the total number of users in the selection pool for different 

values of BS antennas. It could be noticed that the larger number of antennas the 

further intersection point. 

 

Figure 6.14: Computational complexity comparison between greedy algorithm and proposed 

one for BS=4. 

 

Table 6.4: Intersection point (in terms of users) versus BS antenna. 
 
 

BS Intersection point(in terms of users) 

4 40 

5 79 

6 135 

7 213 
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kj 

6.3 Channel Gain-Correlation User Selection 
 

In this section, coherent with the work in [164-166], another method is proposed 

based on combining the correlation between users’ channels and the channel 

gain from a statistical perspective. The statistical behaviour of optimal users was 

analysed. These net performances were used to develop the current algorithm. 

 

6.3.1 System Model 
 

The system model and definitions used here are the same as those used in 6.2.1. 

 
 
 

6.3.2 Proposed Method 
 

First, the sum of the correlation and the channel gains for selected and discarded 

users sets were examined. Figure 6.15 shows a statistical presentation to the 

values of the correlation and channel gain of two sets, namely the selected and 

discarded ones. From Figure 6.15, one can notice that the correlations between 

the selected users tend to be lower on average to those unselected. On the other 

hand, the gains of those selected tend to be higher for the selected one. The 

channel correlation (kj 0,1) is given by the equation: 
 
 

   = 
hk hj 

kj 
h h

 
k 

 
 
 

j 

(6.22) 

For the highest correlation, the select-ability of a certain user is reduced, so the 

following approach is proposed to represent the select-ability of the user k : 

1−  2 where K is the set of the previously selected users. For the channel 
jK 

 

gain, a higher value means the probability of selection will be higher. In 

conclusion, one can propose the following to be the metric to select a user in the 

iteration. 
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wk 

 2 

k 

   = h   

1−  2 


 

k k      kj  
 jK  

(6.23) 

 

It is worthy to notice that a similar approach was adopted in [164-166]. The 

difference is that the first two references work on the selection of two users only 

while the last one uses the geometric mean instead of summation. Table 6.5 

shows the pseudo code for the proposed user selection algorithm. 

 
 

Table 6.5: User selection algorithm. 

 

1) Initial U = k1, , i =1 , K =  
 

2) Calculate g(k ) = h 
2
 

k F 

 
3) Select the first user s1 = arg max g(k) , 

kU 
 

K = K s1 , U = U \ s1 , i = i +1. 
 

4) While K  M do: 

 

 
Calculate kU = hk 

 

1− 
 

 
jK 

 
kj  

 
 

si = arg max (i) 
iU 

 

K = K si  , U = U \ si  

 

 
, i = i +1 

 

end 
 

5) Find W = H
† 

 

 

6) Normalise weights w = 
wk

 

 

 
 

 
 

The algorithm is established as follows: first, the user with higher channel gain is 

selected, and then iteratively the remaining users are added. One user is added 

per iteration. For each iteration, the value of k for all users is computed, and 

, kU  



127  

  

the user with the largest value is selected and so on until the number of selected 

users’ equals the number of antennas at the BS. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
(a) (b) 

 

Figure 6.15: Intergroup statistics for a BS with 4 antennas (M=4) and a total number of 8 single 

antenna users; (a) Summation of user correlation, (b) Channel gain. 

 
 

 
6.3.3 Complexity Analysis 

 
In this section, the complexity of the proposed algorithm is analysed. First, the 

complexity in terms of flop count for each step is given by the following: 

In step 2) the flop count is (4UM −U ) [142]. 

In step 3) the flop count is U [142]. 

In step 4) there are (M −1) iterations. Each iteration has Ki (9M + 3) flops. The 

 

total number of flops for the whole iterations is 

(M −1)U − 

M


−1 

x 
 
. 

 x=1  
 

Hence, the total number of flops for the proposed method can be stated as 

follows: 
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M −1 

 = (4UM −U ) + U + ((M −1)U −  x) 
M −1 x=1 

= 4UM + (M −1)U −  x 
M −1 x=1 

= U (5M −1) −  x 

=O (UM ) 
x=1

 

 
 

(6.24) 

 
 

 

Table 6.6 illustrates the complexity of the algorithms compared to the proposed 

method. The brute-force and random schemes are not included in the comparison 

table since the first one has a very high complexity, whereas the second has a 

very low capacity performance. It is easily observed that the complexity of the 

proposed method is comparable to Iterative Power Projection (IPP) and less than 

the Simplified SUS (S-SUS) even though it is higher than the Correlation method 

but achieves higher capacity. 

 
 

Table 6.6: Algorithm complexity. 
 
 

Algorithm Complexity 

S-SUS [142] O (UM 
2 
) 

IPP [166] O (UM ) 

Correlation [145] O (U ) 

Proposed O (UM ) 

 

 

6.3.4 Results 
 

In this section, the comparison between the proposed method and other methods 
 

is presented. First of all, the effect of the selection criterion  s on S-SUS 
 

algorithm is studied. 
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Figure 6.16: The effect of selection criterion  s   on S-SUS algorithm for M=4. 

 
 

 
Figure 6.17: The effect of selection criterion  s   on S-SUS algorithm for M=8. 



130  

 

 

Figure 6.18: The effect of selection criterion  s   on S-SUS algorithm for M=16. 

 
 

 
Figure 6.19: The effect of selection criterion  s   on S-SUS algorithm for M=32. 
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It can be seen from Figure 6.16, Figure 6.17, Figure 6.18 and Figure 6.19, the 

value of the selection criterion that determines the user’s pool to be selected from 

in the next iteration is not fixed. The value depends on the number of antennas 

at BS. It starts with 0.3 for M=4 and becomes 0.1 for M=32. Indeed, minimising 

that value will increase the size of the selection pool for the next iteration and vice 

versa. This causes a higher capacity when that value is decreased. 

 
 

One can ask why it is not set to zero, and then the best capacity will be achieved. 

The answer is that this criterion will increase the searching process. And the aim 

to reduce complexity could be missed. From the figures, it can be shown that 

there is a big change in performance when  s is changed from 0.5 to 0.3 for M=4 
 

and the effect after is not too much. For M=8, the noticeable change is from 0.3 

to 0.2 or 0.1. The jump for M=16 is from 0.15 to 0.1. And the last tested setting is 

for M=32, and the change is noticeable from 0.1 to 0.07. 

 
 

The best case is for the brute-force and the worst case for random selection. 

These two curves bound all of the other methods’ performance. Anyhow, they will 

not be drawn with the results. Figure 6.20, shows the results for a scenario with 

SNR=5 dB, and the number of transmit antennas at BS M is 4. For the S-SUS 

method proposed in [142], the  s factor was set to 0.3. The simulation was done 

for 1000 randomly generated channel and noise. The range of users’ pool is from 

5 users to 16 users. It can be noticed that the S-SUS has the best performance 

among the suboptimal methods while the proposed method is much lower in 

terms of complexity and a little bit better in capacity performance in comparison 

with correlation-based and IPP methods. 



132  

 
 
 

Figure 6.20: Algorithms performance in terms of capacity for SNR=5 dB and M=4. 

 

In Figure 6.21, Figure 6.22 and Figure 6.23, more results are provided for 

comparison. For a fair comparison, two threshold levels are used for BS antennas 

values M>4. The first one is s = 0.3 as that used for M=4 while the other is 
 

different and depends on M according to the results shown in Figure 6.16, Figure 
 

6.17, Figure 6.18 and Figure 6.19. The other values of  s (i.e., when s  0.3 ) 
 

mean that more users are kept in the selection pool. If this value is reduced to be 

zero, then the selection pool for the next iteration is the same but without the last 

selected user. On the other hand, if  s 
is increased, the possibility of discarding 

 

users from the pool is increased (The exact number of discarded users depends 

on the channel state which is random). Which in turn reduces the complexity of 

the algorithm. The complexity of the method presented would be for s  0.3 , if it 

is increased more users may be discarded and speed up the algorithm. 
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For M=8, as shown in Figure 6.21, the performance of S-SUS is the best one for 
 

two values of  s , 0.3 and 0.1. And among the other algorithms, the proposed 
 

method has better performance than the correlation and IPP methods. 
 

 
Figure 6.21: Algorithms performance in term of capacity for SNR=5 dB and M=8. 

 

As the number of antennas at BS is increased, the gap is also increased between 

the SUS method (S-SUS) and the other methods. However, it is worthy to notice 

that this increment in the gap is combined with increment in computation burden 

on BS to select the best users. Which in turn, increases power consumption and 

this is not useful for limited power cases such as UAV BS. As mentioned before, 

for a fair comparison, the s  0.3 is also included in the comparison. It can be 
 

noticed that for this value of the threshold, the S-SUS algorithm has a similar 

performance to the other methods at M=16 and gets worse for M=32. 
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Figure 6.22: Algorithms performance in term of capacity for SNR=5 dB and M=16. 

 
 

 

Figure 6.23: Algorithms performance in term of capacity for SNR=5 dB and M=32. 



135  

The cause behind this dramatic reduction in performance is that the selection 

pool for an iteration is smaller due to discarding more users. Some of these users 

who are discarded may be optimal users. If such a case occurred, then the 

optimal capacity will not be attained. Moreover, as the algorithm selects until the 

number of users reaches M, that means some non-optimal users are selected as 

optimal users. This selection will increase the IUI caused by a selected group of 

users. 

 
 

6.4 Conclusions 
 

In this chapter, two user selection algorithms have been presented when the 

number of users is more than one that is expected to be served by the BS. The 

goal was to cope with the dimensional restriction of ZF where the number of 

served users should be less than or equals to the antennas at BS. The proposed 

methods are based on a statistical analysis of optimal user selection parameters. 

The proposed methods showed a good performance in comparison to a random 

selection method. The second method presents a low complexity level and good 

performance capacity in comparison to previously published data. It has also 

shown a very low complexity O(UM). The S-SUS method was examined also 

through studying the effect of  s 
on the performance of the method in terms of 

 

capacity. The lower value of  s , the higher achieved capacity. In the comparison 

between the different methods, if M=4 or 8, S-SUS has the best performance with 

s  = 0.3 . Enhanced performance can be attained for M=8 if s  = 0.1, which means 

relaxing the selection pool. If M is increased to 16, the gap between the S-SUS 
 

and the other methods is increased if  s is set to 0.07, yet, for s = 0.3 there is 
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no gap between the methods. Finally, for M=32, the gap keeps increasing for 
 

s = 0.01 but S-SUS becomes worse if s = 0.3 . 

 

 
The method could be an appropriately selected candidate for the BSs that 

requires a low complexity algorithm to deal with the fast-changing channel. This 

scenario could fit with UAV mobile station serving out of coverage users. 
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Chapter 7 

Rate Splitting (RS) 

In this chapter, an alternative approach of user selection to cope with the 

overloaded system is proposed. The proposed method is mixed between two 

precoding approaches. The chapter is mainly divided into four sections. The first 

discusses the mathematical model used in work, including the channel model. 

The next two sections review the two existing methods whereas the last one, the 

hybrid method is introduced. 

 
 

7.1 Introduction 
 

As stated in the previous chapters, MIMO systems have enhanced capacity, 

diversity, and interference suppression [65] including their linear precoders are 

simple [65] and relatively computationally cheap solutions to implement MU- 

MIMO. The SE gain in MIMO systems requires two conditions: a rich scattering 

environment and a perfect CSI [169]. The high scattering environment and full 

rank channel matrix may not be attained for the outdoor environment. Moreover, 

the perfect CSI my not be attained easily. As a solution to imperfection that may 

happen in small size MU-MISO, RS approach [170] was used in [171] as a 

solution to such a problem. 

 
 

RS is used to solve several other issues like overloaded systems with imperfect 

CSI [172], imperfect CSI for mMIMO systems [173], partial CSI [174] and 

hardware impairments in mMIMO in [175]. The CSI problem may go further, and 

even the imperfect version is not available at the transmitter. Statistical precoding 

provides a solution to such an issue where [176] proposed an enhanced version 

to improve the precoder performance for mMIMO systems. The limitation of the 
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 x , x  , , x    
1Q 

1 2 Q 1 2 

proposed method is the number of antennas at the BS, where the algorithm 

proposed needs the number at the BS to be massive. In this chapter, a hybrid 

precoder is proposed. The RS is combined with the statistical precoder to 

enhance the capacity even with a low number of BS antennas. 

 
 

7.2 Mathematical Model 

 
7.2.1 System Model 

 
In this chapter, the system shown in Figure 7.1 is adopted from [176]. A BS 

equipped with M antennas transmits simultaneously to a set of users Q . The Q 

( Q = Q ) users are assumed to have a single antenna at their devices and M  Q 

. The set Q is divided into two non-intersected subsets K and S . The set K 

represents the users who are instantaneous imperfect channel state information 

(ICSI), and correlation matrices are known at the BS and refer to as Type-C. 

While the  S  set represents those with only correlation matrices are known  and 

referred to as Type-S. As a result, K = K and S = S which led to Q = K + S . 

 

 
 

Figure 7.1: System model for two types of users (Type-C and Type –S). 
 

The received signal yq at the user q with known transmitted data 

 

x and transmission precoder W W , W , , W   
M Q is 

 

given by: 

Type-C #1 Type-S #S 

Type-S #1 
Type-C #K 

Type-C #2 Type-S #2 

Q 
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q n 

yq = gq Wx + nq (7.1) 

 

where gq is the channel between the user q and the BS 

 

and nq is the additive white Gaussian noise (AWGN) and distributed as 
 

n N (0, 2 ) . The equation (7.1) could be re-written as: 

 

yqQ = gq Wq xq +  Wj xj + nq 

jQ, j q 
(7.2) 

 

The first term represents the desired signal, and the second represents the 

interference leakage due to other users’ leakage. 

 
 

7.2.2 Channel Model 
 

The CSI is used to generate the precoder is an estimated version. The estimation 

may be done at the users’ side and feedback to the BS via the channel in the 

FDD systems [6]. Alternatively, based on channel reciprocity for TDD systems 

[6], due to several issues like antenna miscalibration, imperfect channel 

estimation during the training phase and pilot contamination [173], the estimation 

may have an error, and this will lead to performance degradation. This error in 

channel estimation could be modelled as [177]: 

G = errorGerr + 1− errorGest (7.3) 
 

where G
est 

, G
err N (0M Q , I ) are the generic uncorrelated fast fading channel 

 

matrices for estimation and error respectively. These generic matrices represent 

a Rayleigh channel where the scenario environment is in a rich scattering area. 

Unfortunately, this may not happen or exits everywhere. Due to some restrictions 

like antenna spacing or a finite number of paths that construct the channel, the 

channels will be spatially correlated. The model is developed to include the 

correlation effect as [178]: 

 gq1, gq 2 , , gqM 
  

1M 
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g   = (  errorg +   1− errorg )Φ
1/ 2

 
q err ,q est ,q q (7.4) 

 
 
 

 

where Φq is the correlation matrix for the user and Φ  . Note that for 

 

rich scattering scenario Φq = IM . 

 
A full and sophisticated model is adopted by [9, 176] to represent the relationship 

between estimated and error channels with the real channel. The model could be 

summarised as follows: 

gq   = ĝ 
q  + gq (7.5) 

gq = Φ h 
1/ 2 

(7.6) 
 

where g q is the error part and ĝ 
q is the estimated part using MMSE and is given 

 

by: 

 
  1 

−1 
 1  

ĝq  = Φq   
 p  

IM  + Φq      
gq  +   

 p   
nq  

 
 u     u  

 

(7.7) 

 

where  , pu and nq are the pilot sequences length, pilot transmits power and the 
 

AWGN respectively. In addition, nq N (0M 1, IM ) . The covariance matrix is 
 

given by 

 
  1 

−1

 

Φ̂ 
q  = Φq   

 p  
IM  + Φq     Φq 

 u  

 

(7.8) 

 
To accomplish the modelling of the system, the antenna is assumed to be a ULA. 

The signals are assumed to come from finite paths. The received signals can be 

described as: 

1  − j 2 
d 

cos( ) − j 2 
(M −1)d 

cos( )  
a( ) =   1, e  

l    

, , e  
l    

 l 
L     

P 

(7.9) 
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Where LP is the total number of paths used to model the scenario, l is the angle 
 

of the lth path, d is the distance between antennas,  is the signal wavelength. 

The aggregated steering vector matrix is then 

 

A 
a(1 ), a(2 ), , a(LP  

)
 (7.10) 

 
and the covariance matrix be: 

 
Φ = AA

H
 (7.11) 

 
 
 

7.3 Mixed Beamforming 
 

In this section, a review on beamforming for mixed statistical and imperfect 

instantaneous CSI is presented. Two methods from [176] (the normal and 

extended ones) are presented sequentially in the next two sections. Then the size 

limitation through simulation is presented in the third subsection. 

 
 

7.3.1 The Statistical Beamforming Method (SBM) 
 

The statistical beamforming method proposed and used in [176] mainly depends 

on designing a precoder for each type of users alone. For the Type-S users, the 

precoder design is: 

w sS   umax  (ΦsS ) (7.12) 
 

where umax ( ) represents an operator that gives the eigenvector corresponding 
 

to the maximum eigenvalue of the matrix. While for the Type-C users, the normal 

ZF precoder is used: 

wkK   ( ĝ ) 
† 

(7.13) 

 

where (  )
† 
represent the pseudo inverse operator. 
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7.3.2 The Extended Zero-Forcing Method (eZF) 
 

In [176], the authors develop the existing SBM method. The effect of the other 

users is counted in the evaluation of the weighting vector calculation process. 

This will reduce the interference leakage from each user to the other since the 

information of the other channels is included in the calculation. As a result, the 

summation of the interferences that a certain user will experience will be reduced. 

The method depends mainly on the Eigen decomposition of the correlation matrix 

of the other users. Here in the algorithm will be reviewed, for full derivation, please 

refer to [176]. 

For C-type users: 

 
 0(r1K )  

W  U1 
G 

 
 c 2(M −r1K )  

 

(7.14) 

 
where 

 

Φs  = U1Λ1U1 

sS 
(7.15) 

 
 

U Ĝ = 
  G

c1(r1K )    
 

1     c   

G

c 2(M −r1K )  

 
(7.16) 

 

 and r = rank 

Φ 

 
. 

1  s  
 sS  

 

for Type_S users: 

 

 U 2 
 0(r 21)  

wsS 
u (Φ )

 
           max s 2    

 

(7.17) 

 
where 

 

Ĝ  Ĝ H  
+     Φ   = U  Λ  U 

c c j 2 2 2 
jS, j s 

(7.18) 

 
and 
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U  Φ  U   = Φ = 
ΦS1 c1 

 
2 S 2 S  

c2 Φ 
 

 S 2  
(7.19) 

 

Figure 7.2 and Figure 7.3 show the performance of the eZF and SBM for 4 and 8 

single-antenna users, respectively. In Figure 7.2, the performance of the eZF is 

enhanced in comparison with SBM when the number of S-type users is 1, while 

for those larger than 4, the performance is degraded. On the other hand, in Figure 

7.3, the performance of eZF outperformed that for SBM. It should be noted that 

the performance of the eZF is not linear with the increment of the S-type users. 

Among the cases with (0, 1, 4, 5, 8 and 9 s-type users), the case with five users 

has the best performance in the mid to high SNR regime (>10 dB). 

 

 

Figure 7.2: Performance of SBM and eZF methods for M=100 and K=4. 
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Figure 7.3: Performance of SBM and eZF methods for M=100 and K=8. 

 

7.3.3 Limitation of eZF 
 

Unfortunately, there is a limitation to the implementation of eZF. The matrix may 

be full rank, or the rank deficiency is not enough to go through the process. Figure 

7.4 shows the limitation values. The increment in S-type users leads to an 

increment in the number of required antennas at the BS. Moreover, the 

performance will not be enhanced for non-massive BS antennas. 
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Figure 7.4: Limitation of eZF method. 
 
 
 

 

7.4 Rate-Splitting 
 

Rate splitting is an approach where the message intended to a particular user is 

split into two parts, private and common [170]. The common messages are 

combined for all users and precoded with a single precoder while the private 

messages are precoded separately using conventional methods [170]. At the 

receiver side, first, the common message is decoded, its effect is subtracted, and 

then the private message is decoded [174]. There are three approaches for RS 

[179], the generalised structure, 1-layer, and 2-layer approaches. The first type 

is hard to implement due to the high number of SIC required to accomplish the 

process [179]. In this chapter, the 1-layer approach is adopted. The SINR for the 

common message will be: 
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g w 
2

 

SINRcomm  = l Comm  
l 

 g w 
2 
+1 

l i 
iL    

 
(7.20) 

 

and the rate will be: 
 

R = minlog (1+ SINRcomm ), l  L 
comm 2 l (7.21) 

 
For the private message, it will be: 

 
g w  

2
 

SINRpriv  = l l  
l 

 g w 
2 
+1 

l i 
iL,il 

 
(7.22) 

 
and the corresponding rate is: 

 

R = log (1+ SINR
priv 

) 
priv 2 l 

iL 
(7.23) 

 
 
 

Figure 7.5, Figure 7.6 and Figure 7.7 show the performance of the RS for different 

scenarios. The first two figures (Figure 7.5 and Figure 7.6) are for uncorrelated 

channel scenarios. The channel used is a simple Rayleigh channel with error in 

estimation, not the same in section 7.2.2. In Figure 7.5, the channel estimation 

quality, which is related to the error in the estimation equals zero. While in Figure 

7.6, it equals one. From the two scenarios, one can easily observe that the RS 

gives good performance over the traditional precoder when the channel 

estimation is not good or when the system is overloaded (number of users is 

greater than the number of BS antennas). In addition, the RS works in the mid- 

high SNR regime, not in the low range. 
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Figure 7.5: RS performance with M=8 and CSIT=0. 
 
 

 

 
Figure 7.6: RS performance with M=8 and CSIT=1. 
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Figure 7.7 shows the performance of the RS under different channel scenario 

(i.e., that used in section 7.2.2). In this scenario, the channel is assumed 

correlated and imperfect at the same time. The advantages of the RS over the 

convenient way is reduced in the correlated environment. It needs a higher SNR 

to be effective. 

 

Figure 7.7: RS performance with M=8. 

 
 
 

 

7.5 Proposed Hybrid RS-SBM Method 
 

As shown in Figure 7.4, the eZF has a limitation in the implementation process. 

So it cannot be used with overloaded systems. On the other hand, RS presents 

a good solution to these systems, as seen in the previous section. However, in 

this section, a hybrid algorithm is proposed to enhance overall system 

performance. For the proposed algorithm, as shown in Figure 7.8, the messages 

from C-type and S-type users are split first. Then the private messages are 
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precoded according to the related type. The common messages are combined 

and precoded using Average Matched Beamforming (AMB) precoder. 

 

 
Figure 7.8: Proposed precoding algorithm for the overloaded system. 

 

Figure 7.9 shows the performance of the RS over SBM. The channel model used 

for the simulation is the correlated channel. Four scenarios are examined, these 

are under loaded, one critically loaded and two overloaded. In the first overloaded 

scenario the number of C-type users are greater than S-type users, while for the 

second overloaded scenario the number of S-type is larger than C-type. The 

proposed method shows a good performance enhancement over the normal 

SBM with low BS antennas. 



 

 
 
 
 
 
 
 

 
 

 
Figure 7.9: Proposed method performance in comparison to SBM method. 

1
5

0
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7.6 Conclusions 
 

In this chapter, another proposed method for overloaded systems has been 

investigated. The hybrid proposed method was derived from the RS approach 

and statistical precoder. The first method is used to cope with overloaded 

systems and manage ICSI. While the second one is for systems with Statistical 

CSI and ICSI. This combination was done to utilise the benefits of both 

approaches. The results show a good performance enhancement in terms of 

capacity in the mid to high SNR regime. The proposed hybrid method shows 

enhancement in the achieved capacity approximately up to 62%. This 

achievement can be attained in overloaded system when C-type users are more 

than S-type users. For the under loaded system, the enhancement is up to 45%, 

while for loaded system is increased to 52% where the capacity is increased from 

6.488 b/s/Hz to 9.4 b/s/Hz and from 5.467 b/s/Hz to 8.316 respectively. On the 

other hand, for overloaded system, two cases are considered. The first one is for 

C-type users greater than S-type users and the other is in reverse manner. The 

enhancement is 62% and 59% for these two cases respectively. It could be noted 

that the increment in the number of S-type users (i.e., more than the loaded 

scenario) will reduce the capacity but the enhancement percentage will increase. 

On the other hand, the increment in the number of C-type users has the same 

behaviour but the the reduction in capacity is less and the enhancement 

percentage is more in comparision with the other overloaded system where S- 

type is the dominant. . Such an approach could be a good candidate for mobile 

BS loaded on a UAV. 
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Chapter 8 

Conclusions and Future Work 

 

This chapter summarises a brief statement of the main achievement points of the 

work carried out in the previous chapters. It also states some recommended 

subjects along with the present work for future work. The main thing addressed 

in this thesis was to enhance the precoder design and selection for future mobile 

networks (5G/B5G). 

 
 

8.1 Summarised Conclusions 
 

The following are the main points of a set of conclusions remarks raised from the 

earlier chapters: 

• The increment in the number of users of mMIMO systems will lead to an 

increment in the system performance that is not directly related to the 

maximum permissible number. 

• The non-monotonical behaviour of the ZF precoder holds on for different 

channel model and non-guaranteed CSI accuracy. 

• The same non-monotonical behaviour is shown by the SLNR precoder. It 

could be shown mathematically that there is an equivalence between the 

two precoders. 

• The performance edge of optimal beamformer for ULA was studied. The 

results show that for the optimal performance, the number of possible 

served users does not reach the number of antennas at the BS. 

• A duality between the ULA and MU-MISO was shown where the 

beamformer for ULA could be used for the MU-MISO and vice versa. 
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• The increase in users’ number could result in performance reduction; user 

selection will be vital. So, two new user selection methods were derived 

statistically. The one based on channel gain and correlation shows a good 

performance in terms of achieving good level of capacity and lowering 

complexity. 

• Statistical beamforming is needed due to missing of instance information 

about the channel. A previously proposed method, eZF, has a dimensional 

limitation since it has been proposed for mMIMO systems. On the other 

hand, RS has a good side by enhancing the overloaded system. A hybrid 

precoder that gathers both of SBM and RS was proposed. 

 
 

8.2 Application 
 

Now how to use the outcomes in a real-world application ? Figure 8.1 presents a 

scenario where there are many users to be served by the BS. Some of the users 

are hidden because of obstacles. The BS tries to reach them by serving a mobile 

BS which in turn served these users. 

 
 

Figure 8.1: Suggested scenario to reveal the work contributions. 

 

The users of the first group are served according to the results presented in 

Chapter 3, Chapter 4, and Chapter 5. The precoder is enhanced on whether the 

users have a line of sight or multipath environment. On the other hand, the users 

in the second group are served by a mobile BS (usually a UAV). The UAV may 
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have a very low number of antennas to serve these users due to size and weight 

limitations. Which, in turn, may affect the number of users that could be served 

normally. The number of users may exceed the limits (i.e., becomes more than 

BS antennas). Therefore, a solution could be proposed to use the algorithms 

introduced in Chapter 6 and Chapter 7 to cope with this limitation. 

 
 

8.3 Future Work 

 

Some countries started the research on the 6G like the United Kingdom, China, 

United State, Finland and South Korea [180]. In [181], the authors speculate what 

users want and what services should be in 6G. They propose also three 

technologies to meet these goals. The technologies are optical free-space 

communication, wireless charging and energy harvesting and the last one is the 

extensive use of machine learning. The requirement presented in [180] was the 

super flexibility of the network in the time-frequency–space resources, while [182] 

suppose that the network should connect everything with full coverage and 

functionality. Four solutions were proposed in [180]. The first one is multi-band 

ultra-fast –speed transmission, where 6G is expected to jump above 100GHz and 

will not be limited on sub 5GHz and may use adaptively different frequencies 

including the unlicensed band. The second one is the super flexible integrated 

network. In this network, the tiers (space, aerial, and terrestrial) are integrated 

and decentralised. The third one is the transmission technique, where new 

modulation and error correction techniques in addition to ultra mMIMO are used. 

The last one is the use of machine learning and big data assisted intelligent 

transmission. In contrast to [180], the network architecture in [182] contains four 

tiers (space, aerial, terrestrial and underwater). The proposed solutions by [182] 

are terahertz communication, ultra mMIMO, laser communication, block-chain 
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and Artificial Intelligence (AI) based air interface. The performance of the physical 

layer couldn’t be enhanced with AI, but flexibility and more efficient link can be 

attained [183]. The intelligent system is vital in 6G, where the network architecture 

design should be AI native and the network changes itself dynamically [184]. 

 
 

From the results and conclusions raised during the work with inspiration from 

research trends for next-generation wireless and mobile networks [180, 184], 

several research areas might be suggested for future work; these are: 

• In Chapter 6 and Chapter 7, two separate solutions were proposed for the 

overloaded system. As an example for the mentioned scenario is a BS 

with 4,8, or even 16 antennas and served a number of users larger than 

its capability. The first possibility is to include UAV to the user channel 

model rather than the generic models used in the simulations. 

• As one of the research directions in 6G networks is the algorithm adoption. 
 

Switching between the two proposed algorithms based on the network 

status like channel condition and number of users to be served may be 

studied. In other words, the two algorithms to be embedded in the BS and 

the selection between two different user selection methods could be based 

on the achieved capacity or other criteria. 

• The third possibility is to jointly design the user selection algorithm and 

UAV BS position in a concrete algorithm. 
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